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lem of a seven-dimensional system of the first-order ODEs. For this aim, the discretized
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efficiency of the nonstandard Runge-Kutta methods with the different step-size functions
for sufficiently large step sizes.
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1. Introduction

Nowadays that most people are struggling with COVID-19 pandemic throughout the world, there are other types of epi-
demics that human beings have been dealing with them for ages such as malaria which is an infectious and deadly disease
spread to humans as hosts by female Anopheles mosquitoes as vectors. This phenomenon, which is endemic in tropical
and subtropical regions appertains greatly to the climate factors such as temperature, altitude, precipitation, and raised hu-
midity. Moreover, global warming and climate change increase this incident. Other various reasons are responsible for the
latest malaria upsurge, such as drug resistance, mosquito control programs, public health facilities, and living standards.
Nevertheless, since there is no effective vaccine, it is crucial to analyze its mechanism [1,18,22].

Reliable mathematical modeling of epidemics transmission is a key tool for getting a better insight into the disease, pre-
vent them from contagion in the future, and reduce their impacts in the real life. For this aim, a variety of mathematical
models have been brought up to interpret malaria transmission. Ronald Ross was a pioneer in this field [21] and his model
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was further studied by George Macdonald, however, their model fails to sketch an adequate model [7,17]. Therefore, we con-
sider an extension of the basic Ross-Macdonald model to take into account more effective factors in malaria transmission.

A lot of literature discusses various mathematical modelings for malaria transmission [8,10,24|. This paper analyzes a
dynamical system, the extended Ross model, for malarial propagation in numerical details.

The extended Ross model is an SEIRS-type model interpreted by a seven-dimensional system of nonlinear ODEs. An-
alytically, it is proved that the continuous extended Ross model is well-posed and it has several qualitative properties. It
is worth to mention that these properties are motivated by the original modeled process, which is in our case the epi-
demic propagation. Such a property is e.g. that some specific intervals are positively invariant for the total populations and
each component of the solution [5]. Since finding an analytic solution for this model is rigid, we mainly consider numeri-
cal methods. This paper focuses on dynamical consistency, which means that main characteristic properties of continuous
models are preserved on numerical levels. Hence, we extend the standard finite difference discretization technique by ap-
plying some suitably chosen step-size functions to approximate the time derivatives. For this goal, we discuss some specific
properties for the step-size functions to approximate the time derivatives with the first-order consistency. As the system is
highly nonlinear, we apply a nonlocal discretization of the standard #-method to the right side of the system to obtain a
linear system. Since the extended Ross model is a dynamical system and behavior of the system on sufficiently large time
intervals is important, small step sizes At are not applicable. Hence, we suggest a step-size function for the extended Ross
model which guarantees the dynamical consistency for the extended Ross model for any step size At. The suggested step-
size function improves the accuracy and absolute stability of the explicit Runge-Kutta methods and preserves the order of
the standard Runge-Kutta methods [13]. This method is substantially similar to the nonstandard positive schemes called
as BBKS, MPRK and GeCo (see e.g. [2,11,13]) to profit the dynamical consistency unconditionally. These methods, usually
applied to the biochemical systems, preserve the positivity of the solutions unconditionally for the step sizes and do not
discuss the upper bounds of the solutions, while the present method considers the uniformly bounded solutions. Moreover,
these methods make a profit from the mass-conservative property of the system in the strict case (when the model focuses
on the constant mass over the reactions and there is no input and output mass to the system).

The present paper is organised as follows, in the next section, we compare the structure and properties of the basic
Ross-Macdonald model with the extended Ross model. Section 3 mainly, focuses on the discrete scheme of the extended
Ross model. In Section 3.1, we extend the standard finite difference discretization and we apply the step-size functions
to approximate the time derivatives with the first-order consistency. Section 3.2 applies a nonlocal discretization of the
standard 6-method to the right side of the system to obtain a linear system. Sections 3.3 and 3.4 seek the conditions under
which the dynamical consistency is valid. In Section 3.5, we find suitable domains for the step-size functions in such a
way the dynamical consistency is valid. In Section 4, we give some numerical examples to verify the theoretical results and
investigate the sharpness of the bounds.

2. Continuous models of ODEs for malaria propagation

The Ross-Macdonald model, the most preliminary model to interpret malaria transmission [21], is a dynamical system
formulated as

Sn(t) = dNy + TIy (£) — bBSH(£) HE — dSu(t)
In(6) = bBySH () 52 — (r+ )1 (t)

S () = N = bBnSn (6) ' — 11Sm (£)
In(®) = bBumSm (6) 2 — plm (0),

with the initial data

51(0) = Son, 1r(0) = Ioy, (2)
Sm (0) = SOms Im(o) = IOm-

Here S, (t) and Sy (t) signify the number of susceptible humans and mosquitoes at time t, respectively. I, (t) and In(t) are
the number of infected humans and mosquitoes at time t, respectively. The parameter b is the rate of mosquito biting, g is
the probability that a bite from an infected mosquito will cause infection of a susceptible human, and By, is the probability
that a bite from a susceptible mosquito to an infected human individual will cause infection of the mosquito. The parameter
r is the recovery rate for humans, d and p are the birth and mortality rates for humans and mosquitoes, respectively.

