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Mercer type inequalities for normalised isotonic linear
functionals with applications

By Laszlé Horvath

Abstract. In this paper we give new Mercer type inequalities for normalised iso-
tonic linear functionals which contain Niezgoda’s inequality as a very special case. We
deal with some particular forms of the obtained inequalities and study some refinements
of them. The results are applied to means generated by normalised isotonic linear func-
tionals. As another application we extend Mercer’s inequality to an operator inequality
for convex (not operator convex) functions. An unusual feature of this result is to use
closed normal subalgebras instead of a single operator.

1. Introduction

A function f: C' — R defined on an interval C' C R is said to be convex if
the inequality

[z + A =t)y) <tf(x)+ (1 —1)f(y)

holds for any x, y € C and for every t € [0, 1].
Let the set I denote either {1,...,n} for some n > 1 or Ny := {1,2,...}.
We say that the numbers (p;);.; represent a discrete probability distribution if

p; >0(el)and Y p;, =1
iel
Perhaps the most useful inequalities for convex functions are the different
types of Jensen’s inequalities. The functional form of Jensen’s inequality was
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given by Jessen [6]. Jessen’s inequality can be formulated by linear functionals
satisfying the following properties:

(C1) Let E be a nonempty set, and let L be a subspace of the vector space
of real valued functions defined on E. It is also assumed that 15 € L (for every
¢ € R the constant function cg : E — R is defined by cg (z) = ¢).

(Cq) Let A: L — R be a linear functional.

(C3) Assume A is nonnegative that is A (¢) > 0 for all nonnegative ¢ € L.

(Cy) Assume A(lg) =1.

Linear functionals satisfying (Cs) are often called isotonic (or monotonic). It
is said that a linear functional is normalised (or unital) if (C4) holds.

The closure of a subset H of R is denoted by H.

Theorem 1. (Jessen’s inequality, see [5]) Assume (Cy-Cy) that is a nor-
malised isotonic linear functional A is given. Let f be a convex function on the
interval C' C R, and let ¢ € L such that ¢ (x) € C for all x € E. Then

(a) A(p) € C.

(b) If A(p) € C, fop e L, and f is continuous at A (p), then

f(A(p) <A(foy).

The previous result is often referred to as Jensen’s inequality for isotonic
linear functionals.

Mercer [9] established an interesting variant of the discrete Jensen inequality,
namely:

Theorem 2. (Jensen-Mercer’s inequality) If C' is an interval, f : C — R
is a convex function, pi,...,pn Tepresent a discrete probability distribution, and
Z1y..., Ty € [a,b] C C, then

n n
f <a+b— Zpifﬂz) < fla)+ f(b) = Zpif(ﬂ?i)~
i=1 i=1

Niezgoda [13] extended Theorem 2, and the principal tool in his treatment
is majorization. His result is the next:

Theorem 3. (Niezgoda’s inequality) Let f : C'— R be a continuous convex
function on interval C C R. Supposea = (a1, ..., ) witha; € C, and X = (z;;)
is a real n x m matrix such that x;; € C for all i, j. If a majorizes each row of
X, that is

X; = (i1, - -y Tim) < (a1,...,am) =a foreach i =1,...,n,
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then we have the inequality

m -1 n m m—1 n
FAY ai— piwiy | < fla) =YY pif (zij),
j=1 j=1 i=1 j=1 j=1 i=1
where p1,...,p, Tepresent a discrete probability distribution.

The following functional version of Jensen-Mercer’s inequality is due to Che-
ung, Matkovi¢ and Pecarié¢ [2].

Theorem 4. Assume (C;-Cy) that is a normalised isotonic linear functional
A is given. Let f be a continuous convex function on the interval C C R. If p € L
such that ¢ (z) € [a,b] C C forallz € E, fop € L and fo(a+b— ) € L, then

flatb—A(p) <A(fla+b—0))

<A )y 2D ) < s sy - Ao ).

