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A B S T R A C T   

Our previous work focused on the creation of a binary integer model framework aiming at network level traffic 
optimization through the control of individual vehicles. High computational demand arising from time and space 
discretization has been identified as the main limitation of the concept. To deal with this, new methods are 
presented in this paper in order to reduce the complexity of the optimization process with a particular emphasis 
on system safety. In the first step the most relevant hazards of the system were identified and they were used as 
the basics of the further development process. The effects are quantified implying a significantly reduced 
computational demand, without threatening the feasibility of the results. Considering the fundamental 
requirement of ensuring safe traffic, novel methods are introduced to determine the safety level of the results 
provided by our model and the described hazard types. The safety indicators defined here cover factors related to 
the crossing movements, the average speed and average change in speed of vehicles, investigating them also at 
the network level. The presented methods have significant potential related to the design of real-time, safety- 
focused, and effective transport management processes of connected and automated mobility systems.   

1. Introduction and related work 

The authors’ research focuses on the optimization of the transport 
process of an autonomous transport system through the modeling of 
cooperative vehicle control. In our previous article, a novel framework 
was published which makes it possible to map the transport processes of 
cooperative, connected and automated mobility (CCAM) systems [49]. 
To solve the traffic flow optimization problem, a binary integer model 
was created providing a high level of traffic safety in accordance with 
the occupancy grid concept [17], excluding the possibility of more than 
one vehicle being at the same spatial location at the same time. How
ever, with time and space discretization and the number of vehicles 
encountered in real world applications, the number of binary variables 
may increase beyond all tractability. Therefore, the aim of this article is 
to present new methods to reduce the complexity of the optimization 
process, with a particular emphasis on system safety during the devel
opment process. 

Previous studies have already shown that introducing system-level 
safety indicators can efficiently contribute to preventing accidents. 
Accordingly, in the framework of this article, we have developed safety 
indicators that provide an opportunity to assess the safety of the real- 

time operating highly automated transport systems [36,37,54]. 
To present the contribution of the paper from a system engineering 

point of view, we need to briefly review the state-of-the-art safety 
assessment methods related to vehicular systems. The industrial stan
dards, ISO 26262 [29] and SOTIF (Safety of Intended Functionalities, 
ISO/PAS 21448 [30]), summarize the safety methods applied by the 
automotive sector during the development process [35,40]. ISO 26262 
focuses on functional safety, assuming that vehicular systems’ reliability 
and safety can be efficiently estimated based on the reliability charac
teristics of the components. However, the increasing level of automation 
of the automotive systems made it necessary to involve other factors 
affecting system safety beyond the internal components of vehicular 
systems as it is described in SOTIF. Besides this, due to the increasing 
complexity of transport processes, systems are expected to cooperate 
more intensively in the future than ever before [16,66]. These trends 
resulted in the appearance of the system-of-systems concept, reflecting 
the safety and reliability issues derived from the complex interaction of 
future transport systems. 

In the case of the human driven vehicular systems, decisions are 
made by the driver. In autonomous transport, the decision and the 
execution related processes are controlled and implemented by the 
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system. Accordingly, the reliability of autonomous transport is seriously 
affected by the reliability of the control process, which primarily de
pends on the relevant external conditions (such as traffic situation, 
lightning conditions, etc.). Following this, to estimate the reliability of 
autonomous systems, we have to perform an almost infinite number of 
tests, which in some cases can be substituted by simulation methods 
[59]. Our research study aims to investigate the hazards related to the 
cooperative processes of interacting highly automated vehicles. 

Today, more and more security-critical processes are supported by 
highly automated or fully autonomous systems. Accordingly, it is 
reasonable to investigate the results achieved in other fields in the 
domain of autonomous spatial control of vehicle movements. Several 
cutting-edge methods have been developed in maritime transport to test 
the reliability of safety-critical navigation systems. These results were 
considered during the development phase of our research [13]. Thieme 
and Utne have developed a complex indicator system to support vehicle 
navigation that will improve future maritime safety [60]. On the other 
hand, many strong contributions were performed in the field of mari
time transportation related to system engineering theory [3]. 

During the design phase of such complex systems, the classical 
deductive (top-down) [53,56] or inductive (bottom-up) approaches [42] 
related to the hazard identification tasks can be a rather time-consuming 
process [59]. Following this, in the case of highly automated, connected, 
and cooperative transport systems, it is reasonable to complement 
hazard identification methods with models focusing on analyzing his
torical datasets describing critical events related to the operation of the 
investigated systems [25,58]. In accordance with this, in order to derive 
the most relevant risk factors related to transport systems, we used the 
outcomes of the traffic accident analysis [55] and previously performed 
research studies related to the safety of highly automated systems [21, 
28]. Accordingly, based on the reviewed studies, the most relevant 
safety-related factors can be identified as follows:  

● Operation safety/reliability-continuous operation process [25].  
● Basic safety requirement of the bijection between vehicles and 

spatial locations [21,28].  
● Vehicle speed, acceleration and deceleration [15,25,55].  
● Crossing movements [22,25]. 

Of course, the list still can be further detailed and extended with 
other relevant factors, such as different vehicle dynamic factors, like 
roll, pitch, yaw, etc. However, the limitations of the current study do not 
allow us to extend the involved factors further. 

Before describing the modeling framework and the proposed meth
odological developments, a systematic literature review is also pre
sented related to the traffic control modeling domain. It is a fundamental 
fact that the increasing volume of automated vehicles creates the pos
sibility of controlling the transport processes more efficiently, and 
triggers the research work in this field [11]. The real-life traffic distri
bution currently depends on the decisions of the road users, but novel 
information and navigation systems providing dynamic data can affect 
drivers’ behavior and choices [7,63]. Beyond that, the spread of 
autonomous vehicles (AVs) provides the possibility to considerably 
reduce random decisions influenced by external parameters (e.g., con
gestions [19] or travel costs [23]). Besides the driving aspects of vehi
cles, automation also covers other fields, such as service planning, 
passenger-handling functions and vehicle control [18]. These pro
cesses facilitate the more efficient traffic management through 
controllable system components. Current studies aim to develop meth
odologies for this purpose. 

Research in this field focuses on the control of autonomous transport 
at the level of individual vehicles, and on the dynamic traffic assignment 
at higher levels as well. Related to microscopic control approaches, parts 
of the transport processes of AVs are aimed to be optimized in most 
studies. As an example, path tracking, lane-keeping, lane-changing 
control processes, or parking methods can be mentioned. The former 

studies focus on vehicle control in lateral and longitudinal direction in 
order to follow a specified trajectory or lane [2,20,61], dealing also with 
the overtaking maneuvers consisting of two lane changes [45]. The 
latter approach includes control schemes utilizing the body and steering 
angles of vehicles [65], as well as the elaboration of optimal parking 
facilities for the autonomous vehicles [47]. As highlighted by Cuer et al. 
[12] and Sahin and Soylu [52], it is fundamental to embed qualitative 
and quantitative concerns ensuring also the safety of processes by 
redundant sub-functions. 

Traffic assignment covers the macroscopic level, where the coordi
nation process can be described as an optimal control problem [27]. In 
this respect, vehicle trajectories are to be controlled in an optimal way 
considering a part of or the whole road network, while safety and 
feasibility constraints have to be met. Numerous studies aimed at the 
development of optimal cooperative control actions of AVs at in
tersections [10,39,64]. The study of Zhu and Ukkusuri [69] wished to 
achieve system optimum based dynamic traffic assignment through the 
control process. Lane occupancy was used as the variable of the opti
mization in their study, and the total travel time was minimized by the 
optimal assignment of traffic volumes on the network elements. 

Similarly, our previous research aimed to link the control tasks of 
AVs and network level traffic optimization through the binary integer 
modeling of cooperative vehicle control, but taking into account also 
individual vehicle dynamics [49]. To provide the possibility of contin
uous control and adjustment of the system outputs during operation, in 
this study the system variable was based on the position of the vehicles, 
and the time-space was discretized. The road network was partitioned 
into sufficiently small locations based on the occupancy grid concept, 
since one of the most important objectives of a reliable CCAM system is 
to significantly improve safety [46] by ensuring the prohibition of 
conflicting movements. Among other concepts, occupancy grid models 
fit this essential safety requirement. Accordingly, they can provide a 
reasonably robust methodological base for autonomous traffic flow 
management approaches. 

Based on the study of Mutz et al. [44], grid maps are regarded as the 
cell-based representation of the environment. Their spatial model con
sists of equally sized plane shapes, and accordingly, the spatial unit is 
represented by congruent squares. Numerous grid map types can be 
identified, such as the occupancy grid map, the remission grid map and 
the likelihood-field grid map. In the case of occupancy grid maps, each 
spatial unit of the model includes the occupancy probability related to 
the given unit square [44]. 

