On the reducibility of large sets of residues

modulo p

Katalin Gyarmati, Sergei Konyagin, Andras Sarkozy

Abstract

It is shown that if p > 2 and C is a subset of I}, with |C| > p—C}

P
log p
then there are A € F),, B € F, with C = A+ B, |A| > 2, |[B| > 2.

On the other hand, for every prime p there is a subset C C F, with

IC| > p—Cq é‘;ﬁ ;’)glf’g p such that there are no A, B with these properties.

1 Introduction

Ostmann 6] introduced the following definitions:
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Definition 1 IfC is a finite or infinite set of non-negative integers, then it

is said to be reducible if there are sets A, B of non-negative integers with
A+B=C, |Al >2, |B|l >2. (1.1)
If there are no sets A, B with these properties, then C is said to be primitive.

Definition 2 An infinite set C of non-negative integers is said to be total-
primitive if every set C' which is equal to C apart from a finite number of
exceptions (i.e., there is a number K such that C' N [K,00) = CN[K,00)) is

primaitive.
He formulated the following conjecture:

Conjecture 1 (Ostmann, [6]) The set of the prime numbers is totalprim-

ttive.

This conjecture is still wide open, although there are remarkable partial
results (see [5] and the papers listed in it).

There are some further papers written on reducibility and totalprimitivity
of infinite sequences of non-negative integers, in particular, Sarkozy [7], [8]
proved the following results:
Theorem A If C is a small enough positive number then every sequence

C ={ay,as,...} of non-negative integers satisfying

n(loglogn)?
(logn)*

(where C(n) denotes the counting function of C: C(n) = |CN{0,1,...,n}|)

n+1—C(n)<C< ) for alln >3
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Theorem B If C = {ay,as,...} is any infinite sequence of non-negative
integers then one can achieve by changing at most O <m%£yz) elements of
C up to n that the modified sequence should be totalprimitive.

Some further papers written on reducibility and totalprimitivity of infinite
sequences are listed in [9)].

In [9] Sarkézy proposed to study finite analogues of problems of this
type. He remarked that the definitions of reducibility and primitivity can
be extended to any additive group, thus the reducibility and primitivity of
subsets of I, can be defined in the same way as in Definition 1. (While clearly
the definition of totalprimitivity cannot be adapted to finite sets thus we will
not use it.) We will identify F, with the set of modulo p residue classes
and, as it is customary, we will not distinguish between residue classes and
the integers representing them. Using this convention, Sarkézy proposed to
study the reducibility, resp. primitivity of sets of residues modulo p. First
in [9] he studied the set of the quadratic residues modulo p, and then in [4]
Dartyge and Sarkozy studied the set of the primitive roots modulo p.

In this paper our goal is to study the finite analogues of Theorems A and
B: we will show that every large subset of I, is reducible. More precisely, let
f(p) denote the cardinality of the largest primitive subset of F,; our goal is
to estimate this function f(p). The methods used in the infinite case in |7]
and [8] cannot be used in this finite case.

Gowers and Green [3| and Alon [1] studied a closely related problem: they

studied representations of large subsets C of I, in form

A+ A=cC. (1.2)



Let g(p) denote the cardinality of the largest subset C of F,, which cannot be

represented in the form (1.2). Clearly we have

f(p) <g(p). (1.3)

Improving on results of Gowers and Green [3|, Alon [1] proved that

2/3 pl/2

p
—C—=< <p-C .
P Ologpy <90 <P Gy

By (1.3), it follows from the upper bound here that

pl/?

logp’

fp) <p—0Cs (1.4)

In this paper first we will prove that if |C| is “very large”, i.e., p — |C|
is very small then C can be represented in the form (1.1) with the further

restriction |B| = 2:
Theorem 1 If p is a prime number with p > 3, C C I, and
€| >p—p"? (1.5)
then C can be represented in the form
A+B=C with |A] >2,|B| =2. (1.6)

Note that Alon, Granville and Ubis in [2]| (see Theorem 3 in [2]) gave an
estimate for the number of the sets C C F,, having a representation of form
(1.6).

It follows trivially from Theorem 1 that

Corollary 1 For p > 3 we have

flp) <p—p"2



This improves slightly on (1.4). However, if we replace the strong |B| = 2

restriction in (1.6) by |B| > 2, then we get a much better upper bound for
f(p):

Theorem 2 There is a positive absolute constant Cs such that if p is a prime

number large enough then we have

flp) <p-— Cglogp'

From the opposite side we will prove

Theorem 3 There is an absolute constant py such that if p is a prime num-

ber with p > po then we have

log logp

f(p) >p— ngp.

2 Proof of Theorem 1.

We have to show that if p > 3, C C [F, and (1.5) holds then there are A, B
satisfying (1.6). Let C = F, \ C. We claim that for any h € {1,2,...,p — 1}

there are ¢y, ¢j, with
cp — ¢, =2h, c, €C, ¢, €C. (2.1)
Indeed, take h € {1,2,...,p— 1} and
A={zeF,: ze€C,a+heC}, B={0h}.

Clearly, A+ B C C. If A+ B = C with |A| > 2 then we are done. Suppose
that A + B # C. Then there is x € C\ (A+ B). We have ¢, ;=2 +h € C
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since otherwise z € A and z = 2 + 0 € A 4 B contrary to our supposition.
Similarly, ¢}, = r—h € C since otherwise z—h € A and x = (z—h)+h € A+B
contrary to our supposition. Thus, the elements ¢, and ¢), satisfy (2.1).

