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BEYOND THE SPHERICAL SUP-NORM PROBLEM

VALENTIN BLOMER, GERGELY HARCOS, PETER MAGA, AND DJORDJE MILICEVIC

ABSTRACT. We open a new perspective on the sup-norm problem and propose a version
for non-spherical Maafl forms when the maximal compact K is non-abelian and the di-
mension of the K-type gets large. We solve this problem for an arithmetic quotient of
G = SL3(C) with K = SU2(C). Our results cover the case of vector-valued Maafl forms as
well as all the individual scalar-valued Maaf} forms of the Wigner basis, reaching sub-Weyl
exponents in some cases. On the way, we develop analytic theory of independent interest,
including uniform strong localization estimates for generalized spherical functions of high
K-type and a Paley—Wiener theorem for the corresponding spherical transform acting on
the space of rapidly decreasing functions. The new analytic properties of the generalized
spherical functions lead to novel counting problems of matrices close to various manifolds
that we solve optimally.

1. INTRODUCTION

1.1. The spherical sup-norm problem. The sup-norm problem on arithmetic Riemann-
ian manifolds is a question at the interface of harmonic analysis and number theory that
intrinsically combines techniques from both areas. Let X = I'\G/K be a locally sym-
metric space of finite volume, where I' is an arithmetic subgroup. Arithmetically and
analytically, the most interesting functions in L?(X) are joint eigenfunctions ¢ of all in-
variant differential operators and the Hecke operators: these are precisely the functions
that arise from (spherical) automorphic forms. The sup-norm problem asks for a quanti-
tative comparison of the L2-norm ||¢||, and the sup-norm |||, most classically in terms
of the Laplace eigenvalue Ay, but depending on the application also in terms of the vol-
ume of X or other relevant quantities. Upper bounds for the sup-norm in terms of the
Laplace eigenvalue are a measure for the equidistribution of the mass of high energy eigen-
functions which sheds light on the question to what extent these eigenstates can localize
(“scarring”). Besides the quantum mechanical interpretation, the sup-norm problem in its
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various incarnations has connections to the multiplicity problem, zero sets and nodal lines
of automorphic functions, and bounds for Faltings’ delta function, to name just a few. See
[Sar04, Rud05, GRS13, JKO04].

If X is compact, the most general upper bound is due to Sarnak [Sar04]:

(L) s P
a bound which does not use the Hecke property and is in fact sharp (for general X)
under these weaker assumptions. Sarnak derives this bound from asymptotics of spherical
functions. A slightly different but ultimately related argument proceeds via a pre-trace
inequality that bounds ||<;5||iO by a sum of an automorphic kernel over v € T'. If the test
function is an appropriate Paley—Wiener function, only the identity contributes to this
sum, and one obtains as a (“trivial”) upper bound for ||¢||, the square-root of the spectral
density as given in terms of the Harish-Chandra c-function. If the Langlands parameters
of ¢ are in generic position, this coincides with (1.1).

To go beyond (1.1), one uses a test function that localizes not only the archimedean
Langlands parameters, but in addition the parameters at a large number of finite places
(where “large” means a function tending to infinity as a small and carefully chosen power of
Ag). This is called the amplification technique and leads, after estimating the automorphic
kernel, to a problem in the geometry of numbers: count the elements of G which appear in
Hecke correspondences and lie in regions of G according to the size of the kernel (such as
counting rescaled integer matrices lying close to K). It has been implemented successfully
in a variety of cases, see e.g. [[S95, HT'13, BP16, BM16, Mar14, Tem15, Sah17, BHMM20]
and the references therein.

1.2. Automorphic forms with K-types. In this paper we open a new perspective on
the sup-norm problem and propose a version of higher complexity. The sup-norm problem
makes perfect sense not only on the level of symmetric spaces, but also on the level of
groups, and a priori there is no reason why one should restrict to spherical, i.e. right K-
invariant automorphic forms. Let 7 be an irreducible unitary representation of K on some
finite-dimensional complex vector space V7, and consider the homogeneous vector bundle
over G/K defined by 7. A cross-section may then be identified with a vector-valued function
f G — V7 which transforms on the right by K with respect to 7:

flgk)=7(k"Yf(9), geG, kekK.

It is now an interesting question to bound the sup-norm of f or, more delicately, its
components as the dimension of V7 gets large. Such a situation cannot be realized in the
classical case G = SLy(R), since K = SO2(R) is abelian, hence each V7 is one-dimensional.
In this paper, we offer a detailed investigation of the first nontrivial case G = SLy(C). For
concreteness, we choose the congruence lattice I' = SLa(Z[i]), although our results extend
to more general arithmetic quotients of G using the techniques in [BHMM20].

Nontrivial irreducible unitary representations of G are principal series representations
parametrized by certain pairs (v,p) € af X %Z, where as usual a is the Lie algebra of the
subgroup of positive diagonal matrices; see §2.2. (By a small abuse of notation we will later
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interpret v simply as a complex number.) Each representation space V' of G decomposes
as a Hilbert space direct sum

(1.2) V= @ vt = @ @ Vb,

£1pl £2p| lgl<e
{=p (mod 1) {=p (mod 1) ¢=¢ (mod 1)

where V%4 is one-dimensional. Here and later, ¢ € %Z;o parametrizes the K-type, i.e. the
(2¢ + 1)-dimensional representation 7, of K, and the diagonal matrix diag(e@,e=%) € K
acts on V44 by 29, (The upper index ¢ in V* should not be mistaken for an /-th power.)

Representations occurring in L?(I'\G) consist of even functions on G and have p € Z.
A representation contains a spherical vector if and only if p = 0. In particular, the forms
with p # 0 are untouched by any of the spherical sup-norm literature. For p # 0, no
complementary series exists, so v € ia*.

1.3. Main results I: vector-valued forms. As explained above, we are interested in
“big” K-types which occur for all representation parameters |p| < ¢, but arguably the
most interesting case is when the K-type is “‘new” and no lower K-types appear in the
same automorphic representation space. Hence from now on we restrict to p = £. The
sup-norm problem for large v was studied in detail in [BHMM20], so here we keep v in a
fixed compact subset I C R and let ¢ vary. The spectral density is a constant multiple
of p?2 — 2. In particular, for a given K-type 7y, there are O7(¢?) cuspidal automorphic
representations V' C L?(I'\G) with spectral parameter v € I and p = £ (see [DM21]),
and in the light of the trace formula this bound is expected to be sharp. In each of these
we consider the (2¢ 4 1)-dimensional subspace V*. Let us choose an orthonormal basis

{#q : lqg| < £} of V¥, with ¢, € V47 as in (1.2). The function G — C**! given by
(1.3) g+ (6-e(g),- -, de(9) "

is a vector-valued automorphic form for the group I' with spectral parameter v and K-type
7¢. The Hermitian norm of this function,

a(9) = (Y leol?) ", sea

lq|<e

is independent of the choice of the orthonormal basis, and it satisfies ||®|, = (2¢ + 1)/2.
Let us fix a compact subset (2 C G. Our remarks on spectral density and dimension suggest
that

(14) [9lall = |3 6glal?| <ra 7
lal<t

should be regarded as the “trivial” bound; this is made precise in Remark 2 below. Our
first result is a power-saving improvement.

Theorem 1. Let £ > 1 be an integer, I C iR and Q C G be compact sets. Let V C L*(T'\G)
be a cuspidal automorphic representation with minimal K-type 7, and spectral parameter
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vy € I. Then for any € > 0 we have
| @l <ora 7.

We will explain some ideas of the proof in a moment, but we remark already at this
point that the exponent is the best possible, given that we sacrifice cancellation of the
terms on the geometric side of the pre-trace formula and given our current knowledge on
the construction of the most efficient amplifier. In other words, under these conditions
we solve the arising matrix counting problem optimally. Since we trivially have ||®|| >
¢/2 the above bound is one-sixth of the way from the trivial down to the best possible
exponent (absent the possibility of some escape of mass into a cusp). This matches (after
a renormalization) the original and still the best available subconvexity exponent 5/24 of
Iwaniec—Sarnak [IS95] for the sup-norms of spherical Maa8 forms of large Laplace eigenvalue
on arithmetic hyperbolic surfaces.

1.4. Main results II: individual vectors. It is a much more subtle endeavor to inves-
tigate the sup-norm of the individual basis elements ¢,. Here one must contend with
the inherent high multiplicity, a known serious barrier in the sup-norm problem. In-
deed, a straightforward construction [Sar04] shows that some scalar-valued L2-normalized
form ¢ € V* (essentially the projection of the vector-valued form (1.3) in the modulus-
maximizing direction) has sup-norm on € as large as ||®|q||,, in Theorem 1. However, our
natural basis {¢, : |g| < £} of V¥ is distinguished by consisting of eigenfunctions under the
action of the group {diag(e?,e=¥) : § € R} of diagonal matrices in K. This is the classical
basis with respect to which the representation 7 is given by the Wigner D-matrix. By a
similar heuristic reasoning as for (1.4), one might expect that the baseline bound should
be ||¢qlall, <10 ¢. Indeed, we prove this bound in considerable generality up to a factor
of ¢¢ (cf. Remark 2 below), noting that it is not “trivial” in any sense other than that it
does not require arithmeticity. Moreover, in the situation of Theorem 1, we are in fact able
to break this barrier uniformly for all ¢, as shown by the next theorem.

Theorem 2. Under the assumptions of Theorem 1, we have

max | ¢glall., <er 277
lg|<e

For special values of ¢ we can improve on the exponent considerably. The central vector
¢o is distinguished as the “archimedean newvector” [Pop08] in the sense that its Whittaker
function determines the archimedean L-factor of the underlying representation. Another
interesting situation is the extreme case of the vector ¢y.

Theorem 3. Keep the assumptions of Theorem 1.
(a) For ¢ =0 we have
Igolellee <er0 €75
(b) Suppose that V' lifts to an automorphic representation for PGLa(Z[i])\PGL2(C).
For ¢ = £0 we have

pxeloll <era £/2F°.
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The strong numerical saving in the case ¢ = £/, going far beyond the Weyl exponent, is
quite remarkable, in particular in view of the seemingly weaker saving in Theorem 1 which
might be regarded as an easier case. We will discuss this in §1.7. The assumption that V'
is associated to a representation of PGLy rather than SLs is only for technical simplicity
and not essential to the method, cf. §2.7. This assumption holds if and only if the elements
of V are fixed by the Hecke operator T; (which is an involution on L?(T'\G)).

Remark 1. In the case of the spherical sup-norm problem, Sarnak [Sar04] put forward
the purity conjecture that the accumulation points of the set

1
% ;1) is a joint eigenfunction
log Ay,

lie in iZ. It would be very interesting to see if an analogous conjecture may be expected
in the K-aspect, and even if there may be examples exhibiting different layers of power
growth as in [Mil11, Blo20, BM20]. In particular, the savings in Theorem 3 produce already
a considerable “exponent gap”.

Remark 2. We record that our essentially best possible estimates on the spherical trace
function in §1.5, which are of purely analytic nature, coupled with the formalism of the
pre-trace inequality, yield what might be considered “trivial” geometric estimates: for any
co-finite Kleinian subgroup I' < G, without any arithmeticity assumption, we have

1®lo]lc <ror ¢?  and ma l¢glall,, <eror €
ql<
for any L?-normalized vector-valued Maafl eigenform (¢_g, ..., ¢,)" with spectral param-

eter v € I and K-type 7, (with ¢4 € V44 as before).

Our Theorems 1-3 above, and the non-spherical sup-norm problem in general, come
with several novelties of representation theoretic, analytic and arithmetic nature that we
discuss briefly in the following subsections.

1.5. Generalized spherical functions. The classical pre-trace formula features on the
geometric side the Harish-Chandra transform R of the test function h on the spectral
side. This transform is a bi-K-invariant function obtained by integrating h against the
elementary spherical functions (which themselves are bi-K-invariant, and hence in the case
of G = SLg(C) simply a function of one real variable). In typical applications there is no
cancellation in this integral, so an asymptotic analysis of spherical functions is the first key
step (see [BP16] for a general result in this direction). Our set-up requires a generalized
version for homogeneous vector bundles over G/K. For G = SLs(C), the corresponding
spherical trace function equals (see §2.4 for details)

(15) Phal9) = (20+1) [ (i ghy) el DD i,
K
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where dk is the probability Haar measure on K, p is the unique positive root, x (resp. H)
is the K AN Iwasawa projection onto K (resp. a), and

(1.6) " <<—QB g)) — a2 <—aB g) € K.
<

The trivial bound is |g0£7£(g)| 2¢ + 1, which is sharp for g = +id, and the key question
is how quickly gofi’g(g) decays, uniformly in ¢, as g € G moves away from +id. We observe
that gof’e (g) is invariant under conjugation by K, hence it suffices to investigate it for upper
triangular matrices g € G. We shall use the Frobenius norm ||g|| := 1/tr(gg*), and we note
that for g € G this is always at least v/2. The following bound is new and most likely sharp
for fixed v € iR (up to factors £ and powers of ||g||, which we did not try to optimize).

zZ u

Theorem 4. Let ¢ > 1 be an integer, and let g = (* ,“1) € G be upper triangular. Then
foranyv €iR, k € K, ¢ > 0, we have

||g]|® KW“HQH?’)

14 -1 :
(pu,é(k gk) < min <€7 ‘2’2 — 1‘2’ ‘u’

The proof shows that the factors £¢ can be replaced with a suitable power of log 2¢. The
same remark applies to Theorems 5 and 6 below.

The spherical trace function 901{,4 can be used to analyze the vector-valued function
(1.3). It is, unfortunately, unable to identify the individual components ¢, and there
does not seem to exist a general theory of spherical functions covering such cases. As the
components are eigenfunctions of the action of the diagonal elements, we can single out ¢,
by considering

2T
0 1 o o
(1.7) pualg) = 5- /0 oh¢ (g diag(e™, e~70)) e 272 dp.

The function ap% is an interesting object that does not seem to have been considered
before. It is not conjugation invariant anymore, so it needs to be analyzed on the entire
6-dimensional group G = SLg(C), and little preliminary reduction is possible. When
restricted to K, it is not hard to see that @i’%(k), for k = k[u,v,w] € K written in terms
of Euler angles (cf. (2.1)), is essentially a J acobi polynomial in cos2v. We refer to §5.4 for
a more detailed discussion. In particular, cpf’fé(:l:id) = 1. Therefore, at least heuristically,

a safe baseline bound should be
(1.8) @i’,%(g) < fF.

Unlike in the bi-K-invariant case, where the trivial bound is just an application of the
triangle inequality and hence is indeed trivial, the expected baseline bound (1.8) turns out
to be hard to prove. It requires very strong cancellation in the g-integral, along with the
decay properties of gof;e. Taking (1.8) for granted, we wish to investigate in what directions
and with what speed we can identify decay as we move away from +id € G. Interestingly,
this is extremely sensitive to the value of q.
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Let D C G be the set of diagonal matrices, S the normalizer of A in K (which consists
of the diagonal and the skew-diagonal matrices lying in K), and

(1.9) N = {(i Z) €G:la=1d, |b| = |c|}.

It is clear that S € K C N C G. For g € G and non-empty H C G, we shall write dist(g, H)
for their distance infjcy ||g — h||. For later reference, we note that ||g — hl| = [[g~* — R},
hence also

(1.10) dist(g,H) = dist(¢~*, H1).
As an alternative to dist(g, '), we shall also use

(1.11) D(g) := |[af” — [al?| + |Ib> — ||
For orientation, we remark the elementary inequality

dist(g,N)? < D(g) < 2|\g]| dist(g, N).

In the following theorem, we show that (pi”%(g) decays away from K and D in generic
ranges, for all |g| < ¢, and with considerable uniformity.

Theorem 5. Let {,q € Z be such that ¢ > max(1,|q|). Let v € iR and g € G. Then for
any € >0 and A > 0, we have

" 0 n i (1 ol )i
(1.12) Prelg) e Vi dist(g, K)? dist(g, D)

The proof of Theorem 5 uses a soft argument that provides some decay for all |g| < ¢,

despite the substantial dependence of ¢f’% on this parameter. In the special case q €
{—=¢,0, ¢}, we use more elaborate arguments for stronger bounds.

Theorem 6. Let £ > 1 be an integer, v € iR and g € G. Let e > 0 and A > 0 be two
parameters.

(a) We have

(1.13) pu9(g) e £F min <1, W) 4o
Moreover, gof”g(g) <A L7 holds unless D(g) <4 |lg]|?(log £)/V/E.
(b) We have
(1.14) oy (g) << gl =2
Moreover, gof’jé(g) < L7 holds unless dist(g, D) <4 ||g|lv/Tog /2.

We expect that the bounds in Theorem 6 are essentially best possible, possibly up to
powers of ¢¢ and ||g||. The proof requires detailed analysis that could in principle be applied
to all values of ¢ and would detect, for instance, further Airy-type bumps in certain regions
and for certain choices of parameters.
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Remark 3. Less precise results but in a more general setting were obtained by Ra-
macher [Ram18] using operator theoretical methods. Combined with an argument of
Marshall [Marl4], these were applied by Ramacher—Wakatsuki [RW21] to the sup-norm
problem with K-types. For compact arithmetic quotients of SLy(C), and for ¢ € V¥ as
before, [RW21, Th. 7.12] yields ||¢||,, < ¢°/?>7% with an unspecified constant § > 0; this
does not even recover the baseline bound.

1.6. Paley—Wiener theory. For a reductive Lie group G, Paley—Wiener theory char-
acterizes the image of C2°(G) under the Harish-Chandra transform. For bi-K-invariant
functions, this is a famous result of Gangolli [Gan71]: the image consists of entire, Weyl
group invariant functions satisfying certain growth conditions. For general K-finite func-
tions, the picture is much more complicated: any linear relation that holds for the matrix
coefficients of generalized principal series also needs to hold for the matrix coefficients of the
operator-valued Fourier transform (and hence for the 7-spherical transforms for 7 € K ). A
complete list of these “Arthur—Campoli relations” requires a full knowledge of all the irre-
ducible subquotients of the non-unitary principal series, which in general is not available.
Arthur [Art83] describes them as a sequence of successive residues of certain meromorphic
functions; see also [Cam80]. Needless to say, a good knowledge of available functions on
the spectral side is crucial for the quantitative analysis of the pre-trace formula in the
sup-norm problem.

For the case of G = SLg(C), in a somewhat neglected paper, Wang [Wan74] devised
an elegant argument to establish a completely explicit Paley—Wiener theorem for the -
spherical transform acting on C2°(G): in addition to the Weyl group symmetry, we have
the additional symmetry (v,p) <> (p,v) whenever v = p (mod 1) and |v|,|p| < ¢; see
Theorem 11 in §2.4. The additional symmetry is counter-intuitive at first (the pairs (v, p) #
(0,0) satisfying ¥ = p (mod 1) correspond to a discrete set of non-unitary representations),
but it enters the picture as it fixes the eigenvalues v? + p? and vp of two generators of
Z(U(g)), and hence the infinitesimal character. See [Wan74, Cor. 2] and its proof. A more
conceptual explanation, along the lines of irreducible subquotients, can be found after (2.7).
Wang’s remarkable result is that these are all relations.