The model developed by Alonso et al. [1] calculates whether the ego 
vehicle crosses the trajectory of another vehicle in the intersection, and 
applying the precedence rules to each vehicle, it also calculates whether 
other vehicles cross the trajectory of the ego vehicle. Although, other 
research studies aim to identify the occupancy states of an intersection 
in time and space by using environment perception systems, the objec
tive of the referred research was to organize traffic in accordance with 
traffic regulations based on the information exchanged through V2X 
communication channels [1]. Cheng et al. [9] propose a cooperative 
framework as well for supporting autonomous driving maneuvers based 
on the data circulated through the V2X communication channels. The 
authors propose to utilize the potential of inter-vehicle communication 
solutions in a more efficient way to provide the necessary conditions for 
autonomous driving. The introduced hierarchical information fusion 
framework for cooperative sensing ensures a lower probability level of 
critical traffic situations caused by unsafe vehicle movements [9]. 

Dinh Van and his research group aimed to develop the hierarchical 
control system of an autonomous vehicle. The proposed method consists 
of the decision making module, local path planning process and the 
related control tasks. The decision making module is operated to identify 
the proper path for the vehicle. Besides this, an occupancy grid map 
based A* algorithm was applied to identify a safe and effective path to 
avoid objects [14].Similarly to our concept, time was discretized into 
time steps in the study focusing on the development of a multiclass cell 
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transmission model based on the classical hydrodynamic theory [38]. 
With this approach, the penetration scenarios of autonomous transport 
system was modeled. Links were discretized into cells such that in the 
case of free flow speed, vehicles travel at exactly the distance of one cell 
per time step. Cell occupancy was defined to estimate the number of 
vehicles that can fit in a cell and the maximum flow related to the given 
cell 

Beyond the cooperative vehicle control related applications, the 
occupancy grid concept can also be efficiently used in the case of single 
autonomous vehicle control systems. After the segmentation process, all 
classes should be clustered into different objects by the detection algo
rithm. Pendleton and colleagues found [50] that many recently devel
oped state-of-the-art solutions aim to identify the occupancy grid based 
on the detected point clusters [41,43]. 

Based on the reviewed literature, it can be concluded that occupancy 
grid based cooperative and connected transport systems can signifi
cantly contribute to the improvement of road safety. However, it must 
be kept in mind that the more detailed the time and space discretization 
of the applied model is, the more complex the system model will be. On 
the one hand, this results in more accurate and efficient final results, but 
on the other hand, the increasing model resolution can directly lead to 
increasing processing time. In line with the above considerations, it is 
reasonable to apply system safety procedures during the identified 
development steps to mitigate the risks associated with the simplifica
tions introduced, leading to an unsafe state [6]. 

Accordingly, the aim of this paper is to present new proposals to 
reduce processing time regarding the developed occupancy grid model 
by significantly decreasing the number of constraints, taking into ac
count the results of the performed risk assessment procedure. Section 2 
introduces the applied methodology by describing the modeling 
framework, the risk assessment process and the model simplification 
concept. In Section 3, we demonstrate the results of the developed 
approach and the proposed framework of safety indicators. The final 
conclusions are summarized in Section 4. 

2. Methodology 

2.1. Modeling framework 

Linking dynamic traffic assignment and the control of autonomous 
vehicles, our previous research focused on the network-level optimiza
tion of traffic demand management through the binary integer modeling 
of cooperative vehicle control. The optimization process aimed to satisfy 
the emerging travel demands while minimizing the traffic load of the 
road network and assuring traffic safety (avoiding collisions, taking into 
account speed, acceleration and deceleration limits, etc.). Using the 
occupancy grid concept, time-space was discretized and the road 
network was partitioned into directed locations based on the size of 
passenger vehicles. 

Accordingly, the binary decision variable of the model (xk,j,i) was 3- 
dimensional, representing if vehicle k is at location i at time step j (value 
1) or not (value 0). The total number of considered vehicles, model time 
steps and locations were noted by m, t and o respectively. The constant 
data related to the network (orientation of locations, shortest distance 
between each location pair, origin and destination of vehicles) and 
traffic (maximum allowed speed, acceleration and deceleration) were 
assumed to be predefined. 

The generalized representation of the previously published detailed 
model framework is elaborated in this article as follows. 

In accordance with the aim of the optimization, the objective func
tion summing up the distances between the current and the destination 
location of the vehicles within the investigated time frame is to be 
minimized. The function f1 identifies the connection between the vari
able and the objective of the given problem. 

y1 = f1
(
xk,j,i ∗ c1(k) ∗C3

)
→min (1)  

where 
y1: is the objective function depending on xi,j,k, 
xk,j,i: is the variable identifying the location (i) of the kth vehicle in 

the time step j, 
C1 ∈ Rmxo: is a constant binary matrix identifying the destination 

location (with element value of 1) of each vehicle, where c1(k) indicates 
the row vector of the matrix related to the k-th vehicle, 

C3 ∈ Ro×o: is a constant matrix identifying the shortest distance of all 
possible location pairs, where c3i,q indicates its element designed by the 
i-th row and q-th column (i.e., the shortest distance between location i 
and q). 

The constraining conditions of the control process are as follows. 
The first constraining equation system is responsible for the identi

fication of the origin locations of the vehicles: 

xk,j,i = c2k,i; ∀k, i; if j = 1 (2)  

where 
C2 ∈ Rmxo: is a constant binary matrix determining the origin loca

tion (with element value of 1) of each vehicle, where c2k,i indicates its 
element designed by the kth row and ith column. 

The second constraining expression is an inequality system based on 
f2. It ensures that only one vehicle can be in a given location at a given 
time step excluding the origins and destinations (c1i and c2i represents 
the ith row of the previously introduced C1 and C2 matrices, respec
tively: 

f2
(
xk,j,i
)
∗ (1 − c1i − c2i) ≤ 1; ∀j, i (3) 

The next equality system based on f3 ensures that a vehicle can only 
be in one location at a given time step: 

f3
(
xk,j,i
)

= 1; ∀k, j (4) 

The fourth expression represented by f4 deals with the issue of ve
locity by constraining the distance that can be traveled by a vehicle 
during a model time step: 

f4
(
xk,j,i, xk,j+1,q

)
∗ c3i,q ≤ c4; ∀k, j, i, q (5) 

xk,j+1,q: is the variable identifying the location (q) of the kth vehicle in 
the time step (j + 1), 

c4: is a constant value identifying the speed limit of the model. 
The next inequality systems described by f5 and f6 constrain the 

acceleration and deceleration of the vehicles based on the same basis, 
comparing the traveled distances at two consecutive model time steps: 

f5
(
xk,j,i, xk,j+1,q, xk,j+2,r

)
∗
(
c3q,r − c3i,q

)
≤ c5; ∀k, j, i, q, r (6)  

f6
(
xk,j,i, xk,j+1,q, xk,j+2,r

)
∗
(
c3i,q − c3q,r

)
≤ c6; ∀k, j, i, q, r (7) 

xk,j+2,r: is the variable identifying the location (r) of the kth vehicle in 
the time step (j + 2), 

c5 : is a constant value identifying the acceleration limit of the 
model, 

c6: is a constant value identifying the deceleration limit of the model. 
To consider the acceleration limit by constraining the travelable 

distance also at the first model time step (when it is not possible to 
compare to the previous time step), additional inequalities are deter
mined based on f7: 

f7
(
xk,j,i, xk,j+1,q

)
∗ c3i,q ≤ c5; ∀ k, i, q; if j = 1 (8) 

The last inequality system based on (f8) prohibits the crossing 
movements. Accordingly, it is not allowed to assign the origin and 
destination location pairs (i.e., four locations) of two crossing routes in a 
time step for any vehicle pair. Therefore, only three of this kind of 
location can be used by the vehicles in a time step to avoid collision. 

f8
(
xk,j,i, xk,j+1,q, xp,j,r, xp,j+1,s

)
∗ c7i− q,r− s ≤ 3; ∀k, p, j, i, q, r, s (9) 
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xp,j,r: is the variable identifying the location (r) of the pth vehicle in 
the time step j, 

xp,j+1,s: is the variable identifying the location (s) of the pth vehicle in 
time step (j + 1), and 

C7 ∈ Ro2×o2 : is a constant binary matrix, whose elements get the 
value of 1 if any common location exists (excluding the starting loca
tions) on the shortest paths between all possible route pairs (routes are 
marked based on their starting and ending locations). 

The constructed binary integer model consists of the model variable, 
initial data, the objective function and the constraining conditions 
together. 