The numbers of the total populations for humans and mosquitoes, N, and Ny, are constant defining as

Sp() + 15 (t) = Ny, (3)

and
Sm(t) 4+ Im (t) = N, 4)

respectively. According to (3) and (4), we can reduce and re-scale the system (1) and (2) for which the solution is density.
Hence, it should take values on the interval [0,1]. This property is considered analytically and numerically in [6]. In this
model, the number of the populations are assumed to be constant, the exposed states for humans and mosquitoes, and
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the recovery state for humans are not considered. Moreover, the force of infections for humans and mosquitoes, %’:([)
and bﬂ”‘Nf’:m, are linear concerning I, (t) and I, (t), respectively and do not consider the saturating feature of the infection.

Due to these drawbacks, the basic Ross-Macdonald model fails to interpret an adequate model for malaria transmission.
For the rectification, we study an extension of the basic Ross—-Macdonald model and expound on a more appropriate model
for malarial propagation. The extended Ross model splits the human population into four subclasses containing susceptible
humans, exposed humans, infectious humans, and recovered humans whereas, the mosquito population is divided into the
first three subclasses since the mosquitoes demise after the infection. From the biological standpoint, the extended Ross
model is framed as below [19]:

Sn(€) = A — e2a® — 11,5, (6) + Ry (£)

5 bBLSL(O)Im
En(t) = YOO (@ + 1y )Ep (1)

Iy () = ayEn () — (1 + fap + 81 (0)
Ry(t) = rly (t) — (pp + )Ry (t) (5)
S'm (t) = Am — bBmSm (O (&) UmSm (£)

T+ Vnly (£)

- b m2m i
En(t) = Lo OO _ (q, + i) Em (£)

I (t) = dmEm(t) — (em + Sm)Im (8),

the initial conditions are denoted as below:

Sh(0) = Son. 1r(0) = Ion. Ex(0) = Eon. Rp(0) = Rop,
Sm(0) = Som, Em(0) = Eom, I (0) = Iop.

Here the functions Ej(t) and E;; (t) describe the number of the exposed humans and mosquitoes at time t, respectively. The
function Ry (t) is the number of the recovered humans at time t.

Model (5) possesses the population dynamics with the various birth and mortality rates. We assume that all the newly
born children are healthy and susceptible and the birth rates (Aj,, Am) are inputs appended to the susceptible classes.

When the latency periods end for the susceptible individuals who already transferred to the exposed states, the exposed
humans and mosquitoes move to the infected classes with the rates (o, om), respectively. The natural mortality rates, (up,
m), are defined for each class of humans and mosquitoes. Besides the natural mortality rates, the infected humans and
mosquitoes classes are decreased by the disease death rates, (8, dm), respectively. The infected humans transmit to the
recovered class and after a while, the individuals lose the immunity and become vulnerable again by the w pace. The ratio
1?\’}:;“;2) is the force of infection from infected mosquitoes to susceptible humans in which v, € [0, 1] refers to the propor-
tion of antibodies generated by infected mosquitoes in human bodies in reaction to the encounter of antigens. This force
of infection considers the saturating phenomenon and the role of the immune system against the infection. Similarly, for
mosquitoes, vy € [0, 1] is the proportion of antibodies made by infected humans to the antigens contacted. For demographic
reasons, the total population size for humans at time t, V}(t), is defined as

(6)

Vi (£) = Sp(6) + Ep(6) + In (£) + Ry (D). (7)
Similarly, the total population size for mosquitoes at time t is defined as

Vin(t) = Sm(t) + Em(t) + In(£). (8)
Analytically, it is known that the intervals (0, ﬁ—:] and (0, %]are positively invariant sets for the total populations and each

component of the solution of the extended Ross model (5) for humans and mosquitoes, respectively [5].

This concept means the following. By the notation S = (0, ﬁ—:] no solution starting inside S can leave S in the future [23].

It is noticeable that if the natural mortality rates vanish, the corresponding intervals are unbounded. As regards finding
the analytical solution for the Cauchy problem (5) and (6) is rigid, we apply a numerical method. Suitable numerical meth-
ods should preserve the qualitative properties of the models beside the convergence. This property so-called dynamical
consistency is the objective of this study. Small step sizes are not beneficial because it is vital to analyze dynamical sys-
tems over suitably long time periods. For this aim, we seek the dynamical consistency for the extended Ross model (5) for
sufficiently large step sizes.