The extra symmetry makes the application of the pre-trace formula more delicate. For
instance, it appears impossible to single out an individual value of p by a manageable test
function on the spectral side. We circumvent this problem by employing a carefully chosen
Gaussian (3.14) that at least asymptotically singles out our preferred value p = ¢. The
price to pay for this maneuver is that we lose compact support. As a result of independent
interest, we prove a new Paley—Wiener theorem for K-finite Schwartz class functions on
G = SLy(C). For the notation, see §2.4.

Theorem 7. For f € H(m), the following two conditions are equivalent (with implied
constants depending on f).

(a) The function f(g) is smooth, and for any m € Z>o and A > 0 we have

m
(1.15) %f(klam) mae M heR, K,k eK.
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(b) The function f(y, p) extends holomorphically to C x %Z such that

~ ~

(1.16) fv,p)=f(p,v), v=p(modl), |v||p]<Y,
and for any B,C > 0 we have
(1.17) f.p) <pe L+ )™ RSB, pejL

The Schwartz space offers a lot more flexibility in applications. A less precise result for
more general groups is given in [DFJ91, Th. 3], and we refer the reader to the introduction
of that paper for additional discussion and motivation of Paley—Wiener type theorems for
rapidly decaying functions.

1.7. Beyond the pre-trace formula: a fourth moment. We still owe an explanation
for the sub-Weyl exponent in Theorem 3(b), where ¢ = +¢. The proof of this bound is
different from the other results: it is inspired by a brilliant recent idea of Steiner and
Khayutin—Steiner [Ste20, KS20] in the weight aspect for the groups SO3(R) and SLy(R).
The starting point is the desire to choose the amplifier so long that it works as self-
amplification. In this way, the amplifier can be made independent of the well-known but
inefficient trick of using the Hecke relation )\227 —Ap2 = 1. A self-amplified second moment is
in effect a fourth moment, and the key observation is that it can be realized as the diagonal
term in a double pre-trace formula. This only has a chance to work if the corresponding
geometric side can be analyzed sufficiently accurately, and to this end, two extra features
are necessary: a special behavior of spherical functions with rapid decay conditions (such
as, for instance, the Bergman kernel for SLo(R)) and the possibility for a second moment
count on the geometric side, i.e. pairs of matrices, in a best possible way.

For the proof of Theorem 3(b), we implement this idea for the first time in the context
of principal series representations. Our proof proceeds differently than both of [Ste20] and
[KS20]. We avoid the theta correspondence and instead detect the diagonal term in the
double pre-trace formula by an argument that is reminiscent of the Voronoi formula for
Rankin—Selberg L-functions over Q[i], cf. §2.8. As we lose positivity, we have to use the full
power of the pre-trace formula, unlike our other results where the softer pre-trace inequality
suffices. The argument is analytically subtle, since we also lose the possibility to choose
the test function in the pre-trace formula freely: part of it is now given to us by the gamma
kernel in the Voronoi summation formula (one of several new features compared to [Ste20]
and [KS20]). At this point we need a very precise understanding of the Harish-Chandra
transform in Theorem 7 with complete uniformity in the auxiliary complex parameters,
and the reader may observe that in the end only the strong g-dependence in (1.14) saves
the final bound.

1.8. Matrix counting. Having discussed some of the analytic and representation the-
oretic novelties, we finally comment briefly on the arithmetic part. In all previous in-
stances of the sup-norm problem, the analysis of the geometric side of the pre-trace for-
mula amounts to counting matrices close to K, because the elementary spherical function
is bi-K-invariant and decays away from K. Given the results on spherical trace functions
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in §1.5, it is clear that from an arithmetic point of view the sup-norm problem with big
K-types is conceptually very different from the spherical sup-norm problem.

The localization behavior of generalized spherical functions has distinct features as re-
flected by Theorems 4 and 6. The spherical trace function @I{’f concentrates close to the

identity. The functions gpi’ifé localize sharply around diagonal matrices (but not necessarily

within K'). For goi’%, there is localization on diagonal and skew-diagonal matrices within K,
then there is a graﬁual transition to a second layer in a neighborhood of the 4-dimensional
manifold N defined by (1.9), and outside this neighborhood we see sharp decay. Theo-
rem 5 is in some sense a combination of these two extreme cases. Correspondingly, the
counting techniques in §§6-8 are still based on the geometry of numbers, but they differ
conceptually and technically from the earlier treatment of the spherical sup-norm problem.
In particular, as mentioned in §1.7, for the proof of Theorem 3(b) we have to achieve a
best possible double matrix count, cf. Lemma 11.

1.9. Notation. The group G = SLy(C) and its arithmetic subgroup I' = SLo(Z]i]) are
fixed throughout the paper. We use the e-convention in that € > 0 denotes a number that
may be different from line to line but may in each instance be taken to be as small as
desired. As usual, we write f < g or f = O(g) to denote that |f| < Cg, where the implied
constant C' > 0 may be different from line to line; it is absolute unless otherwise indicated
by a subscript, except that we occasionally allow it to depend on the (fixed) quantities
I and Q2 as well as on . We also write f =< ¢ for f < g < f, and, when used as an
asymptotic notation, f ~ ¢ for lim f/g = 1, where the direction of the limit is clear from
the context.

1.10. Acknowledgements. This work began during D.M.’s term as Director’s Mathe-
matician in Residence at the Budapest Semesters of Mathematics program in the summer
of 2018; D.M. would like to thank BSM, the Alfréd Rényi Institute of Mathematics, as well
as the Max Planck Institute for Mathematics for their hospitality and excellent working
conditions.

2. PRELIMINARIES

2.1. Representations of SU(C). In this subsection, we review the representation theory
of the maximal compact subgroup

K =502(C) = {Hfau 8= (% 2) slaf+ 197 =1

of G = SLy(C). We use [LG04, §2.1.1,2.2] as a convenient reference.
For u,v,w € R, we parametrize K using essentially Euler angles (2u, 2v,2w) as follows:

et cosv  1sinwv e
(2.1) klw, v, u] = ( e_i“> (isinv cosv) ( e‘“”) ‘

Generating an equivalence relation ~ on R? by

(2.2) (u,v,w) ~ (u+2mv,w), (u,v,w+27), (u+m,v+mw), (ut+7/2,—v,w—T7/2)
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we may parametrize SUz(C) by R3/~, or by a specific fundamental domain such as [0, 7) x
[0, 7/2] x [—m, ), in which each point in SU2(C) has exactly one pre-image other than those
with v € §Z. The probability Haar measure on SUz(C) is given by

(2.3) dk = (27%) ! sin 20 du dv dw.

The irreducible representations of K = SUy(C) are classified as (2¢ + 1)-dimensional
representations 7y, for £ € %220, described explicitly as the space Vay of polynomials of
degree at most 2/, with a basis given by {277 : |¢| < £, ¢ = ¢ (mod 1)} and SU,(C) action
given by

(2.4) To(klo, B))270 = (az = ) U Bz + @)= > @ (k[a, B])2".
pEf‘?lrfoéd 1)

A K-invariant scalar product on Vyy is given by (279, 27P) = (¢ — ¢)!(¢ + q)!64—p, so that
‘I);l;,q are (unnormalized) matrix coefficients of 4. Moreover,

{@f),q i p,q, b E %Z and |p|, |q| < ¢ and p,q = ¢ (mod 1)}

is an orthogonal basis of L?(K). In harmony with [War72a, §4.4.2], we denote by &, the
character of 7y, by dy = 2¢ + 1 the dimension of 7y, and by xy = dy&; the normalized
character of 7y. Finally, we denote by K = {7y : ¢ € %220} the unitary dual of K.

2.2. Representations of SLy(C). For compatibility with the existing literature, we shall
use the Iwasawa decomposition of G = SLy(C) in two forms, G = NAK and G = KAN,
where N (resp. A) is the subgroup of unipotent upper-triangular (resp. positive diagonal)
matrices, and K = SUs(C) is the standard maximal compact subgroup.

We fix a Haar measure on G by setting

d
dg = \dz\—gdk for g = (1 Z) (T _1> kE, ze€eC,r>0, keK,
r 1 r

where |dz| = dzdy for z = v + iy, x,y € R, and dk is as in (2.3).

We write a ~ R for the Lie algebra of A, p for the root on a mapping (”C _w) to 2z,
exp : a — A for the exponential map, and k : G — K and H : G — a for the projection
and height maps defined by g € k(g) exp(H(g))N for every g € G. Thus explicitly, for
g= (CCLS) € G we have

(2.5) n<g>=(“/ la + | ) exp<H<g>>=< [ F o2

lal? + |cf?

lal* + ICI2> '

Finally, let M ~ S' be the centralizer of A in K, which consists of diagonal matrices in K.
Following [GGV77, Ch. III], we introduce for every pair (v, p) € C x %Z the (generalized)
principal series representation 7, . Let us denote by C°°(C) the set of functions C — C
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that are smooth when regarded as functions R? — C. The representation space V., p consists
of those functions v € C*°(C) for which the transformed functions

a b _ 2Wp+-20—2 —op [aztcC a b
(2.6) W”’p<(c d))v(z)—|bz—|—d| (bz +d)"“Pv e td) e d € G,

extend to elements of C°°(C). The above display then actually defines the representation
myp : G = GL(V,,). The space V,,, is complete with respect to the countable family of
seminorms

sup{|v(“’b)(:v + yi)| + ‘ﬁ(“’b)(x +yi)| : 2 +9? < c}, (a,b,c) € N3,

where we abbreviate v := 7, ), (( 1 -1 )) v for v € V,,,,. The action of G is continuous in the
topology induced by these seminorms; thus, 7, , is a Fréchet space representation.

Using the action of K = SUs(C) and its diagonal subgroup {diag(eig, e ) :pc R}, we
can decompose the K-finite part of V,,,, into an algebraic direct sum of finite-dimensional
subspaces and further into one-dimensional subspaces:

(2'7) Vul,;—ﬁnite _ @ Vylip _ @ @ Vu{}?

|p| |p lql<e
¢{=p (mod 1) {=p (mod 1) ¢=¢ (mod 1)

Precisely, Vl,p is a (2¢ 4 1)-dimensional subspace on which 7, |k acts by 7, € K.
If v # p (mod 1) or |v| < |p|, then m,, ~ 7_, _, is irreducible, and these are all the
equivalences among the representations m,,. If v = p (mod 1) and |v| > |p|, then 7,
and m_, _, are reducible. Assume v > 0, say. Then the sum of Vlfp with |p| < £ < v
is a closed invariant subspace of V, ,, and the representation induced on the quotient is
irreducible. The closure of the sum of V¢, _p with £ > v is an invariant subspace of V_, _,
and the representation induced on it is 1rreduc1ble Both of these representations of G are
isomorphic to m,, ~ m_, _,,. This observation will become relevant in (2.21) below.

The space V,, has a G-invariant Hermitian inner product if and only if v € iR, or
p=0and v e (—1,0)U(0,1). In the first case, we say that m,, belongs to the (tempered)
unitary principal series. In the second case, we say that m,, belongs to the (non-tempered)
complementary series. In either case, the Fréchet space representation m,, induces an

—

irreducible unitary representation on the Hilbert space completion V), that we shall still
denote by m,,. The only equivalences among these unitary representations are m,, ~
m_y,—p- The equivalence classes, along with the trivial representation, form the unitary
dual G of G. R
For m ~ m,, € G we write
Vei=Vop, Vi=Vi, V=V

and then (2.7) is equivalent to the orthogonal Hilbert space decomposition (cf. (1.2)):

vi= P vi= D @ v

=|p| |p| lql<e
{=p (mod 1) ¢{=p (mod 1) ¢={ (mod 1)
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The projection V, — V¢ is realized by the operator
(2.8) (%) = / Ya(k)(k) dk € End(Vy),
K

where End(V;) denotes the Hilbert space of Hilbert—Schmidt operators on V. endowed
with the Hilbert—Schmidt norm. This leads to the “block matrix decomposition”

(2.9) End(Vy) = @  Hom(V", V),

m,n=|p|
m,n=p (mod 1)

where the direct sum is meant in the Hilbert space sense. Hence, for f € C.(G), the
(m,n)-component of the Hilbert—Schmidt operator (cf. [GN47, Th. 2])

(2.10) w(f) == /G f(9)m(g) dg € End(Vy)
equals
(2.11) (G () (Xm) = 7 % f % Xo) € Hom(V2, V1),

where the convolutions are meant over K.

2.3. Plancherel theorem. In this subsection, we review the Plancherel theorem for G =
SL2(C) pioneered by Gelfand and Naimark, following the original sources [GN47, GN50]
and their translations [GN88, GN57]. We note that the list of unitary representations given
in [GN50] is incomplete for higher rank groups (cf. [Ste67, Vog86, Tad93]), but this does
not affect the results we are quoting. In addition, we warn the reader that the translations
contain some misprints not present in the originals, e.g. in the crucial formulae [GN8S,
(137)—(138)].

We identify once and for all (non-canonically) the tempered unitary dual étemp with the
set

{mitp : (t,p) € (R0 x 32) U ({0} x 3Z20) },

with topology inherited from the standard topology on R?. The Plancherel measure on G
is supported on Gtemp, and it is given explicitly as

1
(2.12) dppy (Tt p) = ﬁ(tQ + p?) dt dp,

with d¢ the Lebesgue measure on R>o and dp the counting measure on %Z. For mj, €

@temp, the underlying Hilbert space ‘Z;, is independent of the parameters: it equals V :=
L*(C). On this common representation space, (2.6) defines the unitary action 7, : G —
U(V) that agrees with [GN47, (65)] for (n,p) = (2p,2t). The operator-valued spherical
transform of f € C.(G) is the map étemp — End(V) given by © — 7(f) as in (2.10).
The Plancherel theorem for G concerns the extension of this transform to L%(G), and
characterizes its image.
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Theorem 8 (Gelfand-Naimark). The map given by (2.10) extends (uniquely) to an L?-
isometry

LQ(G) — Lz(étemp — EHd(V)),

where the operator-valued L?-space on the right-hand side is meant with respect to the

Hilbert-Schmidt norm | - ||yg on End(V) and the Plancherel measure ppy on Giemp. In
particular, for every f € L?(G), the following Plancherel formula holds:
(213) [ 1r@Pdg= [ () s ().

G Gtcmp

Proof. The theorem follows from [GN47, Th. 5|; we only need to check that our Plancherel
measure corresponds to the one in [GN47, (137)]. We do this in four steps.

Step 1. We observe that the constant (874)~! in [GN47, (137)] should be (167%)~! due to
a small oversight in the derivation of [GN47, (130)] from [GN47, (129)]. The oversight is
that the change of variables

(w1, w2, A) = (C1,C2, (3) == (w2, w1 + wa /A, wy)

coming from [GN47, (123)] is not 1-to-1 but 2-to-1.

Step 2. We rewrite the corrected right-hand side of [GN47, (137)] as a sum over p € 37Z
and an integral over ¢ > 0, keeping in mind that (n, p) in [GN47] is (2p, 2t) in our notation.
Step 3. We observe that the Haar measure du(g) used by Gelfand-Naimark is 272dg.
Indeed, applying [GN47, (40)] to a right K-invariant test function f € C.(G), we obtain
by several changes of variables that

[s@awa=[ ("7 2)(5 ) eliauas

L D)
(0 )

Step 4. Putting everything together, the corrected version of [GN47, (137)] yields
1 OO 2
/G [F(9)* 2m*dg = Z/O 1272 it (f) Il g (48° + 4p%) 2dt.
2

This formula is equivalent to (2.13), hence we are done. O

Remark 4. In the proof above, we claimed that the Plancherel measure in [GN47, Th. 5]
is off by a factor of 2. For double checking this claim, we looked at [KnaOl, Th. 11.2],
and we found (to our dismay) that the Plancherel measure there is off by a factor of 7.
For example, for the test function f(g) := 1/tr(gg*)?, the Fourier transform given by
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[KnaOl, (11.14)] equals FfT(t) = 7/ tr(tt*), hence in [KnaOl, (11.17)] the left-hand side

is 72, while the right-hand side is 7. For triple checking our claim, we verified that our
Plancherel measure yields the correct inversion formula for the classical spherical transform
(for bi-K-invariant functions), as in [FHMM20, §3.3].

Theorem 9 (Gelfand—Naimark). Let f € CX(G). For every m € (A;temp, the operator
7w(f) € End(V) is of trace class, and the following inversion formula holds:

(2.14) f(g) = / te(r(f)m(g™)) dpapa ().

Gtemp

Proof. The theorem follows from [GN50, Th. 19] applied to n = 2 and = R(g) f, or from
[KnaO1l, Th. 11.2], with appropriate correction of the Plancherel measure (cf. Remark 4).
Il

Remark 5. By a celebrated result of Dixmier-Malliavin [DM78], every f € C2°(G) can
be written as a linear combination of convolutions wxw*, where w € C$°(G) and w*(g) :=
w(g~1). Hence Theorem 9 also follows from Theorem 8 and [GN47, Th. 2|. In fact for this
implication we only need that w € C.(G), which is easier to achieve.

2.4. The 7y-spherical transform. For a given £ € %220, it is interesting to see what
Theorems 8 and 9 yield for test functions f € L?(G) with the following property: for
almost every m € @temp, the operator 7(f) acts by a scalar on V! and by zero on its
orthocomplement V. In the light of (2.9), (2.11), (2.13), and Schur’s lemma, these test
functions form the Hilbert subspace H(7;) C L*(G) defined by the conditions

e f(g) = f(kgk™1!) for almost every g € G and k € K;

o f=Xex[xXe

Let @temp(w) be the set of m € @temp whose restriction to K contains 7p. For f € H(m),

the operator-valued function 7 +— 7 (f) is supported on atemp(TZ)a and there it is simply
determined by the scalar-valued function 7 +— tr(7(f)) via

(2.15) ()l = w dyand w(f)lpes = 0.

In particular, for 7 € @temp(n) and f € H(m),

r(m 2
(2.16) (1) = e (Fym()) = LTI

For (v,p) € iR x %Z, the condition ,, € (A?temp(m) is equivalent to |p| < £ and p = ¢
(mod 1). Moreover, for f € LY(G) N H(7), the trace of 7, ,(f) can be expressed in terms
of the 7y-spherical trace function

Soz{,p (g) = tr(ﬂv,p (ﬂ) Tv,p (g)ﬂu,p (ﬁ))

(2.17) =t1(7y,p(X0) T (9)) = tr(mp(9) T p(X2))
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as (cf. (2.10) and (2.11))

-~

(2.18) Fw,p) = tr(mp(f)) = /G £(9) ¢, (9) dg.

The function gof;p : G — C vanishes unless |p| < ¢ and p = ¢ (mod 1), for else 7y does

not appear in m, ,, and gpfvp(id) = 2/ +1 in this latter case. Moreover, we have the integral
representation of Harish-Chandra [War72b, Cor. 6.2.2.3]:

sOl{,p(g) = /K (xe* mp) (k(k~1gk)) e(v=Dp(H(gk)) qf.

Here, n, : M ~ S1 — C* is the unitary character np(2) = 272P_ the convolution is over M,
and k, p, and H are as in §2.2. For computational purposes, we spell out the x¢ x n, term
explicitly, cf. (2.4), [Wan74, (10) & Lemma 3.2], [HR70, Th. 29.18]:

(xe x1p) (K, B]) = (2 + 1)@}, , (K[, 5])

=(20+1) Zi'f(—m (ﬁ * p) (E N p) TP AP g 2,

r=0 " "
We collect further useful properties of @ﬁm : G — C in the next lemma, where we write
ap, = diag(e"/?, e "?), h e R.

