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Abstract
The verification of different plate bending problems require a punctual measurement method of the bent 
shape. However, with a proper curvature measurement procedure the calculations can be made more accu-
rate. This is due to the workaround this method provides by neglecting the inaccuracies of the beam theory 
and the tensile tests, measuring directly the function between the curvature and bending moment for a given 
sheet metal. The measurements in this paper are made with the help of a digital camera and telephotographic 
lens. The evaluations of these images are compared to the results obtained from the Euler-Bernoulli beam 
theory. While the results regarding the curvature measurements have a significant deviation, the shape of 
the plate is in good agreement with the numerical calculations.
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1. Introduction 
The widespread method for the calculation of 

the bent beam’s or plate’s shape is based on the 
curvature generated by the bending moment act-
ing upon the cross section. The literature offers 
several models for the description of the relation-
ship between the curvature and bending moment, 
however, these are based upon assumptions, and 
heavily rely on the uniaxial tensile test repre-
senting the material’s behaviour. There were two 
goals with this experiment: on one hand was the 
development of a procedure through which the 
curvature distribution of a bent beam or plate 
can be measured, on the other hand it must offer 
a direct measurement of the curvature-bending 
moment function for a particular beam or plate. 
With this method one could skip the usage of a 
beam or sheet model and eliminate the effect of 
neglections and assumptions it uses 

2. Imaging
The main objective of the imaging was to pre-

cisely map the projection curve of the mid-plane 
of the plate (i.e. centerline) onto a two-dimension-

al raster. Taking this into account, thin sheet met-
al is extremely good for this measurement, since 
the thinner the plate, the more precisely the posi-
tion of the centreline can be determined. 

Ideally, one should use parallel projection for 
imaging, for which scanning is the closest widely  
available method. Scanning was used also by 
Kovalevsky (2001) to analyse the contour’s cur-
vature for various objects [1]. At the time of the 
measurements, no proper imaging device was on 
hand, thus a DSLr camera was used instead. This, 
considering the nature of the lens system, is not 
a perfect substitution, because the lenses can dis-
tort the picture as one diverges from the optical 
axis of the system. There are several more factors 
that reduce the precision of the image: for exam-
ple, the fact that the plate has a depth parallel to 
the optical axis which together with the central 
projection makes the plate seem thicker in the pic-
ture. A further factor that negatively affects the 
precision is the lack of proper lighting: the plate 
has a reflection and a shadow on the background, 
which can blur the plate-background boundaries. 
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Another factor is the resolution of the image sen-
sor: the higher the resolution of the useful image, 
the higher the precision of the measurement. To 
eliminate these negative effects and still give the 
plate enough space on the picture a camera with 
telephotographic lens was used, with the narrow-
est possible aperture, and the highest possible 
zoom, so that the shape of the bent plate would fill 
almost the whole picture. The plate was painted 
blue and red paper used as background to make 
them easily distinguishable from each other. The 
image made and used throughout this article can 
be seen in Figure 1. The pictures were made with 
a CAnOn EOS 1000D camera and a 350mm Sigma 
lens.

 3. Image processing
To process the image the HSB colour system 

was used, this was what determined the choice of 
colours for the plate and the background, since 
these two colours are well distinguishable on this 
colour scale.

The most important task is to properly separate 
and isolate the plate from the rest of the picture. 
With the lack of laboratory circumstances and a 
well-controlled imaging process, the first step is to 
manually delete everything from the picture that 
is not the plate and its narrow environment. Sim-
ilarly, the second step is to examine each image 
separately (if there are more), after which some 
threshold values can be manually determined for 
the H (hue), S (saturation), B (brightness). With 
the help of threshold values the pixels containing 
the plate can be filtered algorithmically. One such 
H-S-B distribution can be seen in Figure 2.  

3.1. Image evaluation
In Figure 2 blurring of the plate-background 

boundary can be seen: the position of the plate’s 
edge is not clear. To solve this problem, one must 
produce a weight map from the pixels’ colour 
data, the same way Kovalevsky [1] and Coeurjolly 
et. al. [2] did on grayscale images. While the gray-
scale value provides a natural weighting method, 
with colored images one needs to create a unique 
weighting procedure, based upon the investiga-
tion from Figure 2. In this way, one attributes a 
weight value to each pixel. 

These values can be arranged into a matrix (w), 
which represents the weight map of the image. 
The calculation of this matrix is done according 
to equation (1), if the H, S, B values are within the 
manually determined boundaries. In every other 
case the weight value is null.

 (1)

3.2. Finding the centreline
When searching for the coordinates of the 

centreline, The coordinates of the pixels which 
contain the plate were averaged with the help of 
the weight map. This can be done in two ways: 
averaging along the coordinate axes or with the 
help of polar coordinates, averaging along the ra-
dial coordinates. For the evaluation of the image 
the latter was used, since it gives a far smoother 
set of points than the calculations along the Des-
cartes-coordinates. A qualitative representation 
of the cause of this phenomenon can be found in 
Figures 3. and 4. 