3. Discrete structure of the extended Ross model

In this section, we analyze the discretized scheme of the extended Ross model (5) and (6). To obtain the discrete model,
we discretize the equations in (5). This will be done in two steps. Firstly, we define the time derivative approximation and
in the next step, we discretize the right side of (5). We aim to give such a numerical scheme that preserves the positively
invariant property for some specific intervals for each component of the solution and total populations for any step size At.

3
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3.1. Properties of time derivative approximations for discrete models

Discretization of the continuous models on the mesh
War ={t; =iAt,i=0,1,2,...}, 9)

requires the approximation of the time derivative of the unknown functions of the solution at the mesh-points. This can be
done by using the formula

i+1 _ 4
y y (10)

u(ty) ~ W,

where y' denotes the approximation to u(t;), and ®(At) is some suitably chosen step-size function. In the following, we
consider properties of the sufficiently smooth step-size function ®(At) in such a way to approximate u(t) properly. Clearly,
for the local approximation error we have

u(tiyg) —u(t;)

LAY = =570

—u(ty), (11)

and hence the first order consistency condition

L(At) = O(At) (12)
is satisfied when

$(0) =0, (13)
and

d(0) =1. (14)

Conditions (13) and (14) guarantee the first-order approximation, i.e., L(At) = O(At).
Therefore, conditions for the step-size function ®(At) are the following:

1. It is defined for non-negative numbers,

2. It is a sufficiently smooth function,

3. It is positive for all positive arguments,

4, Condition (13) holds, i.e., at the point At = 0 it is zero,
5. Condition (14) holds, i.e. ®(0) = 1.

In the following, we give some examples for the the step-size functions with the above properties.

o The step-size function
D(AL) = At, (15)

constructing the standard finite difference method, satisfies conditions (13) and (14).
 The function
1— e—CAt
-
generating Mickens’s nonstandard finite difference method [12,14-16], is satisfied conditions (13) and (14). Here, C is an
arbitrary chosen, nonzero constant real number. Some other examples are also known [9].

Dc(AL) = (16)

3.2. Full discretization of the extended Ross model

In the previous subsection, we have defined some approximation in time for the left side of the extended Ross model
(5). In this part, we consider the space discretization, i.e. the right side of the model. By applying the standard 6-method to
the extended Ross model (5), we obtain a nonlinear system for which we need sub-methods such as Newton or fixed-point
iteration methods. These methods suffer some drawbacks and alter the dynamical consistency for some step sizes. To get
rid of these gaps, we benefit from the following nonlocal scheme of the standard #-method, i.e., in the implicit scheme of
the standard 6#-method, we substitute the prior numerical values rather than the new numerical values for some variables.
This modification results in a linear system for which the solution of the system is obtained explicitly without using any
sub-methods (Cf. [14,15]). Also, by using the step-size function (10), we obtain the following nonstandard 6#-scheme for the

4
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extended Ross model (5) and (6).

Mt) = (1-0) (A — 2 1St ) +0(Ay — 2%l ST 4 R

b =0~ 9)(’1%5},’3 — (@ + D + 0 (4 B

E(AZ’; = (1= 0)(aE} — (r + pp + 8p)I) + O (BT — (r+ oy + S

Rq:(Tt; = (1=0)(T — (up + @)R) + O (1T — R — wRY) (17)
s = (1= 0) (A — 5t — Sly) + 0 (A — B2 — i)

e = (1= 0) (o — (o + ) Efy) + O (LB — (o + ) ElF)

Bt — (1 0) (@mEL — (tm + 8m)liy) + 0 @mELT — (i + 8m) I,

Here SL ~ S, (t;) and it is analogous for the other components. The discrete model (17) can be written as follows.

, i bBkS: I, : ,
S (1 + ®(AL)O (b’B”I"' + Mh)) S+ ®(AL) ((1 - 9)( ’Bh Mh5L> + Ap+ a)R}l), (18)
1+ vyl vl
bpBSiI 4 bB,SHILE
Bﬂa+¢m0m%+upy4?+¢mo<a—m<ﬂ“ -4%+u“q>+9ﬂ“7ﬁ) (19)
hII 1+ vl
L1+ ®ADO (T + pp +8p) = I + DA ((1 = 0) (@} — (7 + o + 81y + OayEL), (20)
R (1+ ®(ADOy) = Ry + P(A) ((1 = 0) (I}, — juyR}) + O1TT — wR}), (21)
4 bBmlit! . bBmSiull :
$g<1+¢wA09<]+UL#1+um>>:s;+qun<a-4n< T M,—Mm$1-+Am, (22)
. . bBnSi Ii . b S
EFT(1 4+ @ (A0 (otm + fam)) = EL, + D(AD [ (1-6) Aéﬂllﬂ—(am+4hﬂE% P o (23)
1+ vnl} 1+v1'+
(1 + D(ADO (i + 8m)) = Iy + DA (1 = 0) (@mEly — (tom + Sm)) + OctmER ™). (24)

Remark 1. Clearly, the system (17) is an implicit scheme. However, its realization is effective, since for each components
the approximation on the new time-level can be defined by solving a linear system with simple (tridiagonal) matrix.