2.2. Risk assessment 

To analyze the potential risks [48] related to the planned simplifi
cations, we investigate the expected system operation deviation modes 
according to the HAZOP methodology [34,51]. This method is a 
powerful tool in analyzing system reliability [26] and automotive sys
tems [6], and can be effectively applied to road traffic related measures 
to investigate predicted deviations and problems with new technologies 
and processes [31]. During the analysis, we systematically evaluate from 
equation-to-equation if there can be expected critical deviations or not. 
If yes, what can be the causes of the problem? What kind of conse
quences can have the analyzed problem? And we also would like to 
clarify, whether the problems have an impact on safety or they rather 
influence operation efficiency. To answer these questions, we also need 
to understand that simplifications, in our case, directly reduce the 
number of constraining equations and inequalities. This approach can 
effectively reduce the complexity of the problem by ignoring unnec
essary equations and inequalities. However, omitting constraints that 
were not unnecessary can lead to unsafe system states. The hazards [57] 
have been identified as follows: 

● Hazard1: The first constraint (Eq. (2)) is responsible for the identi
fication of the origin location of the vehicles. By omitting an active 
constraint, vehicles entering the system may get stuck at their 
starting point. In this case, the given vehicle is ignored by the system, 
so it is not involved in any transport process. This problem can result 
in a significant reduction of operation safety.  

● Hazard2: The next inequality (Eq. (3)) does not allow more vehicles 
to be located in the same location at a given time step. This condition 
is especially safety-critical, as the violation of it directly results in 
collision.  

● Hazard3: The following constraint (Eq. (4)) ensures that a vehicle can 
be assigned to only one location at a given time step. This condition is 
essential for the operation of the binary model, the omission of which 
endangers the system’s operability.  

● Hazard4 : Eq. (5) represents the speed limit used in the system. If this 
constraint is omitted, the system is expected to assign the highest 
vehicle speeds. This indirectly affects the system’s safety level, as the 
severity of accidents primarily depends on speed. Beyond this, 
ignoring this inequality also affects the route planning, as the 
forbidden routes are represented by a closely infinite distance value. 
Traveling in a prohibited direction can lead to dangerous situations.  

● Hazard5 : The dynamics of vehicle motion are also influenced by the 
Eqs. (6)–(8)., by constraining the acceleration and deceleration. 
Extreme accelerations and decelerations can affect rather adversely 
the passenger safety characteristics.  

● Hazard6 : The last constraining condition (Eq. (9)) concerns the 
prohibition of crossing movements. Similarly to Eq. (3)., this 
inequality is rather safety-critical, as its violation can also lead to 
collision. 

2.3. Model simplification 

The number of investigated vehicles, the time discretization as well 
as the detailed partitioning of the road network increase the complexity 
and computational demands of the control process significantly, influ
encing the efficiency and applicability of the developed method. Based 
on the structure of the introduced equalities and inequalities, it was 
concluded that the number of locations has an outstandingly significant 
impact on the computational complexity of the given problem. 

One solution to reduce the number of variables would be merging the 
neighboring locations, but it would lead to a less efficient traffic control 
process due to the larger occupied space by the vehicles. Similarly, the 
extension of the length of the unit time steps of the model would result in 
less variables, but also in a less efficient control process. 

However, the reduction of the number of constraints provide a better 
possibility to improve tractability by reducing the computational 
complexity of the optimization process, without threatening the feasi
bility of it. Therefore, the aim of our research was to elaborate methods 
for this purpose, especially considering the introduced hazards (Hazard1,

Hazard2, Hazard3, Hazard4, Hazard5) to maintain safety integrity. 

2.3.1. The effect of the predefined speed limit (method1) 
The applied speed limit is considered based on Eq. (5) by con

straining the traveled distance during a model time step. Therefore, the 
constraint should be introduced only in cases where the predefined 
distance (defined in C3) is higher than the value of the maximum 
allowed speed (c4). Accordingly, instead of investigating all possible 
location pairs, Eq. (5) needs to be taken into account only in the 
following cases: 

∀k, j, c3i,q > c4 (10) 

Due to the introduced speed limit, the number of the further con
straining expressions can also be reduced. On the one hand, we can 
exclude those locations from the investigation that cannot be reached 
from the origin of a given vehicle until the examined time step, under the 
defined speed limit. Furthermore, location pairs with longer distance 
than the speed limit can also be excluded in the cases when location 
pairs are compared. These cases are already treated by Eq. (5). With the 
introduction of the notation c2(k), indicating the origin location of 
vehicle k assigned from C2, the following considerations can be applied 
related to the introduced constraining conditions of the control process. 

Instead of ∀j, i, Eq. (3) has only to be taken into account in the 
following cases: 

∀j, c3c2(k),i ≤ (j − 1) ∗ c4 (11) 

In the case of Eq. (4), the number of considered variables can be 
reduced instead of the number of equalities based on the introduced 
concept, taking into account only those locations in function f4, where 
the following condition is met: 

c3c2(k),i ≤ (j − 1) ∗ c4 (12) 

Related to the constraining expressions Eqs. (6) and (7), the number 
of inequalities can be reduced considering only the following cases 
instead of ∀k, j, i,q, r,: 

∀k, j, c3i,q ≤ c4 and c3q,r ≤ c4 and c3c2(k),i ≤ (j − 1) ∗ c4 and c3c2(k),q

≤ j ∗ c4 and c3c2(k),r ≤ (j+ 1) ∗ c4 (13) 

Similarly, the relevant cases of Eq. (8) inequality system are: 

∀k, c3i,q ≤ c4 and c3c2(k),i ≤ (j − 1) ∗ c4 and c3c2(k),q ≤ j ∗ c4; if j = 1
(14) 

In the case of Eq. (9), the number of the investigated inequalities can 
be reduced according to the following definition: 
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∀k, p, j, c3i,q ≤ c4 and c3r,s ≤ c4 and c3c2(k),i ≤ (j − 1) ∗ c4 and c3c2(k),q

≤ j ∗ c4 and c3c2(p),r ≤ (j − 1) ∗ c4 and c3c2(p),s ≤ j ∗ c4
(15)  

2.3.2. The effect of predefined origin and destination locations (method2) 
According to the developed concept, the origin and destination lo

cations are privileged points of the network with special characteristics:  

● In these locations more than one vehicle can be present at the same 
time. 

● Origins can be used as starting location only during the travel pro
cess, and not for transit.  

● Destinations are not directed so can be used as ending location only 
(no further travel can take place after arrival). 

The destination and origin locations of vehicles is determined in C1 
and C2 matrices. Based on that, we can introduce c8 ∈ Ro binary vector 
identifying if a location is origin or destination of any vehicle (with 
element value of 1), or not. 

The constraining expressions can be reduced due to the above 
described characteristics as follows. 

With the identification of origins and destinations at a common 
vector (c8), we can directly exclude all inequalities related these loca
tions from Eq. (3), considering only the following cases (instead of ∀j, i): 

∀j, c8i = 0 (16) 

In the case of Eq. (4), the number of the investigated cases cannot be 
cut, as a vehicle can only be in one location at a given time step 
considering all locations of the network (including origins and desti
nations) (Hazard3). 

Furthermore, the investigated cases in Eq. (5) cannot be reduced 
based on this concept, as that would harm the safety integrity of the 
system by allowing to exceed the speed limit for steps including origin or 
destination locations (Hazard4). Note that the speed limit is responsible 
for the prohibition of traveling backwards, since the orientation of the 
locations is ensured by the fact that a distance value close to infinity was 
assigned to all unwanted directions (e.g., backward steps) on the 
network. 

According to this (due to the orientation of the graph), the speed 
limit ensures that a vehicle cannot enter any origin or leave any desti
nation locations. Consequently, by excluding these cases from the 
investigation, the number of constraints defined by Eqs. (6)–(9) can be 
reduced. 

Instead of ∀k, j, i, q, r, Eqs. (6) and (7) should only deal with the 
following cases: 

∀k, j,
(
c8i = 0 or c2k,i = 1

)
and

(
c8q = 0 or c2k,q = 1 or c1k,q = 1

)
and 

(
c8r = 0 or c1k,r = 1

)
(17) 

Similarly, the relevant cases of Eq. (8) based on the applied concept 
are: 

∀k,
(
c2k,i = 1

)
and

(
c8q = 0 or c1k,q = 1

)
; if j = 1 (18) 

Note that it was not necessary to include here the cases when (c8i =

0), since the location of any vehicle at the first time instant (j = 1) is 
an origin location by definition. 

In the case of Eq. (9), ∀k, p, j, i, q, r, s should be reduced to the 
following cases: 

∀k, p, j,
(
c8i = 0 or c2k,i = 1

)
and

(
c8q = 0 or c1k,q = 1

)
and 

(
c8r = 0 or c2p,r = 1

)
and

(
c8s = 0 or c1p,s = 1

)
(19)  

2.3.3. The effect of the predefined acceleration/deceleration constraints 
(method3) 

The predefined acceleration and deceleration constraints are 

considered based on Eqs. (6) and (7) comparing the traveled distances at 
two consecutive model time steps. Related to these expressions, it can be 
concluded that it is enough to investigate only those route pairs whose 
relative length (the difference in the distances of the location pairs 
defining the routes) is greater than the defined acceleration/decelera
tion limit. Accordingly, ∀k, j, i, q, r cases of Eqs. (6) and (7) can be 
reduced to: 

∀k, j, c3q,r − c3i,q > c5, in case of Eq. (6), and (20)  

∀k, j, c3i,q − c3q,r > c6 in case of Eq. (7). (21) 

The other constraining expressions cannot be further reduced based 
on this concept, as none of them considers two consecutive route pairs of 
one vehicle. 

