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Abstract

We study rates of asymptotic transformations between entangled states by local
operations and classical communication and a sublinear amount of quantum commu-
nication. It is known that additive asymptotically continuous entanglement measures
provide upper bounds on the rates that are achievable with asymptotically vanishing
error. We show that for transformations between pure states, the optimal rate be-
tween any pair of states can be characterized as the infimum of such upper bounds
provided by fully additive asymptotically continuous entanglement measures.

1 Introduction

The uniqueness theorem singles out the entropy of entanglement as the essentially unique
entanglement measure for pure bipartite states, in the context of asymptotic transforma-
tions by local operations and classical communication (LOCC) | ]. A closer examina-
tion of the assumptions reveals that even though there exist other quantities that do not
increase under LOCC, the only one that survives in the asymptotic limit is the entropy
of entanglement | ]. The main message of the uniqueness result is that, asymptoti-
cally, there is a single kind of pure bipartite entanglement and the states only differ in the
amount of entanglement they contain, as measured by a single number.

The situation changes when mixed or multipartite states are considered. The gener-
alization of the uniqueness theorem to mixed bipartite states has a weaker conclusion:
any additive (i.e. E(p®") = nE(p)), asymptotically continuous and normalized entan-
glement measure lies between the distillable entanglement Ep | , | and the
entanglement cost E¢ | |, two operationally defined entanglement measures quanti-
fying the amount of pure entanglement (in the form of Bell pairs) into or from which the
state in question can asymptotically be transformed (see [ , | for the precise
assumptions).

More generally, one can consider rates of transformations between any pair of states
[ , |. If Roocc(p — o) denotes the maximum rate for asymptotic trans-
formations of p into o, and F is an asymptotically continuous additive LOCC-monotone,
then the inequality

E(p) (1)

Rrocc(p — o) < (o)



holds. However, it is not immediately clear how tight such an upper bound can be. In
fact, even the existence of such a functional E is not trivial, and the only known non-
operationally defined quantities with these properties are the regularized relative entropy
of entanglement | , |, the squashed entanglement [ , ] and its
multipartite variants | ], and the conditional entanglement of mutual information
[ ]. We mention that many of these measures have an operational meaning: the
regularized relative entropy of entanglement is the Stein exponent for discriminating many
copies of a state from the set of separable states (on the many-copy Hilbert spaces) | l;
the squashed entanglement governs the minimal quantum communication cost of sending
half of a bipartite entangled state to a third party when the sender and the receiver have
access to shared side information | ]; in the same spirit, the conditional entanglement
of mutual information is the net information flow in partial state merging, optimized over
the side information [ ]-

Another question is to what extent are the conditions on E necessary. While additivity
is a reasonable requirement in an asymptotic setting (and can be enforced by considering
the regularization instead), asymptotic continuity is apparently an ad hoc condition (al-
though suggested by the Fannes inequality [ ], which implies a continuity estimate for
the entropy of entanglement), and indeed different versions thereof have been considered
in the literature. It should also be noted that the logarithmic negativity provides an up-
per bound on the distillable entanglement even though it is not asymptotically continuous
VW02,

Our main result can be viewed as a partial answer to these questions. We will consider a
variant of the transformation rates defined in [ | and further investigated in | ].
Let Ryoccq(p — o) be the maximum rate at which p can be transformed into o by LOCC
transformations and a sublinear amount of quantum communication, with asymptotically
vanishing error. We prove the following characterization of the rates for transformations
between pure states in terms of fully additive (i.e. E(p®0c) = E(p)+E(0)), asymptotically
continuous (in the sense of Definition 3.14 below) entanglement measures:

Theorem 1.1. For every pair of pure k-partite states |¢) and |1) the largest achievable
rate 1S

Rrocoq(lo)el = [¥Xyl) = inf (2)

E(|4))#0

where the infimum is over functions E on k-partite pure states of arbitrary dimension that
are

e normalized to 1 on the Greenberger—Horne—Zeilinger (GHZ) state,
o fully additive,

e monotone on averege under LOCC,

e asymptotically continuous.

In addition, we show that any fully additive functional on pure states that is nonin-
creasing under asymptotic LOCC transformations is necessarily asymptotically continu-
ous, with an explicit continuity estimate. The picture for mixed states is less clear at the
moment. While we can show that it is still sufficient to consider fully additive measures,
our proof method does not seem to be sufficiently powerful to show that one can restrict
to asymptotically continuous ones and still obtain a characterization like (2).



In order to efficiently present our partial results for mixed states and the stronger
result for pure states, the proof of our main result is split into two parts. In Section 3 we
characterize Ry,occq(p — o) for arbitrary (pure or mixed) states in terms of fully additive
functions that are monotone under asymptotic LOCC transformations. The main tool
here is a reduction to general results in the mathematical theory of resources. The second
part is the content of Section 4 where, now restricting to pure states, we find equivalent
conditions for monotonicity under asymptotic LOCC transformations, assuming additivity
and monotonicity on average under LOCC. Among these are asymptotic continuity (which
is clearly sufficient). Interestingly, one of the equivalent conditions is purely algebraic and
reminiscent of the chain rule satisfied by the Shannon entropy:

E(Vpe & V1 —pp) = pE(p) + (1 = p)E(Y) + h(p), (3)

where p € [0,1] and @ is the direct sum, i.e. superposition of locally orthogonal vectors,
and h(p) is the binary entropy. It is worth pointing out the connection to the uniqueness
theorem as an illustration: for bipartite pure states (more generally, generalized GHZ
states), this property together with vanishing on separable states suffices to ensure that
FE is equal to the Shannon entropy of the Schmidt coefficients.