Remark 2. We note that the discrete model (17) can be obtained by using some special sequential splitting when the right
hand is split into two parts by 6 and 1 — 6, and we apply the explicit and implicit Euler methods to the sub-problems.

Remark 3. By a usual computation one can easily derive that the local error of the scheme (17) is O(At) for any 6.

In the following, we analyze model (17) qualitatively.
3.3. Positivity preservation property

Let u(t) = (Sp(t), Ep(t), I,(t), Ry(t), Sm(t), Em(t), In(t))T be the exact solution of the system (5). For u(t) the following
properties are valid, the intervals (0, 2—":] and (0, A—z] are positively invariant for the total populations (both humans and
mosquitoes) and its each component for humans and mosquitoes, respectively [5].

We denote by u' = (S El. Il R, Si,. Ei. Ii)T the approximation to u(t) at the time point t =t;. To preserve the pos-
itively invariant property numerically, we need to guarantee that if the total populations and each component of u' in the
system (17) are on the intervals (0, 2—}’:] and (O, l‘}—z] for humans and mosquitoes, respectively, then the same property is
valid for ui*!, Firstly, we investigate the lower bound of the intervals, i.e., positivity preserving property.

According to the first equation of the system (17), the solution S;}“ is positive if and only if the right side of (18) is
positive. Thus, we can get a sufficient and necessary condition

Si{1-®(AD)(1-6) %Jmh + ®(ADt(Ap+wR) > 0. (25)
1+ vyl
This is equivalent to
; ; bByI, i
Si> @A) S -0 — 4y | — (Ap+oRY) ). (26)
1+ U,,I,lﬂ

5
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It is easy to see that if the multiplier of ®(At) is non-positive, then the inequality is valid. If it is positive, which can be
translated to a positive lower bound for S, then it is equivalent to

‘ ,- Sh — . (27)
(1= 0) ({8 + 1) = (A -+ R))

1wyl

d(AL) <

Since S, € (0, A—”}'] and I, € (0, 2—:]. elementary calculation gives that

2 S,
bp i < — o —. (28)
- 0) ({25 ) - (Ar+0) 0 =0) (£ +1a0) = (A -+ o))

m
Hm

It implies that if

Hm + VhAm

A < 0308, A — Bt i + W Am) 29
then the solution S;“ is positive. The second equation of the system (17) results in E;fl is positive provided that
, , bBSi bBuSHI
El — ®(AL)(EL(1—0)(ap+ pp) — (1-6) 1’?’])’;112 -6 fi :l)hlﬁ';n) > 0. (30)
If the multiplier of ®(At) is non-positive, then E}"l“ is positive unconditionally. Otherwise, E;;“ is positive as long as
D(AL) < E;’ — —. (31)
B} (1= )@+ paa) — (1= 0) e — 0 25k
Clearly,
& . B - (32)
E(1=0)@n+1tn) B (1—0) (o + pen) — (1 - 0) Lk — o205l
If
P(AL) < L (33)

(1 —-0)(otp + pp)’

then E;;“ is positive. Similar calculation is valid for the other components and hence our results are summarized in the
following lemma.

Lemma 1. Suppose Ay, Am > 0, the initial data of the system (17), and the initial total populations are on the intervals (0, A—"‘:]
and (0, A—g], respectively. If the step-size function ®(At) e (0, h*(0)], then the solution of the system (17) is positive. Where

L min{hy,hy} 6 #1
h*(0) = {11” . ha) (34)
< 0 =1,
with
Ay = WUm + VpAm Ay = Mm + VpAm
bBhAm — %Mh(ﬂm + VhAm) bBhAm — %Mh(ﬂm + VpAm)
B; = min ! , ! , L - and B, = min{ ! , ! }
ap+ iy T+ Up+8 Un+ 1% Um + MUm m + 8m

e If Ay > 0O, then hy = min{A;, B}, otherwise h; = B;.
e If Ay > O, then hy = min{A,, By}, otherwise h, = B,.

Remark 4. Note if the fractions A; and A, are negative, then 52“ and Sfﬁl are positive unconditionally for the step size At,
respectively.
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3.4. Total populations, upper bound, and positively invariant property

In this part, we prove the upper bound of the solution and total populations of the discrete model (17) and invariance
property for some sets.
According to (7), the number of the total population at time t;,; for humans in the discrete model (17) is defined as

; i 1 i ;
Vil =S B+ PRI (35)
By summing up the first four equations of the system (17) and regarding (35) we attain
VL1 + @(ADOy) = Vi + DAL (Ap — (1 = O)pupVi — (1 = )8yl — O8,IT) (36)

for 6 € [0, 1]. Based on Lemma 1, we know that under the condition ®(At) € (0, h*(0)] the value of V,;'“ is positive. From
(36) we have

V(1 + ®(ADOuy) < Vi — P(AD) (1 =) py) + P(AL) Ay, (37)
If
Ay
Vi< —, 38
hE (38)
then for the right side of (37) we have
. A
V(1 = (A (1 —0)up) + P(AL)Ap < th(l = (A (1 - O)up) + P(AL) Ap. (39)
h
Consequently,
; A
Vit < 40
(T (40)

Hence V,? < 2—: implies the interval (O, /%] is positively invariant for the total population of humans. The same result is

valid for mosquitoes. Hence, the following statement is proven.