Lemma 1. The 74-spherical trace function gpfvp(g) extends holomorphically to v € C, and
it satisfies the bound

sinh(oh)

4 . < — <
(2.19) |(Po'+7,t,p(k1ahk2)‘ <20+ 1)asinh(h)7

o,t,heR, ki, ks € K.

(For o =0 or h =0, the fraction on the right-hand side is understood as 1.) The extended
function has the symmetries

(2.20) 0hp(9) = 085, (9) = @b, (g7,

(2.21) eho(9) =¢b,(9),  v=p(modl), |v]|p|<L.

Proof. The holomorphic extension of gpfi’p(g) and the bound (2.19) are a straightforward

generalization of [Wan74, Prop. 3.4] and its proof. The identity gof_ap(g) = <p£7p(g’1) fol-
lows from (2.17) and 7(g)* = m(g~!) for v € iR, and then also for v € C by the uniqueness
of analytic continuation. The identity cpip(g) = gpip(g_l) is [Wan74, Lemma 3.2], keeping
in mind that 7, , ~ 7_, _, for v € iR and again invoking analytic continuation. Finally,
the remarkable symmetry (2.21) follows from [Wan74, Cor. 2], or more conceptually from
the discussion below (2.7). O
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As we shall see in Theorem 10 below, the 7;-spherical transform defined by (2.18)
is inverted by the following inverse 7-spherical transform. For h € LY(Giemp(Te)) N
L?(Giemp(7¢)) and g € G, we define

~ 1
2.22 h(g) = ———— (it t2 + p?) dt.
(2.22) 9) = Gy % [ ) el 4 )
p={ (mod 1)

Theorem 10. The transforms defined by (2.18) and (2.22) extend (uniquely) to a pair of
Hilbert space isometries inverse to each other:

H(7e) +— L*(Gremp(72))-
In particular, for f € H(m), the following Plancherel formula holds:

@2 [Vl g X [ Eaf @ s

Proof. The fact that ~ extends to a Hilbert space isomorphism H(7y) — L2(étemp(7'g))
follows from Theorem 8 and our discussion above. In particular, (2.23) is a special case of
(2.13) in the light of (2.12), (2.16), (2.18). We are left with proving that ~ is the inverse
of 7, and for this it suffices to verify that ~ applied after ~ is the identity on the dense
subset C2°(G) N H(7y) of the Hilbert space H(7y). For f € CX(G) NH(m), (2.8), (2.10),
(2.12), (2.14), (2.15), (2.17), (2.18) yield

f0= [ wste ) i = gy [t @) dan
_ 1 <o 1 =1y (42 2
= W |Z<g /0 f@it,p) iz p(g77) (£7 +p7) dt.
p={ (mod 1)
The proof is complete. O

Wang [Wan74] proved an analogue of the Paley—Wiener theorem for the 74-spherical
transform, and in particular characterized the image of H(7¢) N C2°(G) under the trans-
form. The following is [Wan74, Prop. 4.5] and should be compared to Theorem 7 in the
introduction.

Theorem 11 (Wang). Let f € H(7y) be a test function, and let R > 0. Then the following
two conditions are equivalent.

(a) The function f(g) is smooth, and
f(klahkg) =0, ‘h‘ >R, ki, ko€ K.
(b) The function f(y, p) has a holomorphic extension to C x 37 such that

fw,p)= flp,v), v=p(mod1), |v||p|<¥,
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and for any C > 0 we have

fCeR|3‘EV|’

Flv,p) <o (1+ |v]) veC, pelz

We now prove a Schwartz class version of this result as stated in Theorem 7.

Proof of Theorem 7. For harmony of notation with [Wan74], in this proof we use Df (k)
to denote the matrix coefficients of 7, relative to the basis obtained by normalizing the
orthogonal basis {277 : |¢q| < ¢,q = ¢ (mod 1)} in the space Vs of §2.1. Thus we explicitly
have the renormalization

_(C=p)t+p\
Dhth) = (o) hal®

Assume condition (a). The holomorphic extension of f(v, p) follows from (2.19) coupled
with (1.15) for m = 0, and then (1.16) is immediate from (2.21). In order to derive (1.17),
we use an alternate representation of f(y, p). We shall assume that |p| < ¢ and p = ¢
(mod 1), for else ]?(V, p) = 0. By the third line of the second display on [Wan74, p. 621]
and [Wan74, Lemma 3.2], we see that the (unique) holomorphic extension is also provided
by

(2:24) Fwp) = 21 / F(h,p) e dh,
where
(2.25) f(h,p) :=e //fkahn (k) dkdn.

We claim that, for any m € Z>o and A > 0, we have

m

(2.26) S

= f(h,p) <mae M, heR, |p|<l p=¢(modl).

For |h| > 1 this follows by writing apn = kiapks in (2.25), and then combining (1.15)
with some calculus to keep track of the dependence of A’ € R and ky,ks € K on h € R.
For |h| < 1 we proceed similarly for the part of the integral in (2.25) that corresponds to
n = ('%) with |z| > 1, while we estimate the (h-derivatives of the) remaining integral
directly by the smoothness of f(g). With (2.26) at hand, (1.17) follows from (2.24) via
integration by parts. We proved that (a) implies (b).

Assume condition (b). By Theorem 10,
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Let us restrict, without loss of generality, to ¢ = kjapks with h > 0. Using the display
below [Wan74, (29)]!, we infer

1
19) = Trrsmnm > / F(s,p) DL, (v ") DS ;(kak) Dj _,(ver) ds,
Ipl,15]<¢ B
p,j=¢ (mod 1)

where De_m- (v 1) and Df’_p(v(;/) can be explicated using [Wan74, (5) & (28)], and

(2.27) fs,p) = /OO Fit,p) e (2 + p?) dt, s eR.

By (1.17) and Cauchy’s theorem, it follows for any n € Z~y and D > 0 that
n

(2.28) %f(s,p) <n,D e~ Plsl, s€eR.

The smoothness of f(g) is now straightforward, and this automatically verifies (1.15) for
|h| < 1. From now on we can assume, without loss of generality, that A > 1. From (1.16),
(2.28), and the calculation around [Wan74, (38)—(41)], we see that

> / F(s.p) DY, (05 ") DY (kokr) DS (vgr) ds = 0,

Ipl.ljl<e
p,j={ (mod 1)

hence in fact

f(g)zm < / / ) D! (v, ") D5 i (kok1) DY _(vy) ds.

Ipl,15]<¢
p,j={ (mod 1)
From here it is straightforward to deduce (1.15) for h > 1, using (2.28) and the remarks
above it. We proved that (b) implies (a). O

We shall denote by H(7/)o the set of functions satisfying the equivalent conditions (a)
and (b) of Theorem 7. Tt is clear that H(7¢) is a convolution subalgebra of L'(G)NL%(G).

Remark 6. In the previous display, we may estimate the product of the three matrix

coefficients (recalling that each matrix (Df;q(k‘))pﬂ is orthogonal) using the trivial bound

]Djléj < 1 and the Cauchy—Schwarz inequality for the remaining two factors. Combining

this with the observation f(s,p) = f(—s, —p) yields the following refinement of (1.15) when
m = 0:

(2.29) |f(kranka)| < > / (s,p)|ds,  h>1, ki ks€K.

[ X2
p=¢ (mod 1)

IWe note that in [Wan74, (29)] the product kaok: should be conjugated as uy ) kakiu,, , and the integral
over 0 < 1 < 27 with normalization factor 1/(2w) is mlssmg After this correction, the crucial next
display follows as stated, by expanding the matrix coefficient D_p _p (in our notation) via the entry-by-
entry product of three matrices and executing the ¢i-integral.
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We end this subsection by stating a two-variable version of some of the previous defini-
tions and results. Taking (topological) tensor products of Hilbert spaces, we can identify
H(7¢)©H (1) with the space of functions f € L?(G x G) satisfying

o f(g1,92) = f(k1gikyt, kagoksy ) for almost every g1, g2 € G and ki, ko € K;

o f=(Xe,xe)* f*(Xe,xe) almost everywhere.
This can be seen by projecting the isomorphism between L?(G)®L?(G) and L?(G x G)
(see e.g. [Sim15, Cor. 4.11.9]) to H(r7)®H(7) and the (closed) subspace of functions in

question. By Theorem 10, this space is isometrically isomorphic to L? (@temp(74)2) via the
obvious extension of the map (2.18):

(230) f(l/17p171/27p2) = /G' a f(gl7g2) ¢£1,p1 (gl)gpﬁg,pg (.92) dgl de
1 X G2

For h € Ll(étemp(Tg)Q) N LQ(étemp(Tg)Q), the inverse transform is given as in (2.22):

1
h(91,92) W Z / / h(it1, p1,it2, p2)

[p1];|p2|<f
p1=p2={ (mod 1)

Sp’ithpl (gl >¢it2,p2 (92 ) (t% +p1)(t2 + p%) dtl dt2

(2.31)

It is straightforward to adapt the above presented proof of Theorem 7 to obtain the fol-
lowing variant for H (7)) ®H (7¢):

Theorem 12. For f € H(r)®H(7), the following two conditions are equivalent (with
implied constants depending on f).

(a) The function f(g1,g2) is smooth, and for any mi,mao € Z>o and A > 0 we have

am1+m2 _
Wf(klafu k27 k3ah2k4) <<m1,m2,A € A(‘h1|+|h2‘)7 h17 h2 S R) kla k27 k37 k4 S K.
1 2
(b) The function ]?(Vl,pl, va,p2) has a holomorphic extension to C x %Z x C x %Z such
that
f(v1,p1,v2,p2) = f(p1,v1, 10, p2), vi=p1 (mod 1), |l |p1] <Y,
(V17p177/27p2) f(]/lap17p277/2)7 Vo = P2 (mOd ]-)7 |V2| ’p2| < )

and for any B,C > 0 we have

Fvi,p1,v2,p2) <pc (1+ ||+ w7, R, [Rvo| < B, p1,p2 € 3Z.

We shall denote by H (74, 7)o the set of functions satisfying the equivalent conditions (a)
and (b) of Theorem 12; this is clearly a convolution subalgebra of L'(G x G) N L%(G x G).
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2.5. Hecke operators. The arithmetic quotient I'\G comes equipped with a rich family
of Hecke correspondences, which we now describe, referring to [BHM16] for further details
and references. For every n € Z[i] \ {0}, consider the set

T, = {(CC” Z) € Ma(Z[i]) : ad — be = n} .

In particular, I'y = I'. Then we may define the Hecke operator T, acting on functions
¢ :T\G — C by

e @l =5 Y o( )= X ¥ o(5 (0 0)e)

~vel\I'n ad=nbmod d

where the result is independent of the choice of the square-root since +id € I'. In particular,
sincel'_; =1 (_1 1) and %(_1 1) = (Z 714) € I', we have T = T} = id. We also observe
that, as v ranges through a set of representatives of I'\I',,, ny~! ranges through a set of
representatives of T',, /T

These Hecke operators are self-adjoint on L?(T'\G), commute with each other and the
Laplace operator; thus they act by constants A, (V) on each irreducible component V' C
L?(I'\G), with non-zero vectors in each V being joint Hecke-MaaB eigenfunctions. They
also satisfy the multiplicativity relation

(233) Tan - Z Tmn/dQ) m,mn e Z[Z] \ {0}7
(d)|(m,n)

where it is clear that the right-hand side does not depend on the choice of the generator
d. Finally we have the Rankin—Selberg bound

(2.34) S (V)P <y a

In|?<z

2.6. Eisenstein series and spectral decomposition. In this subsection, we review the
construction and properties of the (not necessarily spherical) Eisenstein series on I'\G. The
quotient T'\G has a unique cusp at co. For ¢ € Zsq, p,q € Z with 2 | p and [p|,|q| < ¥,
and v € C with v > 1, we define the Eisenstein series of type (¢,q) at co as in [LG04,
Def. 3.3.1] by the absolutely and locally uniformly convergent series

(235) E@,q(”uP)(g) = Z ¢€7q(y’p>(fyg)’

YET o \I'

where I's is the subgroup of upper-triangular matrices in I' (the stabilizer of co in I'), and

(2.36) b0.q(V,p) ((T r:) k) =2l k),  r>0, kek.

These Eisenstein series possess a meromorphic continuation to v € C, which is holomorphic
along iR [LGO04, §5.1]. An easy calculation with (2.32) and (2.4) shows that they are also



BEYOND THE SPHERICAL SUP-NORM PROBLEM 22

eigenfunctions of the Hecke operators T,, with

(2.37)  TnEpg(v,p) = M(E(v,p)Erq(vip),  An(E(v,p)) := i > xop(@)x—v—p(d),

n=ad

where x,,(2) == |2|"(2/|z|)7P. In particular,
(2.38) Ain(B(v,p)) = (=1)"2An(E(v, p)).

While Ey ,(v,p) for individual v € iR (barely) fail to lie in L*(I'\G), their averages against
C.(iR) weights f(v) comfortably do, and upon taking the Hilbert space closure of their
span and orthocomplements one obtains the familiar orthogonal decomposition

(2.39) L*(T\G) = C-1® L*(T\G)cusp © L*(T\G)gis-

Let H(v,p) be the linear span of all ¢y 4(v,p) with [p|, |¢| < ¢. By (2.36), the functions
f € H(v,p) satisty

f(( *>g)—\Z\2xu,p(zz)f<g), )

Z—l

and they are determined by their restriction to K. In fact H(v,p) as a (g, K)-module is
isomorphic to the K-finite part of V,, ,, featured in (2.7). That is, the appropriate completion
of H(v,p) serves as a model of the Fréchet/Hilbert space representation 7, ,, and we shall
denote by H* (v, p) the dense subspace of smooth vectors in this completion.

Denoting by C¥(I'\G) the space of K-finite smooth functions on I'\G, an automorphic
representation of type (v,p) for '\G may be realized as a unitary (g, K)-module homo-
morphism 7' : H(v,p) — CX(I'\G), with the corresponding m,, an irreducible unitary
representation on the Hilbert space V5, cf. [LG04, §3.4 & §8]. Such a T may arise as
Ty for a cuspidal consituent V' ~ V, , occurring discretely in LQ(F\G)CHSP, or from the
Fisenstein series via

TE(V,p)d)f,q(l/?p) = Equ(u,p), |p‘7 |Q| <L

Indeed, by (2.35), the last display defines a (g, K')-module homomorphism for ®v > 1,
hence by analytic continuation for all v € C where the relevant Eisenstein series have
no pole. Following custom, we lighten the notation by denoting a generic automorphic
representation of type (v, p), whether of type Ty or Tg@,p), as V, and its associated Hecke
eigenvalues as A\, (V). Finally, we shall use that the above (g, K)-module homomorphism
extends uniquely to a G-module homomorphism H*(v,p) — C*°(I'\G), and its image
consists of functions of moderate growth.

Now (2.39) is explicated by the following two spectral identities. For f in the space
C3°(I'\G) of smooth complex-valued functions on I'\G with all rapidly decaying derivatives,
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we have
Y (f, Tvoeq(vv,pv))
f= + Ty g q(vv, pv)
TP DR P N A
</
(2.40) |pv\ lgl< FEr ()
/ ’ Eq Ef,q(Vap) dV7
0) peaz qéez 15, ||
Ipllgl<e

with the obvious interpretation of (f, Eyq(v,p)). For fi, fo € C§°(I'\G), we have with the
same interpretation

(f1, fa) = {1, D, f2) + Z Z (f1, Tv deqg(vv, pv ) (Tv e g(vv,pv), f2)

OI(F\G) V cuspidal q,l€Z ” pquHK
lpvlal<t
(2.41)
(f1, Erq(v p)><E€q(V P f2) 4
A
> 2 20
pEQZ qlEL PaK
Ipl,lal<t

Compare with [EGM98, Ch. 6, Th. 3.4] and [LG04, Th. 8.1].
We shorten the notation in two ways. First, for an automorphic representation V' (cus-
pidal or Eisenstein) of type (v, p) occurring in L?(T'\G), we write

i
¢€q v u q( )

[t ; Ipl,lq| <€

allx

In particular, when at least one of two such V and V' is cuspidal, <¢Xq,¢}{:q,> equals
S(0,q,v)=(¢',q,v7)- Second, while the decompositions in (2.40) and (2.41) are over all auto-
morphic representations V' (cuspidal or Eisenstein) occurring in L?(I'\G), keeping in mind
the 7y-spherical transform of §2.4, it will be useful to introduce the shorthand notation
f[f] dV for the sum-integral over those V' of type (v, p) such that =, , € @(Tg) (that is, with
Ip| < £ as well as p € 2Z for V' Eisenstein). Thus, for example, (2.40) may be rewritten in
the more compact form

(2.42) f—V01 F\G Z/ ST, 6 )oY, av.

>0 |q‘<€

2.7. Rankin—Selberg convolutions. In this subsection, we review briefly the properties
of Rankin—Selberg L-functions. We shall restrict to automorphic representations for I'\G on
which the Hecke operator T; acts trivially, so that they lift to automorphic representations
for PGL2(Z][i])\PGL2(C). This allows us to refer to the theory of GLo.

The Rankin-Selberg L-function of two automorphic representations V; of type (v;,p;) €
iR x Z for I'\G is defined by the absolutely convergent series (cf. (2.34))

1 An An (V5
neZ[i]\{0}
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This can be verified by matching the Euler factors on the two sides, using [Jac72, Th. 15.1],
[JL70, Prop. 3.5], [Tat79, (3.1.3)], and [Bum97, Lemma 1.6.1]. In particular,

L(s,V x E(v,p)) = L(s — 50,V ®@ xp) L(s + 31,V @ X—p)
for V' cuspidal and (v, p) € iR x 4Z according to (2.38), as well as
L(Su E(Vhpl) X E(V27p2)) = H L(S + %(611/1 + 62]/2)7)(—61]31—621)2)7
e1,e26{x1}

with (vj,p;) € iR x 4Z and xp(z) := (2/|2|)7P. All L-functions are meant over Q(7).

The Rankin—Selberg L-function L(s, Vi x V3) possesses a meromorphic continuation to
the entire complex plane with the exception of finitely many possible poles along the line
s = 1. It is in fact entire except as follows (cf. [GJ78, Th. 2.2]):

o If Vi = Va(=1V) is cuspidal of type (v,p) (that is, (v1,p1) = £(v2,p2)), there is a
simple pole at s = 1 with (strictly) positive residue

(2.44) res L(s,V x V) = T+ L(Lad’V) . (1 + |p))(1 +[v]) ™

where the lower bound follows from [Magl3, Prop. 3.2].
e If V; and V3 are both Eisenstein series with p; = epy for some € € {£1}, there are
simple poles at s = 1 + n(v1 — evy)/2 for n € {1} with residue

™
(245)  Ly(V1, V) := - Ga (L + (v — eve))L(L + mv1, X—anpy ) L(L = neva, Xaneps ),

unless 11 = £y or 11 = 0 or 1o = 0, in which case, however, the definition still
makes sense as a meromorphic function of 11 and vs.