The main goal of this paper to give a generalization of Theorem 4 which con-
tains Niezgoda’s inequality as a very special case. We deal with some particular
forms of the obtained inequalities and study some refinements of them. We first
apply the results to means generated by normalised isotonic linear functionals.
As another application we extend Mercer’s inequality to an operator inequality
for convex (not operator convex) functions. An unusual feature of this result is
to use closed normal subalgebras instead of a single operator.

2. Preliminary results

We introduce a majorization relation for finite sequences of real numbers (see

Marshall and Olkin [7]).

Definition 5. Let C' C R be an interval. We say thaty := (y1,...,yn) € C™

majorizes X := (x1,...,%,) € C™, written y > x, if
k k n n
Zymzz:xm, k=1,...,n—1 and Zy[i]zzxm,
i=1 i=1 i=1 i=1

where T[] = T[] = -+ = Ty and Y] = Y] = -+ = Y[ are the entries of x and
y, respectively, in decreasing order.
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The following two classical results are associated to majorization theory.

Theorem 6. (weighted Hardy-Littlewod-Pdélya inequality, see [12]) Let C C
R be an interval, and let f : C'— R be a convex function. If (z1,...,z,) € C",
(Y1,-..,Yn) € C™ and q, ..., qy, are nonnegative numbers such that
(a) x1 > ... > xp,
(b) Z qkTr < Z gk Yk (T: 1,...,717 1);
k=1 k=1
n n
(€) >0 akxr = > QrYk,
k=1 k=1
then

n

n
S aif (@) <Y aif (i)
i=1 i=1
We stress that the nonnegativity of the numbers ¢, . . ., g, cannot be omitted

in Theorem 6. The so-called majorisation inequality is the special case of the
previous result wherey > xand ¢ =...=¢, = 1.

Theorem 7. (Fuchs’ inequality, see [3]) Let C C R be an interval, and let
f: C = R be a convex function. If (x1,...,2,) € C", (y1,...,yn) € C™ and
q1,---,qn are real numbers such that
(a) 11 > ... > xp and y1 > ... > yp,
(b) Z 4Tk S Z qrkYk (T: 17"'377'7 1);
k=1

k=1

n n
(c) > quxe = > quYn,
k=1 k=1
then

n

doaif (#) <D aif (vi)-

i=1

A refinement of the Jessen’s inequality will be used from the paper Horvéth
[5]. To formulate this we need the following hypotheses:

(H;) Assume a normalised isotonic linear functional A : L — R is given, that
is (C1-Cy4) are satisfied. Further, it is assumed that for all ¢ € L the function |¢|
also belongs to L (in this case L is a Stone vector lattice).

(Hz) Let the index set I denote either {1,...,n} for some n > 1 or N,. Let
the index set J denote either {1,...,k} for some k£ > 1 or Ny.

(Hs) Let ()\j)j s represent a positive probability distribution which means

that \; >0 (j € J), and >  A\j = 1. For each j € J let ; be a permutation of
=
the set I (a permutation 7 of I refers to a bijection from I onto itself).
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(H4) Suppose we are given a sequence 2y = (A;);c; of isotonic linear func-

tionals A; : L — R with A; (1g) >0 forallie I and ) A; = A.
iel
The following result, in a more general form, is Theorem 4.1 in [5]. The
phrase closed interval means an interval in R which is a closed (not necessarily

compact) set.

Theorem 8. Assume (H;-Hy). Let C C R be a closed interval, and f :
C — R be a continuous convex function. Let ¢ € L taking values in C such that
fope L. Then

[(A(p) < Crunct = Crunct (o, f, A, m2r)

> AjAx @) (#)

jeJ
=30 2o N A () | f | < <A(foyp).
iel \jeJ J%:J )\jAﬂ'j(i) (1k)

3. Main results
We first establish an extension of Theorem 4. The result is also a generaliza-
tion of Theorem 3 to normalised isotonic linear functionals.