The acceleration limit is applied at the first model time step sepa
rately by Eq. (8), investigating the first two locations of the vehicles. 
This constraining condition is relevant only if the predefined distance of 
the investigated location pair is higher than the value of the maximum 
allowed acceleration: 

∀k, c3i,q > c5; if j = 1 (22) 

Based on this approach, the further constraining expressions (where 
the relation of two locations is investigated) could also be reduced. 
However, since this can only be taken into account in the first time step 
(for j = 1), it would exclude so few cases that we have not considered 
further investigation in this article. 

2.3.4. Prohibition of route crossings (method4) 
During the prohibition of the crossing movements of the vehicles, 

cases when the examined route pairs do not have any common elements 
can be directly excluded from the investigation. Accordingly, Eq. (9) 
should only be investigated in the following cases instead of ∀k,p, j, i,q,r,
s: 

∀k, p, j, c7i− q,r− s = 1 (23) 

As this concept is based on the comparison of route pairs (investi
gating 4 locations), it cannot be applied to reduce the number of cases 
examined for the other defined constraining expressions. 

2.3.5. Introducing a heuristic to ensure continuous reduction of the distance 
from the destination (method5) 

To further reduce computational complexity, heuristics for route 
planning have been developed. 

According to our first proposal, it should be restricted for each 
vehicle to increase the distance between its destination and the current 
location. This consideration contributes to the implementation of more 
rational route planning by preferring to stop and wait with the vehicle 
rather than take significant detours. Although some inequalities need to 
be introduced to take the heuristic into account, the total number of 
constraining expressions can be reduced by the approach excluding a 
massive amount of cases from the previously introduced constraints. 

The above presented heuristic is represented by f9 and it has been 
integrated into the model constraints. Notation c1(k) indicates the 
destination location of vehicle k assigned from C1. 

f9
(
xk,j,i, xk,j+1,q

)
∗ c9i− c1(k),q− c1(k) ≤ 1; ∀k, j, i, q (24) 

C9 ∈ Ro2×o2 : is a constant binary matrix representing all possible 
route pairs, where the element c9i− q,r− s identify with a value of 1, if 
c3i,q < c3r,s. 

To reduce the number of these constraining inequalities to the 
minimum, the previously introduced methodological approaches 
related to the speed limit and the effect of the predefined origin and 
destination zones can also be used here. Furthermore, we can conclude 
from Eq. (24) also that the constraint should be introduced only in the 
cases when c9i− c1(k),q− c1(k) = 1. Thus, the investigated cases of Eq. (24) 
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have been reduced to: 

∀k, j, c3i,q ≤ c4 and c3c2(k),i≤ (j − 1) ∗ c4 and c3c2(k),q≤ j ∗ c4 and 
(
c8i = 0 or c2k,i = 1

)
and

(
c8q = 0 or c1k,q = 1

)
and c9i− c1(k),q− c1(k)

= 1
(25) 

The further constraining expressions examining location pairs can be 
reduced by excluding those cases that have already been considered by 
the introduced heuristic. However, as we have already taken some 
constraints into account when implementing this approach (see Eq. 
(25)), it is not desirable to apply further reduction based on it in case of 
Eqs. (4) and (5), to avoid the exclusion of the same cases from both 
constraining expressions, which would harm the safety integrity of the 
system (Hazard3 and Hazard4). 

Based on the examined heuristic, the investigated cases related to 
Eqs. (6) and (7) can be reduced to: 

∀k, j, c9i− c1(k),q− c1(k) = 0 and c9q− c1(k),r− c1(k) = 0 (26) 

Similarly, the relevant cases of Eq. (8) using the applied consider
ation are: 

∀k, c9i− c1(k),q− c1(k) = 0; if j = 1 (27) 

For Eq. (9), the reduced number of cases are: 

∀k, p, j, c9i− c1(k),q− c1(k) = 0 and c9r− c1(p),s− c1(p) = 0 (28)  

2.3.6. Introducing a heuristic to reduce potential loops in the travel process 
(method6) 

With the intention to reduce potential loops in the travel processes of 
the vehicles, the following heuristic (based on f10) has been elaborated, 
and embedded in the model. 

f10
(
xk,j,i, xk,j+1,q

)
∗ c7c2(k)− i,i− q ≤ 1; ∀k, j, i, q (29) 

Applying the methods related to the speed limit, the effect of the 
predefined origin and destination zones and the previously introduced 
heuristic, the number of the investigated cases of Eq. (29) can be 
reduced to: 

∀k, j, c3i,q ≤ c4 and c3c2(k),i ≤ (j − 1) ∗ c4 and c3c2(k),q ≤ j ∗ c4 and 
(
c8i = 0 or c2k,i = 1

)
and

(
c8q = 0 or c1k,q = 1

)
and c3i,c1(k)

≥ c3q,c1(k) and c7c2(k)− i,i− q = 1 (30) 

With similar considerations to the previously introduced heuristic, 
those constraining expressions of the model which have not been built in 
this approach yet can be reduced (to avoid the exclusion of the same 
cases from more constraints - Hazard3 and Hazard4 related to Eqs. (4) 
and (5)). 

For Eqs. (6) and (7), the remaining cases to investigate are: 

∀k, j, c7c2(k)− i,i− q = 0 and c7c2(k)− q,q− r = 0 (31) 

The reduced number of cases related to Eq. (8) can be described as: 

∀k, c7c2(k)− i,i− q = 0; if j = 1 (32) 

Finally, the relevant cases of Eq. (9) using the above consideration 
are: 

∀k, p, j, c7c2(k)− i,i− q = 0 and, c7c2(p)− r,r− s = 0 (33)  

2.3.7. Summarizing the applicability of the elaborated simplifications 
related to the introduced constraints 

The relation of the model constraints and the proposed methods to 
reduce the complexity of the optimization problem are summarized in 
Table 1. 

The filled cells in the table indicate the constraining expressions 
whose investigated cases can be reduced based on the simplification 
solutions marked by the columns of Table 1, showing also the notation of 
the equation in which the reduction is presented. As it has been 
mentioned earlier, to ensure the safety integrity of the system, during 
the development of the simplification methods, we tried to avoid dou
ble, mutual simplifications. Two simplification methods were never used 
together to reduce the number of each other’s equations, as this could 
lead to the omission of cases that could be critical to the system’s 
operation and its safety characteristics. Thus, the given simplification 
method was not applied for constraints that were considered during its 
development process. 

In line with this fact, the limited applicability of method4 (limited to 
Eq. (9) due to the investigation of 4 locations) is quite advantageous 
from a system safety point of view. Since the constraint of crossing 
motions contains the most inequalities, the reduction of it is critical to 
complexity. However, due to the previously introduced concept of 
avoiding the mutual application of simplifications, it would not be 
appropriate to apply method4 to other constraints, taking into account 
Hazard6. Similar correlations can be identified for method3 and Hazard5 
as well as method2 and Hazard1. 

3. Results and discussion 

3.1. Expected effects of simplifications 

To evaluate the expected effects of the above methods, we have 
implemented numerical investigations in the case of three example 
networks. The structure of the networks and the results of the partition 
process are illustrated in Fig. 1. The orientation of the locations is 
indicated by arrows. Destination locations are not oriented (empty), 
origins are marked by gray background. 

The first network represents a simple junction, containing 12 nodes 
and 12 edges. The second network with 10 nodes and 14 edges models a 
two-lane road section where the vehicles can change lanes. The third 
network also consists of lanes with the same orientation, but is more 
complex than the previous one, containing 16 nodes and 24 edges. Based 
on the size of passenger vehicles, 5 m long locations are used for seg
mentation. The defined investigated time interval (t) was divided into 1 

Table 1 
Relation of the model constraints and methodological approaches for simplification.    

Methodological approaches for simplification   
method1  method2  method3  method4  method5  method6  

Constraints of the model Eq. (2) – – – – – –  
Eq. (3) Eq. (11) Eq. (16) – – – –  
Eq. (4) Eq. (12) – – – – –  
Eq. (5) Eq. (10) – – – – –  
Eq. (6) Eq. (13) Eq. (17) Eq. (20) – Eq. (26) Eq. (31)  
Eq. (7) Eq. (13) Eq. (17) Eq. (21) – Eq. (26) Eq. (31)  
Eq. (8) Eq. (14) Eq. (18) Eq. (22) – Eq. (27) Eq. (32)  
Eq. (9) Eq. (15) Eq. (19) – Eq. (23) Eq. (28) Eq. (33)  
Eq. (24) Eq. (25) Eq. (25) – – Eq. (25) –  
Eq. (29) Eq. (30) Eq. (30) – – Eq. (30) Eq. (30)  
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s time steps. 
The applied initial data are summarized in Table 2. 
As the first step of the analysis, the optimization of traffic demand 

management was performed based on the introduced binary integer 
model ignoring the simplification solutions (baseline case). According to 
the aim of our study, the focus of this process was to determine the total 
number of equations and inequalities together constituting the con
straints of the optimization task. Following this, the number of the 
constraining formulas were 403,316; 197,700 and 1,249,428 for the 
three baseline cases, respectively. 