Finally, the associated completed L-function satisfies the familiar functional equation
(2.46) A(S,Vl X VQ) = 16SL(S,V1 X VQ)LOO(S,Vi X Vz) = A(l — S, Vl X ‘/2),

where the exponential factor 16° coming from the discriminant of Q(¢) is included for
convenience, and the factor at infinity is given by

Loo(57 V1 x V2) = F(S,ﬁ,@ L= H L00(37X61V1,61p1 'X62V2,62P2)
61,62€{il}
(2.47) = H Tc (s+ 5(evn + earn) + Slepr + eapa|) .
617626{:‘:1}

Here we used the abbreviations
Lc(s) == 2(27)°T'(s), V= (v1,10), P = (p1,p2).

Indeed, (2.46)—(2.47) follow from [Jac72, Prop. 18.2], [Tat79, §3], [Wei74, Prop. 6 in §VII-
2] and its proof, upon noting that Vj is isomorphic to the principal series representation
induced from the pair of characters (X—v; —p;; Xv;p;)-
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Lemma 2. Let f : iR — C be a function decaying as f(v) < (1+ |v|)73, and let p € Z.

Then
F(1s) dvy dv
L@AE:WMWQM@M@MLJN‘

ne{£1}

Proof. First we note that the n-sum cancels the individual poles of £,((v1,p), (v2,p)) at
v1 =vy. For e > 0 and V; = (v;,p) with j € {1,2} define

™
L, (Vi,Va,€) := 1 Coe) (1 + e +n(v1 — v2)) L(1 + nvi, X—24p) L(1 — nv2, Xonp)
and

dvy dv
// § f()f(ve) Ly(Vi,Va,¢€) —
m i

This function is continuous at ¢ = 0, so it suffices to show Z(¢) > 0 for € > 0. Inserting
the definition and opening the Dedekind zeta function, we see that

2 >

ne{il} neZfi)\{0}

dv|?

%'1Lu+nmewvw>. >0

0) |n|2mv i

as desired. n

2.8. Diagonal detection of Voronoi type. In this subsection, we prove a Voronoi-type
formula that allows us to detect equality of two automorphic representations occurring
in L?2(T\G) in terms of a certain weighted orthogonality relation between their Hecke
eigenvalues. We shall use that only tempered representations occur in L?(I'\G), e.g. by
[EGM98, Ch. 7, Prop. 6.2].

Lemma 3. Let P > 1 be a parameter. There exists a function
WPZR>0XC2XZ2—>C,

given explicitly by (2.50), with the following properties.

(a) Wp(x,7,p) is an entire function of 7 = (v1,1v2) € C?, and it is invariant under
(vj,pj) = (—vj,—p;)  aswell as (vj,p;) = (pj,v;) (vj € Z).

(b) Let us abbreviate P := (1+|p1+pa|) (1+[p1—p2|). Then for every A > [Rvq|+|Ruol
we have

- ~ — 4A _
(2.48) We(2,7,5) <amw g (14 (P/P)?A72) (14 || + o) a2
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(¢) For every two automorphic representations V; of type (vj,p;j) € iR X Z for I'\G we
have

T Wp(' 7 ﬁﬁ) W (V) (V2)

neZ[i]\{0}
(2.49) TL(1,ad?V;) P2, Vi = Vb cuspidal;
= Zne{il} L, (Vi, Vo) P2Eni—a2) - V4 Wy Bisenstein, p1 = epa, € € {£1};
0, otherwise,

where L(1,ad?V) and L, (V1,V2) are as in (2.44) and (2.45).

Proof. Let w: Ryg — C be a smooth function supported inside [1,2], and normalized so
that its Mellin transform @(s) = [;° w(x)2® dz/x satisfies W(1) = 1. We define

1625710 (s, 7, p)
) — = . P274s (] (1 — —2s
(2.50) Wp(x,7,p) 8 / o) (2s) ( (s) T —5.7.7) w( s)> x~ % ds,

where I'(s, 7, p) is as in (2.47).

Shifting the contour to the far right, we see that Wp(x, v, p) is entire in /. The symmetry
with respect to (vj,p;) — (—vj, —p;) is obvious from (2.47). For r € 3Z we have the
equality

[(z+7r) B ['(z—r) sin(m(z — 1)) B (_1)% I'(z—r)
Fl—z+r) T(A-z-7) sin(r(z+7)) Nl—z-r)
of meromorphic functions in z € C. This shows that (cf. (2.47))
(s, 7,p) H Tc (s + (11 + e212) + 3leipr + €2p2|)

I'(l—s,v,p)

B H Tc (s+ 3(e1n + €av2) + S(e1pr + e2p2))
T (1= s — $(e1vr + earn) + 3(e1p1 + €2p2))

1 1
L ae{n) Ie (1= s = 3(e1vn + eava) + 5leipr + eapal)

e1,e26{+1}

is symmetric with respect to (v;,p;) — (pj, v;), completing the proof of (a).
Combining the first line of the previous display with [Har02, Lemma 3.2], we infer for
R(s) > 1|Rv1| + §|Rve| that

F(S,ﬁ,m _ H
F(l - Saﬁvﬁ)

Tc (s+ 3(e1v1 + eav) + Sleipr + eapa])
I'c (1 -5— %(61171 + €213) + %|61p1 + 62272’)

61,626{:tl}
R(2s+e1v1+eava)—1
LR 1 Rvs H |s + 3(er1 + ea12) + |erpr + eapal| (Bstantar:)
61,626{:|:1}
Chomngs || L+ lerpr + eape)RETTER T (o] (] 4 [y RE )
€1,e26{x1}
= (1+ |p1 +p2l)*™ 72 (1 + [p1 — p2)* ™72 (5] + || + [wa])*7.
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Turning back to (2.50), the singularity of the integrand at s = 1/2 is removable, so we can
shift the contour to Rs = A/2. The bound (2.48) follows upon noting that that

e W(s) <cms (1+|s])~C for all C > 0 and s € C;
e (oi)(2s) < (14 |s])? for Rs > 0 and |25 — 1| > 1.

Finally, to show (c), we start from the following identity, a consequence of (2.43):

1 > [mfnf? AV A (Vo) = ! / L(s, Vi x Va)i(s)P* d

16 ' w P2 n{V1 2 27T’L @ S, V1 X Vo)wi(s S.
m,neZi]\{0}

We shift the contour to fts = —1; the contribution of the possible poles (on the line

Rs = 1) is recorded on the right-hand side of (2.49). In the remaining integral we apply

the functional equation (2.46) and change variables s — 1 — s getting

1 B 16°T'(s, 7, )
- L P2 4s ()
270 J 9 (5, V1 V2) 161=5T(1 — 5, 7, )

Moving this term to the other side, we obtain the desired formula (2.49), first for (v1,p1) #
+(v2,p2), but then by analytic continuation everywhere. This completes the proof of
(c). O

w(1 — 5)P%* ds.

3. PRE-TRACE FORMULA AND AMPLIFICATION

In this section, we first implement a pre-trace setup, using integral kernels that are
(by necessity) not bi-K-invariant, first in §3.1 as the full pre-trace formula based on the
theory of Eisenstein series and then as a streamlined pre-trace inequality in §3.2. In
§§3.3-3.5, we couple the pre-trace setup with either amplification by Hecke operators or
self-amplification via diagonal detection of Voronoi type in §2.8 to derive estimates on
pointwise values of automorphic forms in terms of estimates on generalized spherical trace
functions and Diophantine counts.

3.1. Amplified pre-trace formula. In this subsection, we prove an amplified pre-trace
formula based on the theory of Eisenstein series and the spectral decomposition of L*(T'\G)
(see §2.6). This is a familiar identity between spectral and geometric data, and its full force
will be needed in the proof of Theorem 3(b); in fact, as an even more general version, we
shall use a double pre-trace formula (see §3.4) in two variables.

Let A be a bounded operator on L?(T'\G) preserving the subspace C§°(T'\G) of smooth
functions with all rapidly decreasing derivatives. Assume that for the basis forms gqu,
indexed as in (2.42) by V occurring in L?(I'\G) (cuspidal or Eisenstein) and ¢,q € Z
satisfying ¢ > max(|py|, |q|), there are constants ch(A) € C such that

(3.1) (A, dp,) = cig( AW, 01,), v € CFT\G).
Then (2.41) yields, for every ¢ € C3°(I'\G),

(32) v,y = Lo L S [ i ot av

>0 |q|<£
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For f € Co(@G) a rapidly decaying continuous function on G, and ¢ € L*(T'\G), we may
consider the function R(f)y € L*(T'\G) defined by

(RU ) (g) = /G F(h)p(gh) dh = /G F(g™ By (k) dh

= | k(g mp(h)dh, k(g h) =) flg~"vh).
NG ~er

Thus R(f) is a bounded integral operator on L*(I'\G) with kernel k. It is clear that R(f)
preserves C°(I'\G), and its adjoint equals R(f)* = R(f*) with

[ (9)=fgh), gea.

Further, for a finitely supported sequence of complex coefficients x = ($n)nez[i]\{o}7 let
Rgn(x) be the operator on L2(I'\G) given by

(3.3) Ren(x) == Z TnTh.

neZ[i]\{0}

The adjoint of this operator equals Rgy(x)* = Rgn (T).

Let us now fix an integer £ > 1. Let f € H(7s)oo be such that f = f*, and let x = (z,,)
be as above such that x = Z, the self-adjointness conditions serving only to lighten the
notation below. Further, let V' be a non-identity (cuspidal or Eisenstein) automorphic
representation of arbitrary type (v, py) occurring in L?(T'\G), and let ¢/, q € Z be such
that ¢ > max(|py|, |q|). For V cuspidal, (2.15) and (2.18) show that

RO, =bomii oy FV) = Flovomv)s
(3.4)
Rin(2)ps 4 = T(V)$p 45 2V) = D aada(V).

neZ[i]\{0}

For V Eisenstein, these equations are still valid with the obvious extension of R(f) and
Rgn(x) to functions in C°(I'\G) of moderate growth, as follows from (2.37) and the dis-
cussion between (2.39) and (2.40). Therefore, following the usual argument that R(f) and
Rgn(x) are self-adjoint, we obtain that A := R(f)Rgan(z) satisfies (3.1) with

v (

' J(A) =0p—p——7~-—

cog(A) = v——57

Hence (3.2) holds with these coefficients and ¢-summation replaced by ¢-summation. We

note that the coefficients decay rapidly in v by Theorem 7. Moreover, A(1) = R(f)(1)
vanishes by f = f *x7 and the orthogonality of characters (recalling that ¢ > 1).
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1

Applying (3.2) and recalling our observation below (2.32) about ny~* as v € '\ T',,, we

obtain for every ¢ € C§°(I'\G) that

/ S e (AW, ol F AV = //FW 0h) S an T (h)ig) dgdh

|Q\<£ nGZ[i]\{O}
In
:// > TS e el dgdn
G2 pezingoy ' very,

where 7 abbreviates v/y/dety. Letting 1 range through smooth, nonnegative, L!-nor-
malized functions supported in increasingly small open neighborhoods of a fixed point
I'g € T'\G, and taking limits using the rapid decay of ch(A), we obtain the desired amplified
pre-trace formula

(35 VR S gy = Y 3 o)

(€] lql<t nezli\{0} ' vel,

The pre-trace formula (3.5) isolates forms qﬁ& 4 With a specific value of ¢ (thus, forms in

the chosen constituent V* in the decomposition (1.2) for various V’s), a starting point for
a proof of Theorem 1. To further isolate eigenforms in the specific constituent V44 (for a
fixed |q| < ¢), starting from our earlier f € H(7y)oo satisfying f = f*, we define a smooth
function f, € Co(G) by

1 2 . . . 1 2T ] ‘ '
(3.6) falg):= / f(g diag(e", efw)) e*1" dg = / f(diag(ezg, e’m)g) €21 4 o,
21 Jo 2m Jo

We note that f, = fy, but f, need not lie in H(7¢)s. By the orthogonality of characters
on R/Z, we have

(3.7) R(fq) = R(f)Ig = I R(f),
where 11, is the projection onto the closed subspace consisting of 1) € L?(T'\G) such that
Y(gdiag(e®, e €)) = €24)(g). In particular, R(f,) is a bounded, self-adjoint operator,
which preserves C§°(I'\G). Moreover, by (3.4) and the surrounding discussion,

R(f)00 g = 0.1 ~(t.0) QJL(JF )1 O
holds for V' cuspidal, and also for V' Eisenstein with the obvious extension of R(f;) to

functions in C*°(I"'\G) of moderate growth. Thus, applying as above (3.2) with A =
R(fq)Rsn(z), we obtain the following amplified pre-trace formula for individual forms:

(39 JVE) o1 v = % =Y il
4] nEZ[i]\{O} veF

We proved (3.5) and (3.8) for every f € H(7/)oo and finitely supported z = (z,) under
the assumption that f = f* and x = 7. In fact (3.5) and (3.8) hold without this assumption,
because both sides are C-linear in f and x. Alternatively, one can modify the above proof
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to work without the self-adjointness assumption, starting with the analogue of (3.4) for
R(f*)}., and Ren (@)},

3.2. Positivity and amplified pre-trace inequality. In many situations, the coeffi-
cients on the left-hand (spectral) side of (3.5) and (3.8) are nonnegative, and the pre-trace
formula is simply used as an inequality, by dropping all but the terms of interest. This
is the case for the proofs of Theorems 1, 2 and 3(a). In this subsection, we derive such
amplified pre-trace inequalities in a streamlined way with substantially less heavy machin-
ery, drawing inspiration from [BHMM20, §3]. For example, here we do not even need to
mention Eisenstein series.

Let A be a positive operator operator on L?(I'\G), and let B be a finite orthonormal
system of eigenfunctions ¢ of A with (not necessarily distinct) eigenvalues (cy(A))pen-
Then, A preserves the orthodecomposition L?(I'\G) = Span(28) @ Span(B)+, and for any
¢ € L>(T'\G) the corresponding decomposition v = 11 + )5 with

Y= (h,¢)¢  and  yi=9 —y
B
gives
(3.9) (A, ) = (A, 1) + (Ao, o) = (A, 1) = > eo(A) (0, 9)[-
»EB

We will apply this positivity argument to the operators A = R(f)Rgn(z) and A =
R(fq)Rsin(x), where f € H(7)s and & = (z,) are as in the previous subsection. Posi-
tivity is achieved by making the operators R(f) and Rgy,(x) individually positive, because
Hecke operators commute with integral operators, and II,; in (3.7) is a positive operator
commuting with R(f). For the positivity of R(f), it suffices that

(3.10) f=uxu for some u € H(7y)so satisfying u = u*.

For the positivity of Ray,(z), it suffices that

Rin(@) = (3o wtt) « (30 g ) + (3o aTie) » (3 znTie )
leP meP leP

meP
(3.11) Toi= Y UTm Y AFw
I,meP I,meP
(d)](t,m) (d)|(1%,m?)
Im/d?=n 1?m?/d?=n

where (y;);ep and (z;);ep are arbitrary complex coefficients supported on a finite set P C
Z[i] \ {0}. Here we used that each Hecke operator T,, is self-adjoint.

Now, let V be a cuspidal automorphic representation that occurs in L?(I'\G) and con-
tains 7y-type vectors. Let B = {¢, : |g| < £} be an orthonormal basis of V¥, with ¢, € V4.
As in the previous subsection, we evaluate the left-hand side of (3.9) geometrically, and
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then apply a limit in ¥ to both sides. This way we obtain the following amplified pre-trace
inequalities in place of (3.5) and (3.8):

(3.12) 2£+1 Z\d> <Y f"ng 79),

PEDB neZli\{o} ' veT,

(3.13) TEV) < 3 S a9,

2e+1 n€eZ[i\{0} vel'n

3.3. Test functions and amplifier. The main idea of the amplified pre-trace inequality
(3.12) is that it can provide a good upper bound for } .y |p(g9)|? as long as the test

function f € H(7¢) and the amplifier x = (x,,) in §3.2 are chosen so that ]/”\(V) and (V)
are sizeable while the right-hand side is not too large. In this subsection, we make these
choices.

As in Theorems 1, 2 and 3, let £ > 1 be an integer, I C iR and 2 C G be compact sets.
Let V C L?(T'\G) be a cuspidal automorphic representation with minimal K-type 7, and
spectral parameter vy € I. Let us introduce the spectral weights

(p?—£24v2%)/2 17 <
h(l/p)':{e o veCopegl st

(3.14) 2
0, veC, pesZ, |[p>L

According to Theorems 10 and 7, the inverse 7g-spherical transform f := h given by (2.22)
belongs to H(7¢)c0, and it satisfies f = h. Moreover, if we set u := ¥ with

(v.p) = (20 + 1)1/26(”2*42*"2)/4, veC, pc %Z, Ip| < ¢,
o, veC, peiz, o>t

then u € H(7¢)so, u = u* by (2.20) and (2.22), and f = 42/(2¢ + 1) = u* . This shows
that (3.10) is satisfied. Hence R(f) is the kind of positive operator considered in §3.2, and
by (3.4) we have

(3.15) FV) = h(vy, 0) > 1.
With the notation (2.27), we have
Fls.p) = Var(p® +1 = )02,
whence by (2.29), (2.22), and the trivial bound |¢!, ,(¢7")| < 20+ 1, we have
(3.16) flg) < 02e~1og? llgll
We shall also use the following supplement, a consequence of (2.20) and (2.22):

(3.17) flg) <t sup |0t o(g)] + €.
Ve
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We now choose our amplifier, which we do as in [BHM16, §5]. Let L > 7 be a parameter,
to be chosen at the very end of the proof of Theorems 1, 2 and 3, and set

P(L) := {l € Z[] prime : 0 < arg(l) < T and L < |I|* < 2L} ;
yoi=sgn(N(V)),  z:=sgn(A2(V)), 1€ P(L).
It follows from the result of Breusch [Bre32, Teil II] (or from the prime number theorem for

arithmetic progressions, for sufficiently large L) that P(L) # (), while in (3.3) and (3.11)
we have

ZZEP (l/z +2?%) < L/logL, n=1,
(3 18) €T, = (1 + 5l1¢l2)yl1yl2 + 5ll=lzzl1zl2 <1, n=lily for some l,1l5 € P(L);
n (1 + 5l17’£l2)zllzl2 < ]., n = l%l% for some ll; l2 c P(L),
0, otherwise.

This formula is the analogue of [BHMM20, (9.16)], except that we forgot to insert the
factors 1 + 0;, 4, there. In particular, by the inequality [A(V)| + [A2(V)| > 1/2 that
follows from (2.33), we have

(3.19) (Z NV ) +( 3 \)\lz(V)|> »
leP(L) leP(L) log® L.

Let B be an orthonormal basis of V. Entering the lower bounds (3.15) and (3.19) into
the amplified pre-trace inequality (3.12), we obtain

L*= 2 ’$n| —1x
Do) <er Y > 1fg™99)l

PEDB nEZ[i]\{O} van

(3.20)

Let us assume that g € Q. A straightforward counting combined with the divisor bound
shows that

(3.21) # {7 el : ||g gl < R} <0 R4+5|n]2+5

so that, splitting into dyadic ranges for ||g~!7g|| and using (3.16), we obtain
> 1F(g7139)] < € n**e.
vl

log [lg~"4gl>8+/Tog?
Thus from (3.17) and (3.20) we conclude that

Z [$(g)f* <ep L7250 Z |\n\‘ sup b, (g7 4g)| + L¥Te0748
(3:22)  gem neZ[i)\{0} veiR
yel'sn

log |lg~*7g[/<8+/Tog?

