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ABSTRACT. According to Skolem’s conjecture, if an exponential
Diophantine equation is not solvable, then it is not solvable mod-
ulo an appropriately chosen modulus. Besides several concrete
equations, the conjecture has only been proved for rather special
cases. In this paper we prove the conjecture for equations of the

form x™ — byiCl .. .yéf" = +1, where b, x,y1, ...,y are fixed integers

and n, k1,...,ky are non-negative integral unknowns. This result
extends a recent theorem of Hajdu and Tijdeman.

1. INTRODUCTION

Skolem [15] proposed the following conjecture: if a purely expo-
nential Diophantine equation is not solvable, then it is not solvable
modulo an appropriate modulus. Skolem’s conjecture and variants of
it (besides several concrete cases) have been proved only under re-
stricted conditions. Schinzel [9] (extending results of Skolem [15])
verified the conjecture in the one-term case, that is for equations of
the shape o/fl . ~-o¢§‘ = (. Here aq,...,a, and 3 are fixed elements
of a number field, and kq,...,k, are unknown integers. Bartolome,
Bilu and Luca [1] proved Skolem’s conjecture for equations of the form
Aol + -+ Maf = 0, where \y,..., A and ay,...,q are elements
of a fixed number field such that the order of the multiplicative group
generated by ag, ..., is one and £ is an integral variable. The main
result of [1] follows from those in [9, 10] - though some nontrivial argu-
ment is needed [12]. Berték and Hajdu [3, 4] proved that in some sense
Skolem’s conjecture is valid for ’almost all’ equations. For strongly
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related problems and results concerning recurrence sequences, see the
papers [10, 11, 8], and the references there.

Recently, Hajdu and Tijdeman [7] proved that Skolem’s conjecture
is valid for the Catalan equation z" — y* = 1, if  and y are fixed
positive integers one of which is prime and n, k are non-negative in-
teger variables. Further related theoretical and numerical results can
be found e.g. in [10, 5, 2, 3, 4], see also the references there. In
the present paper we prove Skolem’s conjecture for equations of the
form z" — byiCl e yfé = +1, where b, x, 1, ..., y, are fixed integers and
n, kq,...,k; are non-negative integral unknowns. This result extends
the above mentioned theorem of Hajdu and Tijdeman [7] that covers
the case b = ¢ = 1 and one of x,y; is a prime. Note that in partic-
ular; our present results imply that Skolem’s conjecture holds for the
Catalan equation 2" — y* = 1 for fixed bases x,y. The same is valid
for another well known equation, namely for £=1 = y*.

2. THE THEOREM AND ITS PROOF

Our main result is the following. In its formulation, as well as in the
rest of the paper, we use the convention 0° = 0.

Theorem 2.1. Let b, x,y,...,ye be integers. Then there exists a mod-
ulus m such that the congruence

(1) " — by yf =41 (mod m)

has precisely the same solutions in non-negative integers n,ky, ..., ke
as the equation

(2) o — byt yht = +1

has.

Remark 1. In the statement of Theorem 2.1 the b’s can be omitted.
They are included for its proof.

Remark 2. It will be clear from the proof that given b, x,y1,. .., ys,
the modulus m can be explicitly constructed, and can be bounded in
terms of b, x,y1, ..., Y.

Remark 3. For every m all solutions of (2) are solutions of (1). So it
suffices to prove that for certain m every solution of (1) is a solution
of (2). To find such an m the following observation will be useful. For
fixed b,x,41,...,ys write S, for the set of solutions of (2) and for
any modulus m let S,, be the set of solutions of (1). Then we have
Seo C Sy for any m > 2. On the other hand, if my, ms | m then we
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clearly have S,, C S,,, N S,. These altogether imply that if we can
find moduli my, ..., m; such that

then the choice

t
m = | |mi
i=1

is appropriate: we have S,, = 5,,, that is, for this m the solutions
of (1) and (2) coincide. Furthermore, if we have found a modulus
m’ such that the terms of all the solutions of (1) with modulus m’ are
bounded (either because the bases are 1 or 0, or because the unknown
exponents are bounded), then we may choose m” sufficiently large so
that for the modulus m = m/m” (1) and (2) have exactly the same
solutions. To see this, observe that if

A=B (modm")

holds with some A, B € Z such that |A| + |B|] < m”, then clearly
A=B.

This is the strategy we follow in the proof. First we find moduli m;
such that S, is bounded for the product m’ of these moduli. (Note
that taking m’ to be the lem of the m;-s is an appropriate choice, t00.)
Then we take an m” large enough and choose m = m’m”. Note that
if, in particular, with some m we get that S, is empty, then so is S,
and our statement immediately follows.

We illustrate our method by the following simple example. Consider
the equation

(3) 5" —2Y =3
and the corresponding congruence
(4) 5* —2Y =3 (mod m).

