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ABSTRACT

Coalescing supermassive black hole binaries (BHBs) are expected to be the loudest sources of gravitational waves

(GWs) in the Universe. Detection rates for ground or space-based detectors based on cosmological simulations and

semi-analytic models are highly uncertain. A major difficulty stems from the necessity to model the BHB from the

scale of the merger to that of inspiral. Of particular relevance to the GW merger timescale is the binary eccentricity.

Here we present a self-consistent numerical study of the eccentricity of BHBs formed in massive gas-free mergers from

the early stages of the merger to the hardening phase, followed by a semi-analytical model down to coalescence. We find

that the early eccentricity of the unbound black hole pair is largely determined by the initial orbit. It systematically

decreases during the dynamical friction phase. The eccentricity at binary formation is affected by stochasticity and

noise owing to encounters with stars, but preserves a strong correlation with the initial orbital eccentricity. Binding of

the black holes is a phase characterised by strong perturbations, and we present a quantitative definition of the time

of binary formation. During hardening the eccentricity increases in minor mergers, unless the binary is approximately

circular, but remains largely unchanged in major mergers, in agreement with predictions from semi-analytical models

based on isotropic scattering experiments. Coalescence times due to hardening and GW emission in gas-poor non-

rotating ellipticals are . 0.5 Gyr for the large initial eccentricities (0.5 ≤ e ≤ 0.9) typical of galaxy mergers in

cosmological simulations.

Key words: black hole physics – galaxies: kinematics and dynamics – galaxies: nuclei – galaxies: interactions –

gravitational waves – methods: numerical

1 INTRODUCTION

Supermassive black holes (MBHs) with masses in the range
106 − 1010 M� are commonly found at the centre of galaxies
(e.g. Ferrarese & Ford 2005; Kormendy & Ho 2013) and are
expected to be ubiquitous. In the hierarchical cosmological
model of structure formation, MBHs come together during
galactic mergers forming a bound pair (Begelman et al. 1980).
Binaries of massive black holes (BHBs) may form in large
numbers over cosmic time due to the large occupation fraction
of MBHs at all times (Haehnelt & Rees 1993). These systems
have recently received considerable attention as their coa-
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lescence produces the loudest sources of gravitational waves
(GWs) in the Universe (Peters 1964).

Depending on their masses, BHBs are expected to shine
at GW frequencies between 10−9 Hz up to 10−1 Hz, a broad
frequency window whose lower end is accessible by current
observatories like the Pulsar Timing Array (PTA, Desvignes
et al. 2016; Reardon et al. 2016; Perera et al. 2019; Alam
et al. 2021) and the highest end by upcoming missions like
the Laser Space Interferometer (LISA, Amaro-Seoane et al.
2017; Schödel et al. 2017; Barack et al. 2019). Detection of
GWs from BHBs would allow to build a statistical sample of
key parameters like the masses, spins, orientations and even
distances of MBHs. Given that BHBs can be seen even at very
large red-shifts, it could also provide an exciting new cosmo-
logical probe (e.g. Valiante et al. 2021). However, bridging the
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gap between the kpc-scale separation of the initial merger and
the mpc-scale separation required for GW inspiral cannot be
taken for granted and requires that binary hardening remains
efficient over several orders of magnitudes in separation.

The evolution of a massive black hole binary (BHB) in a
gas-poor system depends upon the properties of the merg-
ing galaxies as well as the orbital parameters. Qualitatively,
the evolution can be divided in three separate phases (Begel-
man et al. 1980): (i) a first phase driven by dynamical friction
against the dark matter and stellar content of the galaxy that
brings the MBHs together in a pair (Chandrasekhar 1943),
if it is efficient enough;(ii) a second phase of rapid hardening
driven by encounters with stars on low angular momentum
orbits (Quinlan 1996; Sesana et al. 2006) and (iii) a third
phase characterised by hardening against stars in the loss-
cone1 followed, if efficient, by GW emission and coalescence
to a single MBH (Peters 1964).

The dynamical friction phase is estimated to be rapid for
any realistic MBH masses (e.g. mass ratios q > 10−3; Gua-
landris & Merritt 2007), with only binaries with q < 10−3

showing evidence of stalling (Dosopoulou & Antonini 2017).
The hardening phase, however, may be characterised by a
slowing decay or even stalling (Milosavljević & Merritt 2001).
This occurs in spherical stellar distributions where the loss-
cone is emptied after approximately one dynamical time due
to the ejection of all stars initially on centrophilic orbits. The
only dynamical process able to refill the losscone in spher-
ical potentials is two-body relaxation, but this operates on
the relaxation timescale, which is longer than the age of the
Universe for massive galaxies. However, it has been shown
that even a mild triaxiality in the stellar system is suffi-
cient to trigger collisionless losscone refilling leading to co-
alescence on timescales shorter than a Hubble time (Berczik
et al. 2006; Vasiliev et al. 2015; Gualandris et al. 2017). This
occurs because the total angular momentum of stellar orbits
is not conserved in non-spherical potentials and torques lead
to a replenishment of centrophilic orbits (Yu 2002). Rotation
also enhances binary hardening (Holley-Bockelmann & Khan
2015; Mirza et al. 2017). Triaxiality and/or rotation are natu-
rally achieved in galactic mergers (Khan et al. 2016; Bortolas
et al. 2018). It is therefore legitimate to conclude that BHBs
formed in mergers involving massive elliptical galaxies will
find their way to coalescence. This is in agreement with the
small number of available observations of BHBs, despite tar-
geted searches at different spatial scales (see e.g. Dotti et al.
2012, for a review).

With the PTA possibly making its first detection within the
decade (Taylor 2019) and LISA in its final planning phase,
merger timescales for BHBs from numerical simulations have
become crucial to estimate detection rates for both probes.
However, estimates are highly uncertain, as they depend crit-
ically on the eccentricity of the newly-formed BHB and the
properties of the host galaxies, with timescales spanning the
range from tens of Myr to several Gyr (Gualandris & Mer-
ritt 2012; Khan et al. 2013; Rantala et al. 2017; Khan et al.
2018a,b).

The evolution of binaries in gas poor systems past the hard

1 The ‘binary losscone’ is defined as the subset of stars in the

galaxy on low angular momentum orbits, that can strongly interact
with the central BHB.

binary separation can be satisfactorily modelled via semi-
analytical prescriptions (Sesana & Khan 2015). These tools
well describe the binary evolution in an isotropic stellar back-
ground both in the hardening stage (Sesana 2010) and along
the GW-driven decay (Peters 1964). Tracking the evolution
of the orbital elements shows that while the semi-major axis
a shrinks in both phases, the eccentricity e grows in the hard-
ening stage (especially for initially non circular binaries with
mass ratios q = M2/M1 � 1, where M2 ≤ M1 by definition)
but is then quickly dissipated in the GW-dominated regime.
It is of primary importance to correctly predict the evolution
of the eccentricity at the end of the hardening phase as this
sets both the onset and duration of the GW phase: GW emis-
sion begins earlier for eccentric binaries and the timescale to
coalescence scales as ∝ a4(1−e2)7/2; but see also Zwick et al.
(2020, 2021).