The developed simplification methods were then adopted to the 
basic systems of constraining equalities and inequalities, and their ef
fects were evaluated. To facilitate the investigation of the casual effect 
on complexity of each simplification, the ceteris paribus principle was 
applied. This also means that if a simplification method is used, only the 
related equation or inequality system was considered (e.g., Eq. (5) in 
case of method1), and the further constraining expressions were reduced 
by that approach. The impacts of the simplifications are given in Table 3. 

The complexity of the problem was reduced significantly by some of 
the developed simplification solutions, even when used alone. The 
number of constraining expressions decreased by more than 80% in the 
first and third cases as a result of method1 developed based on the effects 
of the predefined speed limit. Related to all three networks, the reduc
tion was more than 85% in case of applying method4 alone, which aimed 
to directly exclude some cases – when the compared route pairs do not 
have any common elements – from the investigation of possible crossing 
vehicle movements. The reduction in the number of constraining ex
pressions varied between 46.8–73.8% when method2 or method5 was 
applied. The effects of method2 and method5 were lower (2.3–9.6%), but 
that is partly due to the small size of the example networks. With the 
increase of the number of potential steps on the network (edges), the 
effect of the method developed based on the principle of reducing po
tential loops (method5) also increased. For most methods the rate of 
decrease was greater on networks with multiple locations. 

To evaluate the combined causal effect of simplification pairs on 
complexity, we applied a pairwise comparison method. For this purpose, 

Fig. 1. Structure of the example road networks.  

Table 2 
Initial data of the three investigated cases.   

First case (NETWORK I.) Second case (Network II.) Third case (Network III.) 

m 4 4 4 
t 4 s 4 s 4 s 
o 12 10 16 
v_limit 15 m/s 15 m/s 15 m/s 
acc_limit 10 m/s2 10 m/s2 10 m/s2 

dec_limit 10 m/s2 10 m/s2 10 m/s2  

Origin Destination Origin Destination Origin Destination 
K = 1 1 10 1 9 1 15 
k = 2 1 2 1 10 1 16 
k = 3 6 11 2 10 2 16 
k = 4 7 2 2 9 3 13  

Table 3 
The extent of reduction achieved by the simplification solutions in the three 
cases.   

First case (Network 
I.) (%) 

Second case (Network 
II.) (%) 

Third case (Network 
III.) (%) 

method1  85.2 69.9 80.6 
method2  73.8 46.8 62.0 
method3  2.9 3.4 2.3 
method4  87.2 85.2 89.7 
method5  66.0 66.3 66.7 
method6  5.6 6.2 9.6  

Table 4 
The extent of reduction achieved by the pairwise combination of the 
simplification solutions in the third case.   

Third case (Network III.) (%) 

method1 & method2  93.4 
method1 & method3  80.9 
method1 & method4  98.1 
method1 & method5  93.1 
method1 & method6  83.9 
method2 & method3  63.8 
method2 & method4  94.0 
method2 & method5  84.8 
method2 & method6  66.8 
method3 & method4  93.2 
method3 & method5  67.7 
method3 & method6  12.6 
method4 & method5  96.3 
method4 & method6  91.6 
method5 & method6  68.8  
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the most complex third network was used. Results are summarized in 
Table 4. 

Combining the methods proved to be effective. Apart from the 
combination of the two least effective methods (method3 and method6), 
each pairing resulted in a reduction of at least 63% compared to the 
baseline case. In several cases (especially for the most effective methods 
according to previous results), the combined casual effect resulted in 
reduction by more than 90%, which implies a significantly reduced 
computational complexity. 

3.2. Application in a realistic scenario 

The applicability of the developed model with the introduced sim
plifications was tested in a more realistic scenario. For this purpose, a 
bigger network (32 nodes, 40 edges) representing the junction of two 2 
× 2 lane roads was used and the number of considered vehicles was 
increased. The size of the locations and the length of the time steps, as 
well as the defined speed, acceleration and deceleration constraints 
were not modified. The structure of the partitioned network is illustrated 
in Fig. 2. Junctions with similar structure are widely used in the Hun
garian road network. An example can be found in Budapest at Lat.: 
47.46363; Lon.: 19.03361. The annual average daily traffic (AADT) goes 
through this intersection is 29,800 pcu/day [5]. 

With the application of the refined model, a close-optimum feasible 
solution can be found related to any defined travel demand structure. 
Using the optimization method, our aim was also to investigate the ef
ficiency of the developed control procedure based on the number of 
vehicles able to pass through the junction in a unit of time, keeping in 
mind that the capacity of a junction depends strongly on the structure of 
travel demands [8,67]. 

At the first step, the defined traffic load was uniform and quite 
complex from all directions (demand structure 1), assuming two vehi
cles turning right and one going straight ahead in the outer lane, and two 
vehicles intending to turn left from the inner lane (and arriving also into 
an inner lane) on all four branches of the junction. In this way, a total of 
20 vehicles were considered during the optimization (m = 20). By 
running the optimization program several times, we examined the 
minimum length of (t) time interval which was enough for the vehicles 
to go through the junction. Based on this, a rough estimation of the 
capacity of the junction was determined for the defined travel demand 
structure. Note that this estimation is based on a constant demand vol
ume over the examined time period, so the practical capacity of the 
junction could be even higher if more vehicles arrived continuously. 

Based on the results of the optimization, the junction was emptied in 
8 s in the case of demand structure 1. The resulting routes per vehicle 
were summarized in the columns of Table 5. 

Note that in the case of the presented, close-optimal feasible solution, 
a vehicle (k = 12) has not yet reached its designed destination; how
ever, it has already made the turning maneuver and passed through the 
most important conflict points, so the solution was considered appro
priate. The value of the objective function (y1) was 1535. 

Considering that 20 vehicles passed through the junction in 8 s, with 
a rough estimate 9000 vehicles (20 ∗ 3,600/8) can pass in an hour even 
in case of this diversified demand structure, where the ratio of vehicles 
going left, straight and right was 2:1:2 on all branches. 

This performance is outstandingly good compared to the results of 
studies examining the capacities of current, traditional junctions. Barna 
and Schuchmann [4] used a simulation model to examine the perfor
mance of different types of junctions based on average travel time losses. 
In their study, a simpler demand structure was applied with a lower ratio 
of turning vehicles (ratio of vehicles going left, straight and right was 
1:3:2 on all branches). According to their results, the capacity of an 
uncontrolled (no traffic lights or roundabout) intersection of 2 × 1 lane 
roads was approximately 2000 vehicle/h, which could be increased to 
3000 vehicle/h if a separate lane for all turning directions is provided on 
one of the crossing roads. 

The intersection with the most similar structure to our example was a 
traffic light controlled junction in the cited study. Although this junction 
had one more lane on each branches (3 inbound and 2 outbound lanes), 
the maximum capacity of it was only a total of 4400–5200 vehicle/h, 
depending on the period time of the traffic light control. This capacity 
increased to 6000–6200 vehicle/h in case of adding one more lane on 
the main branch [4]. 

Beyond the theoretical comparisons, we can also consider real ex
amples, such as the second case study introduced in the report of Jenior 
et al. [32], investigating the intersection of Route 19 (Sulaski Highway) 
and Route 380 (N Bridge Street) near Charleston in the United States. 
The mentioned signalized four-legged intersection of a 4- and a 6-lane 
road, with a total traffic volume of 5780 vehicle/h is characterized by 
poor operational performance. In light of this, we can see that the pro
posed novel traffic management concept can significantly improve the 
efficiency of the currently applied solutions. 

With the simplification of the demand structure (e.g., lower ratio of 
left turns), the efficiency of the developed control model may be even 
higher than previously presented. One example is shown below, where 
the previously used demand structure was modified by replacing one of 
the left-turning movements with a straight forward movement for all 
branches of the junction (demand structure 2-ratio of vehicles going left, 
straight and right is 1:2:2). In this case, the junction was emptied by the 
process in 6 s (see the Table 6), which would imply a 12,000 vehicle/h 
(20 ∗ 3,600/6) theoretical capacity. 

The above presented examples illustrate the applicability and effi
ciency of the proposed model. The defined safety constraints were 
satisfied by the feasible solutions. The total number of equations and 
inequalities of the optimization task was 28,715 in case of demand 
structure 1, and 16,392 in case of the modified demand structure and 6 s 
time interval. The calculations were not performed in a hardware and 
software environment optimized for performance and computational 
time. The MATLAB software and a laptop with Intel(R) Core(TM) 
i7–2620 M CPU (2,70 GHz) and 4GB RAM were used, the computational 
time was 87.98 s and 10.49 s for the presented examples, respectively. 