The bound (3.22) explicitly reduces the non-spherical sup-norm problem of estimating
> bes |#(g)|? via the amplification method to two ingredients:

e estimates on @fﬁ}e(gfl:yg) for g~'5g € G of moderate size;
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e counting v € '), according to the size of gofve(g_lfyg).
We now also derive a version of (3.22) adapted to estimating a single form |¢4(g)[? for
some |g| < ¢. With the specific f € H(7¢)o provided by (2.22) and (3.14), we obtain by

averaging as in (3.6) the test function

F0) = g 2 [ Rl (B )

|p|<e

where

17 o
27r/0 cpf;p(gdlag(ew,e “’))e 2dqie 4.

In particular, this definition generalizes (1.7), and by (2.20) we have the symmetry

l,— A _ L, —1
(3.23) Pupl(9) =% (9) = wuh(g7).

The analogues of (3.16)(3.17) clearly hold for the R/Z-average f,, hence by (3.13) the
following analogue of (3.22) holds as well:

¢
epl(g) =

—_ x B
|64(9)|* <cro L2150 > ||n|| sup [, (g~ 7g)| + L¥T<0,
(324) RGZ[’L]\{O} UEI
Y€

log [lg~'49]/<8+/Iog €

3.4. A double pre-trace formula and a fourth moment. In this subsection, we use
a different argument, outlined in §1.7, to estimate values |¢4(g)| in terms of Diophantine
counts of pairs of Hecke correspondences and estimates on generalized spherical functions;
see (3.29) and (3.30) below. The argument, reminiscent of self-amplification, relies on using
diagonal detection of Voronoi type of §2.8 in a double pre-trace formula (see (3.25) below)
to get a handle on the fourth spectral moment of |¢,(g)|.

Let us fix two integers ¢, q € Z with ¢ > max(1,|q|). Let n € Z[i] \ {0} and g € G. By
(3.8) and the remarks below it, for any f € H (7)o we have

20+ 1
/f V)oY, (g)2aV = ‘nﬁ qug ).

It is straightforward to adapt, first the two-variable versions of (2.15), (2.18), and (2.41),
and then the proof of the above pre-trace formula to yield the following two-variable version.
Let ny,ny € Z[i] \ {0} and g1, g2 € G. Then for any f € H(7y,7¢)oo (recalling the notation
introduced after Theorem 12) we have

/ / FOV Vo) (VD) A (V)01 (91) 21612 (92) > VA Vs

(20+1
Z > falgr 1, 95 Fage),

‘n1n2‘ 'Ylernl 'YQGFnQ

(3.25)
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o~

where f(V1,V3) is given by (2.30) when Vj is of type (v;,p;) € iR x Z, and

1 2 2 : 7 —1 : 7 —1 1
falg1,92) = (%)2/ / (g1 diag(e™', e7""), g, diag(e'2?, e7'2)) 27(e1722) d; dgy.
0 0

In (3.25), we can restrict to pairs (V1, V2) satisfying A;(V;) = 1 by introducing an averaging
over {ny,ing} X {ng,ing}:

/M [ TV 0 056 00 Pl 0 Vi Vs

(3.26) 2
— @+ 1° Z Z fa(gr " 9191, 95 ' A292).

4|ning|
Y€ Ulin, v2€lm, Ulin,

The prime symbol in [¢]" indicates that we sum-integrate over automorphic representations
with a lift to PGLg(Z[i])\PGL2(C), so that the results of §2.7 and §2.8 are applicable.
Now we consider, for any n € Z[i] \ {0}, the spectral weights

ny o 4
H(‘/la V27n) = h(ylvpl)h(y%pZ)Wf (uv V7p> )

where h is as in (3.14) and Wy is as in Lemma 3. Combining the Hilbert space isomorphism

H(r0)&H(70) < L*(Gremp(7e) X Gremp (7))

induced by Theorem 10 with Theorem 12 and parts (a)-(b) of Lemma 3, we see that
the function (g1, g2) — I;T(gl,gg;n) given by (2.31) belongs to H (7, 7¢)s0, and its double
T¢-spherical transform equals H(Vy, Va;n). Therefore, applying (3.26) with f = H (-,5n),
n; =ng =n, and g1 = g2 = ¢, and then summing up over n, we arrive at

3 / / H(Vi, Vai m)An (V)M (Vo) 61 (9) 21612 (9) 2 V2 Vs
nezfi)\{o} 1" 714’

_ (2¢+1)? A PO
= Z e Y. Hylg "9,97 ag;n).
n€Z[i]\{0} 71,72€l Ul

By Lemma 3(c), the left-hand side of (3.27) equals

(3.27)

™

7£2 Z h(VVapV)z L(l,ad2V) ‘¢Zq(g)’4 + EiS,

(3.28) 1

V' cuspidal
T;(V)=1, |pv|<t

where the term Eis is the contribution of Eisenstein representations:

B =t D Z/< >/< O b, i) o (01,60), (1)
0 0

ene{Ll} pedZ
|p|<e ’2 dvy dusy

E(v1,€ E(vo,
< [eps P g)Plegy (@) — 2.
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We make a change of variable (v1,v2,p) — (nv1,neve, nep). By invariance, we can replace
the resulting pairs (nv1,np) and (neve, nep) by (v1,p) and (2, p), respectively. In this way
we see that

Bis = 42} /(O) /(O)ew—vz h(w1,)h(va, p) Lof(v1,p)s (v2,p)

pEAZ

|p|<e ‘2 duvy dis

E(v1,p) v2( 4 E(v2,p)
X .
‘d)&q (9)] ’¢g,q (9) PR
By Lemma 2, we conclude that Eis > 0. In particular, the right-hand side of (3.27) is real,
and it provides an upper bound for the contribution of each cuspidal V' in (3.28):

1 ~ - 1=
h(vy,pv)? L(1,ad®V) |67, (9)* < ) e > Hyg 9,97 Aagin).
n€eZ[i]\{0} Y1,72€0 U,

Here we can restrict the n-sum to |n| < £17 at the cost of an error of O.(¢7°?). Indeed,
the contribution of |n| > 17 on the two sides of (3.27) are equal, and this contribution is
O.(¢7%9) thanks to the bound H(Vi, Va;n) <4 (|n|/€)~4 for any A > 0 that follows from
Lemma 3(b) and the exponential decay in (3.14).

We now further explicate this bound within the context of Theorems 1-3 (in particular,
in preparation for use in Theorem 3(b)). Let I C iR and 2 C G be compact subsets. We
fix a cuspidal automorphic representation V C L%(T'\G) with vy € I, py = £, \;(V) = 1,
and we pick a cusp form ¢, € V%9 with |¢qll, = 1. We shall also assume that g € 2. By
(2.44) and our findings above,

1

4 T —1x -1~ . —50
(3.29) [9q(9)|" <eop £° 5 e > Hy(97 " %19,9 A2g;n) + £
neZ[i\{0} Y1,72€ Ul
|n‘<zl+5

We will analyze the right-hand side of (3.29) to localize 71, 72 which contribute non-
negligibly, and to bound these contributions in terms of generalized spherical functions
lq
S01/,2' - -
We estimate H (hence also Hy) in terms of Cartan coordinates using the two-dimensional

analogue of (2.29):
- nl .
|H (k1an, k2, ksan,ka;n)| < Z // // W, <|£|, (itq,it2), (p17p2)>
t1€ER

1l lp2l<l oS,
sa>ha  t2€R

e CHWiHp)/2 o= (H1415)/2 p—it1s1—itasy (t2 + p?)(t3 + p3) dt; dto | dsp dss.

This estimate holds for k; € K and h; > 1. Assuming without loss of generality that
s1 = s > 0 and shifting the ¢;-contour, we conclude from Lemma 3(b) that for any
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€, B > 0 the inner double integral is

2B—2+42¢ B
<. <1 n (14 |p1 +p2|)£(1 + |p1 —p2|)> o+ 4p3)/2p4 .~ Bs1 (7;|>
piteo—B max(s1,52) ( ’n’ > -B
<<6,B - .
(1—|—£—|p1’)2(1—|—£—|p2’)2 14

It follows that
I;T(klahl ko, ksap, ka; TL) <¢,B €4+86—Bmax(h1,h2) (E/]n])B

for any €, B > 0 and hy,he > 1. This estimate remains true for general hi, ho > 0, as
can be seen by using (2.22) and the trivial bound |<pft7p\ < 20+ 1 instead of (2.29) for the

respective variable if one or both of hy, ho are at most 1. The same bound applies for fIq,

that is,
” il \"
Hy(g1,92;m) <e,B erte <
! } lgall* + [lg2]1?

for any ¢, B > 0 and g1, 92 € G. So we can refine (3.29) to

1 . _
bg(9)|* <era > e > Hy(g™'19,9 Fagin) + £
neZ[i]\{0} 71,72€lR Ul s
In|<ei+e g~ 4;9ll<=\/2/In]

In the last sum, we estimate the terms more directly by (2.31), (3.23), and Lemma 3(b):
Hy(97 %19, g7 F2gin) <o CFEF (1) F(72) + €75,

where we temporarily abbreviate (suppressing g and ¢ from the notation)
0q; —1=~
F(y) == sup ¢, (9 '79)l, 7€ GLy(C).
veiR
Recalling also (3.21), we obtain an inequality of bilinear type:

1 _
|bg(9)|* <ern T ) e > F(m)F(vy2) + 7.
neZli)\{0} Y1,72€0R U,

In|<ette llg~ 4;gll<e=+/2/|n]
With the shorthand notation
S(n) = > F(y),

vel'y

llg~ 4glI<e2+/¢/In]

we observe that the innermost sum in the previous display equals (S(n) + S(in))?, hence
it does not exceed 2(S(n)? + S(in)?). In the end, we conclude

2
1 Y, 1~ _
(330) |og(o)* <era ™ > o 3L []swlelie el + 07
neZfi)\{0} MAe€l,  j=1VER
In|<ette g~ As9ll<ee\/t/Inl



BEYOND THE SPHERICAL SUP-NORM PROBLEM 37

which serves as an analogue of (3.24).

3.5. Reduction to Diophantine counting. In this subsection, we input into the prelim-

inary estimates (3.22), (3.24) and (3.30) the results of Theorems 4, 5 and 6, which provide

the desired estimates on spherical trace functions. We shall assume (as we can) that ¢ is

sufficiently large in terms of e.

We begin by explicating the estimate (3.22) using (3.18) and Theorem 4. For £ > 1 and
5= ((51,52) € R2>07 let

_ _ _ 7272

D(L, L) = {n ezfil: £ <P <16L, " T lflg ‘;TIZ(L)lll?},

N 9~z w\,_q forsomekeK, |z] >1,
M(g,L,L,6) := DZ(;L)#{’VEFTL.Q ’yg-k( Z_1>k min |z + 1) < 61, |u| < 65 [
ne s

Note that every element of G is of the form k(% )k™! for some k € K, |z| > 1, and
u € C. Indeed, such a decomposition is immediate with k € G, z € C*, and u = 0 unless
z = =£1, after which the claim follows by replacing k by k( 1 *1) if needed and using the
Iwasawa decomposition of k.

Thus to each v occurring in (3.22) we may associate a dyadic vector 6 = (81,32 (that
is, logy &; € Z) such that 1/v/¢ < §; < £¢ and §; are minimal such that v is counted in the
corresponding M (g, L, L, 5) Therefore, applying (3.18) and the estimates of Theorem 4 in
(3.22) leads to the following result.

Lemma 4. Let £ > 1 be an integer, I C iR and Q C G be compact sets. Let V C L*(T\G)
be a cuspidal automorphic representation with minimal K-type 7, and spectral parameter
vy € I. Let B be an orthonormal basis of V¢, and let g € Q. Then for any L > 7 and
e > 0 we have

1 1
d(g)]? < 1.0 PBPreELe min (,)
S 160) <er > i (g

HEDB & dyadic
1/VE<8;<ee
M(g,L,1,6) M(g,L,L%5) M(g,L,L* ) N
9y Ly y 9 ) 1y ) L +g£ 8.
X < [ 7 L *

Lemma 4 is free of any choices of the test function, amplifier, and spherical trace func-
tion. It reduces the estimation of }_ |¢(g)\2#to the Diophantine counting problem of
estimating M (g, L, £, d) uniformly in L, £, and §.

Now, we similarly explicate the estimate (3.24) using (3.18) and Theorems 5-6(a). Recall
the sets D C G and § € K C N C G introduced before Theorem 6. With D(L, L) as
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above, we define for |¢| < ¢, L > 1, § > 0, and 5= (61,02) € R2), the matrix counts

D(g~ 14 log ¢
ML L,8) = 3 #{wern:disugwg,a@ g~ 19)  losg }

ne D) " g™ Agl2 Ve
M*(g,L,L,8) = Z #{v €T, dist (9779, K) < 61, dist(g”'79,D) < &2},
neD(L,L)

with a sufficiently large implied constant in the definition of M{ (g, L, L, ).

For ¢ = 0, we estimate the size of gpi”%(g_l:yg) in (3.24) using Theorem 6(a). Since
there are at most O q(f¢|n|**¢) elements v € T, contributing to the right-hand side
of (3.24), the total contribution of those elements which fail to satisfy D(g7'9g) <
lg~'4gl/?(log £)/v/£ with a sufficiently large implied constant may be absorbed into the
existing Oc 1. o(L?T¢¢~48) error term. We may thus restrict to v € I',, satisfying these con-
ditions. We associate to each remaining 7 in (3.24) the smallest dyadic 1/v/¢ < § < £° such
that v is counted in the corresponding Mg (g, L, £, §). For a general |¢q| < ¢, we associate to

each 7 in (3.24) the lexicographically smallest dyadic vector 6 = (d1,d2) such that §; < £¢
and 6282 > 1/v/ and 7 is counted in the corresponding Mq(g,L,E,g). Applying (3.18)
and the estimates of Theorems 5—6(a) in (3.24) leads to the following result.

Lemma 5. Let £ > 1 be an integer, I C iR and Q C G be compact sets. Let V C L*(T\G)
be a cuspidal automorphic representation with minimal K-type 7, and spectral parameter
vy € 1. Let ¢g € VEY such that ||¢g|l, = 1 and let g € Q. Then for any L > 7 and £ > 0
we have

1
60(9)]® <ero PT°LT Y —
§ dyadic \/Z(S

1/VIE<5< L8
Mg (g, L,1,0) | Mg(g, L, L?6) = Mg(g, L, L*, ) 24e a8
y oy Ly ) ) ) ) L +5£ )
. ( L * L3 * L +

Moreover, for |q| < ¢ we have

1
6(9)]* < 2T°LF > o
gdyadic7 05 <Le 192
626,>1/\/7
M*(g,L,1,8)  M*(g.L,I%5)  M*(g.L,L*8)\ |  sie,us
. < L + I3 + 7 4 [2tep48,
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Similarly, we explicate (3.30) using Theorem 6(b). Here we introduce the double matrix
count

Qg L, Hy, Hy) =
L H. L H;log/t
>, #{(71772)€F313 lg™ %591 <\/§’ dist(g™"3,9, D) <\ = }
L<|n|<2L

with a sufficiently large implied constant in the distance condition.

Lemma 6. Let £ > 1 be an integer, I C iR and ) C G be compact sets. Let V C L*(T'\G)
be a cuspidal automorphic representation with minimal K-type 74 and spectral parameter
vy € I. Suppose that V lifts to an automorphic representation for PGLo(Z[i])\PGL2(C).
Let ¢ € VO£ such that ||¢+i|l, = 1 and let g € Q. Then for any & > 0 we have

Q(ga La Hla HZ)

4 2+e =50
< VA max + ¢ :
|¢:|:£(g)‘ ,1,Q 1<L,H1,H2<£1+6 lilHQ

4. PROOF OF THEOREM 4

In this section, we prove Theorem 4. It is clear from the definition (2.17) that we can
restrict to kK = 1 without loss of generality, and the first bound holds in the stronger form
|cp£,e(g)] < 20+ 1. In particular, Theorem 4 is trivial for £ = 1, hence we shall assume (for
notational simplicity) that £ > 2. In addition, the exponential factor in (1.5) has absolute
value less than ||g||? thanks to (2.5) and the identity

lad — bel? + |ab + cd|® = (lal® + [c[*)([b]* + |d[*),

hence it suffices to prove that

» o lgl* Hg\l)
(4.1) /KW(K(k gk))| dk < £ mm<|z2_1|2£’\uw '

Finally, we shall use the obvious fact that
(4.2) al, |21, 1=~ < gl
Writing k = k[, 0, 9] in Euler angles as in (2.1), and setting
z = (22 — 1) cos § +ie” *Puzsin b,

one computes

K, 0, 0] ghlo, 0,0 = (“”COS(’)/ 2 )

—ie?Wrsing/z  *

Our goal is to estimate then

wn [ e (e (( S )

We introduce the notation A := \/log /.

sin 20 de d6 do.
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4.1. Small values of the integrand. First we identify a region where || in the integral
(4.3) is small. Assume that

4\
(4.4) min (tan 6, [z|sing) > —.

Ve

14+ cosf
K (1 +€ECOSG)/Z * — \/|1+:cc050|2+|xsin9|2 * c K
—ie®Wysinf/z  * % «
the upper left entry has absolute square less than 1 — A\2//, hence

(o (s D)< 0 <5

In view of (4.2), this is admissible for (4.1). In the next subsection, we consider the case
when (4.4) fails.

Then in

4.2. Large values of the integrand. Assume first that tan§ < 4\/v/¢. Then § < 4\/V/7,
hence the corresponding contribution to (4.3) is < A2/£. This is admissible for (4.1) in the
light of (4.2).
Now assume that |z|sin 6 < 4\/v//, and decompose the relevant integration domain for
0 as follows. For any m,n € Z>o and ¢ € [0, 7], let
1 <2™Mginf < 1, % < 2" cosf < 1}.

4\
I(m,n, ¢) = {9 € (0,%) ;2| sinf < W’ 5

If 0 ¢ I(m,n,¢) holds for every 0 < m,n < 2log¥¢, then sin20 = 2sinf cosf < 1/¢, which
is admissible for (4.1). Therefore, by (4.2) and (4.3), it suffices to prove the bound

i 2 A
4, in 2 i
(4.5) /0 /I(m,n,¢) sin 260 df d¢ < min (6\22—1|2’€1/2u2\>

for every 0 < m,n < 2log¢. We shall assume that min(m, n) = 0, for otherwise I(m,n, ¢) =
(. We record also that the Lebesgue measure of I(m,n, ¢) is O(27™~"), because if n = 0,
then sin§ < 6, while if m = 0, then cos =< 7/2 — . Hence, for any ¢ € [0, 7], we have

/ sin 20 df = / 2sinf cosf df < 272m—2n,
I(m,n,p) I(m,n,o)

First consider the case when in x = (22 — 1) cos § + ie~2*®uz sin §, whose absolute value
does not exceed 2m+3 )\ / \/Z, neither of the two summands is large:

A A
2 -n m+6 m m+6
z 1127 <2 , uz|2 <2 —.