2 Notations

All logarithms are to base 2. The binary entropy function is h(p) = —plog p—(1—p) log(1—
p).

The number of subsystems k will be fixed throughout. H, C refer to Hilbert spaces of
composite systems with e.g. H = H1 ® --- ® Hi. We denote the set of states on H by
S(H). For p € S(H) and o € S(K) the tensor product p ® o is regarded as a k-partite
state with the grouping (H; @ K1) ® -+ ® (Hr @ Kg) = H @ K.

It will be useful to consider a kind of sum operation on k-partite Hilbert spaces, based
on the direct sums of the local Hilbert spaces:

Hi1e K1) ® - @ (Hi & Kg). (4)

Note that this product contains both H and I as subspaces, orthogonal to each other. For

vectors ¢ € H and ¢ € K we consider the direct sum ¢ @ 1 as an element of this product

space. When ¢, are vectors in the same Hilbert space H, their direct sum can also be

viewed as 0 ®(00...0) +y®|11...1) € H® (C*)®F, up to a local unitary transformation.
For example, the generalized GHZ state is the pure state with state vector

1
r

which is local unitary equivalent to the direct sum of r copies of % |00...0). We will

(11 1) +[22...2) 4 -+ |rr...7)), (5)

denote the corresponding state by GHZ,, omitting the subscript when r = 2. By a slight
abuse of notation, we will write ¢, ¥, GHZ,,... both for the unit vectors and the state
determined by them.

We equip each state space S(H) with the purified distance D(p,0) = /1 — F(p,0)?
[ , Definition 4.] (see also | 1), where

F(p,0) = Try\/ol/2pot/2 (6)

is the fidelity. The purified distance is a metric that in addition satisfies

D(p1 ® p2,01 ® 02) < D(p1,01) + D(p2,02). (7)



Completely positive trace-preserving maps are contractive with respect to the purified
distance.

We will write p LOCC, & if there is a channel A that can be implemented via local op-
erations and classical communication (an LOCC channel) and A(p) = ¢. Similar notation

will be used for approximate transformations: p LO—C—C%G o means that there exists another

state o’ (on the same space as o) such that p LOCC, & and D(o’,0) < € (in particular,

LOCC, s the same as %0). Using the properties of the purified distance and that

compositions and tensor products of LOCC channels are LOCC channels, one can see the
implications

LOCC LOCC LOCC
(P ___—+G1O-and>0 e T) = (p‘_‘——+€r+w T) (8)

and

LOCC LOCC LOCC
(p1 —¢ 01 and pg ——¢, 02) = (P1 @ P2 ——¢ ey 01 ® 02). 9)

In addition, LOCC transformations between pure states have the following compatibility
with the direct sum [ , Proposition 2.]:

LOCC LOCC

(o1 225 gy and @p 2255 1) = /po1 @1 — ppr s o1 @ /T — piba. (10)

3 Asymptotic LOCC transformations

In the setting of Shannon theory, we consider LOCC transformations in the asymptotic
limit of many copies, allowing approximate transformations with an error approaching 0,
and assisted with a sublinear number of additional GHZ states. This is called LOCCq in
[ |, where the “q” stands for quantum communication of o(n) qubits for n copies,
which is equivalent to o(n) GHZ states.

Definition 3.1. Let p, o be k-partite states (possibly on different Hilbert spaces, which
we leave implicit). A number r € R>¢ is an achievable rate (for transforming p into o) if

Vo > 0 : limsup inf {e € Rzo‘p@m ® GHz®Ln) LO%C, wa} =0. (11)

n—o0

The supremum of achievable rates will be denoted by Rroccq(p — o).

If p is distillable, i.e. for every e there is an n such that p®" %6 GHZ, then we

obtain the same supremum if we require transformations without the sublinear supply
of GHZ states [ | (since these can be obtained from a small number of copies of
p without changing the rate | , ). In particular, the entanglement cost of a
bipartite state p satisfies Ec(p) = Rrocc(EPR — p)™! = Rroccq(EPR — p)~ !, and if
Ep(p) = Rrocc(p — EPR) > 0, then also Ep(p) = Rroccq(p — EPR).

When k = 2 and both p and o are pure states, the values of Rroccq(p — o) and of

Ryocc(p — o) are equal to gégi g)) [

the problem of determining either Rroccq(p — 0) or Rrocc(p — o) in general is wide
open.

This problem fits in the general framework of resource theories, in particular in the
mathematical framework of preordered commutative monoids, as we will see below. We

, |. For mixed states or when k& > 3,

briefly recall the required definitions and results. We use a multiplicative notation 1, xy, 2™, ..

e



which aligns better with tensor products and powers, but otherwise follow | |. A pre-
ordered commutative monoid gives rise to an ordered commutative monoid by identifying
x and y whenever both x > y and x < y hold. The results of | | can be applied after
this identification and translated back to the preordered setting when convenient.