However, self-consistently modelling the binary evolution
from the large scale of the galaxy merger to the scale of bi-
nary formation and hardening and then coalescence is a com-
putational challenge. To date, it remains unclear whether the
initial parameters of the galaxy merger impact the eccen-
tricity at the binary formation and then at the onset of the
hardening stage, thus potentially significantly impacting the
evolutionary timescale of binaries.

Among all phases of binary evolution, the most uncertain
is the phase of binary formation, where the BHB transitions
from a dynamical friction dominated evolution to a stellar
slingshot dominated evolution, partly due to the difficulty of
modelling the effects of stochasticity (Nasim et al. 2020).

In this study, we combine state-of-the-art direct summation
N -body simulations of galaxy mergers with semi-analytical
models to investigate the process of binary formation and self-
consistently constrain the eccentricity of BHBs from large to
small scales. We find that the binding of BHs does not hap-
pen instantaneously but rather it is a process during which
the BHs oscillate between a bound and an unbound state sev-
eral times before settling into a bound two-body Keplerian
orbit. The process is intrinsically chaotic and, depending on
the orbital parameters of the merger, the mass ratio and the
properties of the galaxy, results in different orbital elements
for the newly formed BHB. The main effect of the chaotic
phase of binding is to introduce a scatter in the eccentricity
of BHBs at the time of binary formation. However, we iden-
tify a tight correlation between the eccentricity at binding
and the properties of the merger, namely the initial orbital
eccentricity. In addition, we find a clear correlation between
the eccentricity at binding and that at the onset of the hard-
ening phase, which can be exploited to tailor semi-analytic
predictions of timescales for GW coalescence.

2 NUMERICAL METHODS

We model the merger of two spherical non-rotating galax-
ies with the direct summation code φ-GPU (Berczik et al.
2011; Just et al. 2012; Sobolenko et al. 2017; Panamarev
et al. 2019), a fourth order Hermite integrator supporting the
accelerated computation of gravitational forces on Graphic
Processing Units. φ-GPU employs gravitational softening (ε)
for the calculation of gravitational forces among all parti-
cles. In order to achieve the most accurate integration of the
binary orbit, we set ε = 0 for MBH-MBH interactions and
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Bound Eccentricity of black hole binaries 3

Table 1. Galaxy models: identifier, slope of the initial density profile, initial orbital eccentricity of the merger, galaxy mass ratio, semi-major
axis as defined by Eq. 2, semi-major axis at binding, hard-binary separation as defined by Eq. 3, time of black hole binding, time when

the hard-binary separation is reached, eccentricity at the time of binding, eccentricity at the hard-binary separation.

Name γ e q af ab ah tb th eb eh

G05E05Q1 0.5 0.5 1 0.146 0.047 0.0093 351 371 0.22 0.065
G05E05Q025 0.5 0.5 0.25 0.095 0.048 0.0034 954 1010 0.135 0.14

G05E05Q01 0.5 0.5 0.1 - - - - - - -

G05E07Q1 0.5 0.7 1 0.157 0.026 0.009 238.5 257 0.815 0.64

G05E07Q025 0.5 0.7 0.25 0.096 0.042 0.0035 757 825.25 0.26 0.10

G05E07Q01 0.5 0.7 0.1 - - - - - - -

G05E09Q1 0.5 0.9 1 0.132 0.037 0.008 140 159 0.625 0.72

G05E09Q025 0.5 0.9 0.25 0.101 0.033 0.0033 364 436 0.45 0.31
G05E09Q01 0.5 0.9 0.1 0.060 0.039 0.0012 2168 2337 0.52 0.80

G1E05Q1 1 0.5 1 0.093 0.026 0.006 370.5 375.5 0.16 0.08
G1E05Q025 1 0.5 0.25 0.057 0.0022 0.0021 745 780 0.23 0.09

G1E05Q01 1.0 0.5 0.1 - - - - - - -

G1E07Q1 1 0.7 1 0.0496 0.0274 0.0050 242.75 249.75 0.39 0.21

G1E07Q025 1 0.7 0.25 0.0375 0.0249 0.00189 569.25 607.25 0.48 0.03
G1E07Q01 1 0.7 0.1 0.030 0.0187 0.0009 3910.75 3996.75 0.16 0.38

G1E09Q1 1 0.9 1 0.0603 0.012 0.0052 127 133 0.56 0.58
G1E09Q025 1 0.9 0.25 0.048 0.019 0.0023 289.5 316 0.45 0.21

G1E09Q01 1 0.9 0.1 0.028 0.024 0.0008 1573 1639.75 0.34 0.63

G15E05Q1 1.5 0.5 1 0.043 0.006 0.0027 409 411.5 0.115 0.045

G15E05Q025 1.5 0.5 0.25 0.018 0.0077 0.0010 648 665.5 0.0385 0.045

G15E05Q01 1.5 0.5 0.1 0.009 0.0036 0.00058 2098.5 2138 0.19 0.24

G15E07Q1 1.5 0.7 1 0.040 0.011 0.00133 256.5 265.5 0.11 0.12

G15E07Q025 1.5 0.7 0.25 0.018 0.0094 0.00035 455.5 548 0.0077 0.155
G15E07Q01 1.5 0.7 0.1 - - - - - - -

G15E09Q1 1.5 0.9 1 0.0165 0.0065 0.00039 119.5 180 0.37 0.52
G15E09Q025 1.5 0.9 0.25 0.022 0.0042 0.00044 220.5 280 0.18 0.24

G15E09Q01 1.5 0.9 0.1 0.019 0.0114 0.00057 1325.5 1355 0.26 0.41

ε = 7 × 10−6 for MBH-star interactions. We allow a small
softening ε = 10−4 for star-star interactions to avoid the
formation of stellar binaries. The galaxies follow Dehnen’s
spherical density profile (Dehnen 1993):

ρ(r) =
(3− γ)M

4π

r0

rγ(r + r0)4−γ , (1)

where Mgal is the total mass of the galaxy, r0 is the scale ra-
dius of the model and γ is the central density slope. We adopt
three values of γ = 0.5, 1.0, 1.5 to model shallow and cuspy
radial density profiles. The galaxies are placed on bound Ke-
plerian orbits of different eccentricities e = 0.5, 0.7, 0.9 at a
fixed distance of D = 20 r0 and semi-major axis a = 15r0

2.
We consider both major and minor mergers with mass ratio
q = 1.0, 0.25, 0.1. All galaxies host a central MBH of fixed
mass M• = 0.005 in units of the galaxy mass. This is cho-
sen as a typical value for massive elliptical galaxies, though
we note that a large spread is observed (0.0005 . q . 0.01;
Schutte et al. 2019) and that often models like ours represent

2 The radial and tangential components of the relative velocity

are Vr = −0.072, Vt = 0.168 for e = 0.5, Vr = −0.119 Vt = 0.138
for e = 0.7, Vr = −0.162, Vt = 0.084 for e = 0.9, in normalised

code units.

the inner rather than the whole bulge of the galaxy. This im-
plies that the interacting MBHs have the same mass ratio q
as their host galaxies. The merging galaxies have an equal
scale radius r0 regardless of q. Even though the scale radius
is often scaled with the mass, this choice is not representative
of the huge variety of different galaxies; for instance Emami
et al. (2021) show that, for their subclass of dwarfs, the radius
scales very weakly with the stellar mass. We warn that this
choice makes the infalling galaxy more susceptible to tidal
effects and stripping, which may affect our findings.