Theorem 9. Assume (C;-Cy) that is a normalised isotonic linear functional
A is given. Let C C R be an interval, and let f : C' — R be a convex function.
Assume further that m > 2 is an integer,

@kawkeLa kzlv"'7m

such that ¢y (), Y (x) € C for allx € E (k=1,...,m), A(pm) € C, f is
continuous at A (o),

fo@kELa fOQ/JkGL, kil,...,m, (1)

and
either

(a1) 1 > 2 > ... > @ and Y1 > Pg > ... > Uy,
(bl)qkGR(k:17~'~vm_1)’qm>0’

T
(c1) D aror < X b (r=1,...,m—1),
k=1 k=1

(di) > arer = > ¥,
k=1 k=1
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or

(32) P12 P22 .. 2 Om,
(bg)Qk>0(/€—]. —1), gm >0,

(c2) Z qkor < Z qm/m (7“ =1,. - 1),
(d2) Z Pk = E W Vk,
=1 =1

(a3) qr. =1 (k‘
(bs) (41 (),
Then

o
e £

m m—1
1
§<§ A (f o) — E aA(f O<Pk>
Im \} 5 k=1

PROOF. Suppose conditions (a;-d;) are satisfied.
By (d1)7

s\*“
/—\
NgE
=)
N
§
MS
§H
:>
\/
N—————

m m—1
L (Z Atk — Z Qk90k> = Pm,
Im \} 21 k=1

and hence the linearity of A implies that

m m—1
= in (Z WPk — Z Wk) = A(om).
m k=1

k=1

Since A is a normalised isotonic linear functional, ¢, € L such that ¢, (z) €
Cflorallz € E, A(om) € C, fopy, € L, and f is continuous at A (¢, ), inequality

(2) is an immediate consequence of Jessen’s inequality.

To prove (3), first we use (a;-dy), together with ¢y, (z), ¢ (x) € C for all
x€FE (k=1,...,m) and the convexity of f, to apply Fuchs’ inequality: it gives

that

m m

Z%f on (2 Z aef (Y (z rekE.

k=1 k=1
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By (4), it follows from this that

m—1 m m—1 m
> aufowk+agmfo (1 (qu/% -y %w)) <> aforvn.  (5)
k=1 Im \3 = k=1 k=1

Since (1) is satisfied and A is an isotonic linear functional, we have from (5)

that .
GmA (fo (1 (Z Gk — Y Qk§0k>>>
Im \} 21 k=1

m—1
A (for) = D arA(fowr),
k=1

<

NE

b
Il
_

and therefore inequality (3) follows by using g, > 0.

Under the other two groups of conditions we can prove similarly by us-
ing either Hardy-Littlewod-Pdlya inequality or majorization inequality instead
of Fuchs’ inequality.

The proof is complete. U

The following simple result shows that Theorem 9 extends inequalities

fla+b—A(p)) A(fla+b—9)) < fa)+f(b)—A(fop)
in Theorem 4.

Corollary 10. Assume (Cy-Cy) that is a normalised isotonic linear func-
tional A is given. Let C' C R be an interval, and let 11, 12, ¢ € L such that
1 (x), o (z) € C forallz € E, 9y < ¢ < 9y and A (1 + 1y — ) € C. If
f:C — R is a convex function for which f is continuous at A (11 + 2 — ¢) and

fot, foe, fopand fo (¢ + s — ) belong to L, then
FA@W) +A@W2) — Ap)) < A(fo (Y1 + 92— )
SA(fotn) +A(fore) —A(fop). (6)
PROOF. The condition ) < ¢ < 1y implies
(o (@), (W1 + 92— ) (@) < (Y1 (2) 92 (7)), z€E,

and therefore we can apply Theorem 9 by choosing 1 := ¢ and @9 := 1)1 + 12 — ¢
(conditions (as-bg) are satisfied).
The proof is complete. O
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Remark 11. Niezgoda’s inequality is contained in Theorem 9 as a very
special case: Really, let f : C' — R be a continuous convex function on interval
C C R. Suppose n > 1 and m > 2 are integers, a = (ai,...,an) with a; € C,
and X = (z;1) is a real n X m matrix such that x;;, € C for all i, k. Let p1,...,pn
represent a discrete probability distribution. Define the vector space L by

L::{(yi)?zl\inR, i=1,...,n},
the functions i, ¥, € L (k=1,...,m) by
Yp (1) i=ar, t=1,...,n, k=1,....m

and
o () i =x, 1=1,...,n, =1,...,m,

and the normalised isotonic linear functional A : L — R by
n
A((yi)izy) = Zpiyi-
i=1

If a majorizes each row of X, then Theorem 9 gives Niezgoda’s inequality.