Recalling min(m,n) = 0, the previous two displays imply for any ¢ € [0, x| that

/ sin 20 df < min < A5 A >
I(m,n,o) €|Z2 — 1|27 €1/2‘uz| ’

So in this case (4.5) is clear.
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Now consider the case when in z = (22 — 1) cos § + ie~2*uz sin 6, whose absolute value
does not exceed 23\ /v/¢, the two summands are individually large:

(4.6)  [22—1]27"> 2m+4\’/\2, luz|2™™ > 2m+4\>z, |22 — 127" < |uz|2™™.
We claim that this localizes ¢. Indeed, setting
200 = arg(iuz) — arg(z® — 1),
we see that
2% — 1] cos 0 + €207 |yz| sin § < 27”i

v
and comparing the imaginary parts, we have that
22m )\
sin(2¢ —2¢p) K ———~=, andso ¢ =¢ +O(
( 0) ”U,Z‘\/@ 0

22m

W) (mod 7/2).

Also, 0 is localized, since

|22 — 1| cos @ — |uz|sinf < ZmA,
Ve
and the first term here is monotone decreasing, the second one is monotone increasing in
6. We see that 6 is localized to an interval of length O(2™\/|uz|v/{) for sinf < cosf (in
which case n = 0), and to an interval of length O(\/|2? — 1|v/¥) for cos@ < sin@ (in which
case m = 0).
We estimate the left-hand side of (4.5) by exploiting the above localizations and all three
parts of (4.6). If sinf < cosf, then n = 0 and sin20 < 2'7™, so altogether we obtain a
contribution to (4.5) of size

<gm. 2 2\ <<min< as A )
uzlVE Juzl V2 2= 1P JuzlvE)

Similarly, if cosf < sin6, then m = 0 and sin20 < 2'~", so altogether we obtain a
contribution to (4.5) of size

<o A A (A )
2= AVE JuzlVE 22 =P fusl V2

The proof of Theorem 4 is complete.

5. PROOF OF THEOREMS 5 AND 6

In this section, we prove Theorems 5 and 6. We recall that the key player is the function

1 27 oui
(5.1) ori(g) = 27r/o whe(gk[0,0, o]) 727 dy,
where

helg) == (20 +1) /K Ye(r(k~" gk)) e PR g,
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The function ¢y : K — C was defined in (1.6), but for calculational purposes we extend it
now to GL2(C):

(5.2) Wy <<?; g)) = a2, (?; g) € GLy(C).

5.1. Preliminary computations. We write g in Cartan form

(53 o= o] (7 ) Ko,

where r > 1, and we allow u;,v;, w; € R to be arbitrary for convenience. Spelling out the
definitions, and using that the height in the Iwasawa decomposition is left K-invariant, we
see that gpi’%(g) equals

d
477:3 /O<u<7r (0 (k[—w, —v, —ulk[ur, v, w1]k <<T 74_1> k[U2,Uz,w2]k’[0707Q]k[%%w]))

0<v<m/2

o<w<L2m

0<o<2m

. e 2iqe 6(,,,1),0(1{((7 -1 ) k[uz,v2,ws]k[0,0,0]k[u,v,w])) sin 20 du dv dw do.

With a change of variables k[ug,ve,ws]k[0,0, plk[u,v,w] — k[u,v,w] and dropping the
normalized w-integration (which is legitimate since the conjugation by k[0, 0, w]| does not
alter the vy-value, and the height in the Iwasawa decomposition is also unaffected by

right-multiplication by £[0,0,w]), we arrive at

d
2752 /005157;2% <k’[0, —v, —u]k[ug, v2, wa] k|0, 0, o] k[u1, v, w1k <<r r_1> k[u,v,O]))
0\;@27;#

=200 (=Dp(H((" =1 )kl 0)) i 9 qyy duy do.
The sum of absolute squares in the first column of diag(r, 7~ 1)k[u,v,0] equals
h(r,v) :=r%cos? v + r~2sin? v,

hence recalling the definitions (2.5) and (5.2), we can rewrite the integral as

d
2752 /Oéuéﬂ' 1/}@ <k[07 -0, —'LL]]C[’LLQ, V2, w?}k‘[()? 07 Q]k[ulv U1, ’LUI] (T 7,,—1) IC[’LL, v, 0])
oo /2
0<g<2ér

e~ 2142 by, v)" 1 sin 20 du dv dp.

Replacing o by 0 — u; — we, the integral further simplifies to

d 2iq(u1+w2) —io io )
L /ogu@r e (<e I+etJ *>> e~ 21 p(r v)~1sin 20 dudv dp,
0

27T2 <’U<T(/2 *x *
0<o<2mr
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where

L -1 —2iu—iw1 : w1 : 2iu—iu2 U2 :
I .—( sinvcosvy + re cosv81nv1) (e sinvcosvy — € cosvsmvz) ,

= e sin v sin v1 ret Lcosvcosvy) (e U= Gin g sin v ™2 cos v cos vs) .
J .= ( 1 2iu—1iwy + ) ( 2iu—1iug 9 + U9 2)
Evaluating the o-integral, we obtain

2iq(u1+w :
dpe?amtwz) ( op sin2v oo,
(5.4) <p ( )= ——— ——— [T du dv.
v, Z /¢ ogusr p, l+1—v
™ +q S (T7 U)
0<v</2

Taking the complex conjugate of the right-hand side, and introducing the new variables
t :=r~'tanv and ¢ := 2u, we get

“Pi’,qe(g)‘ (f—i—q)‘/ /% 1+ t/r)2)£+1+§(1+(tr) 2)lH1-v

o g s l+q
(e*w*mwl (t/r) cosvy + sin 111) (€l¢721u2 (tr) cos vz — sin ”2)

(e*i‘b*%wl (t/r)sinv; — cos v1>é ! (eid’*zm2 (tr)sinwvy + cos 1)2) ! do dt‘.
Now comes the last key step: in the inner ¢-integral, we can remove the r’s. This is so
because e~*® must be chosen equally many times as e*?, and the r’s will cancel out in all
terms surviving the integration. Another way to see the same thing is to shift the contour
as in ¢ — ¢ + ¢logr where the boundary terms cancel out by 2m-periodicity. Either way,
using also the opportunity to replace ¢ — ¢+ us —wq, and writing A := us + w1, we finally
obtain

loud(9)] <d€( * )/ :
PN w4 q) Joo (L4 (/r)2) (1 + (8r)2)) 041
27
X / ‘e“z"HAt cos v1 + sin vl‘Hq‘e"z’_mt COSs Vg — sin vg‘Hq
0
‘eidurmt sinwv; — cos vy ‘Z_q‘ew_mt sin v9 + cos vg‘g_q de¢ dt.

We estimate the inner integrand using the following lemma, which is purely about in-
equalities. We state it formally so as to clearly separate issues. (In the case ¢ = £/, all
expressions raised to exponent 0 should simply be omitted.) As in the previous section, we
introduce the notation A := +/log¥.

Lemma 7. Let ¢,q € Z be such that ¢ > max(1,|q|). Let X >0 and A > 0.

(a) If A, B > 0 satisfy A*> + B?> = X2, then

(t+q)/2 (f=a)/2
(5.5) 2t ! 2 ! Altapl—a < x2¢
l+q l—q h
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Moreover, the left-hand side is Op(X24~2) unless
N+ A —
A2 = L;;‘JXQ + 0, <X2+ Y |q> ,

_ 2 /0 —

(5.6)

20
(b) If A, B,C,D > 0 satisfy A?> + B?> = C? + D? = X2, then

< 2¢ >AE+QBZ_QC€+QD£—Q < Xizw

{+q 14+ /4 —q|

Moreover, the left-hand side is Op(X*4~2) unless (5.6) and the analogous esti-
mates for C, D are satisfied.

Proof. Let us first assume |q| < £. We use Young’s inequality

to conclude with

Ltq l—q
2w A\ " 2% B\ ° 2 2
5.7 === R N R N

that

ttq L—q
£

20 A 20 BY ' _A+B
(+qX (—qx) S xz T

This is equivalent to (5.5). We also conclude (still using the notation (5.7)) that the
left-hand side of (5.5) is O (X2¢/~") unless
(5.8) xy > 1/2, xzy =14 0,(6), §:= M2/t
Let us explore the consequences of (5.8). First, by 2%/a + y*/b = 1 we have
1/3 < z,y <3/2.
Without loss of generality, ¢ > 0 (i.e. a < b), and then z* < a < 2. Moreover,
blogz < (b/a)loga < (b/a)(a—1) =1,

hence also —blogy < 1+ 04 (b§). In particular, y* >, 1 whenever b6 < 1. Now let us
consider the function
z¢ b
F(t) .= — + — — xt.
(t)=—+45 -2

Note that F(y) = 1 — 2y, and F(yo) = F'(yo) = 0 for 3o := 2%~ !. Hence, using Lagrange’s
form for the remainder term in Taylor’s theorem, we see that

(b—1)

2

5 >p Fly) > min(y)2,5"72) (y — 0)*.
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Here y8_2 = 227% > 1. Now let us assume that 4* > 1 or b < 1. Then y® >, 1, whence
Yy — Yo <A /9/b by the previous display. From here and (5.8) we get the following two
approximations for bzy:

by = bryo + OA(VDS) = ba® + O (Vb9),
bry = b+ Op(bS) = (b— 1)z + y° + O (bS).
Comparing the right-hand sides, we conclude that
(5.9) x% — yb <A bd + VbS.

In the remaining case when y® < 1 and b6 > 1, the inequality (5.9) holds automatically in
the stronger form |2% — y°| < 2 < 2b6.
We proved that (5.8) implies (5.9) in all ranges. For our specific set-up (5.7), the
inequality (5.9) says that
aA? —bB% <5 X2(bd + Vo),

and this is equivalent to (5.6) in the light of A% + B? = X?2. This shows (a) under the

assumption 0 < g < ¢, but it is easily seen to continue to hold also for ¢ = ¢ in which case

(5.8) simply reads A2 = X2 + Ox(X?2§). The argument for —¢ < ¢ < 0 is identical.
Turning to (b), we conclude from (a) that

L+ £—
< 20 > q( 20 ) qA£+qB£qu€+qD£fq<X4z'

{+q {—q
On the other hand, using Stirling’s formula n! ~ (n/e)"v/2mn, we have for |g| < ¢ that
< 20 ) _ (20)% 20
l+q) " L+ @)l —q) 1\ (C+q)(l—q)

and so combining the two most recent displays we have the announced bound

< 2t >A£+qB€—qC€+qD€—q < Xiu_
t+a L+ /€~ gl
We added artificially the 1+ term in the denominator, so that the inequality also holds for
the previously excluded case |g| = £ in view of AC, BD < X? (which follows directly from
A%+ C? = B? 4+ D? = X?). The claim that the left-hand side is negligible unless (5.6)
holds for (A, B) and (C, D) is immediate from (a). O

We now return to the double integral in the upper bound for (pi’%(g). We estimate

the inner integral by writing the integrand as A‘t9B¢2C*t4 D=4 in the obvious way and
applying Lemma 7, where

A2+ B2 =C*+D?’=X*=1+1¢,
and
A2

_1—|—t2+t2—1

5 cos 2v; + tsin 2v; cos(¢ + A),
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with analogous expressions for B2, C?, and D?. Since
L+ (/)0 @) ) (r=r
(1+12)2 B t+t1)

we conclude that the contribution of the inner integral is Ox (£~

A) unless

: 1 A
(5.10) min(t,t ) < m

For r = 1 we treat the right-hand side as infinity. We may then summarize our findings as
follows.

Lemma 8. Let A € N. Let {,q € Z be such that £ > max(1,|q|), and let v € iR. Assume
that g € SLa(C) is given by (5.3). Let us abbreviate A := ug + w1 and X := /logl. Let
M = M(v1,v2, A, 1, A) be the set of (¢,t) € [0,27] x [0,00) satisfying (5.10) as well as

(5.11)

N2\ —
2t sin 201 cos(¢ + A) = (1 — t%) cos 201 + %<1 +1%) +On <(1 - t%ﬂ) :

N2\ —
2t sin 2v3 cos(¢ — A) = (t* — 1) cos 2vz — %ﬂ +1%) 4+ Oa <<1 + t%ﬂ) :

with a sufficiently large (but fixed) implied constant depending on A. Then

(5.12) dpdt 4 7.

EORS : / t

" A

£ 14+ /=gl Jm (1 + %)
5.2. Simplifying assumptions. For the proof of Theorems 5 and 6, we can and we shall
assume that |A| < w/4. Indeed, using the last relation in (2.2) multiple times, we can
choose the coordinates in (5.3) so that this bound is satisfied. Moreover, we can replace g

by
_ T T T (r T T
glzk[2w270227u2+2i|( T,l)k[wl2avl2a2ul

if needed, because the quantities A, ||g|l, D(g) do not change under this replacement,
l Y4 —
‘goy’fé(gﬂ = ‘cpy:%(g 1)’ holds by (3.23), and

dist(g,H) = dist(¢"*,H), H € {K,D,S}
holds by (1.10).
We shall derive (most of) the bounds in Theorems 5 and 6 from (5.12). In Lemma 8,
the pair (A,r) does not change under the above discussed replacement g — g~!, while the
corresponding integration domains M are related by

(@t) € M(v2— o1 =5 AmA) > (6,47 € Mvr vz A A).

Moreover, the integrand in (5.12) is invariant under ¢ + ¢!, hence we can assume that
the contribution of ¢ < 1 is not smaller than the contribution of ¢ > 1. So from now on we
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restrict M in (5.12) to the corresponding subset of [0, 27] x [0,1]. On this subset we have,
by (5.10),

(5.13) tef0,1] and t<a

A
(r—1)VE

5.3. Proof of Theorem 5. The bound (1.12) is trivial for £ < 1, hence we shall assume
that ¢ is sufficiently large in terms of A. With the notation

a:=dist(g, K) xr—1 and B := dist(g, D),

it follows from (5.12) and the previous subsection that it suffices to show

‘ : gl )
5.14 = [ tdédt <. Fmin 1, :
(514) 1+ z|qy/M Pt e ( Via?B

where M is now restricted by (5.13). In fact our arguments below will show that ¢¢ can
be replaced by (log £)3.
We start with the first bound of (5.14). With the notation

o =X+ M/l —ql, u::%—cos%l, p := sin 2vy,

the first equation in (5.11) becomes

2
(5.15) ut? — 2tpcos(d + A) + 7(1 —p+Onp (%) =0.

Without loss of generality, i # 0, and then we can view (5.15) as a quadratic equation for
t. Multiplying by p and completing the square, we obtain the alternative form

2
(5.16) (ut — pcos(¢ + A))2 + (psin(¢ + A))2 =1- Z—2 + Ox <|u£|a> .
In particular, the discriminant of (5.15) equals 4D(¢) + Oa(|u|o/€), where
2
q . 2
(5.17) D(¢p) :=1-— 2 (psin(¢ + A))

We assume first that |¢|/¢ < 5/6, and decompose M into two parts M* according as
|psin(¢+ A)| exceeds 1/2 or not. On M, the equation (5.15) localizes ¢ within < o/(¢t)
for each given ¢t € [0,1]. On M ™, we have D(¢) > 1/18, hence the equation (5.16) localizes
t within < o/¢ for each given ¢ € [0,2x]. This shows that

1 o 271'0 o
t t t—dt — —
/M dod <<A/O U +/0 4o <7,

hence the first bound of (5.14) follows in stronger form. From now on we assume that
lq|/¢ > 5/6. We decompose M into two parts M* according as D(¢) is positive or not,
and we make two initial observations. First, M™ is clearly empty when |q| = £. Second,
|| > 1/6 holds for large ¢, because (5.15) coupled with ¢ € [0, 1] yields

2lal _
(

wl=0n () <2tl <21 (2 )"
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In order to estimate the contribution of M™ in (5.14), we decompose M™ into pieces
MT(D,n) == {(¢,t) € M : D(¢) <D and |cos(¢ + A)| < n}.

If n < £71° we can estimate trivially, so there are only O(log ¢) relevant values for 1. If p >
¢=10 then by the same argument there are only O(log ¢) relevant values for D. If p < £719,
then D > ¢/~ by |q| < ¢, hence again there are only O(log /) relevant values for D. So in
all cases it suffices to restrict to O((log£)?) pairs (D,n). Our current assumptions localize
sin(¢-+A) within < v/D/|p|, and hence ¢ within < min(1,v/D/|pn|), independently of t. On
the other hand, given ¢, the equation (5.16) localizes ¢t within <, min((c/£)D~Y2,\/c /).
Such t are of size <5 |pn| + v/D + /0 /¢, so that

[ s (18 i i1 22) <

This contribution is admissible for the first bound of (5.14). It remains to estimate the
contribution of M~ in (5.14). On this set we have

0< —D($) < %

by (5.16). The argument is similar as for M™, in fact simpler as we only need O(log ¢) pieces
M~ (n) defined by | cos(¢ + A)| < . Initially we localize ¢ within < min(1, |pn|~'\/o/f),
independently of ¢. The equation (5.16) localizes ¢ within <5 /o /¢, and such ¢ are of size
< |pn| + /o /L. We obtain altogether

/ tdedt <, <p77| + f) \/;min <1, 1\F> <7
M- () 4 ¢ lpn| V ¢

which is again admissible for the first bound of (5.14).

We now turn to the second bound of (5.14). We shall assume (as we can) that M # ()
and v¢a?B > ||g||. We pick an arbitrary point (¢,t) € M. Combining (5.11) and (5.13),
we get

N4l —
cos 2v; = —sgn(q) + O(t) sin2v; + Oy <t2 W) :

14

where for ¢ = 0 we can replace sgn(q) by 1. After squaring and solving for sin2v;, then
feeding back the result into the previous display, we get

A 0 — )\2 ¢ —
sin2vj = Ox (t + W) , cos2v; = —sgn(q) + Ox <t2 + JFM) .

14

Recalling also (5.3), and using (5.13) again, we infer that

+)\+\/€—\q|
N .

A
B <a gl (a\/z
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FIGURE 1. Plots of (cos U)qué(g,;q) (cos2v) for 0 < v < 7, £ =120, g = 120,
q = 100, ¢ = 20, and ¢ = 0.

Hence we always have

llgllA — |q|
aBVl B\f ’

In either case, for any ¢ > 0, the previous display combined with (5.13) yields that

d » ZES WS s
T Tq] S AP S0 P Ul
1+m/Mt P e T e ((QM +loh——7

1<y 1< gir

lsle sl

3

Lepel (gc/2a2+c5c T Via23)’

Choosing ¢ = 2, and recalling our initial assumption v£a23 > ||g||, we obtain the second

bound of (5.14) in stronger form.
The proof of Theorem 5 is complete.

5.4. Proof of Theorem 6(a). The averaged spherical trace function cpe’q( ) exhibits
starkly different behavior depending on the value of —¢ < ¢ < £. Some of these features

are already visible along K = SU3(C). From (5.1) and (5.4) we can see that, in the notation
of (2.1) and (2.4),

@i’%(kz[u, v,w|) = @f;yq(k[u, v,wl) = e2mig(utw) (cos v)2qP£(8’qu) (cos2v).