Definition 3.2. A preordered commutative monoid is a set M equipped with a binary
operation - that is associative and commutative, and has a neutral element 1; a preorder <
(i.e. areflexive and transitive relation); such that x > y implies zz > yz for all x,y,z € M.

In our case M will be the set of (equivalence classes of) k-partite states, the operation
is the tensor product, and the preorder is given by asymptotic LOCC transformations (see
below for details).

Our setting is special in that the inequality > 1 holds for all x € M. From now on

we will assume this property. Compared to the general situation treated in [ ], this
results in simplifications of some of the definitions and formulas. Here we state only the
special forms that take advantage of this fact (see | , 3.19. Remark]).

Definition 3.3. An element g € M is a generator if for every x € M there exists an
n € N such that g" > .

Definition 3.4. A functional on the preordered commutative monoid M is a map f :
M — R satisfying f(zy) = f(x) + f(y) and z >y = f(x) > f(y) for all z,y € M.

Let g be a generator and z,y € M. r € R>q is a regularized rate from x to y if for
every d > 0 and neighbourhood U of r there is a fraction 7* € U and d € N such that
d < dmax(m,n) and z"g? > y™.

Functionals provide upper bounds on regularized rates since z"g% > y™ implies f(z)+
%f(g) > T f(y), therefore f(x) > rf(y) for every regularized rate r. A central result is
that these are the only constraints on regularized rates, i.e. they are in fact characterized
by functionals:

Proposition 3.5 (] , 8.23. Corollary]). r is a regularized rate from x to y if and only
if f(z) >rf(y) for all functionals f : M — R.

Using this characterization and the fact that, under our assumptions, functionals have
positive values, one can express the maximal regularized rate as an infimum.

Theorem 3.6 (] , 8.24. Theorem]). The supremum of reqularized rates from x to y
s equal to
inf 12). (12)
Ffy)

where the infimum ranges over functionals f that satisfy f(y) # 0.

We note that it is possible that every r > 0 is a regularized rate from x to y, which is
equivalent to f(y) = 0 for all functionals f. In this case the supremum of the regularized
rates is oo, therefore (12) remains valid with the usual convention that the infimum over
the empty set is oc.

Remark 3.7. Nonnegative multiples of functionals are also functionals, and the ratios
in the regularized rate formula are not sensitive to such rescaling. The only functional
that evaluates to 0 on the generator is the zero functional, since 1 < x < g™ implies
0= f(1) < f(x) < nf(g). Therefore in (12) we may restrict to functionals satisfying
f(g) = 1. Normalized functionals form a convex set that is also compact with respect to the
weak-* topology (the smallest topology that makes every evaluation map evy, : f — f(m)
continuous, where m € M ).



We will make use of an alternative way of viewing regularized rates, provided by the
following lemma:

Lemma 3.8. Let x,y € M. The following are equivalent:
(i) r is a reqularized rate from x to vy,
(i) ¥8 > 03n € Nyg : zglon) > ylml,

Proof. Let ¢ € N such that y < g°.

i) = (ii): Suppose that r is a regularized rate and let § > 0. With ¢/ = —2— and the
3(r+1)

open set U = (r — %, 7+ 1) choose m,n € N5g such that ™ € U and g gld max(mn)] > ,m
(possible by the definition of a regularized rate and using g > 1). For every ¢t € N we also
have gtrgld’ max(tmtn)] > ptnt|d"max(mn)| > ytm therefore we may assume that n > 3¢
(multiplying m and n with a large natural number, if necessary).

If m > [rn], then

y[rn] < ym < xngw’ max(m,n)J7 (13)

where the exponent of g is upper bounded by §'(r + 1)n < dn/3 < on.
Otherwise the choices ensure that

y[rn] — ymy[rn] -m < ];ng |8’ max(m,n)|+c([rn]—m) (14)

and the exponent of g satisfies

(16" max(m, n)| + c([rn] —m)] < % O(r+n+c(l+rn—(r— %)n)

1
" ) (15)
c
=4 1)+ —+c— <4,
(r+1)+ g <

Since the exponent is an integer upper bounded by on, it is at most |[on|. By g > 1 we
can replace the exponent with the upper bound |6n] to get z"glon) >yl

(ii) = (i): Suppose that (ii) holds and let § > 0 and U a neighbourhood of r. Choose

n > 1 such that z"gl%") > y[™] Then for every ¢ € N the inequality

mtnngSth > xtngtwnj > yt]'frn'\ > y[rtn'\ (16)

also holds. Therefore we can choose n so large that @ € U. Since |dn] < [dnmax(n, [rn])],
we conclude that r is a regularized rate. O

Next we begin the construction of our preordered commutative monoid by defining
an equivalence relation on k-partite states. Let p € S(H) and o € S(K). We say that
these states are equivalent and write p ~ o if there are unitaries U; € U(H; @ K;) for all
j=1,...,k such that

U1@---0Ur)(p@0)(U1®---0Up)" =00, (17)

where 0 on the left (right) hand side is the zero operator on I (), and p&0 and o &0 are
regarded as operators on (H1 @ K1) ® -+ ® (Hi ® Ky), supported on the subspace H & K.
In simpler terms, two states are equivalent if they are the same up to enlarging the local
Hilbert spaces and unitary equivalence.