The parameters of the merging galaxies are listed in Table
1 with the model identifiers that will be used throughout.
These include the slope of the density profile (label ’G’), the
initial orbital eccentricity of the merger (label ’E’) and the
merger mass ratio (label ’Q’). All models are generated at a
resolution of N = 512k particles. Additional realisations are
generated for model G05E07Q1 (5 independent realisations)
and at higher resolution (N = 1M) to investigate the depen-
dence of our results on particle number and random noise
(see section 4.6).

We adopt normalised code units such that the Newto-
nian gravitational constant, the scale radius of the density
profile and the total mass of the merging galaxies are set
equal to unity: G = 1, r0 = 1 and Mtot = 1. Scaling
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Table 2. Scaling to physical units [L] (distance), [T] (time) and [V]

(velocity) for two adopted values of the binary mass as a function
of the central slope of the merging galaxies. Here Mgal has to be

intended as the total mass of the galaxy merger remnant, which is

set equal to 1 in internal units.

Mb,Mgal(M�) γ [L] (pc) [T] (Myr) [V] (km s−1)

4 × 106, 8 × 108 0.5 31 0.089 335

4 × 106, 8 × 108 1.0 52 0.20 257
4 × 106, 8 × 108 1.5 119 0.68 170

1 × 108, 2 × 1010 0.5 186 0.27 680
1 × 108, 2 × 1010 1.0 315 0.59 523

1 × 108, 2 × 1010 1.5 719 2.0 346

to physical units can be performed by equating the value
of the central MBH’s influence radius measured in the ini-
tial model with the value obtained by Merritt et al. (2009),

rinfl = 35 pc
(
M•/108 M�

)0.56
. Length, time and velocity

units are given in Table 2 for a Milky Way type galaxy with
a MBH of mass 4.0× 106 M� and a generic one with a MBH
of mass 108 M�.

Different models show binary evolution on different
timescales, therefore rather than fixing a total integration
time we monitor each model and extend the time integration
well past binary formation and, in most instances, past the
formation of a hard binary. Some of the minor merger models
evolve so slowly in the dynamical friction phase that it wasn’t
possible to reach binary formation; we exclude those models
from our analysis (see Table 1).

3 EVOLUTION OF MASSIVE BLACK HOLE BINARIES

We consider binaries of supermassive black holes of masses
M1 > M2, total mass Mb and a mass ratio q = M2/M1. Their
evolution shows three characteristic phases during which the
hardening is driven by different processes. In the first phase,
dynamical friction against the stellar population drags the
MBHs to a separation af , defined as the separation where
the enclosed stellar mass is of the order of twice the mass M2

of the secondary

M∗(< af ) = 2M2. (2)

In the case of equal mass mergers, this is equivalent to the
separation enclosing a mass equal to the binary mass Mb. The
time at which this separation is reached tf = t(af ) is often
taken to mark the time of binary formation, when the MBHs
become bound. In fact, as we show in section 4.1, binary for-
mation is not yet complete. More appropriately, tf roughly
corresponds to the end of the merger process and can be taken
to mark the end of the dynamical friction phase. Beyond this
time, dynamical friction becomes less and less efficient while
encounters with stars begin to remove energy and angular
momentum from the pair. The second phase of evolution is a
phase of very rapid and efficient hardening driven by three-
body encounters between the binary and stars on intersecting
orbits. Stars initially on losscone orbits are ejected by the bi-
nary on roughly a dynamical timescale, leading to a reduction
in stellar density and the formation of a core. This process of

core scouring is considered responsible for the observation of
large cores in massive elliptical galaxies (e.g Milosavljević &
Merritt 2001; Merritt 2006; Gualandris & Merritt 2012).

The binary is considered hard when it reaches the separa-
tion

ah =
GM2

4σ2
(3)

called the hard-binary separation, where its binding energy
per unit mass exceeds the kinetic energy per unit mass of
the stellar population, with σ the stellar velocity dispersion
(Milosavljević & Merritt 2001). The characteristic separa-
tions af and ah depend on the slope of the density profile γ,
with steeper profiles resulting in smaller separations (Bortolas
et al. 2018). The time th = t(ah) at which the hard-binary
separation is reached approximately marks the end of the
hardening phase, as by this time all stars on initial losscone
orbits have been ejected by the binary. The evolution into
the third phase depends on the efficiency of losscone repopu-
lation, which is determined by the geometry and kinematics
of the nucleus. Stalling of the binary at the hard-binary sep-
aration (of the order of 1 pc for typical galaxy masses) is
seen in simulations of BHBs evolving in non-rotating spher-
ical potentials, due to the slow refilling of losscone orbits by
two-body relaxation; a process often called The Final Parsec
Problem (Milosavljević et al. 2002). Simulations of binaries in
realistic merger remnants, which are characterised by triax-
ial shapes and/or some degree of rotation, show continuing
evolution and sustained hardening at rates sufficient to lead
to GW emission and coalescence in much less than a Hubble
time (Preto et al. 2011; Khan et al. 2011; Vasiliev et al. 2015;
Gualandris et al. 2017; Arca Sedda et al. 2019).

4 RESULTS

The large scale evolution of the mergers depends mainly on
the initial orbital eccentricity, with more eccentric orbits re-
sulting in fewer pericentre passages before merging, and on
the mass ratio. The trajectories of the MBHs trace the large
scale orbits of the host galaxies, as shown in Fig. 1, and do
not show any significant dependence on the slope γ of the
central density profile.

The evolution of the MBHs from large to small scales shows
the three distinct phases described in section 3, as can be
seen in the top panels of Fig. 2, 3, 4 for some representative
models.

We compute the characteristic separation af which marks
the end of the dynamical friction phase as well as the hard-
binary separation ah for all models. Values are given in Table
1 and are marked in Fig. 2, 3, 4 for a selection of models.

4.1 Binary formation

In this section we aim to investigate the phase of binary for-
mation. This phase is crucial as it sets the early eccentricity
of BHBs which then evolve through hardening towards GW
emission and coalescence. As we show below, it is impor-
tant to properly define the time of binary formation, prior
to which the eccentricity oscillates strongly, in order to ac-
curately track the eccentricity evolution in the subsequent
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Figure 1. Trajectories of the MBHs in 6 representative models with

different initial orbital eccentricity, mass ratio and density slope:
primary MBH (solid line) and secondary MBH (dotted line). The

initial orbit of the galaxy pair lies in the z = 0 plane.

stages, with strong implications on merger timescales and
GW detection rates.