The number of the values of h is p— 1, to each of them there is an ordered
pair (¢, ¢},) € c’ assigned by (2.1), and to different h values different ordered
pairs are assigned. Thus the number 2(|g|) of the ordered pairs (¢, ¢)) € ¢

with ¢, # ¢, must be at least as large as the number of the h values:
c|
o(IC 5, -
(2)=

cl(|c]-1)=p—1. (2.2)

whence

The left hand side is an increasing function of }E’ for ’5’ > 1, and by (1.5)
we have

€| =p—Ic| <p'
Thus we have
el (2] =1) <52 (2 = 1) = p ="
which contradicts (2.2), and this proves
A+ B =C with |B| =2. (2.3)

It remains to show that for p > 3 (2.3) also implies |A| > 2. By a trivial

counting argument it follows from (2.3) that

|A[1B[ = [C]



whence, by (1.5), (2.3) and p > 3 (and thus p > 5),

IC| _ p—p'/? 1/2171/2—1 1
> — > = C— .
Al |B| — 2 b 2 2

Since |A| is an integer this proves |A| > 2 which completes the proof of the
theorem. (Note that if p is 2 or 3 then the only reducible subset of F, is F,

itself thus the condition p > 3 is necessary.)

3 Proof of Theorem 2.

We have to show that if C'5 is small enough and p, is large enough, then
for p > py, C C F,, and

p
Al >p-C 3.1
A= p - ot (3.1)

the set C is reducible, i.e., it can be represented in the form

A=B+C with B,C CF,, |B|,|C|>2. (3.2)

Write A = F, \ A and n = }71’ Let r denote a positive integer with
r > 2, r = o(p) which will be fixed later. We consider all the r-dimensional
vectors x = (21, %g,...,2,) € [F7. We say that the vector x is non-degenerate

if it contains at least two distinct components thus
Hx1, ...,z }| > 2. (3.3)
For every x € ) we define the set Y =) (x) by
Y={yeF,: v,+yec A fori=12... r}

Clearly, we have

{1’1,1’2,...,1’r}+yc./4. (34)
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We will show that (choosing r in the appropriate way) there is a non-

degenerate x such that
{z1,29,...,2,} + Y = A (3.5)

Indeed, then (3.2) holds with B = {x1,xs,...,z.},C =Y by (3.3), (3.5) and
r = o(p) so that this will complete the proof of the theorem.
Assume that for some non-degenerate x (3.5) does not hold. Then by

(3.4) there is an a € A such that
a g {xy,...,x.}+ ). (3.6)
It follows from (3.6) that for every i € {1,2,...,r} there is an
f()e{1,2,...,r} (3.7)

such that

a—(z; —xp4) € A (3.8)

Namely, if some ¢ there was no f(i) satisfying (3.7) and (3.8) then for this i
and all j € {1,2,...,r} we had

a—(v;—zj))=(a—x;)+z; € A (forall j €{1,2,...,7}).
By the definition of )} = Y(x) this implies that a — x; € ) whence, by (3.4),
a=z;+ (a—x;) € {w1,T0,..., 2} + Y

which contradicts (3.6). Thus, indeed, for every i € {1,2,...,r} there is an

f (i) satisfying (3.7) and (3.8). Note that it follows from (3.8) that f(i) # i.



Let F denote the set of the mappings
foA{L2,...r}—=A{1,2,...,r} with f(i) #ifori=1,2,...,r. (3.9)
For a fixed f € F let Xy denote the set of the non-degenerate vectors

X = (21,22, ...,7,) €F) (3.10)

such that (3.8) holds for some a € A, and write M; = |X¢|. Now we will
estimate M.

To any f € F we assign the directed graph Gy with vertices 1,2,...,r
and edges joining ¢ with f(i) and directed from i to f(i). In order to study
these graphs Gy we will use the following terminology:

We will consider finite directed graphs, i.e., finite graphs such that every
edge has a starting point P and an endpoint (), and then the edge is consid-
ered to be directed from P to (). We denote this edge by P — @), and two
vertices P, () can be joined with at most two edges: P — ) and () — P. The
number of vertices of G is denoted by |G|. Path is a sequence Vi, Vs, ..., V,
of vertices of the graph such that each of the pairs V;, Vi1 (1 =1,2,...,n—1)
is joined. If for every i € {1,2,...,n — 1} the edge joining V; and Vj,; is
directed as V; — V; 1, then the path is called a directed path and we denote
this directed path by Vi - Vo — --- = V. IfV; - V5, — ... =V, is a
directed path such that the vertices Vi, V5, ..., V, are pairwise distinct then
the directed path is called simple. f V) — Vo — -+ =V, — V. is a di-
rected path such that Vi, Vs, ..., V,, are pairwise distinct and V,,,; = V; then
we say that it is a directed cycle of size n and this directed cycle is denoted

by (Vi = Vo — .-+ —= V). (Note that this definition also includes the n = 2
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special case (V; — V,) when Vi, V5 are joined with both edges V; — V5 and
Vo — V1.) The number of edges starting out from the vertex V' is called the

outdegree of V' and it will be denoted by d(V). We will also introduce

Definition 3 A directed graph is called an admissible graph if it is the union
of a directed cycle and several directed rooted trees such that the root of each
of them is a vertex belonging to this directed cycle, the directed cycle and
the trees have no other common vertex than the root of the tree, the trees
are pairwise disjoint, and every edge of any tree is directed towards the root.