3.3. Evaluation of the safety characteristics of the system 

Complementing traffic models with estimations on traffic safety and 
system reliability is of high importance [24]. The safe operation of the 
transport system is highly affected by the temporal and spatial distance 
of the vehicles, as well as by the homogeneity of speed and acceleration 
characteristics of the system components [62,68]. Decreasing the role of Fig. 2. Structure of the road network in the realistic scenario.  
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human drivers, the increased safety has been advocated as one of the 
major benefits of autonomous transport systems [33]. In our paper, we 
have developed methodological approaches to investigate factors char
acterizing the road safety level of the traffic process determined by the 
elaborated model. As a result of these methods, safety indicators have 
been developed. 

The new indicators can be used for comparing the results of the 
traffic optimization process from the safety point of view, e.g., con
cerning different road network types (different node types, partitioning 
process with various size or shape of locations, etc.), or travel demand 
structures. Another field of application is the possibility to rank the 
several, equally effective feasible solutions obtained for the same 
problem. 

The refined methods aiming to develop the indicators characterizing 
the safety level of the optimized traffic flow structure can be described as 
follows. During the safety indicator development process, we paid a 
special attention to handle and monitor the predefined Hazards, 
accordingly the introduced methods are strongly related to them. Based 
on the reviewed research studies on highly automated systems, we 
identified the main hazards of the system as follows:  

• Hazard1 Vehicles entering the system get stuck at their starting point.  
• Hazard2 Assigning more vehicles to the same location at a given time 

step; that is, the departure-destination pairs are not assigned to ve
hicles in a non-bijective way at a given time step.  

• Hazard3 Assigning one vehicle to more location at a given time step.  
• Hazard4 Exceeding the speed limit.  
• Hazard5 Exceeding the acceleration or deceleration limit.  
• Hazard6 Enabling the crossing movements of vehicles entering at 

least one identical location in a given time interval. 

Safety indicator related to the crossing movements of vehicles (CM −
Hazard6) 

The safety indicator considering the risk arising from crossing 
vehicle movements was formed on the basis of the number and temporal 
distance of these actions (Eq. (34)). 

CM =
∑m,m,(t− 1, t− 1),o,o,o,o

k,h,j,u,i,q,r,s = 1

k∕=h

u∕=j

c7i− q,r− s ∗
(
xk,j,i ∗ xk,j+1,q ∗ xh,u,r ∗ xh,u+1,s

)
∗

1
(u − j)2

(34) 

The product of the first two factors in the summation identifies with a 
value of 1, if any two vehicles (k and h) have traveled sections (i,q and r,
s) that intersect, at any time steps (j, (j+1) and u, (u + 1)) during the 
investigated time interval. The third multiplication factor was formed 
based on the temporal distance of the starting time moments of the 
crossing movements. 

Based on the elaborated formula, the value of CM becomes higher 
with the increasing number of crossing vehicle movements (meaning 
more summands in the summation). Furthermore, the value of the 
summands gets higher if the crossing movements take place in shorter 
time intervals. Accordingly, a lower value of a CM safety indicator im
plies a safer flow of traffic. 

Average speed at the network level (VN − Hazard4)

The average speed at the network level was formulated as the 
average of the average speeds of the vehicles traveling on the road 
network. A fundamental criterion of the interpretation is to perform the 
calculations below considering at least two time moments (t ≥ 2). 

To develop the indicator, the formula describing the average speed of 
the vehicles was defined (Eq. (35)). 

Vk =

∑(t− 1),o,o
j,i,q = 1 xk,j,i ∗ xk,j+1,q ∗ c3i,q

(t − 1) −
∑(t− 1)

j = 1xk,j,c1(k) −
∑(t− 1)

j = 1xk,j+1,c2(k)
(35) 

That is, the average speed of vehicle k is calculated by dividing the 
sum of the lengths of the road sections it travels by the number of time 
steps elapsed between the start of the vehicle from its origin and the 
arrival to its destination. To determine the correct number of the 
considered time steps, the sum of time steps spent in the origin location, 
as well as the sum of time steps spent in the destination location were 
subtracted from the total number of the investigated (t − 1) time steps. 

Table 5 
Result of the optimization process in the realistic scenario (demand structure 1).  

Vehicle (k)  1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 
Origin 1 1 1 2 2 10 10 10 16 16 17 17 23 23 23 31 31 32 32 32 
Destination 29 5 5 22 22 5 4 4 30 30 3 3 28 29 29 11 11 4 28 28 

t = 1  1 1 1 2 2 10 10 10 16 16 17 17 23 23 23 31 31 32 32 32 
t = 2  1 1 5 2 13 10 4 10 16 14 17 17 25 23 23 31 31 21 32 32 
t = 3  6 1 5 2 21 10 4 10 16 13 17 17 25 23 29 26 31 9 32 28 
t = 4  18 5 – 7 22 9 – 10 15 25 17 17 26 29 – 13 31 4 28 – 
t = 5  29 – – 20 – 6 – 4 14 30 18 17 28 – – 11 26 – – – 

t = 6  – – – 22 – 5 – – 13 – 19 17 – – – – 14 – – – 
t = 7  – – – – – – – – 25 – 8 18 – – – – 12 – – – 
t = 8  – – – – – – – – 30 – 3 14 – – – – 11 – – –  

Table 6 
Result of the optimization process in the realistic scenario (y1 = 1,130) (demand structure 2).  

Vehicle (k)  1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 
Origin 1 1 1 2 2 10 10 10 16 16 17 17 23 23 23 31 31 32 32 32 
Destination 29 5 5 30 22 5 4 4 11 30 22 3 28 29 29 3 11 4 28 28 

t = 1  1 1 1 2 2 10 10 10 16 16 17 17 23 23 23 31 31 32 32 32 
t = 2  12 1 1 13 2 8 10 10 14 16 19 17 25 23 23 20 31 21 32 32 
t = 3  18 1 5 19 7 8 4 10 12 16 21 17 25 23 29 14 26 15 28 32 
t = 4  29 5 – 30 13 7 – 10 11 14 22 19 26 23 – 3 20 4 – 28 
t = 5  – – – – 19 5 – 4 – 13 – 20 28 29 – – 14 – – – 
t = 6  – – – – 22 – – – – 30 – 3 – – – – 11 – – –  
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In this way, the value of the denominator would be 0 only if the vehicle 
did not leave its origin location for the entire investigated timeframe. In 
this case, the average speed for the given vehicle is undefined. 

The network level average speed is then calculated by averaging the 
average speed of vehicles, as described in Eq. (36). 

VN =
1

m −
∑m,o

k,i = 1

(
xk,t,i ∗ c2k,i

) ∗
∑m

k = 1

xk,t,c2(k)∕=1

Vk (36) 

Since the average speed is undefined for vehicles that do not leave 
their origin, these cases are excluded from the summation (ensured by 
the condition described below the lower bound of the summation). Thus, 
the denominator is also reduced by the number of these vehicles to avoid 
distortion. The network level average speed is undefined if no investi
gated vehicle leaves its origin location. 

A lower value of indicator VN implies a safer flow of traffic in the 
case of equally efficient control processes, by the lower average speeds 
of the vehicles. 

Homogeneity of speed at the vehicle level (σVV − Hazard4) 
The homogeneity of speed values at the vehicle level is elaborated as 

the mean of the standard deviation of the individual vehicle speeds per 
time step (t ≥ 2). 

For the calculation of this safety indicator, the standard deviation of 
the speed data of a vehicle is determined per time step in Eq. (37). 

σVk=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

∑(t− 1),o,o

j,i,q=1

xk,j,i=1

xk,j+1,q=1

xk,j,c1(k)∕=1

xk,j+1,c2(k)∕=1

(
xk,j,i∗xk,j+1,q∗c3i,q− Vk

)2
/(

t− 1−
∑(t− 1)

j=1
xk,j,c1(k)−

∑(t− 1)

j=1
xk,j+1,c2(k)

)

√
√
√
√
√
√
√
√
√
√
√
√
√
√
√
√
√
√
√
√
√
√

(37) 

Note that when generating the speed data per time step (first term of 
the subtraction in the numerator), only those terms are considered 
(according to the conditions described below the lower bound of the 
summation) that characterize the actual movement process of the 
vehicle. In line with the formula of the standard deviation, the denom
inator refers to the number of time steps describing this movement 
process. The standard deviation is undefined for vehicles not leaving 
their origin locations. 

Based on the above, the indicator of the homogeneity of speed at the 
vehicle level is formed by averaging the σVk data of the vehicles that 
started the travel process (Eq. (38)). 

σVV =
1

m −
∑m,o

k,i = 1

(
xk,t,i ∗ c2k,i

) ∗
∑m

k = 1

xk,t,c2(k)∕=1

σVk (38) 

The indicator refers to the evenness of the speed of the individual 
vehicles per time step. Therefore, a lower value of indicator σVV implies a 
safer flow of traffic through more even vehicle speeds. 