Figures 2, 3, 4, show the evolution of the distance between
the MBHs as a function of time, together with the semi-major
axis (top panels) and the evolution of the eccentricity (bottom
panels). The Keplerian orbital elements are well-defined only
when the binary is bound. To monitor the evolution of the
semi-major axis and the eccentricity at early times, when the
binary is not yet bound, we track subsequent pericentre (rp)
and apocentre (ra) passages and compute the orbital semi-
major and eccentricity as:

e =
ra − rp
ra + rp

(4)

a =
ra + rp

2
. (5)

We note that the Keplerian orbital elements are characterised
by large oscillations around the time of binary formation, sug-
gesting that binary binding is a phase rather than an instan-
taneous process. Despite being affected by stochastic effects,
we observe some periodicity in the oscillations, with large
variations found around apocentre, when the MBHs are fur-
ther apart and more stellar mass is enclosed within the or-
bit. Furthermore, the Keplerian elements, which are meant
to describe an isolated two-body system, are inadequate at
describing the behaviour of the MBHs in the rapidly evolving
background of the galaxy merger, especially near apocentre.
The orbital eccentricity is a useful quantity because it can be
computed at any time, even when the MBHs are still widely
separated, and matches the Keplerian eccentricity after bind-
ing. It becomes unreliable at late times, due to the difficulty
in identifying pericentre and apocentre passages as the BHB
orbital period quickly becomes very short and the output fre-
quency in the simulation does not allow to properly resolve
the time of pericentre and apocentre. We therefore show both
estimates of the eccentricity, and adopt the orbital eccen-
tricity to describe the early evolution of the binary (up to
binding) and the Keplerian eccentricity to describe the late
evolution (after binding).

We now seek to establish a physically motivated criterion

for binary formation. Given the large oscillations observed
in the Keplerian elements, and the fact that the binary en-
ergy oscillates between positive and negative values multiple
times before becoming permanently negative, it is incorrect
to adopt the time the binding energy first becomes negative
as the time of binary formation. One possibility is the time
tf when the separation af is reached, approximately marking
the end of the dynamical friction phase. The figures however
show that the MBHs are not yet bound, and the orbital ele-
ments still suffer large oscillations due to the chaotic nature
of interactions with background stars. We therefore consider
alternative separations enclosing different fractions of the to-
tal binary mass Mb. We find that the separation ab such that

M(< ab) = 0.1Mb (6)

and the corresponding time tb provide an adequate represen-
tation of the time of binary formation for all models, as by
this time most of the oscillations have settled and the system
can be considered in a stable bound configuration. We define
as eccentricity at binary formation eb the value of the orbital
eccentricity at time tb. Values of ab, eb and tb are given in
Table 1. We note that considering the binary bound at an
earlier time, for example at time tf or even at the first time
the binding energy becomes negative (as in e.g Nasim et al.
2021), results in a larger value of the eccentricity attributed
to the binary. This is because the eccentricity is, by definition,
extremely large when the MBHs first pair together. However,
the binary is not yet in a stable configuration, and the orbital
elements suffer large variations during the binding phase.

4.2 Eccentricity evolution

Figure 5 shows the dependence of the bound eccentricity eb
on the three parameters of the mergers: the orbital eccentric-
ity e, the central slope γ of the host galaxy’s density profile
and the mass ratio q of the MBHs/galaxies. There is a clear
correlation between the bound eccentricity and the initial ec-
centricity of the galactic orbit, with more radial orbits result-
ing in larger eb, though with a considerable scatter. We also
note a weak dependence on the inner slope of the galaxy’s
profile, with steeper cusps resulting in less eccentric binaries
at formation. This can be understood in terms of increased
circularization in steeper profiles in the dynamical friction
phase, as explained below. It is more difficult to draw con-
clusions on correlations with the mass ratio, as some q = 0.1
models were not completed, but there is a suggested trend
towards a smaller eccentricity when transitioning from equal
mass mergers to 1:4 mergers, followed by a modest increase
in eccentricity for 1:10 minor mergers.

Interestingly, we see evidence of circularization in all mod-
els, which we attribute to the effects of the dynamical friction
phase. In fact, the eccentricity during the early phases of the
merger correlates with the eccentricity of the orbit as can be
seen in Fig. 6. This shows a strong correlation of the eccen-
tricity at the first pericentre passage with the eccentricity of
the galactic orbit. On the other hand, the bound eccentric-
ity, which is computed after the dynamical friction phase, is
significantly and systematically lower than that at the first
pericentre passage, as shown in Fig. 7.

The subsequent evolution does not alter the eccentricity
significantly, and a clear correlation with the eccentricity at
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Figure 2. (Top left) Evolution of the distance between the MBHs (black solid line) and of the Keplerian semi-major axis (green solid

line) as a function of time for models. The characteristic separations af and ah are shown with horizontal dashed lines. The red points
mark the semi-major axis computed via subsequent pericentres and apocentres. (Top right) A zoomed-in version of the top left panel to

illustrate the process of MBH binding, showing also the separation ab which we take to mark binary formation. (Bottom left) Evolution
of the orbital eccentricity of the BHB (black solid line) computed numerically from the pericentre and apocentre of the orbit and of the

Keplerian eccentricity (green solid line). (Bottom right) A zoomed-in version of the bottom left panel, marking the times when the critical

separations are reached: tf , tb and th. The left-hand figure refers to model G05E09Q1, while the right-hand one is for model G05E09Q01.
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Figure 3. Like Fig. 2 for models G1E07Q1 and G1E07Q025.

the hard-binary separation can be seen in Fig. 8, though with
significant scatter. This implies that the main effect of the
stochastic binding phase is to introduce a scatter in the de-
pendence of the binary eccentricity at late times, after the

hard-binary separation is reached, on the initial eccentricity
of the galactic orbit.
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Figure 5. Bound eccentricity eb as defined by Eq. 6 as a function of (left) the initial orbital eccentricity e of the merger;(middle) the central
slope of the galaxy’s density profile; (right) the MBH mass ratio q.
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Figure 7. Relation between the eccentricity of the binary at bind-
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passage during the galactic merger, showing evidence of circular-
ization during the dynamical friction phase.
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q = 0.25, q = 1 models combined (blue area).

4.3 Eccentricity evolution during the dynamical friction
phase

As discussed in the previous section, the eccentricity of the
orbit seems to constantly decrease during the dynamical fric-
tion phase until the formation of the bound binary. In order
to investigate this phase in more detail, we adopt a semi-
analytical approach. BY relying on simplified equations, the
framework allows to gain physical insight and explore a larger
parameter space at a much lower computational cost with re-
spect to N -body simulations.

We consider a setup in which the main host galaxy is mod-
elled with a fixed analytical potential while the secondary
MBH is represented by a massive perturber that sinks within
the galaxy due to the action of a dissipative force mimicking
dynamical friction. We note that this setup is inadequate for
major mergers and we therefore restrict our comparison to
the q = 0.1 case, in which the merger does not significantly
perturb the potential of the main galaxy. Specifically, we in-
tegrate the equations of motion of a massive particle affected
by the conservative gravitational potential of a Dehnen mass
distribution (with different values of γ) and by the dissipa-
tive dynamical friction deceleration implemented as (Chan-
drasekhar 1943):

adf = −2πG2 ln(1 + Λ2)mpρ(r)

(
erf(X)− 2Xe−X

2

√
π

)
vp
|vp|3

.

(7)

In the above expression, mp and vp denote the mass and ve-
locity of the perturber, ρ(r) is the local background density
at the instantaneous radius r, Λ = pmax/pmin is the ratio be-
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tween the maximum and minimum impact parameter, while
X is a shortcut for X = vp/(

√
2σ(r)) representing the ratio

of the perturber velocity over the local velocity dispersion (at
radius r from the centre). For the maximum and minimum
impact parameters we adopt the following expressions (Just
et al. 2011; Petts et al. 2016; Bonetti et al. 2021):

pmax = r/δ,

pmin = max

(
Gmp

v2
p + σ(r)2

, Dp

)
,

δ = −d ln ρ

d ln r
, (8)

δ being the logarithmic slope of the density profile, r the
radial coordinate and Dp the physical radius of the infalling
object, here assumed to be zero. The details of the orbital
integrator can be found in Bonetti et al. (2020b, 2021).