(See Figure 1 for an admissible graph.)

Figure 1.

An admissible graph
We will need

Lemma 1 If the outdegree of every vertex V' of a directed graph G is 1:
d(V) =1 for every vertex V of G, (3.11)

then the graph is the disjoint union of admissible graphs.
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(The graph G is the disjoint union of certain graphs G1,Gs, ..., Gy if for
every © # j the vertex sets of G and G; are disjoint and no vertex of G; is

joined with a vertex of G;.)

Proof of Lemma 1. We will prove by induction on |G|. It follows from
(3.11) that the smallest possible value of |G| is 2. Then G has 2 edges which
form a directed cycle of size 2, and this is an admissible graph.

Now assume that k € N, k£ > 2 and the statement of the lemma is true for
graphs of 2,3, ...k — 1 vertices, and consider a graph G with |G| = k which
satisfies assumption (3.11). Let V} be an arbitrary vertex of G. By (3.11) and
the finiteness of GG there is a unique simple directed path V; — Vo — .- =V}
starting from V) such that the endpoint of the single edge starting from V;
is one of V1, Va,...,V;_y, say V; (with 1 < j < 4). Then the directed cycle
(V; = Vjyg — -+ — V) is a directed cycle contained in G; denote it by
C. Now consider any vertex V; of this directed cycle. By (3.11) there is a
single edge starting from Vj, and its endpoint must be the next vertex of
the directed cycle; there is no other edge starting from V,. On the other
hand, there may exist several edges whose endpoint is V;, and consider the
starting points of all these edges. By (3.11) the single edge starting from
them ends in V;; on the other hand, each of them can be the endpoint of
several edges. Consider the starting points of all these edges, and repeat the
previous argument with each of these vertices. Continuing this algorithm,
we end up with a directed rooted tree whose root is V; and every edge is
directed towards the root, and whose vertices different from the root are not

joined with any vertex not belonging to the tree. If we consider the directed
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cycle C' and all the trees rooted at the vertices of C' and generated in the
way described above, then clearly we get an admissible graph Gy. Drop the
vertices and edges of this graph from G. Then we get a graph G’ which
also satisfies the assumptions in the lemma, and for which |G’| < |G| = k;
thus by our assumption the statement of the lemma holds with G’ in place
of G, i.e., G’ is the disjoint union of admissible graphs. Adding G, to these
admissible graphs we get that G is the disjoint union of admissible graphs
which completes the proof of the lemma.

Now we return to the estimate of My (for fixed f satistying (3.9)). By
(3.9) the graph G satisfies (3.11) with G in place of G thus Gy can be written
as the disjoint union of admissible graphs. Let v = v(f) denote the number of
these admissible graphs Gf(1), Gf(2),...,G(v) and let C(1),C(2),...,C(v)
denote the directed cycles in these graphs. For every j € {1,2,...,v} we fix
an arbitrary vertex i; € C'(j). Let I = {iy,i2,...,4,yand I’ = {1,2,...,r}\I.

Define the linear mapping Ay : F) — F}™ by setting

Ap(x) = Ap((21, 22, 20)) =5 = (Yi)ier (3.12)

where

We claim that Ay is a mapping from [}, onto F;~", more precisely, for every
y € ;7" there are exactly p” vectors x € [} satisfying (3.12) and (3.13).
Indeed, by removing the edges i; — f(i;) for j = 1,2,...,v from G we
get a graph G’;. Then G is a disjoint union of the graphs G’(j) that we get
from the admissible graph G¢(j) by removing the edge i; — f(¢;). Suppose

that each vertex i of G} (1 <i<r) has a value z; € F,,, and then we assign
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a value to each edge of G’;, namely we assign the value z; — x(;) to the edge
i — f(i) (where i € I'). Clearly, our claim holds, i.e., for every y € F;™"
there are exactly p” vectors x € F} satisfying (3.12) and (3.13) if for fixed
y = (Wi)ier € F,7 there are exactly p” tuples {x1,x,...,2,} such that if
the vertex i of G has the value z; for 1 < i < r then the edge i — f(i)
has the value y;(= x; — xy¢) for i € I'. It follows from the structure of
admissible graphs that if h is any vertex of G'(j) then there is a unique path
P in G'%(j) (where edges are directed but it need not be a directed path in
the sense that the endpoint of an edge need not be the starting point of the
next one) leading from 7; to h (indeed, we removed the edge i; — f(i;) from
the cycle C'(j) to achieve this). Starting out from the vertex ¢; and moving
along this path P towards h, and using (3.13) for the subscripts ¢ which
are vertices belonging to the path P, we can determine the x;’s with these
subscripts successively, and it turns out that all these x}s assume a uniquely
defined value. This is so for every vertex h of G'(j). So far the starting z;
value, z;; has been fixed. If we let z;, run over the elements of F,, then we
obtain that the x; values belonging to the vertices i of G’;(j) may assume p
values. Since the graphs Gf(1), Gf(2),...,Gy(v) are disjoint, thus we finally
obtain that for fixed y in (3.12) the vector x in (3.12) and (3.13) can be
chosen in p¥ ways which proves our claim above.