The absolute value of the right-hand side exhibits a primary peak at v € wZ of size 1. For
q = %4, this is followed by a sharp drop to On(¢~N) after a range of length about ¢~1/2,
For a generic ¢, the drop becomes soft through a highly oscillatory range of magnitude
(=172 (faster and more oscillatory for smaller ¢) and a secondary, Airy-type peak of size
about ¢~1/3 before the delayed sharp drop. For ¢ = 0, the secondary peak grows to a full
peak of size 1 at v € %W+7rZ (corresponding to skew-diagonal matrices in K') and the sharp
drop disappears. These varying features, which are illustrated in Figure 1, become vastly
more complicated off K, where the hard work in Theorems 5 and 6 lies. Nevertheless, their
traces are visible in the hard localization to D (but none to K!) for ¢ = £¢ and the hard
localization to A with soft localization to S ¢ K C N for ¢ = 0.
In this subsection, we consider in more detail the case ¢ = 0. Then (5.12) simplifies to

(5.18) (g <<A\f/ d¢dt+£‘
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where by (5.11) and the last paragraph of §5.1, the set M can be described by the con-
straints given in (5.13) and

2t sin 201 cos(¢ + A) = (1 — t2) cos 2v1 + Oa(N/VY),
2t sin 205 cos(¢p — A) = (12 — 1) cos 20y + Op (A/VY).
We shall use the notations

P(¢) := max(] sin 2vy cos(¢ + A)|, | sin 2va cos(¢ — A)),
R := max(] cos 2v1 [, | cos 2v9|),
N := max(|sin(2v; + 2v2) cos A[, | sin(2v1 — 2v2) sin AJ).

(5.19)

Recall also the earlier notations (1.9) and (1.11). As
2 _ .2 2 _ .2
la]? — |d|> = %(COS 201 + cos 2v9), b2 — |c|? = %(cos 201 — cos 2v9),

we can identify A as the set of matrices with r = 1 or cos 2v; = cos 2vs = 0. More precisely,
by (5.19) and (5.13) we have

A 72\
D(g)<r(r—1)R<pyr(r—1) <t—i— \/Z) <A 70
so that unless D(g) <4 ||g]2A¢~/2, we have M = (), yielding @ﬁ’%(g) < €A, Hence we
are left with proving (1.13). 7
In (5.18), the contribution of the t-integral over the interval [0, ¢~"/271/4] is negligible,
and we split the rest of M in dyadic ranges M(J) according to £~A2-1/4 < ¢t =< § < 1.
The number of such ranges is Ox(log ). Assume (¢,t) € M(d). The discriminants of the
two quadratic equations (5.19) are 4D;(¢) + O (A\/V¥), where

Di(¢) := 1 — sin?(2v1) sin?(¢ + A), Dy(¢) := 1 — sin?(2v7) sin?(¢ — A).
A simple calculation gives that
(5.20) D1 () + Ds(6) > P(6)? + 2.

If | sin2v; sin(¢ + A)| > 1/2, then for any fixed ¢, (5.19) localizes ¢ to a set of measure
OA(M/V¥). Otherwise, for any fixed ¢, (5.19) localizes t to a set of measure Ox(\/V/7).
We conclude that

(5.21) meas(M(8)) < A/ VL.

Now we prove the alternative bound

4

(5.22) meas(M(0)) < %

We shall assume that N¢ > 1, for otherwise (5.22) follows from (5.21). Under this assump-
tion, we have max(|sin 2v1 |, |sin 2v3|) > ¢~1, which implies that

meas({(¢,t) € M(0) : P(¢) < £73}) < 7L,
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Indeed, if ¢ changes by at least £~! and at most /4, then cos(¢ + A) both change by
Q(¢=2), hence P(¢) changes by Q(¢=3). This implies that P(¢) < £~3 localizes ¢ to a set
of measure O(¢£~1). Therefore, the contribution of {(¢,t) € M(8) : P(¢) < £73} to the
left-hand side of (5.22) is O (8/+v/¥), which is admissible by N < 1. We decompose the
rest of M(§) into dyadic ranges M (4, P) according to £~3 < P(¢) < P < 1. The number of
such ranges is O(log¢), hence in order to verify (5.22), it suffices to prove

2
meas(M(J,P)) <a ])\\TE
The proof of this estimate immediately reduces to the following two localizations:
p A
(5.23) meas({¢ € [0,27] : (¢,t) € M(0,P) for some t < §}) < (]j;\fg,

and for any ¢ € [0, 27],

A
5.24 meas({t € [0,1] : (¢,t) € M(§,P)}) <Kp ————.
(5.24) ({t €10,1] : ( )}) PRIV
Now we prove these localizations.

Starting out from (5.19), we execute two eliminations: one to eliminate the main terms
of the right-hand sides, and the other one to eliminate the left-hand sides. Introducing

F(¢) := cos ¢ cos Asin(2v; + 2v2) — sin ¢ sin A sin(2v; — 2v),
these give
tF(¢) <a RA\/VI and (1 —t>)F(¢) <a PA/VL.
In particular, we obtain both for ¢ > 1/2 and ¢ < 1/2 that
(5.25) F(¢) <p (P4 R)A/VL.

Letting

N’ 1= /sin? (201 + 202) cos2(A) + sin? (201 — 2uz) sin?(A) = N,
and choosing 9 € [0, 27) such that

sin(2v1 + 2v3) cos A
N’ '

sin(2v; — 2v2) sin A
N’ ’

cosy =

siny = —

(5.25) gives rise to
(P+R)A

NVE
This localizes ¢ to a set of measure O ((P + R)A\/N+/¥). Indeed, if the right-hand side is
very small in terms of the implied constant, then ¢ —1) is bounded away from 7Z, hence the
derivative cos'(¢ — 1) is bounded away from zero, while otherwise the claimed localization
is trivial. This gives (5.23). Fixing ¢ € [0,27], and solving under (5.19) the quadratic
equation in ¢ of the larger discriminant, we see by (5.20) that ¢ is localized to a set of
measure O (\/(P + R)V/¥). This gives (5.24). Altogether, the proof of (5.22) is complete.

cos(¢ — 1) <a
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Combining (5.21) and (5.22), we obtain
meas(M(0)) <ea £ 1, p:=min(vV¢, N7,
We claim that
(5.26) dist(g,S) <a A tu™t, i M(8) #£ 0.
This implies the inequality

€
¢ tdodt e —_—
Ve s, 1 <= N Tt
which, summed over the O(log ¢) dyadic ranges for ¢, suffices for the proof of (1.13). Note
that the bound (pi”%(g) <. ¢ is already covered by Theorem 5.

To complete the proof of Theorem 6(a), it remains to show (5.26). For this final argu-
ment, we can and we shall assume that —7/8 < vy, vy < 37/8, because replacing (ug,v;)
by (—u1,v1 +m/2), or (ve,w2) by (v2 + 7/2, —ws), has the effect of multiplying g by (; )
from either side without altering A or the statement (5.26). We fix a pair (¢,t) € M(0).

Now, N < p~! implies that

us 1 T 1

2 —Z - d - —Z — .
(5 7) 1)1+U2€2 +O</L> an U1 7)262 +O<H|A|>
Let us introduce the short-hand notation

me] = (?9” ZSH”’) , weR
isinv cosv
Keeping (2.1) and (5.3) in mind, we observe initially that
(5.28) m[vi] diag (rem, r_le_m) mvg] = mfvr 4 vo] + O(r — 1+ |A]).
On the right-hand side, we have dist(m[v + v2],S) < p~! by (5.27), and also
A

5.29 r—1<)y — <K —
(5.29) N A

by (5.13) and p < V/. Hence (5.26) follows from (5.28) as long as A <5 A~ 'p~!. In
other words, we can and we shall assume that |A| >4 A6~ 'u~! holds with a sufficiently
large implied constant depending on A. In particular, we shall assume that the error terms
in (5.27), and similar error terms for angles in the rest of this subsection, are less than 7/8
in size. Under this assumption, (5.27) breaks into two cases.
Case 1: vi,v2 < p Y A|™t and v1 +ve < p~ L. In this case, we refine (5.28) to

mlv1] diag (rem, r_le_A) mlvs]

= m[v1 + vg] + mvy] diag (7’6"A —1,r A — 1) m[uva]

= mfvy + vo] + diag (T‘eiA —1,r e — 1)+0(r—1+ ,u_l)

= diag (eiA, e*m) + O(r -1+ /fl).
The main term diag (¢®, e~*2) lies in S, hence (5.26) follows by (5.29).
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Case 2: vi,vy = 7/4 + O(p HA|™!) and v1 + v2 = m/2 + O(u~!). As we shall see,
this case does not occur. The assumptions imply that sin2v; and sin 2vy exceed 1/2. We
multiply the second equation in (5.19) by sin 2v1, and the first equation in (5.19) by sin 2vs.
Adding and subtracting the resulting two equations, we obtain

4t sin 207 sin 209 cos ¢ cos A = (2 — 1) sin(2v1 — 2v2) + Op (A/VY),
4t sin 201 sin 209 sin psin A = (2 — 1) sin(201 4 202) + OA(A/V).

We infer that

| sin(2v1 + 2v9)| A A
+ <A .
A VI A Al

This contradicts our earlier assumption that A >, Ad~'x~! holds with a sufficiently large
implied constant depending on A.
The proof of Theorem 6(a) is complete.

d < |tcos@| + |tsing| <y |sin(2v; — 2v9)| +

5.5. Proof of Theorem 6(b). We finally consider the case ¢ = +¢. By the symmetries
(1.10) and (3.23), we can restrict to ¢ = £. We have already shown the bound go%(g) L 17
in greater generality in Theorem 5. As a first step, we complement this with a stronger
bound for r > 2. To this end, we return to (5.4). As ¢ = ¢, the binomial coefficient and
the J-factor disappear. When s expanded, we see a Laurent polynomial of e?*. When
we integrate in u from 0 to m, all the terms but the constant one vanish. We calculate the
constant term using the binomial theorem and the original product definition of I. This
way we see that

2¢ 2
o TANN
cp%(g) _ dEesz(m u2 w1+w2)7.2€ E ( (r 2621u2+21w1 COS V1 COS Uz)m
y m
m=0

. . /2 ] sin 2v
(— sin vy sin vg)%_m /0 (sm2 ’U)m(C082 v)%_mW do.

2

Using the variable z := sin“ v, we rewrite this as

20 2
o B A,
Spié(g) _ dgeQw(ul U2 w1+w2)r2V 2 E < (r 262“‘2—’—2“”1 COS V1 COS Uz)m
B m
m=0

$m(1 - x)?f—m

1 —x+r—4g)tti-v dz.

1
(—sin vy sinvy) 2™ /
o (
With the short-hand notation

U = r~ et /760501 cos vy and V= z\/(l — ) sin vy sin vy,
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/1 20 2 U2mv4€—2m 4
(1 —z + r—4g)tti-v v

%+1/‘ /%lkw+vﬁwfw+m
27 1 —x+rdg)tti-v

we obtain finally

. 2£+1
}(’Oué(

(5.30)

d¢dz| .

Using that (Ue'® +V) (Ue*“ﬁ +V) =U?+V2+2UV cos ¢ is on the line segment connecting
(U+V)?and (U - V)32, we observe that
[(Ue'® +V)(Ue ™™ + V)| U+v*
Smax ————,

l—z+rz + 1l—x+riz

which by the Cauchy—Schwarz inequality can be further upper bounded by
_ 2,2
o (1—z+r*x)° . x

X - - 1

— —4 2 '
l—z+r—x 14+ 245+ 1% (1-2)

Hence the contribution to the rightmost expression in (5.30) of z € [0, 1] satisfying

2 1 log ¢
r>6(1+ - : §i=—
( r2—1 (ﬂ—1fu_x) l

is admissible for (1.14). By r > 2, the remaining values = € [0, 1] satisfy

30
I N A
hence also x < 30 or 1 —z < 8§/ r4. So the remaining contribution is
S dz log ¢
< 2 / — < g2 ’
" 0,38)U(1=85/r1,1] L — X + 171 .

which is again admissible for (1.14).
By (5.12), it remains to show that
(5.31) dist(g, D) < |lgIA/ Ve, if M #0.
In the present case ¢ = ¢, the condition (5.11) simplifies to
(5.32) 2t sin 2v; cos(¢ + A) = (1 — t2) cos 2v1 + (1 + t2) + Ox(N?/0),
2t sin 2vg cos(¢ — A) = (% — 1) cos 2vg — (1 + t2) + O (N?/0),

hence for the proof of (5.31) we can and we shall assume that |v; + va2| < 7/2. Indeed,
replacing v by v1+7 has the effect of replacing g by —g without altering A or the statement
(5.31). We fix a pair (¢,t) € M

The two equations in (5.32) yield readily that

(sin 2v;)% < 2+ 2cos 2v; K p 2 + t|sin 2v;] + N2/
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Hence sin2v; < t + M\/V/{, that is,

(5.33) v, 09 € gZJroA <t+\>z>.
Combining (5.32) with the Cauchy—Schwarz inequality, we also get

(1+12)%4+04(N2/0) < (1 =32 + 4% cos® (¢ £ A).
Equivalently,

sin(¢p £ A) < t\)}z

Using also our initial assumption |A| < 7/4, we conclude that

A A
5.34 A€y —— d cenZ + 0O — .
(5.34) s amd den A<M)

In particular, cos(¢p£A) = e+ 04 (\2/t2() for some € € {£1}. Plugging this back to (5.32),
and using also (5.33) along with

t t+i min 1A—2 <<Aj
N7 120 0’

otesin2v; = (1 — %) cos 2u1 + (1 + %) + OA(N2/1),
otesin 2ug = (12 — 1) cos 2ug — (1 4 %) + O (A2/0).

we obtain

(5.35)

Now consider the following three unit vectors in R?:

(cos 201, sin 201) (cos2 in20,) . t2—1 2te
V1 = (COS 2V, S1N 2V V9 = (COS 2V9, — SIN 2V = - - .
1 1 1) 2 2, 2)s t2+1’t2+1

By (5.35), the scalar products v;t are 1 + Ox(A\?/f), hence the directed angles arg(v;) —
arg(t) lie in 27Z 4+ Ox(\/V). Tt follows that

arg(vy) — arg(ve) € 207 + Op(N/VY),
and then the assumption |v; + ve| < 7/2 forces that
(5.36) vy + vy K A VE.

We are now ready to complete the proof of Theorem 6(b). By (5.33) and (5.36), there
exists a multiple v of /2 such that

mlv1] = m[v] + Oy (t + )\/\/Z),
mlva] = m[—v] + OA(t + )\/\/E),
mlvy + v2] = id + 04 (\/ V).
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Therefore, using also (5.13) and (5.34), we conclude that

mlv1] diag (Tem, 'r_le_A) mvs]

= mv1 + vo] + mfvy] diag (re’® — 1, Le ™A — 1) mv]
= m[v; + vo] + m[v] diag (7“61'A —1,r e — 1) m[—v] 4+ Oa (r)\/\/z)
= mlv] diag (re'®,rLe 7 ) m[—v] + Op (rA/ V).

The main term mv] diag (re’®, r~1e=**) m[—v] lies in D, hence (5.31) follows.
The proof of Theorem 6(b) is complete.

6. PROOF OF THEOREM 1

In this section, we prove Theorem 1. Lemma, 4, which results from the amplified pre-trace
inequality and estimates on the spherical trace function, proves an estimate on |®(g)|? for
g € Q in terms of the Diophantine counts M (g, L, £,5). We begin with the key remaining
step of estimating these counts.

We allow all implied constants within this section to depend on {2, and we drop the
subscript from notation. Moreover, we adopt the notation A < B to mean that |A| <.
(¢L)¢B, where ¢ > 0 is fixed but may be taken as small as desired at each step, and the
implied constant is allowed to depend on ¢.

For each £ € {1, L? L*} and 5= (01, 02) with 0 < 81,92 < £°, we will estimate the count

=

M(g, L, L,0) of matrices

Y= (ﬁ Z) € Mo (Z[i]), dety=n € D(L, L), In| < £Y/2,
6.1
(6.1) P L for some k € K such that

g 1= -1 2| > 1, min |z £ 1| < 61, |u| < 6,

where as before 4 = v/y/n. By the symmetry v +» —v, we can and we shall assume that
|z —1| < |z +1|. Then the conditions imply that both |z — 1| and [z~! — 1| are at most &y,
hence

a+d

vn

On the other hand, since ||g|| <o 1, we also have that
=il = o (P71 )

Summarizing, we need to estimate the number of matrices v as in (6.1) such that

(6.2) la+d—2vn| <01y/Inl,  la—d|,|b],|c| < (01 + 62)y/|nl.

In particular, we have |a + d| < /|| and

(6.3) (a —d)* 4 4bc = (a +d)* — 4n < 63|n|.

—2l=|try—-2/=|z+2zt =2l =]z —1|]z7t -1 < &

< 01 + 09.
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As is often the case, parabolic matrices v (those with trace £2,/n) play a distinctive
role in this counting problem, and we split the count accordingly into the parabolic and
non-parabolic subcounts as

M(g, L, £,6) = MP(g, L, L,5) + M™(g, L, L, ).
We shall prove the following result using (6.1), (6.2), and (6.3).

Lemma 9. Let Q C G be a compact subset, L > 1, and £ € {1,L? L*}. For g € Q and
0 = (01,02) with 0 < 61,92 < 1, we have the following bounds.

(6 4) (g7L’]" )<Q 17

(6.5) MP(g,L,L,0) <q L? + L3,

(6.6) M™(g, L, L%, ) <a L*81(5] + 63),

(6.7) M™(g, L, L*,5) <q L6} (63 + 63).

Moreover,

6.8 M"P(g, L, ,_):O unless 1= L5,
np L6 ! 61 = L14

Proof. The bound (6.4) is immediate from (6.2). We turn to the bound (6.5), which counts
parabolic matrices . In this case, we have (a —d)?+4bc = 0 and z = 1, hence in particular
(6.2) holds with 0 in place of d1. If be # 0, then there are < £/2 choices for a +d = 2./n,
and < £/ 262 choices for a—d # 0. The difference a—d determines the product bc uniquely,
hence by the divisor bound, there are < 1 choices for (b, c). This is admissible for (6.5). If
be = 0, then there are < £1/2 choices for a = d = \/n, and < 1 + 51/255 choices for (b, c).
This is again admissible for (6.5).

From now on we count non-parabolic matrices «, in which case (a — d)? + 4bc # 0. The
statement (6.8) is immediate from (6.3), so we are left with proving (6.6) and (6.7), where
we may assume 01 = L7YV41f be # 0, then there are < £1/2(5% + (5%) choices for a — d,
and, for given a — d, there are < £37 choices for (b,c) by (6.3) and the divisor bound. If
bc = 0, then there are < £/267 choices for a — d by (6.3), and < L£Y/2(6? + 63) choices
for (b,c). Altogether, there are < £3/26{(6? + 63) choices for the triple (a — d, b, ¢). In the
middle range £ = L2, we additionally use that there are < £/2 choices for a + d, whence
(6.6) follows. In the hlgh range £ = L* n = 1213 is a square, and (a — d)? + 4bc # 0 factors
as (a4 d+ 2ll2)(a + d — 2l11l3). Hence the triple (a —d,b,c) in fact determines a + d up
to < 1 possibilities by the divisor bound, and (6.7) follows. O

Combining Lemmata 4 and 9, we obtain that

1
> 6P <10 £ <L + SP(L) + S™ (L, L*) + S™(L, L4)) 4 L2,
PEDB
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where
1 (L+1L%2 L*+ L4%?
P(L) — 2 2 <
S(L) ﬂz V5, ( L3 " L4 )
§ dyadic
1/VE<8;51
1 L6187 +03)
npr 12y .— g S S WL V4 <
§ dyadic
1/VE<8;51
1 L561(6% +62)
np(r 14y .— = 2\ T2 <
S, L) qz 062 L4
§ dyadic
1/VE<8;<1

Putting everything together, we conclude that
1 L2
L i ¢

oD

by making the essentially optimal choice L := 7¢/3 (which satisfies our earlier condition

L>T).
The proof of Theorem 1 is complete.