We initialize the host system with total mass M ≈ 0.91,
scale radius r0 = 1 and γ = 0.5, 1, 1.5 (the same initial pa-
rameters as those of the main galaxy in the q = 0.1 N -body
runs), and the intruder point mass mp ≈ 4.55×10−4 (equal to
the mass of the secondary MBH in the q = 0.1 N -body runs).
We choose the initial orbit of the intruder so that its initial,
non-Keplerian, orbital semi-major axis is fixed to a = 5 and
the non-Keplerian eccentricity is e = 0.2, 0.4, 0.6, 0.8; these
orbital parameters are again computed in such a way that
the periapsis rp and apoapsis ra in absence of dynamical fric-
tion would satisfy the relations in Eq. 4.

The results of the integration are shown in Fig. 9. In the
upper (lower) panel we show the time evolution of the eccen-
tricity (semi-major axis) of the point mass object for several
different initial eccentricities (from 0.2 to 0.8; see colour code)
and three different slopes of the spherical density profile (0.5,
1.0, 1.5; see different line-styles). The non-Keplerian orbital
parameters are computed as in Eq. 4. The evolution confirms
the trend recovered in the full N -body simulations for which
the eccentricity systematically decreases during the dynami-
cal friction phase. Larger initial eccentricities yield, for a fixed
γ, a faster orbital decay. This owes to the greater efficiency of
dynamical friction at pericentre, so that more eccentric initial
orbits can penetrate deeper into the stellar cusp and dissipate
more compared to more circular ones; the fact that dynami-
cal friction is more efficient at pericentre also implies that the
object tends to circularize. For the same initial orbital eccen-
tricity, inspirals take longer in steeper density profiles. This
is due to the fact that in all considered cases the total mass is
kept fixed at a constant value, therefore increasing the inner
slope of the profile results in a slightly reduced density (and
in turn dynamical friction efficiency) in the outer regions of
the system (r � r0), where most of the inspiral takes place.
It is worth stressing that in this semi-analytical approach we
can only account for the effect of dynamical friction, and we
neglect the effect of mass loss of the intruder, which is instead
treated as a point mass within the host potential. By com-
paring the eccentricity endpoints in figure 9 to those in table
1 for the q = 0.1 cases, we can appreciate the consistency
of the trends. Circulatization occurs in all cases. For a fixed
initial eccentricity, eb is smaller for steeper cusps, whereas for
a fixed cusp profile, initially more eccentric binaries result in
a larger eb. Note, however, that the semi-analytical model
predicts longer DF timescales for steeper cusps, which is op-
posite to the trend seen in the simulations. This is because in
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Figure 9. Evolution of the eccentricity (top) and semi-major axis
(bottom) of a point mass object subject to dynamical friction

within a Dehnen density profile. The orbits are initialized with

different inner slopes for the host galaxy (γ) and different values
for the initial orbital eccentricity. At any time, the eccentricity
and semi-major axis are computed via Eq. 4. The dots on each

line mark the time at which the massive object reaches a semi-
major axis equal to twice the influence radius of a MBH with 10

times its mass (representative of the q = 0.1 models in this study).

the simulation the secondary MBH is not naked, but it is sur-
rounded by an extended galaxy that is progressively stripped
in the process. The steeper the cusp, the more concentrated
the stellar profile and the less efficient the stripping. In real-
ity, the MBH is surrounded by more stars in steeper cusps,
leading to a decreasing DF timescale.

The circularization that we observe in the dynamical fric-
tion phase is in tension with the results by Vasiliev et al.
(2021) who find an increase in the (orbital) eccentricity of
two merging spherical systems, in the case of (i) mass ratios
not too far from unity, (ii) relatively shallow density profiles,
and (iii) large initial eccentricity. This radialization is in con-
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10 A. Gualandris et al.

trast with what is typically found applying Chandrasekhar’s
theory (Eq. 7). They show that it is a complex process arising
from a combination of different causes, most importantly the
torque exerted by the stripped satellite debris on the satellite
itself, and the recoil induced by the infalling satellite in the in-
ner regions of the host (thus implying that Chandrasekhar’s
local treatment of this phenomenon may not be fully ade-
quate). This probably implies that radialization is less likely
to happen if the merging satellite is (i) too compact – as it
is less prone to stripping; (ii) too diluted – as the stripping
at first periapsis would result, in our case, in a naked MBH
whose low mass would not induce any recoil in the host and
whose associated satellite debris would be too spread out to
significantly induce a torque on the MBH; (iii) too light –
as both the recoil of the host and the self-induced torque
would be weaker; (iv) initially on a relatively circular orbit
– as the effects that induce recoil are maximised the deeper
the first pericentre is. This may help us understand why we
never clearly see radialization in our N -body simulations and
in fact we observe circularization in the dynamical friction
phase, better matching the standard dynamical friction pre-
dictions: our satellites are more diluted compared to the ones
in Vasiliev et al. (2021), and they initially have a larger peri-
centre passage, thus they may be more prone to induce a
mainly local, instead of a global, response in the system. In
addition, part of the difference might be due to the single ver-
sus double power-law density profiles adopted in their and our
study, respectively.

4.4 Eccentricity evolution in the binding phase

In the stage of binary formation and in the immediate af-
termath, the binary experiences a phase of rapid shrinking
mainly due to the ejection of stars bound to the two MBHs.
This phase brings the binary from a separation ab to ah and
results in the scouring of a stellar core. The eccentricity evo-
lution in the core-scouring phase has been investigated in
Sesana (2010) with an hybrid approach combining 3-body
scattering experiments and a semi-analytical framework for
the evolution of the stellar distribution. Their formalism is
strictly applicable only to unequal mass binaries (q . 0.1),
but it has been extended to higher mass ratios. They find that
the scouring phase does not significantly alter the eccentric-
ity if q is close to unity, whereas for q ≈ 0.1 an increase in
the eccentricity is expected, with shallower cusps leading to
larger growth.

Values of eccentricity at binding eb and the hard-binary
separation eh found in our simulations are listed in Tab. 1
and shown in Fig. 8. The results qualitatively corroborate the
predictions of the analytical models. Mergers with q = 0.25
and q = 1 roughly follow a linear trend eb ∼ eh, albeit with
significant scatter and one obvious outlier. We performed a
Deming regression and obtained a best linear fit eh = αeb+β
with α = 1.02 and β = −0.076, and intrinsic dispersion of the
relation of ε = 0.103, which is visualised in figure 8. We im-
mediately notice that the relation is consistent with eb = eh
‘within one sigma’, although with a small bias towards cir-
cularization, eh < eb. Furthermore, the five simulations with
q = 0.1 lie outside the upper 1σ dispersion region covered by
the relation. If those values were produced by the above re-
lation, each of them would have a probability of ≈ 0.16 to be
above the 1σ region. The probability to get five points over
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Figure 10. The image shows the evolution of the binary eccentric-

ity (top) and semi-major axis (bottom) as a function of time as

obtained from solving Eqs. (9, 10), using the initial conditions for
ah and eh as in Tab. 1. Note that here t = 0 corresponds to t = th,

and the tracks have been obtained assuming the scaling in Tab. 2
with Mb = 4 × 106 M�. Dotted, dashed and solid lines respec-

tively refer to runs with q = 0.1, 0.25, 1; wider and lighter lines to

thicker and darker ones respectively refer to γ = 0.5, 1, 1.5; red,
green and violet lines refer to runs with initial eccentricities equal

to 0.5, 0.7, 0.9.

this line is ≈ 0.165 ≈ 10−4. Therefore the distribution of the
q = 0.1 points in figure 8 is a 4σ outlier of five independent
draws from the fitting relation. The q = 0.1 points, instead,
closely follow a linear relation with α = 1.6 and β = 0.027,
with a smaller ε = 0.038 intrinsic dispersion. Although based
on a handful of points, these relations can be used to statis-
tically predict the eccentricity of a binary at the hardening
separation.