We are ready to estimate My, i.e., the number of vectors x satisfying
(3.10) and (3.8) for some a. This a can be chosen in at most |A| < p ways.
Now we fix a. For every i € I’ we have a —y; € A. Thus we can choose each

y; with @ € I’ in n ways. (Recall that n = ’7\’) Finally by our claim above,
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for any y = (v;)ierr we have p¥ vectors x with Af(x) =y. It follows that

, n T—v
Mf S D nu ‘ . pv — pv+1nr_v = pr+1 (E) . (314)

Now we will estimate the number N (v, u) of functions f such that v(f) =

v and the total size of directed cycles in G is u:
j=1
Clearly, if N(v,u) # 0 then we must have
O<2v<u<r. (3.15)

There are (Z) < 2" ways to choose the union J of the vertices of all directed
cycles with | 7| = u. The vertices in J have u! < r* orderings; for any
splitting of J into v directed cycles we can concatenate all the directed

cycles to get one of these orderings in at least v! ways. For a fixed ordering

u—1

v71) < 2=l < 2" ways to split the elements of J into v directed

we have (
cycles according to the chosen order (the order of the vertices of the directed
cycle also defines the direction of the edges). Moreover, we can define the

function f on {1,2,...,r} \ J in at most r"~* ways. Thus we get
N(v,u) < 277" (v!) 712"~ = 47p" ol (3.16)

Now let N(v) denote the number of functions f of type (3.9) such that

v(f) = v. Then by (3.15) and (3.16) we have

4T 47 r+1 r r
Nw)= Y Nuu< Y T =—f =4 <6 (3.17)

v! v! v! v!

o<u<r o<u<r
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since 4"r < 6" for r > 2 which can be proved easily by induction. It follows
from (3.14), (3.15) and (3.17) that the number N of the non-degenerate

vectors x such that (3.5) fails is at most

vesmes £ () 5 D)

v<r/2v(f)=v v<r/2 v(f)=v
_ 1 E o r+1 ﬁ o TT_T
-f (p) 2, N < (p) 255
v<r/2 v<r/2
: (n —voq
v<r/2 p v

For v € N we have

thus
r—v 1 T v
(E) < (ﬁ) (@) for v € N. (3.19)
D v! P nv

Now we assume that

p
< =. 3.20

v (3:20

The function (<2) is increasing for 0 < z < 2, thus by (3.20) for v < r/2

we have

nv nr

(@)U < <@)T/2 (for v <r/2). (3.21)

It follows from (3.18), (3.19) and (3.21) that

n\" [ 2ep\"? r (6rn\" [ 2ep\"?
N <p™! 6r) (=) (— | <p™=(— ) (= 3.22
rr o (2) (32) <op (T (32) 0 e

v<r/2

r/2
w17 [ T2enr
= = . 3.23
g (P (3.29

Now we fix r: we take

r=(14o0(1))2logp (3.24)
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then (3.20) holds if C5 < 1 for every large p by (3.1), more precisely, we may

take 7 as r = [2log p]. Finally, we take C3 = o5 in (1.7) and (3.1) so that
n=[A <2 (3.25)
~ 1100 logp

Then it follows from (3.23), (3.24) and (3.25) with a little computation that
for p large enough we have

1
N < =p".
2,’0

Thus there are more than (1 + o(1))%- non-degenerate vectors x for which

(3.5) holds and this completes the proof of Theorem 2.

4 Proof of Theorem 3.

Throughout the proof we will assume that p is a prime number large
enough.

We introduce the following notations:

 def [10g10gp—210g10g10gp+1} | (4.1)
log 4
B ¥ [0.7110gp], (4.2)
def 1\”
T = |1.01p (1 — E) ] , (4.3)
H 3T, (4.4)
Let uy,us,...,u; be t arbitrary different quadratic non-residues modulo

p. (The number of w;’s is the number ¢ defined by (4.1).) Moreover, we define
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two sets by

2 _ ..
x e lF,: 31 <7 <t, such that (:c ul) :—1},
p

2 _ .
r €TF,: V1 <i<twe have <x uz)zl}.
Then
CoﬂDQ :Q, COUDO :Fp. (45)

Moreover, let

W={C: CCCyand |C|=|Co| — H}.

It suffices to prove:

Lemma 2 For allC € W we have

log logp
Cl>(1-13- ——— | p.
<! ( (1ng)1/2)p

Lemma 3 There exists a set C € W which is primitive.

Indeed, Theorem 3 follows trivially from Lemma 2 and Lemma 3. In Sections
4.1 and 4.2 we will prove Lemma 2 and Lemma 3, respectively. In both

Sections 4.1 and 4.2 we will use the following estimates for the constants

t,B,T and H:
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Lemma 4

loglog p
(log p) /2"
log log p
(logp) 72"

1/2 1
2tp’* < 0.005p < 0.01 {1 — = |p

t < 0.01

2pt/? < 0.01

2t

24" < 1.45logp

1 log log p
1— —>1—1924-—2075"
2 (logp)'/?
3.61 ]
_200 S 0.002-28P
t £t
loglogp
H < 0.01—20
(logp) /2"
1
H < 0.005p < 0.01 (1 _ ?) D

T <p/11 <p/2
H > 0.25p"!
T > 0.08p"5L.