7. PROOF OF THEOREM 3

In this section, we prove Theorem 3. For ¢ = 0, Lemma 5 provides an estimate on
|pq(g)|? for g € Q in terms of the Diophantine count Mg (g, L, £, ), while for ¢ = &£ we
need to analyze Q(g, L, Hi, Hs) as follows from Lemma 6. We begin by estimating these

counts. We keep the notational conventions from §6.

7.1. A comparison lemma. The Diophantine counts in Lemmata 5 and 6 involve the
positioning relative to certain special sets of the matrix ¢~'%¢, which we now explicate in
preparation for a counting argument. Using g € ), we may write explicitly

a1 92
= , s 1.
g (93 94) &

An explicit calculation shows that
—_1f{a b o %i + L1 L2
g c d 9= L3 %l — L1 ’

Li= (a—d)(}+ g293) + bg3g1 — cgrgo,
(7.1) Ly = (a—d)g2gs +bg; —cg3,
Ly =—(a—d)gig3 —bg3  + cgi.

where

1
> 16(9)f < < +—=+ > + L2 < 183,

58
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We record the following simple but effective result, which will be used in both parts of
Theorem 3.

Lemma 10. Let Q C G be a compact subset, and g € Q. Let a,b,c,d € C and A > 0 be
such that Lo, L3 < A.

(a) For at least one s € {a — d,b,c}, we have
[a—d b "=\ X Ag)Ts+0(A)
with A1, Ao, A3 < 1 depending only on g.
(b) For the same choice of s € {a —d,b,c}, we have
(a — d)? + 4bc = pus* + O(Als| + A?),
with 1 = N} + 43 > 1. If additionally (a — d)* + 4bc = 0, then a — d,b,c < A.

Proof. We may write the defining equations for Ls and L3 as [Lg Lg] T M [a —d b c] T

for a 2 x 3 matrix M whose 2 X 2 minors we compute to be

932 —%% 9294 —g% 9294 932
—93 g1 —4g193 97 —g193 —9g3

At least one of these minors exceeds 1/3 in absolute value, since

= 9194 + 9293, = g394.

= 9192, ‘

(9191 + 9293)* — 491929394 = 1.

Consider the case when |g194 + g293] > 1/3. Then we may solve the latter two equations
in (7.1) for b, ¢, which yields

- [88] o

9394 | 9194 + 9293
This settles the first claim in the lemma with s = a — d. The second claim follows from
—d)?
(a—d?+abe= —2=D" O(Ala — d] + A?).

(9194 + 9293)2

The other cases (of which it suffices to consider one) are similar. For example, under
lg1g2| > 1/3 we have
2

e ] L o) @ ap e s o(ani+a2)
c —g394 9192 (9192)

from which the lemma follows. O

7.2. Second moment count for ¢ = /. We will now establish an upper bound for the
quantity Q(g, L, Hy, Hs) counting pairs of matrices (71, 72) such that

= (U ) Mz, detny=deim=n  L<lal<2L,

(7.2)
—1~ Hj . —1~
g™ Y9l <1/ dist(97 9,9, D) <

Hjlog/t
L’ '

Lt
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We denote the quantities in (7.1) corresponding to 7; as Lij, Laj, Lsj. From (7.1) and
(7.2) we deduce that

(7.3) vl < v/Hj,  Laj, Lsj < \/Hj/Y,
and
(7.4) (a1 + d1)2 — (CL2 + d2)2 = (a1 — d1)2 + 4bjcp — (a2 — d2)2 — 4bycs.

We shall prove the following result using (7.2), (7.3), and (7.4).

Lemma 11. Let Q C G be a compact subset and L > 1. For g € Q and 1 < Hi,Hs 5 4,
we have

(7.5) Q(g,L,Hi, Hy) < Hi1H>.

Proof. We shall use that the entries a;, bj, ¢;,d; € Z[i] of each participating ; satisfy the
conditions of Lemma 10 with A; < 1 in the role of A. Indeed, this follows from (7.3) and
Hy,Hy 5 L.

Let s; € {aj —dj,bj,¢;} be as in Lemma 10(a). By Lemma 10(a) and (7.3), for a given
pair (s1, 52), there are < 1 choices for the two triples (a; —dj, b;, ¢;), which then determine
both sides of (7.4). Using this preliminary observation, we do the counting in two steps.

First we count (vy1,72) satisfying (7.2) and (a1 + d1)? # (a2 + d2)?. By (7.3), there
are < HyHy choices for the pair (s1,s2), hence < HiHpy choices for the two triples (a; —
dj,bj,cj). Given the triples, by (7.3)—(7.4) and the divisor bound, there are < 1 choices
for (a1 + d1,as + d2). This is admissible for (7.5).

Now we count (y1,72) satisfying (7.2) and (a1 + d1)?> = (a2 + d2)?. In this case,
Lemma 10(b) coupled with (7.3)-(7.4) shows that s — s3 < /H; + v/Hs. Hence, by
the divisor bound (separating the case when s3 = s3), there are < max(H;, Hz) choices for
the pair (s1, s2) and same for the two triples (a; — d;, b, ¢;). Independently of the triples,
by (7.3), there are < min(H;, Hy) choices for (a1 + d1, a2 + d2). This is again admissible
for (7.5). O

7.3. Interlude: a first moment count. For the proof of Theorem 2 in §8 below, we
need a variation of the previous Diophantine argument that is most conveniently stated
and proved at this point. For £ € {1,L? L*} and every 0 < § < 1, we will establish an
upper bound on the quantity

(7.6)  Mp(g.L,L,e,6):= > #{veTln:|g gl <, dist(g~'59,D) <},
neD(L,L)

where the implied constant is absolute. As before, we conclude from the conditions in (7.6)
and the explicit description in (7.1) that

(7.7) Iyl < £Y*  and Ly, Ly < L£Y45.
We shall prove the following result using (7.7) and the identity
(7.8) (a — d)? + 4bc = (a + d)* — 4n.
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Lemma 12. Let Q C G be a compact subset, L > 1, ande > 0. Forge Q and0<J <1,
we have the following bounds.

(79) M'D(Q,L,l,&f,d) #Q 17
(7.10) Mp(g, L, L? ¢,68) <q L* + L**,
(7.11) Mp(g,L, L*,8) < L? + LS.

Proof. The bound (7.9) corresponds to £ = 1, and it is immediate from (7.7). Hence we
focus on the bounds (7.10)—(7.11) that correspond to £ € {L? L*}. We shall use that
the entries a, b, ¢,d € Z[i] of each participating ~ satisfy the conditions of Lemma 10 with
A = L1Y45, as follows from (7.7).

First we count parabolic matrices 7. In this case, we have (a — d)? + 4bc = 0, hence
also a — d,b,¢c < L£Y45 by Lemma 10(b). If bc # 0, then there are < L£Y/2 choices for
a+d=+2/n, and < £/26% choices for a — d # 0. The difference a — d determines the
product be uniquely, hence by the divisor bound, there are < 1 choices for (b,c¢). This is
admissible for (7.10)-(7.11). If be = 0, then there are < £/? choices for a = d = £+/n,
and < 1+ £/26? choices for (b, c). This is again admissible for (7.10)—(7.11).

Now we count non-parabolic matrices 7, in which case (a — d)? + 4bc # 0. Let s €
{a —d,b,c} be as in Lemma 10(a). There are < £/? choices for s, and for a given s,
there are < 1 + £ choices for the triple (a — d, b, c) by Lemma 10(a). Altogether, there
are < LY2 + £3/26* choices for the triple (a — d,b,c). In the middle range £ = L?, we
additionally use that there are < £'/2 choices for a + d, whence (7.10) follows. In the high
range £ = L n = [312 is a square, and (a—d)%+4bc # 0 factors as (a+d+2l112)(a+d—2l112).
Hence the triple (a — d, b, ¢) in fact determines a + d up to < 1 possibilities by the divisor
bound, and (7.11) follows. O

7.4. Counting setup for ¢ = 0. For each £ € {1, L?,L*} and 0 < § < 1, we will establish
an upper bound on the quantity M (g, L, L,d) consisting of matrices

y = (Z Z) e My(Z[i]), dety=neD(L,L), |n|=L"?
(7.12) )
N D(g~9g) _ logt
dist(¢~'4g,S) < 6, - < .
( ) lg=t39l> — Ve
From the first distance condition in (7.12) we conclude that
(7.13) a,b,e,d < LY

Using the description in (7.1), the distance conditions in (7.12) imply that
Ly, Ly < 6+/|n| a+d, L1 < §+v/|n|
(7.14) p or
454 £ Li| = (1 + 0(9) /Il | Lal, | Ls| = (14 O(0))/|nl;
(7.15) jatd p P — o — )P VEJE and  |Lof? — Ly < VL/L.
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As in §6, we split the count into the parabolic and non-parabolic subcounts as
Mg(g,L, L,8) = MyP(g,L, L,6) + Mi™ (g, L, L, ).
We shall prove the following result using (7.12)—(7.15) and (7.8).

Lemma 13. Let Q C G be a compact subset, L > 1, and £ € {L? L*}. For g € Q and
0 <6 X1, we have the following bounds.

(7.17) MgP(g,L,L,8) <q L* + L6?,
LZ L7/252 L462
(7.18) M;(g, L, L2, 8) < I¥? + 1363 4 = + =2
N/ /
L4 L6 2
(7.19) M{™(g, L, L*,6) <o L3 + L%62 + J:/Z‘s,

Proof. The bound (7.16) is immediate from (7.13). For the proof of (7.17), we observe
that, in the parabolic case, (7.14) implies Lo, L3 < £1/4§. Indeed, this is clear when the
first half of (7.14) holds. Otherwise, the conditions a + d = £2y/n and a + d < §+/|n|
force 6 > 1, so the claimed bound is clear again. Applying Lemma 10(b), we infer that
a—d,b,c < L£Y%§ holds in the parabolic case. From here (7.17) follows readily, as in the
second paragraph of the proof of Lemma 12. Finally, we shall prove (7.18) and (7.19) in
the next two subsections. (|

7.5. Volume argument. Here, we present a volume argument that we will use repeatedly
to estimate the number of lattice points satisfying (7.12)—(7.15). The symbol vol will refer
to the Lebesgue measure in C™ ~ R?>™, with m being clear from the context.

The explicit expressions for the linear forms in (7.1) may be rewritten as

(7.20) [Li Lo L3]" =Ag(g)[a—d b '

where Ap : 2 — GL3(C) is a continuous function. It is straightforward to verify that
det Ap(g) = 1/2 holds identically. We shall also use the 4-dimensional variant
(7.21) [a+d Ly Ly L3]' =diag(l,Ao(9)) [a+d a—d b .

Now, let m > 1 be a fixed integer (m € {2,3,4} in our applications), and let 4 : Q —
GL,,(C) be a fixed continuous function. As 2 is compact, there exists a fixed compact
subset K = K(A,Q) C C™ such that each 2m-dimensional lattice A(g)Z[:]™ C C™ (g € Q)
has a fundamental parallelepiped lying in K and of volume =< 1. It follows by a standard
volume argument that for any compact subset V' C C™ and g € {2 we have

(7.22) #(V N A(g)Z[i]™) < vol V* where Ve =V+K.
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We also record for repeated reference a simple volume computation. For r, A > 0, we
define the sets
Wi(r,A) —{ 21,22) € Cc?: |z1], |22] < r, R(2172) < A}
Wa(r, A) :={(21,22) € C* : |21, 22| <1, ||21]* — |22*] < A}

Cutting these into two parts according to whether |25| < |21] or |22] > |21]|, we obtain
readily by Fubini’s theorem that

vol Wj(r, A) < min(r?, r2A).

7

On the other hand, we have
Wj(r,A)* € Wi(r+O(1), A+ O(r + 1))
with implied constants depending only on A and {2, hence
(7.23) vol Wj(r, A)® < min((r + 1%, (r + 1)*(A+r +1)) < 1+ r?A + 73,

7.6. Middle and high range for ¢ = 0. We now estimate the count M;(g, L, L,d) in
the “middle range” £ = L? and the “high range” £ = L*. In the high range, we shall focus
on the non-parabolic contribution M;""(g, L, L*,§), since we have already proved (7.17),
and here we shall profit substantially from the fact that det~y is a square.

7.6.1. Middle range. In the middle range £ = L?, we estimate the number of choices in
M (g, L, L*, ) as follows.
For the case when the first half of (7.14) holds, we introduce the set

Vi(6) == {(20,21,22,23) eC*: 20,21 < ,Cl/ R(z0z1) = m,
29, 23 < LY46, | 2| — |23)? < \/ﬁ},
suppressing from notation the dependence implicit in <. Then we have by (7.23)
vol Vi (8)* < vol Wi (LY \/L/0)* - vol Wy (LY 46, \/L]0)*
(7.24) < (L4 L)V + L3463 + £6% V1),
For the case when the second half of (7.14) holds, we introduce the set
Va(6) = {(20, 21, 22, 23) € C* 1 29,21 < LY48, R(2071) < VLY,
29,23 < LY |20 — |23)? < \/ﬂ}7
suppressing from notation the dependence implicit in <. Then we have by (7.23)
vol Va(8)® < vol Wi (LY 46, \/L/0)® - vol Wo (LM, \/L]0)*
(7.25) < (L4 L)V + L3463 + £6% V1),
Using (7.12)—(7.15), (7.21)—(7.22), and (7.24)—(7.25), we conclude (7.18) in the form
M(g, L, L?,6) < (L*? + L? /VO)(1 + L?/?6% + L26% /7).
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7.6.2. High range. As in the proof of Lemmata 9 and 12, in the high range £ = L*, once

the triple (a — d,b,c) is determined for a non-parabolic matrix v (so that (7.8) holds),

a+ d and along with it v is determined up to < 1 choices by the divisor bound, using that

n = [213 is a square. We now estimate the number of choices in M""(g, L, L%, §) as follows.
For the case when the first half of (7.14) holds, we introduce the set

V3(0) == {(21,22,23) € C*: 21 < LYY 29,25 < L6, |29]? — |23]% < \/ﬁ}

suppressing from notation the dependence implicit in <. Then we have by (7.23)

(7.26) vol V3(8)* < VL - vol Wa(LY46,\/L]0)* < VL(1 4 L6V + £3/45%).
For the case when the second half of (7.14) holds, we introduce the set
Vi(9) := { (21,22,23) €C3 1 21 < L V45, 29,25 < LV4, |z0|? — |23 < VL E},

suppressing from notation the dependence implicit in <. Then we have by (7.23)
(7.27)  volV4(8)* 5 (1 + LY48)2 . vol Wa (LY, \/L/0)* < (1 + VL) (L¥* + L£/V1).
Using (7.8), (7.12)—(7.15), (7.20), (7.22), and (7.26)—(7.27), we conclude (7.19) in the

form
M;"™ (g, L, L*,6) < L*(1 4 L*? )V + L36®) + (1 + L*6*)(L® + L*/VY).

The proof of Lemma 13 is complete.
7.7. Proof of Theorem 3. In the case ¢ = 0, we combine Lemmata 5 and 13 to see that

1
60(9)” <10 £° ( + S3(L, L*) + S§(L, L4)> + L2098,

L
where
1 : , L2+ L7252 462 1 1L
Sg(L, L?) == L3 4+ 138° < —+
§(LLY= D \/zm( K A A A SR A )
§ dyadic
1/VE<5<1
1 L* + 192 1 L I?
Se(L, LY = Y (L3+L552+) <-4+ 4=
§ dyadic \/Z(SL4 \/Z L \/Z £
1/V0<61
Putting everything together, we conclude that
L I?
2 2 2)—48 7/4
<7l — LY X
[¢0(9)” <10 <L+\[+ >+ <
by making the essentially optimal choice L := 7¢1/4 (which satisfies our earlier condition

L>T).
The case ¢ = £{ is immediate from Lemmata 6 and 11, hence the proof of Theorem 3 is
complete.
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8. PROOF OF THEOREM 2

In this section, we prove Theorem 2. Here we take the aim of the softest possible proof
based on the localization properties of the averaged spherical trace function (proved in
Theorem 5 and then encoded in the form of the amplified pre-trace inequality in Lemma 5)
and the already available ingredients for the counting problem.

For each £ € {1,L? L*} and 5= (01,02) with 0 < 01,2 < €%, the count M*(g,L,E,g)
in Lemma 5 may be estimated in a split fashion as

-

M*(g, L, L,5) < min (Mg (g, L, £,61), Mp(g, L, L, &, 62)),

where

Mg(g,L,£,0):= > #{y €Ty dist (9 99, K) <4},
neD(L,L)

and Mp(g, L, L,e,9) is as in (7.6). The quantity Mg (g, L, L, d) is the classical Diophantine
count in the spherical sup-norm problem in the eigenvalue aspect, which in the present
context was treated in detail in [BHM16]. In the notation of that paper, we have:

o u(7gK,gK) < dist(g~'7g, K)? in [BHM16, (5.3)];
e N =1,and r xq 1 for g € Q, in [BHM16, (6.2)].

Thus the count Mg (g, L, £, 1) agrees with M (gK, L, £,0(§?)) in [BHM16, (5.17)—(5.18)].
Importing estimates [BHM16, (7.1), (7.2), (7.5), (11.1), (11.6)], we conclude that
Mi(9,L,1,01) <@ 1, Mx(9,L,L?,81) <o L* + L0, Mk(g,L,L",01) <o L* + L%.

The count Mp(g,L,L,e,d) was estimated in Lemma 12. Combining everything, we
obtain the following lemma.

Lemma 14. For g € Q, L > 0, and arbitrary ¢ > 0 and 5= (01,02) with 0 < §; < 1, the

-

quantity M*(g, L, L,0) in Lemma 5 satisfies

-

M*(g7L7175) <0 17
M*(g, L, L?,5) <o min (L? + L*6;, L* + L453),
M*(g,L,L* &) <q min (L3 + L5, L? 4 L563).

We are now ready for the proof of Theorem 2. From Lemma 14, we have for every pair
6= ((51,52) with 0 < §1, 09 < £° that

M*(g,L,1,8)  M*(g,L,L?8) M*(g,L,L*0) 1, 4
7 + 73 + 72 <0 Z+L min (61, 03) | -
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Inserting this into Lemma 5, we find that

1 /1
a(9)* <108 D7 N ( +L? mln(61,62))+L2£48

06259
5 dyadic, §;<1
8282>1/V1

1 1 L?
2 2. 2
</ 7 + g L?min <\[5152 51,52> </ < + £2/9>

5 dyadic, d;<1
6282>1/V¢

where we used min(4, B,C) < AY9BY9C'/9 in the last step. The choice L := 7¢%/%7 is
optimal up to a constant, and it satisfies our earlier condition L > 7, hence we obtain
Theorem 2 in the form

léglalle <1 €277,

The proof of Theorem 2 is complete.
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