It is clear that every state is equivalent to some state on C%® - - - ® C% when the local
dimension d is sufficiently large. To avoid set-theoretical issues, we therefore define M to
be

M_<©S(Cd®---®(cd)>/~. (18)
d=1

The tensor product of states descends to a well-defined operation on M, which is associa-
tive, commutative, and has a unit 1, the equivalence class of separable pure states. This
operation turns M into a commutative monoid.

While working with such equivalence classes is necessary for obtaining the required
algebraic structure, we do not wish to carry the notational burden that comes with distin-
guishing a state from its equivalence class. In addition, it offers more flexibility to consider
states on finite dimensional Hilbert spaces that are not of the form C?® --- ® C%, and it
is safe to do so as long as every definition respects the relation of equivalence. For this
reason, we will regard states p € S(H) as elements of M, keeping in mind that each state
corresponds to a unique equivalence class. In the same spirit, we will use the notation ®
for the operation on M.

The next ingredient that we need is a preorder on M which is compatible with the
tensor product. We make the following definition.

Definition 3.9. Let p and o be k-partite states. We declare p > o if

lim sup inf {e € Rzg)p(@" Loce, U®"} = 0. (19)

n—oo

It is straightforward to verify that > is well-defined on M, and gives a reflexive and

transitive relation that is compatible with the multiplication. Clearly p Loce, implies

p=o.
As a generator we may choose the GHZ state. It is indeed a generator: a GHZ state
can be transformed into an EPR pair between any pair of the parties, which can then

be used to teleport any state locally prepared by one party, given sufficient supply of the

GHZ states. Therefore for every p and sufficiently large n we have GHZ®" Loce, p, l.e.

GHZ®™ > p. A more careful analysis of this idea shows GHZqim# > p if p € S(H) (or
even dim H — max; dim #;).

The following definition gives a name to the set of normalized functionals on M (by
Remark 3.7 these are the only ones that we need to consider).

Definition 3.10. Fj is the set of maps F from k-partite states to R which satisfy for all
p,o

(i) E(GHZ) =1,

(i) E(p®o) = E(p) + E(0),

(iii) if lim sup,,_, . inf {e € Rzo‘p@‘ LOCC, 0®"} then E(p) > E(o).
A basic consequence of these properties and the relation GHZgi, > p for a state
p € S(H) is that any element FE € Fj, satisfies 0 < E(p) < logdim H. Known elements of
Fi. include the squashed entanglement and its multipartite generalizations | , ,
] and the conditional entanglement of mutual information | |. The rela-
tive entropy of entanglement is not in Fj, because it is not additive | ], but it is



asymptotically continuous | ]. On the other hand, the regularized relative entropy of
entanglement is additive (by definition) and asymptotically continuous [ , Proposi-
tion 3.23], and it is an open question if it is fully additive, a property which would make
it an element of Fy,.

Remark 3.11. The defining properties of the normalized functionals are among the strongest
axioms considered in the theory of entanglement measures. In particular, they are known
to imply convezity (see e.g. [ , Proposition 3.10]), monotonicity on average, i.e.

(,, %% ST P(a) |2)a] ®aw) = E(p) > Y P(x)E(0y) (20)

TEX reX

where |x)Xx| is a classical “flag” state available to all parties (equivalently: one party), and
the condition

E (Z P(z) |z)z| ® 0x> =) P(x)E(0y). (21)

reX rzeX

At this point we can conclude that it is possible to define regularized rates on M, and
their supremum is characterized by Theorem 3.6 in terms of normalized functionals. To
connect to the problem set out at the beginning of this section, we show that regularized
rates on M and achievable rates in the sense of Definition 3.1 are the same.

Proposition 3.12. Let p,o be k-parite states and r € R>q. The following are equivalent:

(i) r is a reqularized rate from p to o,

(i1) r is an achievable rate, i.e. Ryocoq(p — o) > .

Proof. Let ¢ € N such that GHZ®¢ Loce,

(i) = (ii): Suppose that r is a regularized rate and let 6 > 0. Let &' = §/2. By
Lemma 3.8, there is an n > 1 such that p®" ® GHz®L'n] > gl In detail,

lim sup inf {e € Rzg)p@” ® GHZ®!L™] %6 a®t(”ﬂ} =0. (22)

t—o00

For N € Nlet t = [X|. Then t — 0o as N — oo, therefore for any € > 0 and sufficiently
large N we have
p®tn ® GHz®tl_6’nJ %6 O_®tﬁ"n1 ) (23)
If t[rn] > [rN] then also p®" @ GHZ®!" LOCC, 5™V, and here the number of
GHZ states is at most t6'n = tén/2 < N¢§. Otherwise we combine (23) with

GHzE[rN1~t[r]) LOCC, @ [rN1-t[rn] (24)

and get (using N > tn)
p®N ® GHZ@tL&’nJ—&-c(er]—tfrn]) ﬁc_c_)e 0_®|'TN"|. (25)

The required number of GHZ states satisfies

t6'n) + e([rN] — t[rn]) = VZJ [6'n) +c (m\q - WJ [m)

N N

< dn+ec <1 +rN — < — 1) rn) (26)
n n

=8N +c(l+rn) <IN



if N>c¢(14+rn)/d’. As 6 and € can be arbitrarily small, r is an achievable rate.
(i) = (i): Let r be an achievable rate and let § > 0. Choose &' = /3 and let
n = [3¢/d]. Since r is achievable, for all € > 0 and sufficiently large n’ the relation