Proof of Lemma 4. By (4.1)

loglogp — 2logloglogp + 1

1<t<

loglogp — 2logloglogp + 1

log 4 log 4

from which (4.6), (4.7) and (4.8) follows immediately.
By (4.17) we get

log p <yt < log p

(&
1 (loglogp)? = = (loglogp)?

log p log p

0.67 - <4t <272

By (4.17) and (4.18)

log1 2 1
124t < (2898P) 970, 98P y5)0gp,
(

log 4 loglog p)?

18

(loglogp)? (loglogp)?

(4.6)
(4.7)
(4.8)

(4.9)

(4.10)

(4.11)

(4.12)
(4.13)

(4.14)
(4.15)

(4.16)

(4.17)

(4.18)



which proves (4.9).

By (4.18)

1 1/2 1 1/2
0.81. J0BP) T o0 g5 Uoen) (4.19)

loglog p loglogp
(4.10) and (4.11) follow from (4.19) immediately.

By 1+ <e" (4.2) and (4.19) we have

B (log )1/
(1 B i) < B2 e—O.?logp/(1.65 RO )
2t

—0.42(log p)/2 loglog p
< ¢ 042oe ) :

from which (4.12), (4.13) and (4.14) follow.

By 1+ 2 <e”, (4.2) and (4.19) we have

B
I D S S V/C
ot 1+ )B = CB/2-1)

1
2t—1

(log p)1/2 (log p)1/2
—0-7110gp/(0-81 Tortogp L - 6—0.7110gp/ 0.8 28R

>e

—0.89(log p 1/2 loglogp
> ¢ 0-89(lgp) ,

from which (4.15) and (4.16) follow.

4.1 Proof of Lemma 2.

We will derive Lemma 2 from the following:

Lemma 5 Let fi(x), fo(x), ..., fr(x) be different monic irreducible polyno-

mials of degree > 2. Let k denote the maximum of the degrees of the polyno-
mials fl(x)a fZ(x)a R fr(x)

k = max deg f;(x).

1<i<r
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Moreover, let €1,¢9,...,e. € {—1,+1}. Then

Hx: (fll(f)> =¢; forl Sigr}’ :£+5rk:p1/2, (4.20)

2r

where —1 < § < 1.

Proof of Lemma 5. Since f;(z) € F,[z] is irreducible, for = € F, we have

fi(z) # 0. Thus (%) =41 or —1. For ¢; € {—1,+1} we have

(fz@)) . 2¢; if (%) =g,

P 0 if (H2) =,
p
Thus
: ((fz(a:) ): Lo (M) =& forall 1 <i <7
2%1 =1 P 0 otherwise.

It follows that

def
S =

{x: <f2(x)> =g¢; for alllgigr}
p

US4, w

=0 i=1
Since the Legendre symbol is multiplicative it is easy to see that there exist

polynomials g;(x), g2(), ..., gor_1(x) (which are products of different f;(x)’s)

with degree < rk such that

E«f@;))“):gl 5”221(“% ) (4.22)

By (4.21), (4.22), &1 - - -, = 1 and the triangle inequality we get

D 27—1 p—1 gi
S=or T 2T€1 ZZ( )

r*la:O

)|

27—1




Similarly, by the triangle inequality

i=1 =0
Z Br - irwl p—1 (gl(ﬂf) ‘
2 2 i=1 |x=0 p
Thus there exists an —1 < §y < 1 with
21
p 1 gi()
s-2 >y (1)
or o ;
“1ver 3 ger, NP
p 1= gi(z)
= — + dg— : . 4.23
27"”2’"2%;(19) (1.23)
i=1 |z€lF,

Next we use Weil’s theorem [11]:

Lemma 6 Suppose that p is a prime, x s a non-principal character modulo
p of order d, f € Fylx] has s distinct roots in Fp, and it is not the constant

multiple of the d-th power of a polynomial over IF,. Then

> x(f(x))| < sp'.

z€F,

Proof of Lemma 6. See [11] and an elementary proof can be found in [10].
The factorization of g;(x) contains different monic irreducible factors
fi(z), thus g;(z) is not of the form ch(z)? with ¢ € F,, h(z) € F,lz] so
that we may use Lemma 6. For 1 < ¢ < 2" — 1 there exists an 0 < §; < 1

such that

> (@) = Sirkp'/?.

z€F,

Then (4.23) can be rewritten as

S = Hx (fi;x)) — ¢, forall1 §i§r}

21

= % + orkp'/?,




where § = 2%50 (014 -+ 4 d2r_1), s0 —1 < 6 < 1 which was to be proved.

Next we return to the proof of Lemma 2. Using Lemma 5 for f;(z) =

2? — u; (where 1 < i < t) we get

p
|D0| = ? + 25tp1/2
with —1 < § < 1. Then by (4.5) we have

1
ICo| = <1 — §> p — 20tp'/?

1
> (1 — ?) p— 2tp1/2.

1
|Co| — H > (1 — 5) p—2tp/? — H. (4.24)

Thus

Using this, (4.7), (4.10) and (4.12) we get

log log p
Co| — H > (1 — 13- W) . (4.25)
Since for C € W we have
IC| =|Co| — H,

we get

log logp
Cl>(1-13 —————
! ( (10gp)1/2)p’

which was to be proved.

4.2 Proof of Lemma 3.

In order to prove Lemma 3 we need several auxiliary lemmas and defini-

tions.
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Definition 4 We will represent the elements of F, by the integers

0,1,2,....,p—1. Then every A CF, is of form
A={ay,as,...,ax}
with 0 < a; < ag < -+ <ag <p—1. For|A| > 2, define A(A) by
A(A) ={a1 —az,a1 —ag,...,a1 —ax}U{ag —ar} (CF)).