Then the sets of solutions of (4) with m =4 and m = 25 are
Sy ={(u,1) :u >0}
and
Sos = (0,200 + 11), (1,200 + 1), (4,200 +17) :u > 2, v > 0},
respectively. Hence
{(1,1)} € Soo € S1p0 = Sy N Ses = {(1,1)}.
Therefore Sip0 = Soo = {(1,1)}.
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Remark 4. Our theorem implies that for fixed x, y all solutions of the
Catalan equation
can be found locally. Hence, for any positive integers x,y > 1 with
(x,y) # (3,2) one can find a modulus m = m(z,y) such that the
congruence
2" —y* =1 (mod m)

has no solutions in integers n, k > 1.

A similar remark applies for another well known equation, namely
for

(5)

in integers x,y,n,k with x > 1, y > 1, n > 2, k > 1. For the history
of (5) and for related results see e.g. [13] or Theorem 12.5 of [14].
Obviously, our theorem implies that for any fixed x,y there exists an
m such that (5) and (5) modulo m have the same solutions.

z—1

Proof of Theorem 2.1. We start with some trivial cases.

Assume first that z = 0. If we also have by, ...y, = 0, then (1)
is not solvable with m = 2 and we are done. Otherwise, let py be a
prime factor of b, or pg = 1 if [b| = 1, and for ¢ = 1,...,¢ let p; be a
prime factor of y; with p; = 1 whenever |y;| = 1. Put m’ = pop; - - - pe.
If m" = 1 then the numbers b, yq,...,y, are all &1, and all solutions
of congruence (1) with m = 3 are solutions of equation (2) itself. If
m’ > 1 then (1) with m = m/ has only solutions where the exponents
of the bases y; with |y;| > 1 are zero. Thus (1) has no solutions with
m = 3m/ in this case, and we are done. From now on we assume x # 0.

Suppose next that by; ...y, = 0. If || = 1, then equation (2) has
the same solutions as (1) with m = 3. If |z| > 1 then (1) with m = |z|
implies n = 0. It follows that (2) and (1) with m = 3|z| have the same
solutions.

From this point on we suppose bxy; - - -y, # 0. We apply induction
on (. Consider first ¢ = 0, i.e. ylfl x -yéff = 1. If —b equals the right
hand side of (2), then we choose m = p where p is a prime not dividing
x to see that (1) has no solutions. So assume that —b is different from
the right hand side of (2). Then if |z| = 1, we choose m = |b| + 3 and
check that (1) and (2) have the same solutions. If |z| > 1, we take
m’ = |z|™ where ng is an integer with |z|" > 2(|b] + 1). Then we
see that (1) with m = m/ has no solutions for n > ngy. Hence (as we
explained in Remark 3) we can easily find an m” such that (2) and (1)
with m = m/m” have the same solutions.
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Let ¢ = 1. For simplicity, we rewrite equation (2) as
(6) " — byt =c

with ¢ = +1. If |y| = 1, we can adapt the above argument for ¢ = 0.
So we may assume |y| > 1. If |z| = 1, then 0 < |by*| = |2 — ¢| = 2,
and modulo |y|* we see that k& < 1. But then both z™ and by* are
bounded, and we can easily find a modulus m such that (1) and (2)
have the same solutions. If ged(x,by) = d > 1 then (1) with m = d
gives that n = 0 or k = 0. However, these cases are equivalent with the
already treated cases r = 1 and y = 1, respectively. Altogether, in the
sequel without loss of generality we may assume that |z| > 1, |y| > 1
and ged(z, by) = 1.
The general argument for £ = 1 needs some preparation. Put

S ={p: pis a prime divisor of bzy}

and write Ug for the set of integers having all their prime divisors in
S. Consider the equation

(7) V1 — Ug = C.

It is well-known that (7) has only finitely many solutions in vy, vy € Ug
whose number can be effectively bounded in terms of b, ¢, z,y. For
such theorems see e.g. the book of Evertse and Gyéry [6]. Hence the
number of solutions of

(8) t—z=c

in integers ¢, z such that ¢ > 0 and z € Ug is also bounded in terms of
b,c,x,y. Write
N =N(b,c,z,y)

for the number of values ¢ appearing in the solutions of equation (8).

Now we turn to our main argument. At this point we distinguish
two cases. Assume first that ¢ = 11in (6). Let s; be the smallest integer
such that

ly|®t > |z| + 1.
Obviously, s; can be easily expressed in terms of z,y. If k < sq, then
k is bounded and can be considered to be fixed. By that by* will be
fixed and we are back to the case £ = 0. So we may suppose k > s1.
Then we get
2" =1 (mod |y|*).

Thus the order 0y of 2 modulo |y|** must divide n. By our choice of s;
we have that this order is not one, so

2 <o < |y
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Let now sy be the smallest integer such that
ly|”? > x|t + 1.