P @ GHzOW™] KOS, - selrn (27)
holds. Specializing to n’ = ¢tn with large ¢ and using [rtn] < t[rn] < [rtn] +t, we have
P QHZ®LI tn+c(t[rn]~[rtn]) %6 o®lrtn] g G®E[rn]=[rtn]) _ O.®t]—rn-\7 (28)

where the number of GHZ states satisfies
|8'tn] + c(t[rn] — [rtn]) < t(6'n +c) < t[on]. (29)

This means that p®* @ GHZ®L" > @[] Since § was arbitrarily small, 7 is a regularized
rate by Lemma 3.8. O

To summarize, the results above identify the regularized rates for M as achieveble
rates for asymptotic LOCC transformations assisted by a sublinear number of GHZ states
(equivalently: sublinear qubits of quantum communication), while Theorem 3.6 charac-
terizes them in terms of functionals. Thus we have proved the following theorem:

Theorem 3.13. For all p,c we have

.. Elp
Rroccq(p — o) = Elélf__k Eéa;'
E(0)£0

(30)

As a simple application, we obtain the following characterization of the entanglement
cost:

! — max E(p), (31)

E -
o(p) Rioccq(EPR — p)  EBefs

where writing maximum is justified by compactness of F and continuity of E — E(p).
Similarly, when Ep(p) > 0, we have

Ep(p) = Ruocca(p — EPR) = min E(p). (32)
EeFs

These statements can be seen as a strong duality type extension of the uniqueness theorem
[ , |. The extension is not trivial, as neither Ec nor Ep are known to be
an element of Fy. It is not known whether E¢ is fully additive | | (although it is
convex), and there is some evidence that Ep is not fully additive and not convex | .
We note that (31) expresses E¢ as a maximum of convex functions, which is also convex,
while (32) expresses Ep (at least when it is not zero) as a minimum of convex functions,
which is in general not convex.

For more than two parties, similar formulas hold with the EPR pair replaced with
the GHZ state in (31) and (32) (or any other generator, if the normalization is changed
accordingly). It is easy to see that Rpoccq(p — GHZ) is not additive and not convex,
e.g. the tripartie pure states EPR4p ® |000) and EPRpc ® [111) cannot be transformed
into GHZ states, but any nontrivial convex combination of them as well as their product
is distillable.

In general one would need to have a complete knowledge of Fj in order to use The-
orem 3.13 to find the value of a transformation rate. Any subset of its known elements



provides an inner approximation of Fj and, by restricting the infimum to this subset,
can be used to obtain an upper bound on the rate. Depending on the states and the
entanglement measures, the bound may or may not be close to the rate. As an example,

let us consider the squashed entanglement. On the flower states pap | ], with
purification
d
1 , . , . . .
V) apE = —= Z (1i0) 4 ® [i0) p ® i) p + |i1) y ® |il) p @ U |i) ), (33)
2d o

where U is a Fourier transform, it evaluates to Ey(pap) = 1 + %log d, which implies
Rioccq(EPR = pap) < (14 §logd)~! and here actually equality holds | ]. On the
other hand, for suitable states p, the differences Ec(p) — Esq and Esq — Ep(p) can be
simultaneously arbitrarily large | ].

As mentioned in the introduction, the characterization in Theorem 3.13 is not entirely
satisfactory because one of the defining properties of the functionals involves asymptotic
transformations, which makes it difficult to decide if an entanglement measure belongs to
Fi or not. In practice, one shows instead monotonicity under single-shot LOCC transfor-
mations (which is also necessary) and asymptotic continuity, a particular type of conti-
nuity estimate depending logarithmically on the dimension of the Hilbert space. As this
condition is only meaningful for quantities defined on all possible (finite) Hilbert space
dimensions, it should be considered as a property of a function on

UJ seche---ach) (34)
dy,...,dp=1

For simplicity, we regard this set as a metric space in the following way: when p, o are
states on the same Hilbert space then their distance is the purified distance, while if
they live on different Hilbert spaces then we define their distance to be 1 (as if they had
orthogonal supports, although any positive constant would do). In the following dim H
will denote the function on the disjoint union (34) that takes the value dids---d; on
S(Ch ® - @ C).

Definition 3.14. A function f : Ug 4 S(Ch @ - ® C™*) — R is asymptotically
continuous if

f

_ 35
1+ logdimH (35)

is uniformly continuous.

Any additive function satisfying this definition that is at the same time monotone
under LOCC channels is also monotone under <. The same definition can be used also if
f is defined on a subspace of (34). In particular, we will study functions defined on pure
states in Section 4.

Remark 3.15. We note that there are slight variations in the literature on how asymp-
totic continuity is defined. Some authors require an estimate of the form |f(p) — f(o)] <
Cillp— ol logdim#H + Cy for some C1,Cy > 0 (as suggested by the Fannes inequality
/ ]), while others require |E(p) — E(o)| < o(1)(1 + logdimH) [ | or |E(p) —
E(o)| < C|lp— ol logdimH +o(1) /[ ], where o(1) is any function that vanishes as
lp—oll; = 0. Our formulation is equivalent to the second one, underlining that asymp-
totic continuity is not a metric property, but depends only on the uniform structure. In

10



particular, our condition does not change if we replace the purified distance with the trace
norm distance, since they determine the same uniform structure [ |. Nevertheless,
as we show below, it does imply an explicit continuity estimate on pure states.