A prediction of the hybrid models based on 3-body scatter-
ings is that, for binaries with small q, the eccentricity growth
in the core scouring process should depend on the initial slope
γ of the cusp, with shallower cusps leading to larger growth.
Again, this trend is found in our simulations with q = 0.1. For
γ = 0.5 the only simulation reaching ah experiences a varia-
tion δe = 0.28 in this phase. The average growth for γ = 1
is δe = 0.25, whereas for γ = 1.5 is only δe = 0.1. Although
a direct comparison is hard, results shown in figure 3 and
4 of Sesana (2010) for q = 1/9 display comparable growth,
δe ≈ 0.1− 0.4. Note that in the same figures the eccentricity
evolution of equal mass binaries in this phase is consistent
with zero regardless of the other properties of the system.

4.5 Eccentricity evolution during the hardening phase

We stop our N -body simulations shortly after the binary has
reached the hard binary separation, ah. From this point on-
ward we can integrate the evolution of each binary in a semi-
analytical fashion. We assume that the evolution is driven by
both stellar interactions and GW emission, with the latter
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becoming dominant at late times. The rate of change of the
orbital elements can therefore be written as

da

dt
=

da

dt

∣∣∣∣
?

+
da

dt

∣∣∣∣
GW

(9)

de

dt
=

de

dt

∣∣∣∣
?

+
de

dt

∣∣∣∣
GW

. (10)

The evolution mediated by stellar interactions, denoted with
a star symbol in the equations above, is well described by
(Quinlan 1996)

da

dt

∣∣∣∣
?

= −a2HGρ

σ
(11)

de

dt

∣∣∣∣
?

= a
HKGρ

σ
(12)

where ρ, σ are the stellar density and velocity dispersion at
the binary influence radius, while H, K are coefficients that
depend on the binary mass ratio, separation and eccentricity,
and can be derived by means of scattering experiments; here
we use the fits obtained by Sesana et al. (2006) under the as-
sumption of an isotropic stellar background. The GW-driven
evolution of the orbital elements can be modelled via (Peters
1964)

da

dt

∣∣∣∣
GW

= −64G3

5c5
M1M2

a3(1− e2)7/2

(
1 +

73

24
e2 +

37

96
e4

)
(13)

de

dt

∣∣∣∣
GW

= −304G3

15c5
M1M2

a4(1− e2)5/2

(
e+

121

304
e3

)
; (14)

here c is the speed of light in vacuum. In order to evolve
the system past the hard binary separation, we need to set a
value for ρ/σ; for each run, we evaluate this ratio at a radius
enclosing a mass in stars equal to twice the binary mass at
t = th. Empirically, we find that this agrees within ≈ 20 per
cent with 1

2
ρ/σ evaluated at a radius containing 0.5% of the

mass of a Dehnen model with total mass equal to Mtot = 1
and r0, γ equal to the ones chosen for the initialization of each
run. In order to evolve the set of differential equations given
above (Eq. 11 and 13) we also need to select a set of physi-
cal units. We first consider the scaling shown in Tab. 2 for a
4× 106 M� central binary. The obtained tracks, initialised at
ah and eh from Tab. 1, are shown in Figure 10. This scaling
assumes that the density at the edge of the influence sphere is
≈ 5000−8000 M� pc−3, implying a relatively efficient harden-
ing that leads to coalescence in less than 350 Myr. Rescaling
to the case of a 108 M� binary, the time elapsed from th to
coalescence is approximately 100 − 500 Myr, and the maxi-
mum eccentricity attained in each run is slightly smaller than
the ones in Fig. 10. In this case, the density at the edge of
the influence sphere is around 500− 800 M� pc−3.

We list the time spent, in physical units, from the beginning
of the simulation to the hard-binary separation Thard, from
the hard-binary separation to coalescence Tmerg and the total
time to coalescence Ttot in Table 3, for both adopted scalings,
together with the maximum eccentricity achieved by the bi-
nary in the hardening phase. We note that for most cases
Thard > Tmerg, the only notable exceptions being the q = 0.1
models, for which Tmerg ∼ 5 − 10Thard, due to the ineffi-
ciency of dynamical friction for light secondary MBHs. Total
elapsed times from the onset of the galactic merger to coa-
lescence of the MBHs span the range of a few hundred Myr
to a a few Gyr, depending on the parameters. The shortest

Table 3. Hardening phase: identifier, maximum eccentricity

achieved during the hardening phase, physical time elapsed from

the start of the simulation to the hard-binary separation, physical
time elapsed from the hard-binary separation to coalescence, total

physical time to coalescence, computed for two adopted scalings:

(A) a binary of mass 4 × 106 M� and (B) 108 M�.

Name emax Thard (yr) Tmerg (yr) Ttot (yr)