Observe that o, and s, are bounded in terms of x,y. If k < s we can
proceed as in the case k < s;. So we may assume that £ > s;. Hence
we obtain

2 =1 (mod |y|?).
Therefore the order oy of x modulo |y|*> must also divide n. We have
01 | 02, too. Further, by our choice of sy we see that

1 <01 <oy <|y|™.

Continuing this procedure, we have two options. Either the process
terminates in at most N steps, yielding modulo |y|* for some i < N
that k£ is bounded in terms of b, ¢, z,y. Then we are back in the case
¢ = 0 and we are done. Or, after IV steps we obtain that there exist
divisors oy, ...,oyx of n with

l<op <--- <oy <|y|*¥
where sy is bounded in terms of x, y, such that

01]02,...,0n_1] 0Nn,0N | n.
Put 0y = 1 and consider (6) modulo z% —1 for i = 0,1,..., N. We get
that for k > sy
by* =0 (mod z% — 1)
holds, hence z% — 1 € Ug (i =0,1,..., N). It follows that

05

% — 2z =1

holds for : = 0,1,..., N for some z; € Ug. However, this contradicts
the definition of N. So taking the modulus
m' = |y

we get that in all solutions of (6) modulo m’, we have k < sy. Then,
as we already mentioned, we are back to the case £ = 0, and our claim
follows for ¢ = 1.

Assume now that ¢ = —1in (6). If by has no odd prime factors, then
our equation reduces to an equation of the shape
" +2V=-1

in integers n,v with n > 0 and v > vy, where vy is the non-negative
integer satisfying b = £2%. This we can rewrite as

P 4 2" = F1.

If we have 1 on the right hand side, then we are done by our results for
¢ = 1. On the other hand, if —1 stands on the right hand side, then
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by |z| > 1 and ged(x, by) = 1 we know that = has an odd prime factor.
This shows that by interchanging the roles of x and y if necessary,
without loss of generality we may assume that by has an odd prime
factor p. Write p — 1 = 2"h with » > 0 and h odd. Considering (6)
modulo p, we get that either £ = 0, whence we are back to the already
treated case ¢ = 0, or

" =—-1 (mod p).

This implies that writing n = 2°n’ with s > 0 and n’ odd, s < r holds.
Indeed, otherwise by the above congruence and p t z we would get

sfrn/ r s—r‘n/ s/ h
(xp_l)2 (2 h)2 = <x2 ”) =—1 (mod p),
which is a contradiction. This means that we can rewrite (6) as

(9) ' — byt = —1,

s

1

where z, = 2% for some s with 0 < s < r. Clearly, z, can be considered
to be fixed. Note that the exponent n’ is odd. Now considering the
above equation modulo appropriate powers of |y|, since ord i (z;) | 2n/
for every ¢ > 1, similarly as in case of ¢ = 1, we obtain divisors o] of

2n’, hence odd divisors o] of n’, such that 1 = of, < 0} < 0, < ... and
also o | 0}, 0] | 05,04 | d5,.... As for all such o, we have
/ /
%+ 12" +1,

considering equation (9) modulo z°~ + 1, we get too many solutions ¢
to the S-unit equation

ot — 2= —1,

unless k is bounded modulo some fixed power of |y|, in terms of b, ¢, z, y.
Hence we are back to the situation ¢ = 0, and our claim follows also in
this case. Hence the proof concerning the case ¢ = 1 is complete.

Let now ¢ > 2 be arbitrary, and suppose that the statement holds
for all ¢/ with ¢/ < ¢ and for all b, x,y,...,ys. We keep the notation
from the case ¢ = 1 with a simple change: S is replaced by

S ={p: pisa prime divisor of bxy; - - -y},

and Ug and N are also re-defined with this choice of S.

We assume that we have 1 on the right hand sides of (1) and (2);
the treatment of the other case follows similar lines, with certain small
modifications as for £ = 1. We use a similar construction as in case of
¢ = 1. First, let r; be the smallest integer such that

ly1 -+ yel™ > |x| + 1.
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Clearly, r; can be bounded in terms of x,yq,...,y,. If there exists
an i € {1,...,0} such that k; < 7, then 3" can be merged into b,
and we are done by the induction hypothesis. So we may assume that
ry < k;foralli=1,...,¢. Then modulo |y; - - - y¢|™ equation (2) yields
that the order w; of x modulo |y; ---y,|™ divides n. Repeating this
argument N times, just as in the proof of the case £ = 1, we obtain
integers 1 = wy < wy < -+ < wy with

wo | wi,wy | we, ..., wy_1 | Wy, wN | N,
all bounded above in terms of x, ¥, ..., 7. Then the modulus

lyr - el ™

provides an upper bound for max(ky, ..., k). Hence by the induction
hypothesis our claim follows also in this case. This completes the proof
of our statement. O
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