Figure 1. The picture used for the measurements  
(3888x2592 px).

Figure 2. The distribution of the H, S, B values of a 
pixel row as a function of the horizontal 
pixel-coordinate.
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With these calculations one obtains {φi; ri} co-
ordinate-pairs, which have to be transformed 
back to the Descartes coordinate-system, to get 
the {xi; yi} -coordinate-pairs of the centerline. In 
some cases, it is advised that the center of the po-
lar coordinate-system be repositioned, to obtain 
better results while determining the position of 
the centerline. Ideally, one should always average 
in a direction that is perpendicular to the plate’s 
mid-plane, but this is not discussed in this article

The conversion of the px unit into mm is achieved 
with control-lengths drawn onto the background 
of the plate. The converted coordinates measured 
in millimeters are marked by {Xi; Yi} The raw set 
of points in the X-Y coordinate-system can be seen 
in Figure 5. This consists of 5017 points.

4. Calculating the curvature
To calculate the curvature, one must use a nu-

merical method since the bent shape is given 
only with separate points. For an analytically giv-
en   function the calculation of the 
curvature (κ) of the osculating circle can be done 
according to equation (3). 

 (3)

For a function numerically given, this equation 
can be used with the help of various numerical 
differentiation schemes, but these schemes are 
sensitive to the equidistant division of the point 
set [3]. This criterion is not met in our case, thus 
two invariant curvature calculating schemes 
were used, proposed by Dalle [3] and Belyaev [4]. 
In theory the invariant schemes show a first or-
der convergence [3], though the points should be 
precise for it to work properly, which is not possi-
ble in this kind of measurement. Firstly, to elimi-
nate the error of the raw centerline, data moving 
averages were used to smooth the curve, then the 
sampling window widened for curvature approx-
imation.

4.1. Curvature from three points
One of the easiest invariant methods is to take 

the circumscribed circle’s curvature of three con-
secutive points as an approximation. The illustra-
tion of the procedure can be seen in Figure 6. The 
curvature of the circle can be determined using 
equation (4), where TΔ is the area of the triangle, 
which can be calculated using Heron’s formula.

 (4)

Figure 3. The averaging of the plate’s coordinates 
along the x and y coordinate axes.

Figure 4. The averaging of the plate’s coordinates in a 
quasi-polar system.

Figure 5. The raw point-set representing the centerline 
of the bent plate.

The computational procedure of the centreline 
coordinates in a polar system is presented in equa-
tion (2). The indexes of the w matrix represent the 
{xi; yi} coordinates of the image. In the equation 
these appear as real numbers, thus when writing 
the algorithm, one must truncate them and take 
only their integer part into account. 

 (2)
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4.2. Curvature from fitted function
Because of the raw curve’s noise, a considerable 

method is the local polynomial fitting with the 
method of least squares. The curvature is then 
approximated by the curvature of the polynomial 
in the middle of the selected window. For the best 
fitting of the function, one should rotate the point 
set so that its tangent is horizontal in the middle 
of the set. By increasing the polynomial’s degree, 
the smoothness of the curvature function is re-
duced, thus the second-degree polynomial is the 
best for this application. According to the current 
work the circumscribed circle method and this 
method give the same results for the same sam-
pling window.

5. Discussion of the results
Several attempts were made on the curvature 

calculations and raw data smoothing, the ideal 
combination can be seen in Figure 7. The smooth-
ing and curvature calculating parameters are giv-
en in the figure. These are the window width for 
the moving average smoothing  (nS), the number 
of smoothing procedures (nsim), and the sampling 
radius for the curvature calculations (n). The least 
squares fit for the curvature results can also be 
seen in Figure 7. 

The results were compared with those obtained 
from a numerical procedure developed earlier 
[5] Both the curvature function (7. ábra) and the 
shape  (8. ábra) are in good agreement. The model 
used for the calculations can be seen in Figure 9, 
the input data is given in Table 1. 

Figure 6. Approximating the curvature with the cir-
cumscribed circle

Figure 7. The measured (blue), the fitted (yellow) and 
calculated (green) curvature function of the 
plate.

Figure 8. The measured and calculated shape of the 
plate.

Table 1. Parameters for the numerical calculations

Parameter Value Unit

Modulus of elasticity 200 GPa

Poisson’s ratio 0.33 -

Plate length 270 mm

m0 42 g

p 3.27∙104 n/mm

b0 21 mm

Figure 9. The mechanical model of the plate.
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6. Conclusions
Although the measurements were carried out 

only for experimental reasons, without a properly 
controlled environment, it gave surprisingly good 
results. It is hard to derive the curvature from a 
low precision set of points, since it is a complex 
expression, containing derivatives, however the 
results are quite promising. On one hand, the 
method in its current state is not adequate for 
the precise measurement of the curvature, but it 
does not exclude the possibility of further experi-
ments. On the other hand, it is an adequate meth-
od of measuring the bent shape of a plate.
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