Theorem 1. Suppose A, Am > 0, the initial data of the system (17), and the initial total populations are on the intervals (0, A—”:]

and (0, A—g;], respectively, then for the step-size function ®(At) e (0, h*(0)], the intervals (0, 2—:] and (0, A—n'j] are positively
invariant for the total populations for humans and mosquitoes, respectively.
Ap

Corollary 1. Under the conditions of Theorem 1, the intervals (O'W ] and (0

the solution of the system (17) for humans and mosquitoes, respectively.

Am

'/Tm] are positively invariant for each component of

In the sequel, we consider the case when the numbers of the initial populations are greater than 2—1’; and f}—z for humans
and mosquitoes, respectively. For this case, which is shown in [5] the intervals (0,V) and (0,V;) are positively invariant
for the total populations and each component of the solution of the extended Ross model (5) for humans and mosquitoes,

respectively, where the notations

v;:max{vh(O),Ah}, (41)
Mn
and
V¥ = max {Vm(O), A’"} (42)
Mm

are used. We can demonstrate that this property is valid for the discrete model (17).

Theorem 2. Assume that Ap, Am > 0, the initial data of the system (17) and initial total populations are on the intervals (0, V)
and (0, V), respectively. Then the intervals (0, V) and (0, V) are positively invariant for the total populations and each com-
ponent of the solution of the system (17) for humans and mosquitoes respectively for the step-size function ®(At) e (0, h**(6)].
Here

Lmin{h* hz} 0 #1
h*(0) = 1-60 » 12 43
with
A Vh*(l + V5
1

Vi (DB + pn (1 + vVi)) — Lulitinvi)
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B V(1 + V)
- Ap(+vVs)

Vi OBV + 1 (1 + vVip)) — Bl

L 1 1 1 L 1 1
B} = min , , o and B} = mm{ , }
ap+ iy’ T+ Wy + 6 Mh+ 129 Om+ m Am ~+ Om

*

A

o If A} > 0, then h} = min{A}, B}}, otherwise h} = B;.
e If A5 > 0, then h; = min{A}, B}, otherwise h; = B3.

Proof. Firstly, to prove the lower bound, positivity preservation property, we follow the proof of Lemma 1, i.e., if the initial
data of the system (17) are on the intervals (0, V") and (0, Vj;;) respectively, then the right side of the first equation of the

system (17) is positive if the multiplier of ®(At) of the Eq. (26) is non-positive. Otherwise, from relation (27), SL € (0,Vy),
and I, € (0,V;:) we obtain

V(1 + vV

O(AL) < . (44)
(1 =0)Vr BV + (1 +vVi)) — Ap(1 +vpVi)
We have the analogous calculation for other components. In the sequel, we prove the upper bound when the initial total
populations are greater than 2—2 and ﬁ—z respectively.

According to the number of the total population for humans at t;,; defined in (35) and the first part of the present proof,
the value of V;” is positive for any step-size function ®(At) € (0, h**(6)]. Then under the assumption V;; > 2—: and from
(37) we obtain

Vit (1 + @(ADO ) < Vi(1— (AL (1= 0)ap) + P(AL) fay) (45)
for 6 € [0, 1]. Hence,

Vi <V (46)
implying the sequence of the solutions is decreasing and we have

viEl < 0. (47)

Also, based on Theorem 1, we prove the upper bound when Vh0 < 2—2 the interval (0, V}") is positively invariant for the total
population of humans. A similar result is valid for mosquitoes. O

Remark 5. In this remark, particularly the boundedness of V,j is indicated., i.e., the statement of the limit behavior of
Theorem 2. We assume that V,}; > 2—1’1 then for 0 € [0, 1] relation (37) yields

VL1 + @ (ADOuy) < Vi(1 = D(AD (1 = O)fuy, + P(AL) ). (48)
Hence,
Vit <V (49)

This means that the positive sequence {V,‘;} is decreasing,

Vi < Vi(0), (50)
and as a result it converges. i.e.,
limVv] =V (51)
1—00
Then from (37) and (51) we obtain
V(1 +®(ADOuy) < V(1 — DAL (1 —0)uy) + P(AL) Ay (52)
Consequently,
V< An. (53)
M
It means that if the initial total number of the humans population V,(0) > 2—": then the total number of the population

Ay
’ Mp

Remark 6. If A, =0, then from (37) we obtain
VT (1 4+ @ (A0 ) < Vi(1 = D(AL) (1= 0) ), (54)

decreases to the interval (0 ]. The same result is valid for mosquitoes.
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implying

Vit <y (1 - M) (55)
It denotes the positive sequence {V,;'} is decreasing, and it is convergent. i.e.,

iETOOV,i =V (56)
Moreover,

Vi <V, (0). (57)
From (54) and (56) we attain

V(1 + ®(ADOuy)) V(1 - @A) - O)pp), (58)
yielding

V<o (59)

Since V,.’; is positive, V > 0 in (56). Hence, due to (59), we obtain V = 0. This means that in the absence of the birth but with
the existence of natural death, the total number of the population tends to zero.