It is worth mentioning the form of Corollary 10 when the normalised isotonic
linear functional A is defined by integral. In this case weaker conditions are
sufficient. An integral version of Theorem 9 can be found in Horvéth [4].

Theorem 12. Let (E, A, 1) be a probability space, C C R be an interval,
Y1, Yo : B — C be p-integrable functions, and let ¢ : E — R be a measurable
function such that {1 < ¢ < y. If f : C — R is a convex function for which
f o and f oy are p-integrable, then

/ /(¢1+1//2—%0)dﬂ SZfO(¢1+1/)2—<P)dN (7)

E
g/fowldw/fowzdu—/fwdﬂ. (8)
E E E

PRrROOF. If L means the vector space of real integrable functions on F and
the linear functional A is defined on L by

A(x) = E/xdu,
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then A is obviously isotonic and normalised.
It is obvious that ¢ (z) € C for all x € E and ¢ is also p-integrable.
If f is either increasing or decreasing, then either

for < fop < for)

or
fotr = fop=fou,.

Since f o ¢ is measurable and f o and f o s are p-integrable, it follows from
the previous inequalities that f o ¢ is p-integrable.

If f is not monotonic, then there exists an inner point ¢ € C' such that f is
decreasing on |—o0, ¢] N C' and increasing on [¢,00[ N C. In this case

fle) < fop<max(fow,fors),

and therefore f o ¢ is p-integrable too.
Since

1 < P1+ P2 — @ < g,

the roles of ¢ and ¥ + 95 — ¢ can be interchanged in the previous argument and
hence f o (11 4+ 12 — @) is also p-integrable.
Inequality (7) now follows immediately from the integral Jensen’s inequality.
Inequality (8) can be obtained from (6).
The proof is complete. O

An interesting special case of Theorem 12 is the following. We emphasize
that the index set I can also be a countably infinite set.

Corollary 13. Let the index set I denote either {1,...,n} for some n > 1
or Ny, and let (p;);.; represent a discrete probability distribution. Let C' C R
be an interval, and let (a;);c;, (bi);c;, (%i);c; be sequences from C' such that

a; < x; < b; for all i € I and the series Y p;a; and Y p;b; are absolutely
i€l i€l
convergent. If f : C' — R is a convex function for which the series >, p; f (a;) and
i€l
> pif (b;) are absolutely convergent, then
i€l

f <sz (a;i +b; — $1)> < sz‘f (ai +b; — x;)

i€l i€l

<> opif (@) + > pif (b)) =Y pif ().

i€l iel el
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PROOF. Let FE := I, A be the set of all subsets of E, and let p := Y p;e;
icl
where €; : A — R is the unit mass at i (¢ € I). Define the functions 1, 19,
p: E— C by
¢1 (’L) = a, ’lﬂg (Z) = bi, 2 (Z) = X;.

Now the result is an immediate consequence of Theorem 12 by applying it
to the probability space (E, A, 1) and to the functions 1, ¥s, and .

The proof is complete. O

Jensen-Mercer’s inequality has a lot of different refinements, see e.g. the
recent papers Horvath [4] and Moradi and Furuichi [11]. Now, we give some
refinements of Theorem 9. There are two ways to achieve this: one is to refine
inequality 2, while the other is to refine inequality 3. The proof of inequality
2 shows that in the first case any refinement of the Jessen’s inequality can be
applied, but in the second case, specific methods are needed. For a more detailed
analysis of the problem, see the paper Horvath [4]. Both cases are illustrated
below.