Homogeneity of speed at the network level (σVN − Hazard4) 
The homogeneity of speed values at the network level is interpreted 

as the standard deviation of the average speeds of the vehicles over the 
entire examined time interval. The indicator can be calculated from the 
average speed of the vehicles and the average speed at the network level, 
according to the standard deviation formula (Eq. (39)). 

σVN =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

∑m

k = 1

xk,t,c2(k)∕=1

(
Vk − VN

)2
/(

m −
∑m,o

k,i = 1

(
xk,t,i ∗ c2k,i

)
)

√
√
√
√
√
√
√
√
√
√

(39) 

Using the above formula, only the vehicles that have left their origin 
locations are considered. 

The indicator refers to the similarity of the average speeds of the 
different vehicles. Thus, a lower value of indicator σVN implies a safer 
flow of traffic due to a smaller difference between the average speeds of 
individual vehicles. 

Average change in speed at the network level (ΔVN − Hazard5) 
In our model, the change in speed is interpreted based on the dif

ference of the traveled distances during two consecutive time steps. The 
average change in speed (per time step pairs) at network level refers to 
the volume and extent of accelerations and decelerations, and is deter
mined as the mean of the average changes in speed of all vehicles 
traveling on the network. Accordingly, the absolute value of the changes 
in speed have been used to formulate this indicator (regardless of 
whether the vehicle is accelerating or decelerating). Since the investi
gation requires two consecutive model time steps in this regard, at least 
three time moments must be taken into account for the equations below 
(t ≥ 3). 

To create the indicator, the formula describing the absolute value of 
the average change in the speed of a vehicle is calculated with Eq. (40). 

ΔVAk=

∑(t− 2),o,o,o
j,i,q,r=1 xk,j,i∗xk,j+1,q∗xk,j+2,r∗

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅(
c3q,r− c3i,q

)2
√

+
∑o,o

i,q=1xk,1,i∗xk,2,q∗c3i,q

(t− 2)−
∑(t− 2)

j=1 xk,j,c1(k)−
∑(t− 2)

j=1 xk,j+2,c2(k)+
(
1− xk,2,c2(k)

)

(40) 

The formula divides the sum of the absolute values of the differences 
in the distances traveled during the successive time step pairs by the 
number of time step pairs. The distance traveled in the first time step is 
added separately, as the previous time step is not interpreted in this case. 
The maximum number of time step pairs is (t− 2), but the time spent in 
the origin or destination location is excluded in this case as well. The last 
term of the denominator increases the number of considered time steps 
by 1 if the vehicle leaves the origin location in the first time step (when 
the previous time step is not interpreted). The average change in speed is 
undefined for vehicles that do not leave their origin during the investi
gated time period. 

The network level average change in speed is calculated as the mean 
of the ΔVAk values (Eq. (41)). 

ΔVN =
1

m −
∑m,o

k,i = 1

(
xk,t,i ∗ c2k,i

) ∗
∑m

k = 1

xk,t,c2(k)∕=1

ΔVAk (41) 

Analogously to the previous considerations, only the vehicles that 
have started the travel process are considered. The indicator is unde
fined if none of the vehicles leave their origin locations. 

A lower value of the average change in speed at the network level 
indicates that the examined vehicles accelerate or decelerate on average 
less or to a lesser extent, thus a safer flow of traffic can be assumed 
through smoother driving. 

Homogeneity of the changes in speed at the vehicle level (σΔVV −

Hazard5) 
The indicator expressing the evenness of accelerations and de

celerations at the vehicle level is determined as the mean of the standard 
deviations of the changes in speed of individual vehicles (t ≥ 3). 

To determine the standard deviation, it was necessary to distinguish 
the direction of the change in speed (i.e., whether the vehicle accelerates 
or decelerates). Accordingly, the mean of the changes in speed of a 
vehicle is determined with Eq. (42), considering also the direction of the 
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changes in speed. 

ΔVk =

∑(t− 2),o,o,o
j,i,q,r = 1 xk,j,i ∗xk,j+1,q ∗xk,j+2,r ∗

(
c3q,r − c3i,q

)
+
∑o,o

i,q = 1xk,1,i ∗xk,2,q ∗c3i,q

(t − 2) −
∑(t− 2)

j = 1 xk,j,c1(k) −
∑(t− 2)

j = 1 xk,j+2,c2(k) +
(
1 − xk,2,c2(k)

)

(42) 

The formula follows the same principles as Eq. (40), but the differ
ence in the distances traveled during two successive time steps refers to 
the direction of the speed change in this case, by the sign of the first term 
of the numerator. 

The standard deviation of the changes in speed of a vehicle can be 
then calculated according to Eq. (43).    

Similarly to Eq. (37), only those terms are considered in the sum
mation which characterize the actual movement process of the vehicle. 
The denominator equals to the number of time step pairs considered for 
the given vehicle. In the case of the first time step, the previous time step 
is not interpreted; therefore, the expressions related to this time step are 
added separately both in the case of the numerator and the denominator. 
The formula can only be interpreted for vehicles leaving their origin 
locations during the examined time period. 

The indicator representing the vehicle level homogeneity of the 
changes in speed is determined as the mean of the elaborated σΔVk data 
(Eq. (44)). 

σΔVV =
1

m −
∑m,o

k,i = 1

(
xk,t,i ∗ c2k,i

) ∗
∑m

k = 1

xk,t,c2(k)∕=1

σ∇Vk (44) 

The indicator represents the evenness of the changes in speed per 
time steps pairs (accelerations and decelerations) of the individual ve
hicles. Thus, a lower value of indicator σΔVV implies the smoother 
movement of the vehicles on average, which can be considered safer. 

Homogeneity of the changes in speed at the network level (σΔVN −

Hazard5) 
Similarly to the investigation of speed values, the homogeneity of the 

changes in speed is also determined at the network level (Eq. (45)). 

σΔVN =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

∑m

k = 1

xk,t,c2(k)∕=1

(
ΔVAk − ΔVN

)2
/(

m −
∑m,o

k,i = 1

(
xk,t,i ∗ c2k,i

)
)

√
√
√
√
√
√
√
√
√
√

(45) 

However, it is important to note that this indicator alone does not 
refer to the level of safety. While at the network level, the homogeneous 
speed distribution is particularly favorable in terms of road safety (e.g., 
in the case of a long, straight road section, conflicts often arise between 
vehicles traveling at different speeds), it is not necessarily true in the 

case of the change in speed that refers to the average volume and extent 
of accelerations and decelerations. In this regard, the lower standard 
deviation (i.e., the most even distribution of accelerations and de
celerations) is favorable for all individual vehicles, regardless of the 
average value characterizing the network. 

The indicator of the homogeneity of the changes in speed at the 
network level is worth examining only if the values of the previously 
introduced ΔVN and σΔVV indicators are the same for the two compared 
alternatives. In this case, the alternative with a lower value of indicator 
σΔVN can be considered safer because of the lower presumed number of 
vehicles traveling with extreme high changes in speed values. 

3.4. Demonstration of the applicability of the developed safety indicators 

A numerical example was elaborated with the aim of presenting the 
functionality of the introduced safety indicators. The realistic scenario 
representing the junction of two 2 × 2 lane roads (see Fig. 2) was used 
for this purpose with demand structure 2. A feasible solution (FS1) for 
this problem was already presented in Table 6. In that case, the value of 
the objective function (y1) was 1130. 

The calculations are again performed applying a longer computa
tional timeframe to produce a comparable result. A feasible solution 
(FS2) slightly closer to the optimum (y1 = 1,125) was found in 49.33 s 
by the previously introduced hardware, as presented in Table 7. 

The two feasible solutions were compared using the proposed safety 
indicators. The calculations were performed in the MATLAB software, 
with the results summarized in Table 8. 

The solutions are similar to each other. In both cases the route 
crossing gets empty in 6 s. The minimized objective function was slightly 
lower in the case of FS2, ensuring the lower traffic load of the road 
network, in accordance with the aim of the optimization. 

The safety indicators have to be assessed in accordance with the aim 
of the considered problem. The traffic was investigated at a road junc
tion, the representation of the road network as well as the structure of 
travel demands were the same in both investigated cases. Thus, the in
dicator describing the best the safety level is CM, since it considers the 
risk arising from crossing vehicle movements. In the presented cases, the 
number of crossing vehicle movements were the same. However, the 
lower value of CM shows that these movements took place farther apart 
in time in the case of FS2, indicating a safer flow of traffic (although the 
difference is relatively small). 

The “price” of efficiency was that the average speed and the average 
change in speed at the network level were 2.6% and 1% higher 
compared to FS1, respectively. However, the standard deviations of the 
speed values per time step indicate a safer flow of traffic through the 
smoother driving at the vehicle level (σVV was 5.2% lower in the second 
case, while σΔVV was almost the same). The relative variances of vehicle 
speeds and speed changes were also lower at the network level in the 
case of FS2, based on the values of σVN and σΔVN. However, these in
dicators are less relevant for a road junction. 