Remark 7. When there is no death and birth, i.e., in the model A, = u, = &, =0, then obviously Vli” = V,i. Therefore, the

total number of the population in the discrete model is Vi = V},(0)=constant for any i. This is in complete agreement with
the natural expectation of the model.

3.5. Domain of the step-size functions

In this part, we seek the suitable domain for the step-size functions discussed in the Section 3.1 in such a way ®(At) e
(0, h*(0)].

o The function ®(At) = At is the identity function and clearly, for At e (0, h*(0)] the intervals (0,2—:] and (O,%] are
positively invariant
for the total populations and each component of the solution for humans and mosquitoes, respectively.

o Regarding the step-size function ®(At) (16), we seek a suitable C > 0 for the fixed step size At, denoted by the step-
size function

1_e-CAt

for C#£0
Wpe (C) = ¢ ’ 60
2t(©) {0, o (60)

30 T T T T T T T T T

N
o
T

-
o

Number of the Humans
&
Number of the Mosquitoes

0 100 200 300 400 500 600 700 800 900 1000
Time (Days)

0 100 200 300 400 500 600 700 800 900 1000
Time (Days)

(a) Human (b) Mosquito

Fig. 1. ®(At) = At, Explicit Euler Method (6 = 0), At=2.
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Number of the Mosquitoes

Number of the Humans

Note the functions ®-(At) and W, (C) are substantially the same. The function ®-(At) (16) concentrates on variable
At with the fixed C, while the function W, (C) focuses on variable C with the fixed step sizes At. The step-size function
(60) with any C > 0 is monotonically decreasing, and the conditions (13) and (14) are satisfied. We covenant

WA (0) =0. (61)

Since lim¢_, o, WA (C) =0 and sup W, (C) = At, we obtain if

1. At < h*(0), then Wx,(C) € (0, h*(0)] for all C > 0.

2. At > h*(0), there exists Gy such that W, (C) € (0, h*(0)] for C > Gy.
Here C, is the solution of

e—CgAt +C0h*(9) —-1=0, (62)
implying the choice
1
CGo > m (63)

is a sufficient condition for the suitable choice of the parameter C,.

+ Alug,

Number of the Mosquitoes

05 , , , , , , , , ,
0 100 200 300 400' 500 600 700 800 900 1000 0 100 200 300 400 500 600 700 800 900 1000
Time (Days) :
Time (Days)
(a) Ar=3.5 (b) Ar=4

Fig. 2. ®(At) = At, Explicit Euler Method (6 = 0), Mosquitoes.
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E-h S-m
I-h E-m
R-h 10 I-;n 4
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Number of the Mosquitoes
(>}

0 100 200 300 400 500 600 700 800 900 1000
Time (Days)

0 100 200 300 400 500 600 700 800 900 1000
Time (Days)

(a) Human (b) Mosquito

Fig. 3. ®(At) = At, Semi-Trapezoidal Method (6 = 0.5), At=4.
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Remark 8. The exact solution of Eq. (62) lies on the principal branch of the Lambert W function as

_ HWo(Rte®) + At

G HAt (64)
for At > H.
o The step-size function (60) with C < 0 is equivalent to the function
W) - L (65)
with C > 0. Since the function (65) is monotonically increasing function with the property
CETOO W (C) = +o0, (66)

we obtain if
1. At < h*(0), then there exists Cy such that W, (C) € (0, h*(0)] for all C < C.
2. At > h*(0), then there is no C such that W, (C) € (0, h*(9)].

B :ocicc st

Fig. 5. ®(At) = At, Semi-Implicit Euler Method (6 = 1), At = 50.
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Fig. 4. ®(At) = At, Semi-Trapezoidal Method (6 = 0.5), Mosquitoes.
30 ; 3
Sh
E-h + o+ o+ F o FEF O E+ + + + + + + + + + + + + + + + + + -
25 I-h 25 J
R-h , 000000O0OCO 0000000000
. OV;(O)OOOOOOOOOOOOOOO g
[ = -
T 20| * Ayn . 5 2
£ h'Fh & S
T é’ E-m
o 15 I-m ]
< . — < -
b 15 b o Vvio
g 5] + A ng
Qo
1L i
E 10 ’ £
P4 P4
5 05 M\ 1
0 ; : ‘ ‘ ‘ 0 ; ; ; ;
0 100 200 300 400 500 600 700 800 900 1000 0 100 200 300 400 500 €00 700 800 900 1000
Time (Days) Time (Days)
(a) Human (b) Mosquito