Clearly
AGA)| = 4] or [AGA)] = 4] - 1.

Lemma 7 Let A,B C F, with |A| > 2. Then for every x € A+ B there

exists an a € A(A) such that v+ a € A+ B.

Proof of Lemma 7. Let A = {aj,as,...,ax} C F, and B =
{b1,ba,...,b} CF,where 0 <a; <as <---<ag <p—1land0<bh <
by < ---<by, <p—1. Then A(A) = {a1—as,a1—as,...,a;—ag}U{as—as}.
We distinguish two cases. First consider the case when = € A + B is of the
form a; +b; with 2 <i < K, 1 < j < L. Then for a = a; — a; € A(A) we
have

r+a=(a;+b)+ (a1 —a)=ar+b € A+ B.

Next consider the case when € A+ B is of the form a; +b; with 1 < 7 < L.

Then for a = as — a; € A(A) we have
r+a= (a1+bj)+(a2_al>:a2+bj7

which completes the proof of Lemma 7.
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Definition 5 For ACT,, |A| > 2 define U(A) by

2 —uy

Z/{(A):{:ceIFp:( ;
we have wra) T =1;.
(22ren)

p

):_1andforaeA(A), 1<i<t,

Lemma 8 For ACF,, |A| > 2 we have
1

Proof of Lemma 8. Next we prove (4.26). Let fi(z) = 2 — u; and

fa(x), f3(x),. .., fiacayps+1(x) denote the polynomials in the set
S={(z+a)’—u: acA(A),1<i<t}.

Clearly the polynomials f;(z) (1 <@ < |A(A)|t+ 1) are irreducible over F,,
since u; is a quadratic non-residue modulo p. Moreover, the monic irreducible
polynomials f;(z) (1 < i < |A(A)|t 4 1) are pairwise different: Indeed,

suppose that for two polynomials we have
(z+a)?—u=(z+d) —u;
where a,a’" € A(A)U{0}, 1 <4, j, <t Then
2?4 2ax + a® — u; = 2° + 2d'z + (a)? — u;

whence
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It follows that a = o, u; = u;. Since A(A) does not contain 0, from this we
get that the monic irreducible polynomials f;(z) (1 < i < |A(A)|t+ 1) are
pairwise different.

Using Lemma 5 for the polynomials f;(z) (1 < i < |A(A)|t+ 1) we get
(4.26).

Lemma 9 Suppose that A+ B C Cy with |A| > 2. Then U(A) C Cy and

UA) N (A+B) =0.

Proof of Lemma 9. Clearly,

U(A) C {x eF,: (xQ ;“1) - —1}

. $2—Ui
CqzelF,: 31 <i<{, such that ’ =17 =0C,.

Suppose that x € U(A) and x € A+ B. Then by Lemma 7 there exists

a € A(A) such that © +a € A+ B C Cy, so x + a € Cy. Thus there exists

<(x+a;2 —uj) _

But then = ¢ U(A), which contradicts our assumption.

1 < j <t such that

From Lemma 9 immediately follows:

Lemma 10 If A+ B C Cy with |A| > 2, then

U(A)| + A+ B| < |Col-

Next we prove
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Lemma 11 IfC € W can be written in the form C = A+ B with |A] > 2,

then

log(p/(4H))

Al > tlog 2

(4.27)

Proof of Lemma 11. Suppose that

log(p/(4H)) '

<
Al < tlog2

(4.28)
Since A+ B € W we have

|Co| — |A+B| =H.
Since A + B C Cy, by Lemma, 10 we have

UA)| + | A+ B| < |Co

U(A)| < |Co| = |A+ Bl = H.

By this and Lemma 8

1

oA+ P 2(lAlt+1)p'/? < H. (4.29)

Next we prove that

1

1

Indeed, since by (4.15)
H > 0.25p""",

by (4.28), we have

log(p/(4H)) _ 0.49 'logp.

Al <
Al tlog?2 log2 ¢t
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Thus if p is large enough then

Al < log(p'/?/8) — loglog p

tlog?2
whence
A1 < log(p'/?/4) — loglogp
log 2 '
Thus
1/2
olditrt o P~ (4.31)
4logp
and
|Alt+ 1 < logp. (4.32)

(4.30) follows from (4.31) and (4.32).
By (4.29) and (4.30) we get

1 1
3 72|«4|t+1p < H.

This is equivalent with

log(p/(4H))

>
A tlog2 '’

which contradicts (4.28). Thus (4.28) does not hold, and this completes the

proof of Lemma 11.

Lemma 12 [fC € W can be written of the form C = A+ B with |A| > 2,
then

|A| > 0.7t2".
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Proof of Lemma 12. We will estimate the right hand side of (4.27). By

(4.3), (4.4) and 1+ = < e*, we get that if p is large enough then

p p 1
p/(4H) = > =
12 [1.01p (1- é)B} 1212p (1 - 1) 1212(1- 1)
1 1 .
> _ B/2"
= 1212872 ~ 12.12°
Thus
log(p/(4H)) > —2.5+ B/2".
So
log(p/(4H)) _ —3.61 B =361 [0.71logp]
tlog2 t log2-t2t log 2 - t2¢
—3.61 0.7091ogp - —-3.61 . 1.0221ogp
t log2 - t2t t 2t
By (4.11)
1 4H))  1.021 1.451
og(p/(4H)) _ 1.02logp _  _ 145logp
tlog 2 2t 2t
By this and (4.9)
1 4H t24¢
oe(p/(4H)) > 0.7 = 0.7t2". (4.33)
tlog?2 2t

Using Lemma 11 and (4.33) we get the conclusion of the lemma.
Lemma 13 Suppose that A+ B C Cy and |A| > k. Then

1 k
1B| < (1 — 5) (p+ 2" tkp'/?) .