(A) G05E05Q1 0.09 2.81 × 108 2.63 × 107 3.08 × 108

(B) G05E05Q1 0.07 4.15 × 108 7.86 × 107 4.93 × 108

(A) G05E05Q025 0.22 2.73 × 108 7.17 × 107 3.45 × 108

(B) G05E05Q025 0.19 4.05 × 108 2.14 × 108 6.19 × 108

(A) G05E07Q1 0.85 1.06 × 108 1.82 × 107 1.24 × 108

(B) G05E07Q1 0.80 1.92 × 108 5.45 × 107 2.47 × 108

(A) G05E07Q025 0.17 2.78 × 108 5.85 × 107 3.36 × 108

(B) G05E07Q025 0.15 4.10 × 108 1.75 × 108 5.85 × 108

(A) G05E09Q1 0.91 7.75 × 107 1.13 × 107 8.88 × 107

(B) G05E09Q1 0.88 1.40 × 108 3.37 × 107 1.73 × 108

(A) G05E09Q025 0.57 2.07 × 108 3.09 × 107 2.38 × 108

(B) G05E09Q025 0.48 3.35 × 108 9.24 × 107 4.27 × 108

(A) G05E09Q01 0.92 7.48 × 107 1.66 × 108 2.41 × 108

(B) G05E09Q01 0.88 1.33 × 108 4.95 × 108 6.29 × 108

(A) G1E05Q1 0.10 2.95 × 108 5.88 × 107 3.54 × 108

(B) G1E05Q1 0.09 4.35 × 108 1.76 × 108 6.11 × 108

(A) G1E05Q025 0.16 2.93 × 108 1.22 × 108 4.15 × 108

(B) G1E05Q025 0.14 4.32 × 108 3.65 × 108 7.97 × 108

(A) G1E07Q1 0.26 2.82 × 108 3.91 × 107 3.21 × 108

(B) G1E07Q1 0.23 4.20 × 108 1.17 × 108 5.37 × 108

(A) G1E07Q025 0.10 2.97 × 108 9.51 × 107 3.92 × 108

(B) G1E07Q025 0.08 4.36 × 108 2.84 × 108 7.20 × 108

(A) G1E07Q01 0.65 2.08 × 108 6.26 × 108 8.33 × 108

(B) G1E07Q01 0.57 3.39 × 108 1.87 × 109 2.21 × 109

(A) G1E09Q1 0.79 1.40 × 108 2.08 × 107 1.61 × 108

(B) G1E09Q1 0.73 2.45 × 108 6.22 × 107 3.08 × 108

(A) G1E09Q025 0.34 2.71 × 108 4.95 × 107 3.20 × 108

(B) G1E09Q025 0.28 4.10 × 108 1.48 × 108 5.58 × 108

(A) G1E09Q01 0.80 1.43 × 108 2.57 × 108 4.00 × 108

(B) G1E09Q01 0.73 2.52 × 108 7.67 × 108 1.02 × 109

(A) G15E05Q1 0.07 3.22 × 108 2.22 × 108 5.45 × 108

(B) G15E05Q1 0.06 4.75 × 108 6.64 × 108 1.14 × 109

(A) G15E05Q025 0.12 3.22 × 108 3.59 × 108 6.81 × 108

(B) G15E05Q025 0.10 4.74 × 108 1.07 × 109 1.55 × 109

(A) G15E05Q01 0.49 2.79 × 108 1.15 × 109 1.43 × 109

(B) G15E05Q01 0.40 4.42 × 108 3.45 × 109 3.89 × 109

(A) G15E07Q1 0.13 3.20 × 108 1.43 × 108 4.63 × 108

(B) G15E07Q1 0.12 4.71 × 108 4.28 × 108 8.99 × 108

(A) G15E07Q025 0.19 3.14 × 108 2.96 × 108 6.10 × 108

(B) G15E07Q025 0.17 4.56 × 108 8.84 × 108 1.34 × 109

(A) G15E09Q1 0.59 2.32 × 108 9.72 × 107 3.29 × 108

(B) G15E09Q1 0.55 3.52 × 108 2.90 × 108 6.43 × 108

(A) G15E09Q025 0.34 2.94 × 108 1.51 × 108 4.45 × 108

(B) G15E09Q025 0.28 4.39 × 108 4.52 × 108 8.91 × 108

(A) G15E09Q01 0.71 2.01 × 108 7.32 × 108 9.33 × 108

(B) G15E09Q01 0.63 3.40 × 108 2.19 × 109 2.53 × 109

time of . 100 Myr is recorded for model G05E09Q1 which
is an equal mass merger with a shallow density profile and a
large initial orbital eccentricity.

It is very important to stress that the results obtained in
this Section are very sensitive to the scaling adopted. If we
were to set a length unit so that the central density were
very low (. 10 M� pc−3) the binary would take more than
a Hubble time to coalesce; the opposite is true if the cen-
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Figure 11. Eccentricity evolution as a function of time for model

G05E07Q1 run at different particle numbers. The dashed lines

show the orbital eccentricity computed from the pericentre and
apocentre of the BHB while the solid lines show the Keplerian

2-body eccentricity. The observed scatter is smaller than that re-

ported in Nasim et al. (2020), consistent with the expectation that
perturbations and stochasticity are largest for nearly radial galaxy

orbits.

tral density were very high. This means that the total time
to coalescence depends crucially on the adopted scaling and
comparisons with other works must take this into account.

We note that the eccentricity is predicted to grow in the
hardening phase due to encounters with passing stars (Sesana
et al. 2006; Sesana 2010), unless the mass ratio is very small
(Bonetti et al. 2020a). The semi-analytical implementation
reproduces this behaviour, as can be appreciated from Fig. 10.

4.6 Stochasticity and convergence

Stochasticity in the eccentricity of BHBs has been reported in
Nasim et al. (2020) owing to the intrinsically chaotic nature
of the interactions between the BHs and the stars during the
merger and the hardening phase. This results in a significant
scatter in the extrapolated merger timescales of BHBs formed
in gas free major mergers that scales with resolution as a
Poissonian process.

In order to assess the effects of stochasticity on our deter-
mination of the bound eccentricity, we repeat run G05E07Q1
with 5 different random realisations and compare the result-
ing eccentricity of the BHB at the first pericentre passage
ep, at the time of binding eb and at the time the hard bi-
nary separation is reached eh. We find ep = 0.608 ± 0.001,
eb = 0.795 ± 0.09 and eh = 0.76 ± 0.07. As expected, the
eccentricity at the first pericentre passage shows a very small
scatter, while a more significant, though modest, scatter is
observed for the eccentricity measured at later times. Be-
cause the scatter owes to the stochasticity of stellar encoun-
ters with the BHB, it scales with particle number. We repeat
run G05E07Q1 at higher (N=1M) and lower (N=128k) parti-
cle number and perform the same analysis on the eccentricity.
While we can’t properly compare with the scatter reported
in Nasim et al. (2020) without performing multiple runs at
larger N , Fig.11 shows a smaller deviation in our models. We
attribute this result to the smaller initial orbital eccentric-
ity of the merger (e = 0.7 compared to e = 0.9 in Nasim

et al. (2020)), as nearly radial orbits are more susceptible to
perturbations.

4.7 Flips

All binaries in our simulation suite begin as co-rotating with
respect to the stellar system. However, as described in Bor-
tolas et al. (2018) and later studied in Nasim et al. (2021),
the most eccentric binaries flip their angular momentum
and reverse their rotation. We observe this effect in mod-
els G05E09Q1 and G1E09Q1 which have shallow or mildly
cuspy initial profiles and large initial orbital eccentricities.
Fig.12 shows the evolution of the angle between the angular
momentum vector of the BHB and the total angular momen-
tum vector of the stars for the two models, as well as the
evolution of the components of the angular momentum vec-
tor of the BHB. Nasim et al. (2020) find that the flips occur
around the time of binary formation, though they do not pro-
vide an explanation. They attribute the flips to torques from
the triaxial merger remnant, which are unrelated to the time
of binary formation. Our careful analysis of the binding pro-
cess shows that, instead, flips occur earlier in the evolution
and seem to be associated with the end of the merger rather
than the binding of the BHs. In time, they are closer to the
time tf which marks the end of the dynamical friction phase
and is known to mark the end of the merging process, though
they occur even earlier than tf . We only observe flips in the
models with large orbital eccentricity (e = 0.9) and a shal-
low central density profile (γ = 0.5, 1). Bortolas et al. (2018)
show that these models are characterised by a mildly oblate
or triaxial shape in the innermost regions (within 25% of the
enclosed stellar mass), followed by an extended phase of os-
cillations in the axis ratios until an oblate shape is reached.
It seems therefore plausible to attribute the flips to torques
from the aspherical merger remnant. Models with high con-
centration (γ = 1.5), on the other hand, are more compact
and evolve quickly towards an oblate shape. We compute the
axis ratios b/a and c/a following the procedure in Bortolas
et al. (2018), where a > b > c are the axes of the ellipsoid
used to approximate the stellar distribution. The shortest
axis c is always perpendicular to the plane of the merger.
The triaxiality parameter is then given by