1. Faragé and R. Mosleh

Applied Mathematics and Computation 439 (2023) 127628

30 3
T I R I I I I AT I L
25 25 i
" 0000000000000000000000000000000000
» ©00000000000000000000000000000000 e
c
L | 2 ot |
g 20 S-h g’ S-m
> [%2]
T E-h =} E-m
© I-h 2 I-m
S 15f R-h ] £157 o V||
o o Vvlo s Am/( )
] 5 + Iz
2 + A = \ il #m ]
€10 w s g 17 1
z z
0.5 i
. . 0 Lf\ ! ! 7 7 T : : :
0 100 200 300 400 500 600 700 800 900 1000 0 100 200 300 400 500 600 700 800 900 1000
Time (Days) Time (Days)
(a) Human (b) Mosquito
Fig. 6. \1130(%), Explicit Euler Method (6 = 0).
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Table 1
Values of the parameters for the numerical results.
Si(0)=10 E}(0)=8 I}(0) =3 RI(0) =1
s1(0)=13 EL0)=06 I (0)=04
S2(0) =12 E2(0)=8 20)=7 R2(0)=5
S2,(0)=5 EX(0)=4 I2(0)=3
Ap=0.0027 Ap=0027 pB,=0.1 Bn =03
wp=0.0001  jy=0010 §,=02x10"% &, =0.05
o = 0.067 am =0.29 r=0.012 w = 0.0011
vy, =0.5 v = 0.01 b=0.01
V1(0) =22 % =27 Vi(0)=23 27 =27
V2(0) =32 VZ(0) =12
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Remark 9. The exact solution for the function (65) is on the negative branch of the Lambert W function as

—HW_(=hte ) — At
HAt

Co =

4. Numerical simulations

(67)

In this section, we give some numerical examples to verify the theoretical results obtained in Section 3. We investigate
the sharpness of the upper bounds h*(6) and h**(0) and positively invariant property for the intervals (0, 2—:], (0, Am,

’ Mm

(0,Vy), and (0, V) for the total populations and each component of the solution for humans and mosquitoes, respectively
at any time. The applied parameters and initial data are defined from the literature and they are given in Table 1 [3,4,20].

Figure 1 visualizes the validity of Theorem 1 and Corollary 1 for the standard explicit Euler method, (6 = 0). Figure 1(a)-
(b) denote the intervals (0, 2—:] and (0, ﬁ—,’;‘] are positively invariant for each component of the solution of the system (17) for
humans and mosquitoes, respectively when At € (0, h*(0)], h*(0) = 3.33. Figure 2 depicts the results when At > h*(0),
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Number of the Humans
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i.e., At ¢ (0,h*(0)]. In Fig. 2(a) the positively invariant property of the intervals (0, A—:] and (0, A—z] is preserved for each
component of the solution stating the step size tolerance h*(0) is a sufficient condition, while in Fig. 2(b) this property is
not preserved. Figures 1 and 2 show the sharpness of the sufficient condition for the step size At and they illustrate the
solution does not exceed the upper bounds when the time interval is sufficiently large. This example illustrates the behavior
of the system (17) for the standard semi-trapezoidal method, 8 = 0.5, when At € (0, h**(0.5)], here h**(0.5) = 6.66. The
intervals (0,Vy) and (0,V;;) are positively invariant for each component of the solution of the system (17) for humans
and mosquitoes, respectively. Figure 4 shows the step size tolerance h**(0.5) is a sufficient condition for the standard semi-
trapezoidal method. In Fig. 4(a), the interval (0, V;;) is positively invariant for each component of the solution for mosquitoes
with the semi-trapezoidal method for At ¢ (0, h**(0.5)] whereas Fig. 4(b) indicates this property does not hold for At ¢
(0, h**(0.5)]. Figures 3 and 4 consider the results of Theorem 2. Figure 5 visualizes the intervals (0, 2—’;] and (O, A—y’:] are
positively invariant for each component of the solution of the system (17) with the standard semi-implicit Euler method, 6 =
1, for the adequately large step size. For this method h*(1) = 100. Figure 6 verifies the validity of Theorem 1 and Corollary
1 with the step-size function (60) applied to the explicit Euler method for sufficiently large step size, At = 30, for humans
and mosquitoes. In Fig. 7, the intervals (0,V;) and (0, V;;) are positively invariant for each component of the solution for