We stress that asymptotic continuity is only a sufficient condition for finding entangle-
ment measures that are relevant in the asymptotic limit. It is possible for an entanglement
measure to be not asymptotically continuous, but still provide an upper bound on certain
rates, as the example of the logarithmic negativity shows [ |. Theorem 3.13 would
become considerably stronger if one could show that every element of F, is asymptotically
continuous in the sense of Definition 3.14.

4 Entanglement measures on pure states

In this section we restrict our attention to pure states. The constructions from Section 3
can also be applied to this case, resulting in a submonoid MP" of M consisting of (equiv-
alence classes of) pure k-partite states. The set of normalized functionals MP"¢ — R will
be denoted by F"™. As a notational simplification, we will write unit vectors ¢, 1, ... as
the argument of functionals on pure states with the understanding that E(y¢) = E(|¢)¢|).

Our aim is to prove equivalent characterizations of the elements of 7", emphasizing
properties that can be verified without considering transformations in the asymptotic limit,
i.e. involve only single-copy conditions. In the argument the direct sum operation plays
a central role. We start with an inequality that is valid also for certain non-asymptotic
measures.

Proposition 4.1. Let E : MP" — R be fully additive, monotone on average, and nor-
malized to E(GHZ) = 1. Then for all k-partite state vectors ¢,v and p € [0,1] the
mequality

E(\pe ® V1 —p) = pE(¢) + (1 = p)E(¥) + h(p) (36)
holds.

Proof. Up to local unitary transformations, the nth tensor power of the direct sum can
be written as

n
n _
(Voo © /1 —pp)®" = P <m>pm(1 — p)mp®m @ M) g GHZ(ny. (37)
m=0
The direct sum over m determines a decomposition of the local Hilbert spaces into n + 1
pairwise orthogonal subspaces. If every party performs the corresponding measurement,
then the results will always be identical. With probability (TZ) p™ (1 — p)"~™ they obtain
the outcome m and the resulting state is @ @ p@"—m) g GHZ(n). Using that F is fully

additive and monotone on average, we obtain
nE(ype @ V1 - pt) = E((Vpe & /1 — p)®")

(g)pm(l -p)""E (w@’m ® M @ GHZ ))

v
M= =

m=0 :rLL
m=0
= npE(p) +n(1 — p)E(W) + mizo (Z) (L= p)" " log <:1> ’
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(38)

using that the expected value of a binomial distribution with parameters n, p is np. Divide
by n and let n — oo:

B(/e © VI~ p0) 2 lim [pE(e) + (1= 9B+ 3 (1) —pog (;)]

=pE(¢) + (1 = p)E(Y) + h(p).

(39)
The last equality follows from a standard argument in the method of types [ ]. More
specifically, it can be proved using the estimates nh(m/n) — 2log(n + 1) < log (::L) <
nh(m/n) and the law of large numbers. O

In the following theorem we list equivalent conditions for entanglement measures on
pure states to be monotone under asymptotic LOCC transformations. Together with
Theorem 3.13, it implies our main result, Theorem 1.1. In the theorem below, asymptotic
continuity is understood in a similar way as in Definition 3.14, but with the function
defined only on pure states.

Theorem 4.2. Let E : MP"® — R be a function that is fully additive, monotone on
average and normalized to E(GHZ) = 1. The following are equivalent:

(i) E is asymptotically continuous,
(i) E e F™,
(i11) for all k-partite state vectors ¢, and p € [0, 1] the equality
E(Vpe © /1= p) = pE(p) + (1 = p)E(¥) + h(p) (40)
holds,

(iv) for all ¢, € H the continuity estimate

[E(p) — E(¢)] < a(D(lp)el, [¥)9]) log dim H + b(D(lpXel, [o)X¢])  (41)

holds with
k+1
(14+0%7) " — 1442
a(d) = L (12)
2 k+1
(1 + (5m> 2 -1

Proof.

(i) = (ii): The main difficulty in proving this implication is that F is only assumed
to be defined on pure states, while the preorder allows ¢®" to be transformed to a mixed
state close to ¥®". To overcome this, we need to argue that any such protocol can be
modified in such a way that the output is pure conditioned on a classical label, and the
resulting pure state is also close to 1®" with high probability. The details are as follows.

12



Let ¢ > ¢ with ¥ € H = H1 ® --- ® Hi. This means that there is a sequence of states

pn such that |p)(e|®" Loce, pn for all n and D(p,, |1)1p|®™)

nothing to prove if E(¢) =0, so we will assume E () > 0.
Let 6 € (0, (1+logdimH)~'E(x))) and choose € such that for any Hilbert space XC and

unit vectors w, 7 € K, D(lw)Xw/|,|7X7|) < € implies |E(w) — E(7)] < §(1 + logdim K).

