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Abstract
We present a path-following interior-point algorithm for solving the weighted linear complementarity prob-
lem from the implementation point of view. We studied two variants, which differ only in the method of 
updating the parameter which characterizes the central path. The implementation was done in the C++ pro-
gramming language and the obtained numerical results prove the efficiency of the proposed method.
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1. Introduction 
Many optimization problems can be given as a 

linear complementarity problem, which can be de-
noted as LCP [1, 2]. The LCP has been shown to be 
useful for a variety of practical problems including 
engineering or economic issues.

We deal with an extended version of the LCPs, 
which has more practical applications than the 
previous ones [3–5]. This is the so-called weighted 
linear complementarity problem (WLCP), which 
was introduced by Florian Potra in 2012 [6]. 

In the following, we will describe the problem.

2. The description of the problem
The WLCP can be formulated as:

	

where  , and for the weight 
vector we have   . Fur-
thermore, we assume that M is a monotone ma-
trix, so xT Mx ≥ 0 for any  . The matrix M 
and the vector q are given, and x, s are unknown 
vectors.

Interior-point methods (IPMs), especially pri-
mal-dual IPMs, have been proven very effective 
for solving LCPs. In the case of these algorithms, 

we assume that the set of feasible solutions of the 
WLCP,  denoted by   is not empty:

	
The set of optimal solutions of the WLCP consists 

of feasible (x, s) pairs for which the complementa-
rity condition is also satisfied. The set obtained in 
this way is denoted by :

.	
Finally, if x and s are positive vectors, we obtain 

the set of strictly feasible solutions, denoted by :

.	
In the following, we assume that we have a 

strictly feasible   starting point and 
we assign to them the vector c and the constant 
μ0:

 .	

Starting from μ0, the algorithm determines dif-
ferent values for μ, that characterize an ideal tra-
jectory, the so-called central path. For convention-
al not weighted LCPs, the central path is defined 
by the following system:

	

where e is the n-dimensional all-one vector.
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For WLCP, the right-hand side vector of the non-
linear equation (xs = μe) is replaced by the fol-
lowing expression [6, 7]:

.	 (1)

If w = 0 and x0 = s0 = e, we obtain the well-
known case, so w(μ) = μe. The definition of w(μ) 
is justified by the fact that we obtain the vector c 
for μ = μ0 and the weight vector w in the case of 
μ = 0 .

In the following, we assume that the value of 
w(μ) is given by equation (1). Therefore, in this 
case, the central path is described by the follow-
ing system:

	

Due to the nonlinear equation, we will not be 
able to determine exactly the points of the cen-
tral path, but we can follow this trajectory using  
Newton’s method:

	

The vectors Δx and Δs give so-called search 
directions, which allow us to determine the 
vectors x and s of the next iteration. In case of  
full-Newton step algorithms, the new points are 
given by the following equations:

	

The distance of a given point from the central 
path can be estimated using the following prox-
imity measure: 

	

It is important to mention that X and S are diag-
onal matrices formed by the components of x and 
s, respectively: 

X = diag(x),  S = diag(s).	
We modify the full-Newton step algorithm in-

troduced in [7] from the implementation point of 
view. 

3. Implementation of the algorithm
From the implementation perspective, we in-

troduced two modified versions of the algorithm. 
These differ in the method of updating the param-
eter μ which will be expressed by the procedure 
updateOfMu() of the following algorithm.

Input parameters: 
––  threshold parameter τ ∈ (0, 1);
––  accuracy parameter ϵ > 0; 
–– parameter that modifies the value of μ, in 
the first case θ ∈ (0, 1) and in the second case 
σ ∈ (0, 1] ;

–– step length reduction parameter ρ ∈ (0, 1);
–– the matrix M and  the vector q;
–– the weight vector w.

Output: x, s

Let  and  so that  
δ(x0, s0;μ0) ≤ τ; 

x ≔ x0; s ≔ s0; μ ≔ μ0;	

while  or do

updateOfMu();
 

end while

In the first version, similar to the theoretical al-
gorithm, the value of the parameter μ is always 
reduced by a constant multiplier, which will be 
determined by the parameter θ. 

procedure updateOfMu()
begin

μ ∶= (1 − θ) μ;
end.

However, in case of the implementation of IPMs, 
we usually proceed by determining the next val-
ue of μ based on the current vectors x and s. To do 
this, we would like to find a value of μ for which 
the equation xs = w(μ) is satisfied. By expressing 
the value of μ we get the following equation:

.	 (2)

Notice that in this case we have to assume that 
eT c ≠ eT w. If this condition is not met, we have to 
choose other x0 and s0 starting points.

Observe that if w = 0  relation (2) can be given 
in the form:
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which can be used in case of solving many un-
weighted LCPs.

In the second version of the updateOfMu() pro-
cedure, the value of μ calculated as above is re-
duced by a factor σ ∈ (0, 1]:

procedure updateOfMu()
begin

end

The implementation was done in C++ program-
ming language, using Visual Studio development 
environment. It is based on the code introduced 
in [8]. 

4. Numerical results
The algorithm was tested on positive semidefi-

nite input matrices that were generated using the 
following method: 

M = LLT,
where L  is a lower triangular matrix. In the first 
case, let:

The matrix M corresponding to the 4×4 dimension 
input, the vector q and the weight vector w are:

 

								                   ,	

q = −Me + e,	

w = [0.5   1   15   0.3]T.	
In addition to the problem described above, we 

analyzed three other cases that are presented on 
the webpage [9] and are related to matrices of 
50×50, 100×100 and 700×700 dimensions. These 
matrices and the weight vectors assigned to the 
problems were generated randomly and the val-
ue of q was always determined using the equation 
q = −Me + e. 

The results shown in Tables 1 and 2 correspond 
to the two versions of the algorithm. In the head-
ers of the tables, the numbers indicate the dimen-
sion of the matrix. In all cases we used the param-
eters ρ = 0.95 and ϵ = 10−5 .

It can be stated that increasing θ or decreasing σ 
results in less number of iterations in each case.

Table 1. Results for θ

θ 4 50 100 700
0.1 124 128 129 129

0.2 59 61 61 61

0.3 37 38 38 38

0.4 26 27 27 27

0.5 19 20 20 20

0.6 15 15 15 15

0.7 11 12 12 12

0.8 9 9 9 9

0.9 6 7 8 8

Table 2. Results for σ

σ 4 50 100 700
0.1 8 8 9 10

0.2 10 11 12 12

0.3 13 13 14 15

0.4 17 17 18 18

0.5 21 22 23 23

0.6 28 29 30 30

0.7 40 40 41 41

0.8 62 64 64 65

0.9 131 135 135 136

5. Conclusions
In this paper, we analyzed the WLCP from the 

implementation point of view. For that, we de-
fined two versions of the algorithm. 

Using the code implemented in C++ program-
ming language, we proved the efficiency of the al-
gorithm. In case of different positive semidefinite 
input matrices, we studied the modification of the 
number of iterations as a function of the parame-
ters θ and σ, respectively.
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