T =
a2 − b2

a2 − c2 (15)

with 0 ≤ T < 0.5 representing an oblate spheroid, T = 0.5
a maximally triaxial system and 0.5 < T ≤ 1 a prolate
spheroid. The shape of the remnant changes with radius, or
equivalently mass enclosed within the BHB. We are interested
in how triaxiality in the vicinity of the BHB is established
during the merger and whether flips occur once a significant
departure from spherical symmetry is in place. We compute
the axis ratios and the triaxiality parameter as a function of
time, starting at an early enough time that the merger is still
underway and the BHs not yet bound. As shown in Fig. 13,
the time of the recorded flips matches the phase of the merger
where significant triaxiality is present in the central regions
(between 25% and 35% of the total enclosed stellar mass),
supporting the theoretical interpretation presented in Nasim
et al. (2021). Models with a steeper profile and/or lower ini-
tial orbital eccentricity show axisymmetric rather than triax-
ial shapes, and no flips are observed. Reversing of the BHB’s
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Figure 12. (Top) Evolution of the angle between the angular momentum vector of the BHB and the total angular momentum vector of

the stars, for two models with high initial eccentricity (e = 0.9) and different density slopes (γ = 0.5 (left) and γ = 1 (right)). (Bottom)
Evolution of the components of the angular momentum vector of the BHB Jx, Jy , Jz , normalised to the magnitude of the vector J . The

BHBs are initially co-rotating with the stellar distribution (θ ∼ 0) but show a fast flip to counter-rotation.
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Figure 13. Axis ratios and triaxiality parameter as a function of

time for models G05E09Q1 and G1E09Q1. These are computed

using particles within a sphere enclosing a fraction of % of the
total stellar mass, depending on the time. We find approximate

agreement between the time the merger remnant reaches significant
triaxiality and the time of the flips.

orbital plane is therefore an occurrence limited to a specific
set of initial conditions. Following a flip, the binary is counter-
rotating with respect to the stellar distribution and therefore
subject to torques that tend to realign its orbital angular
momentum with the total angular momentum of the galaxy
(Sesana et al. 2011; Gualandris et al. 2012).

5 COMPARISON WITH PREVIOUS WORK

The literature on the evolution of BHBs in stellar dominated
environments is rich, although the main focus has often been
the behaviour of the binary semi-major axis. It is, however,
interesting to compare our findings with the relevant liter-
ature. The eccentricity at binding may appear lower than
found in previous works. Preto et al. (2011) find eccentrici-
ties as large as 0.95 in their merger simulations of spherical
nuclei. However, this is only when considering MBHs lighter
than assumed in this study (M/M = 0.0025) and near radial
initial orbits. For M/M = 0.005 they find much more mod-
est eccentricities at formation (e ∼ 0.7). Khan et al. (2012)
find eccentricities in the range 0.5 − 0.98 depending on the
mass ratio and initial density slope. The discrepancy is due
partly to our definition of bound eccentricity which removes
the initial chaotic phase of binding and partly to differences
in initial conditions. Even when the initial orbital eccentric-
ity of the merger is comparable, differences may arise due to
the location in the orbit where the BHs are placed, which
leads to different pericentre distances. An additional source
of disparity may be the choice of the softening parameter;
this suppresses collisionality in the system and therefore the
importance of close encounters. This in turn affects the angu-
lar momentum transfer between the stars and the BHB that
drives the eccentricity evolution. We employ a much smaller
softening for MBH-star interactions than other works, which
may result in a lower eccentricity at formation.

The eccentricity evolution in the dynamical friction phase
has been studied by Dosopoulou & Antonini (2017) for bina-
ries with very small mass ratios (10−4 . q . 10−1) evolving
in stellar cusps of varying slope. The eccentricity is found to
increase for any cusp shallower than γ < 2 at early times,
when the binary is bound but not yet hard, and this is con-
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firmed analytically assuming a description of dynamical fric-
tion which includes the contribution of stars faster than the
infalling object. This might explain the short phase of in-
creasing eccentricity that we observe in some of the q = 0.1
models, our lightest infaller models, just after binding. They
also predict a dependence of the eccentricity growth on the
binary mass ratio, arguing that lighter intruders are able to
reach a larger eccentricity by the time ah is reached. This
might explain our observed dependence of the eccentricity at
binding on the mass ratio (see Fig. 5). We caution however
that our models and setup are significantly different.

The coalescence timescales obtained combining theN -body
models with a semi-analytical treatment of the late harden-
ing and GW phase range from a few hundred Myr to a few
Gyr, in full agreement with previous studies (e.g. Preto et al.
2011; Khan et al. 2011). We caution that our semi-analytic
estimation of the coalescence time-scales ignores rotation of
the merger remnant, a key driver of binary hardening. Earlier
studies have shown that BHBs corotating with surrounding
stellar shroud tends to circularise and those in counter rota-
tion attain very high eccentricities approaching unity (Mirza
et al. 2017; Varisco et al. 2021). Additionally, it has been
observed that BHB hardening rates are higher in rotating
environment (Holley-Bockelmann & Khan 2015).

6 SUMMARY AND CONCLUSIONS

We have studied the eccentricity of BHBs formed in galactic
mergers from early times to the hardening phase, with par-
ticular attention to the phase of binary formation. This phase
has received little attention in the past due to its intrinsically
chaotic nature that makes it difficult to model. Our main re-
sults are:

• Binary formation is an extended phase characterised by
strong oscillations in the orbital elements, and a good pre-
scription for the binary formation time is the time when the
stellar mass enclosed in the binary orbit is 10% of the BHB
total mass.
• The eccentricity of the BHB, as measured by the pericen-

tre and apocentre of the orbit, tends to decrease during the
merger phase due to the action of dynamical friction against
the stars. For the case of 1:10 minor mergers, we confirm this
behaviour with a simple semi-analytical model following the
inspiral of a massive point mass satellite in the fixed gravi-
tational potential of the primary galaxy. For a fixed density
profile, larger initial eccentricities lead to faster orbital decay
due to the larger efficiency of dynamical friction at pericentre
and the larger dissipation experienced deeper into the stellar
cusp. Similarly, for a fixed initial eccentricity, the inspiral is
slower in steeper density profiles due to the reduced number
of stars in the outer regions.
• Following the dynamical friction phase, the eccentricity

remains largely unchanged in the mergers with mass ratio
q = 0.25 and q = 1, while it increases in the q = 0.1 mergers.
This is in qualitative agreement with semi-analytical models
of BHB evolution bases on 3-body scattering experiments.
• Modelling the later hardening of the BHB due to stel-

lar encounters and GW emission semi-analytically gives total
coalescence time-scales of ∼ 300 Myr for a Milky Way type
galaxy and central MBH, and ∼ 100− 500 Myr for a galaxy
with a 108 M� MBH.

• The main parameter determining the eccentricity at bi-
nary formation is the initial eccentricity of the merger, with
only a minor dependence on the slope of the density profile
and the mass ratio.

We note that these results hold in the absence of rotation
in the merging galaxies. Shorter merger timescales are ex-
pected in rotating systems due to more efficient hardening.
We will investigate the effects of rotation on the eccentricity
of massive black hole binaries at formation in a future work.
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