Choose an n > 1 and p such that |o)p|®" Loce, p and D(p,|)Xh|®™) < €. The

initial state |@)(¢|®" is pure, therefore it is possible to modify the LOCC protocol in such
a way that it results in an ensemble of pure states whose average is p, and the classical label
is available to each party at the end (i.e. the new protocol keeps track of the intermediate
measurement results, and communicates them to all parties). This means

LOCC
o)l === " P(x) lpa)epx| ® lx)a, (44)
zeX

— 0 as n — oo. There is

where X is some index set (which we can assume to be finite, by approximating the protocol
with a finite-round one and measurements with finitely many outcomes if necessary),

P e P(X) and
p= Z P |90:Jc 9095 . (45)
reX

By the assumption on p, we have

et > D(p, [¥)u[*")?
=1~ Flp, [}o|*")?

_ <¢®n‘ p|w®n>
— Z P w@n‘¢x> <80x‘w®n>] (46)
zeX
=Y P(@)D(lpx)pal  [9)1| ).
zeX

Let A = {z € X|D(|ps)al, [¥)1|*")? > €2}. By the Markov inequality we have P(A) <

4 . . .
5= €2. We use that F is additive, monotone on average, and the choice of e:

nE(p) = E(¢®")

B zeX\A (47)
> > P(x) [E(@®") - 6(1+ nlog dim H)]

=(1—P(A)) [nE() — (1 + nlogdim H)]
> (1—€e)[nE@) — (1 +nlogdimH)].

Divide by n and let n — oo, then € — 0 and finally § — 0 to get E(p) > E(¢).

(ii) == (iii): The inequality E(\/pe ® /1 —p) > pE(p) + (1 —p)E(Y) + h(p) is true
by Proposition 4.1, therefore we only need to show the reverse inequality. Let § > 0 and
n € N, and consider the state

w = &Pl g @M=+l o (/510...0) + /T —p|1...1))%" (48)
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t copies of this state can be written as a direct sum

W& — Cpéz)t[n(zuréﬂ ®¢®tl—n(1—p+5)-| ® (v/pl0...0) + /1 —pl1... 1>)®m

o tn (49)
m m
m=0
The relation
@@t[n(p—i—éﬂ ® w@t[n(l—p+5)1 LOCC; (70®m ® w@tn—m (50)

holds as long as tn —t[n(l1 —p+46)] <m < t[n(p+9J)], since the number of copies can be
reduced by LOCC (tracing out local subsystems). For the remaining terms we use that
the left hand side can be transformed into a separable state x,,. By | , Proposition
2.], the transformations can be applied termwise in the direct sum, i.e.

@t LOCC A tn tn—m, @M o, Otn—m
W —= @ P (1 — p)in=mp®™ @) ® GHZ(tn)
m=tn—t[n(l—p+d)] m "

tn
m(1 — p)tn—m
® ) <m)p (1= p)m "X @ GHZy . (51)
m<tn—t[n(1—p+9)]
or m>tn(p+9)]

On the other hand, (,/pp @ /1 — pY)®"™ may be written as

tn
m=0

We choose the separable states x,, to have nonnegative inner product with the corre-
sponding term in (51), so that the overlap between the right hand side of (51) and (52) is
at least

t[n(p+6)] n
m(] tn—m
> (Mea-pm (53)

m=tn—t[n(l—p+d)]

as can be seen by considering only the common terms in the direct sums. The limit of

this sum as ¢ — oo is 1, therefore w > (,/pp & /1 — )",
FE is assumed to be in .7-",? "€ therefore

nE(\/py © /1 -pp) = E((Vpp © /1 —py)*")
< E(w) (54)
= [n(p+0)1E(p) + [n(1 —p+0)]E() + nh(p).
We divide by n, let n — oo and then 6 — 0 to get E(/pp ® /1 —pv) < pE(p) + (1 —

P)E() + h(p).
(i) = (iv): Let ¢, € H = H1 ® --- ® Hy, be unit vectors. We may assume that

D(p)Xel|, X)) € (0,1), since there is nothing to prove otherwise. We consider the
following construction with A, B € C\ {0}, ¢, A € (0,1) to be chosen later, subject to the
constraints

1=|A>+|B|?> +2Re AB (¢|1)) (55)

= ()
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(55) ensures that w := Ap + Bt is a unit vector. We will think of the direct sum

V@ ® /1 — qu as the vector
Valp) ®10...0) + /1 —qlw) ®[1...1) € H® (C*)®k (57)

Let each party perform a projective measurement on their local qubit in the basis v/A |0) +

V1= X]|1) and VT — X|0) — v A|1). Of the 2¥ possible combinations of the outcomes, we
focus on the one where every party projects onto v/A|0) + /1 — X[1). The result of the
projection is

[IH®(\FA<0|+M<1|)®'“] <\/§!g0>®|O...0>+m|w>®]1...1>>
VR Ig) + /(- - N o)
= (V¥ afu- a0 -a0) o)+ Byfa- a0 - w69
— By - - N ),

where the last equality uses (56). Let u = min{q, |B|*(1 — ¢)(1 — A\)*}. E is monotone on
average, therefore

uB (1) < [B*(1 - q)(1 — N)"E(¢)

<EGglp)@]0...0) + /1T —qlw)@[1...1)) (59)
=qE(p) + (1 — q)E(w) + h(q).