Proof of Lemma 13. Suppose that z € F,. Then for an a € A it holds

that = + a is in Cy if there exists an 1 < ¢ < ¢ such that

<(az—|—a;2 —ui) .
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By this we have

.
1 if thereexists 1 <7<t

1 4 2wy such that ((”“)2_“") = -1
1-511((%)“): z
p 0 ifforalll <i<t

we have (W) =1.

Let ay,as,...,a; € A be k different elements from A. Then
(
1 ifforalla; 31 <i <t

k ¢
1 N2 — such that
(- 21p( (e =) 1)) =
j 2t i=1 p (7($+aj)2_ui> = —1

p

\ 0 otherwise.
(4.34)

If A+ B C Cy, then for all x € B and a; € A we have z + a; € Cy and thus

there exists u; such that

By (4.34) we have

ﬁ(l—%ﬁ<(W)+l)> —1forallz € B.

j=1 i=1

Clearly, for = € F,, \ B the value of H?Zl (1 — % Hle ((W) + 1)) is

p

0 or 1. By this

e S22 )

After taking the term-by-term product in the second product, we get that

there exist monic polynomials fi(x), fo(z), ..., for_1(x) (of degree < 2t) such
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that
|B|<ZH<1_§_% 3 (M» (4.35)

Let

By taking the term-by-term product in (4.35) and using the triangle inequal-

ity we get

w2 (-5) - 22(5) (5) 2

x€Fp z€lFp s=1 1<i1 <o <+ <is <k

> oy ooy ()

glEF(azl) gQEF(au) 9s€F (aiy)

(L G2

s=1 1<t <ia<<is<k

S S o S

QleF(azl) 926F(‘112) 9s€F(a;s) z€Fp

<(1-%) p+2(1-—)“ G) .2

1<) <ig<-<is<k

DD Z(M).

QEF (@) 2eF(as;)  g€F(as,) [o€F,y b
Since each fs(x + a;) is a product of different monic irreducible polynomials
(z 4+ a;)* — w;, a product [[5_, g;(x) for g1 € F(ay,), 92 € F(ai,),...,9s €
F(a;,) (where 1 <4y < iy < --- < iz < k) is not of the form cg(x)? with ¢ €

F, and g(z) € Fy[z]. Moreover, deg [[;_, g;(z) < kmax;<;<,deg g;j(z) <
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kmaxi<;<ot—1 deg fi(z) < 2tk. Thus by using Lemma 6 we get
1 k k 1 k—s 1\°
we(i-5) 32 (3) (5) L2
s=1 1<y <ig<-<is <k
SR SIS

g1€F (a;;) g2€F (aiy) 9s€F (aiy)

1 k ; k 1 k—s 1\°
1/2
~(=z) e (o3) () 2

s=1 1<ii1<ig < <is<k

SNND SINHD O

g1€F (a;;) g2€F (a;y) gs€F(aiy)

— <1—%)kp+2tkpl/2i<1—%)ks <%) > (2'=1)°

s=1 1<i1<ig<-<is<k

1\* k 1\*
_ 1/2
_<1—§) p+ 2tkp Z<1—§) > 1

s=1 1<i1<ig < <is<k

_ 1/2
_<1—§) p+ 2tkp Z(S) (1—5)

s=1
1 k
< <1 — §> (p+ 2" tkp'/?)

which was to be proved.

Lemma 14 Suppose that A+ B C Cy and min{|A|,[0.71logp|} > k. Then

1 k
1B] < 1.01 (1 - ?) p.

Proof of Lemma 14. Since p is large enough, by the conditions of the

lemma we have

_ log(p'/2/(3001))  loglog(p'/?/(300t))
log 2 log 2 '
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Then

1 1/2 /(300¢ 1/2 /(300¢ 1/2
Jok < og(p'/?/(300t))  p'/*/(300t) — 0.005”

log 2 log(p'/2/(300¢)) Tt

2k kpt/? < 0.01p.
Using this and Lemma 13 we get

1\" 1\"
1B| < <1 — §> (p+ 28 tkp'/?) < 1.01 <1 — 5) p.

Lemma 15 Suppose that A+ B € W where |A| > 2. Then
|A| > [0.71log p].
Proof of Lemma 15. By A+ B € W we have
Col — H = |A+ B| < |A]|B].
By (4.24) we have
2t

1
(1 — —) p—2p'? — H < | A||B]. (4.36)

Let |A|] = f. Then by Lemma 12 f > 0.7¢2". Suppose that contrary to
Lemma 15 we have

0.7t2" < f < [0.711og p].

By using Lemma 14 with k£ = | A| = f and (4.36) we have

1 1\’
(1—§)p—2tp1/2—ﬂ<1.01f(1—§) p.