σΔVk =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
∑(t− 2),o,o,o

j,i,q,r = 1

xk,j,i = 1

xk,j+1,q = 1

xk,j+2,r = 1

xk,j,c1(k)∕=1

xk,j+2,c2(k)∕=1

(
xk,j,i ∗ xk,j+1,q ∗ xk,j+2,r ∗

(
c3q,r − c3i,q

)
− ΔVk

)2
+

∑o,o

i,q = 1

xk,1,i = 1

xk,2,q = 1

xk,1,c1(k)∕=1

xk,2,c2(k)∕=1

(
xk,1,i ∗ xk,2,q ∗ c3i,q − ΔVk

)2

(t − 2) −
∑(t− 2)

j = 1
xk,j,c1(k) −

∑(t− 2)

j = 1
xk,j+2,c2(k) +

(
1 − xk,2,c2(k)

)

√
√
√
√
√
√
√
√
√
√
√
√
√
√
√
√
√
√
√

(43)   
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3.5. The contributions of the research 

The present research contributes to system safety by further devel
oping the classical development model related to highly automated 
transport systems [59]. In the first step, in line with the traditional 
approach, the system functions were identified through presenting the 
objective function and the applied constraining conditions of the 
autonomous transport model. According to the introduced methodol
ogy, besides the classical top-down [53,56] and bottom-up [42] 
methods, we applied critical accident scenarios [58,64] to determine the 
hazards affecting the systems’ operation. The combined application of 
the three methodologies allowed us to achieve more reliable results. 

The general procedure applied through our research has been illus
trated by the following flowchart (Fig. 3), highlighting the main con
tributions of the paper. 

In light of the defined functionalities, the following step is to eval
uate the efficiency of the model. In the case of incomplete, inadequate 
functionality, or violation of safety rules, the system has to be rede
signed. At this stage, it is crucial to pay significant attention to the 
hazards identified at the beginning of the process. As a key contribution, 
we have developed several methodological approaches that can signif
icantly reduce the complexity of the system ensuring also the feasibility 

and the reliability of the solutions. The defined formulas of the simpli
fication methods refer specifically to the presented model, however, 
along the considerations behind them, the complexity of other transport 
models can also be reduced. 

As a main contribution, the results of our research makes it possible 
to significantly increase the systems’ safety by introducing novel safety 
indicators characterizing the operation process of the system, which 
have to be determined on the basis of the previously identified hazards. 
Accordingly, we have presented several concepts that can be used to 
characterize the safety level of highly automated transport systems. As a 
specific contribution, the expressions describing these indicators have 
been introduced in a detailed way. To present the applicability and 
functionality of the developed methods and indicators, numerical ex
amples have been provided. 

4. Conclusion 

The research presented in this paper builds on the expected spread of 
autonomous vehicles, which facilitates the possibilities of ensuring 
effective and safe traffic management. Based on the reviewed literature, 
the authors expect that some of the largest challenges of automotive 
safety engineering will be identifying and implementing critical test 
scenarios occurring due to the SoS (System of Systems) nature of the 
future transport. Experts will need to consider more and more factors 
influencing the safety and reliability of systems. For this purpose, the 
flexibility and adaptability of the applied methods will be a crucial issue 
to cover the system’s entire life cycle. 

Assuming an autonomous transport system, a binary integer model 
has been developed by the authors aiming at network level traffic 
optimization through the control of individual vehicles, providing so
lutions to the emerging system safety issues. The elaborated model 
framework has been presented in its generalized representation. To 
consider the expected risks related to the model, hazards of the system 
components were systematically defined and described, also taking into 
account the SoS nature of complex transport systems. 

Identifying the high computational demands as the main limitation 
of the concept, several methodological approaches have been presented 

Table 7 
FS2 in the realistic scenario (y1 = 1,125) (demand structure 2).  

Vehicle (k)  1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 
Origin 1 1 1 2 2 10 10 10 16 16 17 17 23 23 23 31 31 32 32 32 
Destination 29 5 5 30 22 5 4 4 11 30 22 3 28 29 29 3 11 4 28 28 

t = 1  1 1 1 2 2 10 10 10 16 16 17 17 23 23 23 31 31 32 32 32 
t = 2  12 1 1 13 2 8 10 10 14 16 19 17 25 23 23 20 31 21 32 32 
t = 3  12 1 5 25 2 7 10 4 13 16 21 18 26 23 29 8 31 15 28 32 
t = 4  18 1 – 30 13 5 10 – 11 14 22 19 28 29 – 3 20 4 – 32 
t = 5  29 5 – – 19 – 4 – – 13 – 20 – – – – 14 – – 28 
t = 6  – – – – 22 – – – – 30 – 3 – – – – 11 – – –  

Table 8 
Values of the safety indicators related to the compared feasible solutions (real
istic scenario, demand structure 2).   

FS1  FS2  Difference (%) 
y1  1130 1125 (FS2 /FS1)

CM  49.056 48.444 - 1.2% 

VN  8.875 9.104 2.6% 

σVV  1.963 1.861 - 5.2% 
σVN  1.297 1.117 - 13.9% 

ΔVN  8.008 8.088 1.0% 

σΔVV  8.152 8.186 0.4% 
σΔVN  2.144 2.029 - 5.4%  

Fig. 3. The applied research procedure and contributions.  
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aiming to reduce the complexity of the optimization process. The elab
orated simplification solutions reduce the number of constraints to a 
great extent without threatening the safety of the system. The methods 
aiming to exclude cases from the investigation based on the predefined 
speed limit (method1) and the identification of common elements of 
compared route pairs (method4) proved to be the most effective, 
resulting in more than 80% reduction in the number of constraining 
expressions. The integrated use of the methodological approaches for 
simplification is possible, the relations with the model constraints have 
been summarized in a table. 

The expected effects of the introduced simplifications have been 
quantified based on numerical investigations in the case of three 
example networks. The casual effects have been revealed based on the 
ceteris paribus principle, while pairwise comparisons have been made to 
examine the combined effects as well. The most effective methods were 
able to reduce the number of considered constraining expressions by 
more than 80%, implying a significantly reduced computational 
complexity. The introduced methods used different approaches and 
heuristics, but future studies can reveal several other concepts for the 
purpose of further excluding constraining conditions. These may set up 
limitations for the investigated cases (e.g., prohibition of certain routes 
for some vehicles), but the feasibility of the solution must be ensured. 

The applicability of the developed model with the simplification 
solutions was demonstrated in the case of a realistic scenario using the 
representation of a road junction of two 2 × 2 lane roads as the base 
network. Feasible, close-optimal solutions were determined by the 
elaborated model in reasonable time in the case of two different travel 
demand structures. Based on rough estimations, the results showed an 
outstanding performance of the elaborated process related to the ca
pacity utilization of the junction compared to traditional control modes 
(e.g., traffic lights). The further investigation of the performance for 
different types of intersections and as a function of the travel demands 
forms another promising task for future research. 

As the provision of system safety is a fundamental requirement of 
processes dealing with traffic management, methodological approaches 
have been developed to characterize the safety level of the traffic dis
tribution determined by the model. The introduced safety indicators are 
strongly related to the described hazards. Accordingly, safety indicators 
aim to investigate the crossing movements of vehicles, and cover factors 
related to the average speed and average change in speed also at the 
network level, and at the level of individual vehicles. As it has also been 
demonstrated by a numerical example, the indicators can be used for 
comparing the results of the traffic optimization process from the safety 
point of view. 

Summing up, the novel framework can support the evolution of 
cooperative vehicle control related solutions, but on the other hand, it 
can be efficiently applied to define safety critical scenarios of autono
mous transport systems as well. Considering that the developed evalu
ation methodology is capable of characterize the safety level of certain 
scenarios, it can be used to select the most hazardous cases and to define 
the corner case scenarios. The authors’ future work will primarily focus 
on the use of these approaches to investigate the safety performance of 
using different road network types (different node types, partitioning 
process with various size or shape of locations, etc.), and travel demand 
structures. 

Examining the system’s limitations, we need to mention two aspects 
that will require further improvements in the future. On the one hand, 
we must emphasize that the presented method is primarily suitable for 
coordinating the processes of a fully autonomous system. However, the 
flexibility of the model makes the system possible also to handle non- 
autonomous participants. Although this requires further development 
and research, we can already say that the developed safety indicators are 
also suitable for the characterization of hybrid systems. On the other 
hand, it should also be mentioned that the resolution of the system can 
be further increased, which can contribute to the improvement of the 
efficiency of the traffic management process; however, the expected 

increase in complexity may require further simplification solutions. 
From a reliability engineering and system safety perspective, both 
development orientations will expectedly result in a large number of 
new hazards. For instance, as the system will expectedly not control the 
external participants entering the system, we can only estimate their 
decisions, which involves several risks, such as hazardous situations due 
to erroneous predictions or a change of decision. Besides this, as the 
resolution increases, we can expect a slowdown in the running speed, 
resulting in numerous hazardous situations—for example, the delayed 
synchronization of the participants’ decisions. 
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