We rearrange and use that E(y) and E(w) are at most log dim H:

uw(E(Y) — E(p)) < (¢ —u)E(p) + (1 - q)E(w) + h(q) (60)
< (1 —wu)logdimH + h(q),
and divide by wu:
E@W) — B(p) < 2 %log dimH + hS) (61)

— 1. To ensure this, we

To get a continuity estimate, we need that u — 1 as | (p|v)
choose the values of the parameters (non-optimally) as

1
A—e -
TN (62)
_ {pl¥) (63)
T
1 1

(64)

=\= - =3
1 L+ "Y/T=Tel) P 14 D(jpXel, [9)e])

Then the conditions (55) and (56) are satisfied, and with the abbreviation F' = | (o)) |
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we have

u=|BP(1—q)(1- "

_ F? 1—F?
O 1—F2(1 4+ "Y1 = F2)k+1
_ - (65)

(14 "1 P
1= Dkl [)w)?

2 \k+1°
(14 DNl i) w57

Since u and ¢ only depend on the fidelity between ¢ and 1, the upper bound (61) also
holds for the absolute value of the left hand side. This proves (iv).
(iv) = (i): From the continuity estimate for ¢, € H we get the inequality

Elp)  E®)
1+logdimH 1+ logdimH

' < a(D([e)el, [¥XD) +b(D()Xel, [)Xe 1)), (66)

which only depends on the distance between ¢ and . Therefore Hh)g#m?{ is uniformly
continuous. O

Remark 4.3. It follows from the implication (ii) = (iv) that on any k-partite pure state
pure - . . . . .
space Fi 7 is a uniformly equicontinuous set of functions. In particular,

Rroceq(lpXel — GHZ) = min  E(p) (67)
EcF;

and

1
= max
Rroccq(GHZ — |pXel)  peFpue

E(p) (68)

are also uniformly continuous, satisfying the same continuity estimate as in (iv).

We note that the restriction of an element of Fj, to MP™ is in F;"°, therefore is
asymptotically continuous on pure states.

As in the case of mixed states, any subset of ]-"Eure provides an upper bound on
the rates. The convex hull of the set of entanglement entropies with respect to the

2k=1 _ 1 possible bipartitions gives a simplex inside f,fure. The resulting upper bound

on Rroccq(|¥)v] — |¢)e|) is ming %w, where the minimum is over proper subsets

S C [k]. Despite its simplicity, there are many examples known where this bound can be
shown to be saturated by various protocols | , , ].

5 Concluding remarks

In this paper we proved characterizations of entanglement transformation rates in terms
of sets of multipartite entanglement measures defined implicitly through axioms that they
satisfy. Both in the general mixed state case and restricted to pure states, these axioms
include full additivity, and in the case of pure states we showed that the required mono-
tonicity under asymptotic LOCC transformations can be replaced with properties that
do not involve an asymptotic limit: monotonicity on average and an explicit continuity
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estimate. These results suggest several open problems that we believe are worth investi-
gating. The most obvious one is to find all the elements of Fj, or F} "¢, which is without
doubt a tremendous challenge. We describe some other open questions that may be less

difficult to resolve.

e In connection with the possibility of reversible asymptotic entanglement transforma-
tions, it was shown in | | that there are no reversible transformations between
tripartite GHZ states and any combination of EPR pairs between pairs of parties.
By Theorem 1.1, this can in principle be reproved using suitable elements of F5"°.
The marginal entropies are in 3", and show that the only possibility would be
that EPR 4 ® EPRpc ® EPRa¢ is asymptotically equivalent to GHZ®2. The task
is therefore to find an element E of FJ"° such that E(EPRag) + E(EPRpc) +
E(EPR4c) # 2.

e [s every element of Fj, asymptotically continuous? Our proof method for the pure
case does not seem to have an analogue for mixed states. Since these functionals
are convex, a possible route for proving the mixed case would be to show that
p— E(p)+ H(p) is concave, as in the case of the relative entropy of entanglement
[ |, and argue as in | , Proposition 3.23].

e The transformations that we consider allow a sublinear amount of quantum com-
munication (or GHZ states) in the limit of many copies. It appears to be an open
question if this actually helps or the rate would be the same without any quantum
communication (see partial results in | 1.

e We have not made any attempt to optimize the continuity estimate (41), as it seems
unlikely that the proof method leads to a significantly better bound. It would be
interesting to see if the J-dependence in the first term can be improved from O(§ k%l)
to O(0) in general. By the Fannes inequality this is possible for the entropy of
entanglement across any bipartite cut.

e Finally, we sketch a possible route to characterizing the rates Rioccq(|¢)Xe| —
o) when the initial state is pure and distillable (globally entangled), in terms of
the functionals defined on pure states (of which the present work offers a better
understanding). To this end one could consider a formation-type extension of the
rates between pure states:

. pw
E = f
Fi(0) (Parba)act ; Rroccq(le)el = [ )vba])

> zex PalVa)Xz|=p ex
E(y

> e(ﬁxl;:fﬁll);)e(gz |=p zEX Ee]:li)llre E(¢)

(69)

i.e. the convex roof extension of RLoccoq(|@)¢| — +)~1, which should be an upper
bound on Rpoccq(le)Xpl — o)1, We expect that the regularization of Ep, is equal
to this rate, as is the case with the usual entanglement of formation and entanglement
cost | ]. However, EF (o) is probably not additive for any ¢, as it is known
to be non-additive for ¢ = EPR | , -
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