Theorem 14. Assume (H;-Hy). Let C C R be a closed interval, and f :
C — R be a continuous convex function. Assume further that m > 2 is an integer,

(pkﬂ/JkEL, k=1,....m
such that ¢y (x), v (x) € C forallz € E (k=1,...,m),
fo(pk:eL’ fo,(/]keLD kzl)"'7m’
and either (aj-dy) or (ag-dy) or (ag-bs) is satisfied. Then
1 m m—1
f < (Z A () = > qM(m))) <D Do NAn e (1e)
Im \k=1 k=1 iel \jeJ

m

m—1
2 NiAn ) (Z awA(Yr) = 3 QkA(SOk)>
jeJ k=1 k=1
> AjAn, i) (1)

jeJ

m m—1
<A (fo (ql (Zkak -y %@k)))
m \k=1 k=1

m—1
1<ZQkA oY) — ZQkA foﬁpk>
dm k=1
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PROOF. In the proof of Theorem 9, we have seen that inequality (2) can be
obtained by applying the Jessen’s inequality, so the result is a simple consequence
of the Theorem 8.

The proof is complete. O

Theorem 15. Assume (C;-Cy) that is a normalised isotonic linear functional
A is given. Assume further that L is a Stone vector lattice. Let C' C R be an
interval, and let ¢, s, ¢ € L such that 1 (z), ¥s (z) € C for all z € E,
1 < <9 and A (Y1 + 13 — ) € C. Define the functions x, w : E — R by

x (z) :=min (¢ (), 91 (2) +¢2 () - (2)), z€kE

w (@) = max (p (), 1 () + 2 (2) - p(2)), @€ E.

If f: C — R is a convex function for which f is continuous at A (1 + 2 — @)

and fo(ty + (1 —=1)x), fo(t2+ (1 —t)w), fop and fo (i1 + 2 — @) belong
to L for all t € [0,1], then

A1) + A(d2) — A(p)) < A(fo (Y1 + 12— ¢))

SA(fo(pr+ (1A —t)x)+A(fo(t+ (1 —-t)w)) —A(fop)
SA(f°¢1)+A(fO¢2)_A(f°<P)7 t6[071]
PROOF. Since L is a Stone vector lattice, y, w € L.
It is easy to check that

(¢ () s (&) + 2 () — ¢ (2)) < (1 + (1 = 1) X, tha + (1 = ) w)

<('L/)l(1')71/)2(1'))’ er? tE[O,l],

and hence the majorization inequality implies the second and the third inequali-
ties.

The first inequality comes from Corollary 10.

The proof is complete. (I

4. Application

In this section we first study means generated by normalised isotonic linear
functionals.
The range of a function f is denoted by Ry.
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Let C C R be an interval, and let ¢ : C' — R be a continuous and strictly
monotone function. If (X, A, ) is a probability space, and ¢ : X — C is a
function such that g o ¢ is u-integrable on X, then

M, ( (!qogpd,u

is called the quasi-arithmetic mean (integral g-mean) of (.

Based on the previous notion of quasi-arithmetic mean, a new mean gen-
erated by a normalised isotonic linear functional is introduced in Beesack and
Pecari¢ [1] and a more generalized form in Horvéth [5].

Definition 16. (see [5]) Assume (Cy-Cy) that is a normalised isotonic linear
functional A : L — R is given. Let C C R be an interval, ¢ : C — R be a
continuous and strictly monotone function, and let ¢ : E — R taking values in C
such that g (Jinf ¢, sup ¢[) C Ry and go ¢ € L. Define

My (p,A)==q" (A(gop)).
To simplify the next statement, we assume that the interval C is closed. The

result contains Theorem 3.3 in the paper Cheung, Matkovi¢ and Pecarié¢ [2] as a
special case.