By (4.8) and (4.13) we get

1 1\/
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So

1\"' 0098
f (1 - ?) > 101> 0.97. (4.37)

Here f (1 — %)f_l is monotone decreasing in f for f € [2!,00), since using

log(1 4+ x) <z and f > 2" we get for the derivative

df (1-4)"7 1)/ 1
i) (o))
1\ f
<(-2) (2=

Since f (1 — Q—It)JL1 is monotone decreasing in f and f > 0.7t2", by (4.37)

and 1 + z < e* we have

1\/! 1\ 07121 1\ 072"
¢ t
O.97<f<1—§) <0.7-12 (1—5) <1.4-t2 (1—5)

) t
< 1412070722 — 1 4 <W) < 1.4(0.994),
o0,

which is impossible, if p (and thus ¢) is large enough.

Lemma 16 Define B and T by (4.2) and (4.3). Suppose that A+ B € W
with |A|,|B| > 2. Then

1 B
A, 18] < [1.01 (1_5) .

Proof of Lemma 16. By symmetry reasons, it is enough to prove that

=T.

|B| <T. (4.38)
By Lemma 15 we have

|A|l > [0.711logp] = B.
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Thus using Lemma 14 with & = B we get (4.38), which was to be proved.
Now we are ready to prove Lemma 3.

Proof of Lemma 3. Let S denote the number of reducible sets in W. We
will prove that

S < W,

from which the lemma follows. Suppose that C € W is reducible, thus there

exist sets A, B C F, such that |A|, |B|] > 2 and
C=A+EB.
By Lemma 16 we have

Al 1B| < =T.

1 B
1.01 (1 - §> P

Thus if C = A+ B with | A, |B| > 2 then A and B can be chosen from

T
p p p
<
; <z) <P (z) = p(T)

different subsets of F,, (here we also use (4.14)). Thus there are at most

different sums A + B whence

Clearly
C

ICo| — H > 0.99p

By (4.25), we have
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whence
(ICol = H)" _ (0.99p)""

Wi > I

Thus S < |W| follows from

, P _ (0.99p) "
T S H

(4.39)

3

Next we prove (4.39). If p is large enough, then T and H are large enough,

thus by Stirling’s formula

N7
T! > 0.99v2nT (—)
e
g\
H! <1.01vV2rH <—) .
e

Thus (4.39) (and S < |W]| also) follows from

27 0.99p)
P’ P < (09%) . (4.40)
(0.99v27T (1)) LOLV2rH ()
(4.40) is equivalent with
pQJﬁHHemH T _ 0.992V/27 (4.41)
T 12T (0.99p)" 1.01 '

In order to complete the proof of Lemma 3 we need to prove (4.41). Indeed,
if p is large enough, then by (4.4), (4.14) and (4.16) we get

NVHHY oy pT _ 2 V3 3° r T< 2./3 3° T\"
P oo P VT v) =P

0.993e.p
33 g
2 - 2 94)7
<p\/§(0.993.11.€> < p*V/3(0.94)

0.99%¢ P

0.51 B 051
< pz\/g (0.94)0'0812 <e 0.004p°%-51 +2log p+log v/3

< 0.99%V/27
.01

which was to be proved.

35



References

[1] N. Alon, Large sets in finite fields are sumsets, J. Number Theory 126
(2007), 110-118.

[2] N. Alon, A. Granville and A. Ubis, The number of sumsets in a finite

field, Bull. London Math. Soc. 42 (2010), 784-794.

[3] B. J. Green, Essay submitted for the Smith’s Prize, Cambridge Univer-

sity, 2001.

[4] C. Dartyge and A. Sarkozy, On additive decompositions of the set of the

primitive roots modulo p, Monatsh. Math., to appear.

[5] C. Elsholtz, The inverse Goldbach problem, Mathematika 48 (2001), 151-
158.

[6] H.-H. Ostmann, Additive Zahlentheorie, 2 vols, Springer, Berlin, 1956.
[7] A. Sarkozy, Uber reduzible Folgen, Acta Arith. 10 (1965), 399-408.
[8] A. Sarkozy, Uber totalprimitive, Folgen, Acta Arith. 8 (1962), 21-31.

[9] A. Sarkozy, On additive decompositions of the set of the quadratic

residues modulo p, Acta Arith., to appear.

[10] W. M. Schmidt, Equations Over Finite Fields: An Elementary Ap-

proach, Berlin ; Springer-Verlag, 1976.

[11] A. Weil, Sur les courbes algébriques et les variétés qui s’en déduisent,

Act. Sci. Ind. 1041, Hermann, Paris, 1948.

36



KATALIN GYARMATI

EOTVOS LORAND UNIVERSITY

DEPARTMENT OF ALGEBRA AND NUMBER THEORY

H-1117 BUDAPEST, PAZMANY PETER SETANY 1/C, HUNGARY

EMAIL: gykatiQcs.elte.hu

SERGEI KONYAGIN

Moscow STATE UNIVERSITY

DEPARTMENT OF MECHANICS AND MATHEMATICS
Moscow 119992, RUSSIA

EMAIL: konyagin23@gmail.com

ANDRAS SARKOZY

EOTVOS LORAND UNIVERSITY

DEPARTMENT OF ALGEBRA AND NUMBER THEORY

H-1117 BUDAPEST, PAZMANY PETER SETANY 1/C, HUNGARY

EMAIL: sarkozy@cs.elte.hu

37