1"\’\!\’\!\’\’\f\f\f\f\f\f\f\f\f\f\f\f\f\f\f\f\f\f\f\l\
35 200000000000000000000000000
S-m
00000000000000000000000000 E-m
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® 25 | 3 + A fug
c = 8, .|
] =
§ o g
ol R 13
) - 6 N
] R-h :5_
5 o Vv 2
5157 1(0) R g
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Z 10t . L
[—
5 ]
0 : : : : : : : ‘ ‘ 0 100 200 300 400 500 600 700 800 900 1000
0 100 200 300 400 500 600 700 800 900 1000 Time (Days)
Time (Days)
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Fig. 10. W,,(2), Semi-Trapezoidal Method (6 = 0.5).
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humans and mosquitoes, respectively, with the step-size function (60) applied to the semi-trapezoidal method for At =
40. Figure 8(a) depicts the intervals (O, 2—:] and (O, A—r";] are positively invariant for the total populations for humans and
mosquitoes, respectively with the step-size function (60) applied to the explicit Euler for adequately large step sizes, At =
30. Figure 8(b) illustrates the intervals (0,V;) and (0,V3) are positively invariant for the total populations, respectively
with the step-size function (60) and At =40 applied to the semi-trapezoidal method. In this example, the total number
of humans population remains constant whereas the total number of mosquitoes population declines in the given time.

Figures 9 and 10 illustrate property 2 is valid for the step-size function (60). It means that when C > h%(o) in Fig. 9 and
C> ﬁos) in Fig. 10, the intervals (0, ﬁ—,’:] and (0, A—g}] are positively invariant for each component of the solution. The same
result is valid for the intervals (0, V") and (0, Vy,) for humans and mosquitoes, respectively. Figure 11 shows the results of
the step-size function (65) for various C. In Fig. 11(a), the interval (0, A—g] is positively variant for each component of the
solution when Gy = 0.06. The same result is satisfied in Fig. 11(b) for the interval (0, V};) with Cy = 0.47 with At =3.

In addition to the dynamical consistency, the accuracy of the results is important. In the following, we compare the

results obtained by different step-size functions and various step sizes At on the time interval [0,1000]. To this end, we
generate the reference solution by the ode45 built-in function in MATLAB with the fixed step sizes. Then outcomes are

15
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T (05)

denoted in maximum absolute error (MAE) graphs to show the efficiency and accuracy of the step-size functions for ad-
equately large step sizes. Figures 12 and 13 compare the maximum absolute errors with various step sizes applied to the
explicit Euler method with the step size At and step-size function (16) for humans and mosquitoes. The results denote the
solution generated by the step-size function (16) is more precise than the result of the step size At for sufficiently large step
sizes At. Figures 14 and 15 visualize the solution of the semi-trapezoidal with the step size At method is more accurate
than the solution generated by the replacement (16). Figures 16 and 17 illustrate the result obtained by the semi-implicit
Euler method with the conventional step size At is more accurate than the solution of the step-size function (16) applied to
the semi-implicit Euler method. According to Figs. 12-17, it is more accurate to treat the system (17) with the replacement
(16) for the explicit Euler method with adequately large step sizes while the step size At generates more precise solution
for the semi-implicit schemes of the system (17) and we do not need the replacement (16).

The numerical simulations evidence the invariant domains for the step-size functions, (0, h*(6)] and (0, h**(@)], are
sufficient conditions. For instance, the interval (0, ﬁ—:] is positively invariant for each component of the solution in Fig. 2(a)
and the interval (0,V;:) is positively invariant in Fig. 4(a) for mosquitoes while ®(At) ¢ (0, h*(6)] and ®(At) ¢ (0, h**(0)],
respectively. The step-size function ®c(At) (16) with C > 0 is useful to treat the explicit scheme of the system (17) for
sufficiently large step size At. In this case, the function ®c(At) generates more accurate solution than the function ®(At) =

16
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At. Figures 12 and 13 visualize the efficiency of the step-size function ®¢(At) for the explicit Euler method with adequately
large step sizes At. Figures 14-17 illustrate the step-size function ®(At) = At generates more accurate solution than the
function ®¢(At) for the semi-implicit schemes of the system (17).

5. Summary

In this analysis, we consider malaria transmission for infected populations of humans and mosquitoes through the ex-
tended Ross model. Since the extended Ross model is a highly nonlinear system, we benefit from numerical methods to
approximate its solution. To this end, at the first step, we apply the step-size functions to approximate the time derivatives
with the first order consistency. Then we use a nonlocal discretization of the standard 6-method to approximate the right
side of the system to obtain a linear system and explicit solution. The results indicate the dynamical consistency highly
depends on the step sizes with the step size At applied to the Runge-Kutta methods. Since the extended Ross model is a
dynamical system, we are interested in analyzing the system on adequately large time intervals. It refers to the small step
sizes are not useful. Hence, we suggest a step-size function for the system (17) to preserve the dynamical consistency for
any conventional step size At. The suggested step-size function improves the accuracy and absolute stability of the explicit
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Euler scheme while the nonstandard 6-method generates more precise results with the step-size function ®(At) = At for
the semi-implicit schemes.
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