Theorem 17. Assume (C;-Cy) that is a normalised isotonic linear functional
A is given. Let C C R be a closed interval, and let q, r : C — R be continuous
and strictly monotone functions. Assume further that 11, ¥, ¢ : E — R such
that 1 (z), 2 (z) € C for all z € E, 1p1 < ¢ < 1ha, and

qgop, €L qoyype€L, ropel, roypel, k=12

-1 -1

If either qor~" is convex and q is strictly increasing, or qor~ " is concave and

q is strictly decreasing, then
r=H(r (M (1, A)) + 7 (M, (2, A)) — 7 (M (9, A)))
<My (r~to(rogr+rovs—roy),A)
< q (g (Mg (1, A)) + q (Mg (2, A)) — ¢ (Mg (¢, A)))

-1 1

while if either roq™" is convex and 7 Is strictly decreasing, or roq™ " iS concave

and r is strictly increasing, then
0" (a (M (1, A)) + ¢ (My (2, A)) — ¢ (My (0, 4)))
<M, (g7 o(gotr +qoths —qop),A)
<7 (M ($1, A)) + 1 (M (2, A)) = 7 (M; (0, 4))) -



Mercer type inequalities 13

PROOF. Assume gor !

is convex and q is strictly increasing.
The function r is strictly monotone, and therefore either royy < rop < rowy

or rothy <row <rowi. In both cases we can apply Corollary 10 which implies
gor ' (A(royn) + A(rods) — A(rop))

SA(qor_lo(Towl+TO¢2—TO<P))
SA(qor_loroqpl)—i—A(qor_loroz/JQ)—A(qor_lorocp)
=A(gotn) +A(gots) —Algop).

Since ¢ is strictly increasing, we have that
rTH(A(rotn) + A(rois) — A(roy))

<q 'A(gor to(roy+roty—royp))
<q " (A(gon) +A(gotn) — Algoyp)),

and the result follows from this.
The other cases can be investigated in a similar way.
The proof is complete. O

In the second part of this section (#, (-, -)) always denotes a complex Hilbert
space. The Banach algebra of all bounded linear operators on H is denoted by
B (H). The operator I means the identity operator on . The spectrum of an
operator T is denoted by o(T). If T € B(H) is self-adjoint and A € o(T), then
A € R. For an interval C C R, S(C) means the class of all self-adjoint operators
from B (H) whose spectra are contained in C.

Now, following Rudin [14] mainly, we briefly summarize the spectral theory
and the symbolic calculus for normal operators in B (H).

A subset N of B(H) is called normal if N commutes and T* € N whenever
TeN.

Theorem 18. (Spectral theorem for closed normal subalgebras of B (H), see
[14]) Assume N is a closed normal subalgebra of B (H) which contains I, and let
A be the maximal ideal space of N. Then

(a) There exists a unique resolution E of the identity on the Borel subsets of

/\ which satisfies
T = / TdE

AN
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for every T € N, where T is the Gelfand transform of T.

(b) The inverse of the Gelfand transform extends to an isometric *-isomor-
phism ® of the algebra L* (E) onto a closed subalgebra M of B(H), N C M,
given by

B (f) = / fAE, feL®(E). (9)
A

Explicitly, ® is linear and multiplicative and satisfies

e(f)=2()", IeWUOl=fl-
The integral (9) is the abbreviation for
@(D)ag) = [fEey, wyeH,
A

where F, , denotes the complex measure
By (w) = (E (W) z,y)

on the Borel subsets of A. If x € H and ||z|| = 1, then E, , is a probability
measure.

It follows from the previous theorem that for every normal operator T €
B(H) there exists a unique resolution ET of the identity (called the spectral
decomposition of T') on the Borel subsets of o (T') which satisfies

T = / MET ()).
(T)

By using ET, for every bounded Borel function f : o (T) — C we can define
the operator
/ fdET
o(T)

which is denoted by f (T) as usual.

Assume N is a closed normal subalgebra of B (#H) which contains I, and let
E be the corresponding resolution of the identity.

If T e N, then T has the same spectra with respect to N and B (#H). It is
easy to check that for every T € N the spectral decomposition ET of T is the
image of E under the mapping ZA“, that is

ET (w)=E (T*l (w))
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for every Borel subsets w of o (T). It follows that for every bounded Borel function
f:o(T)—=C
= / foTdE.
A

Let T € N be a positive operator. Since the range of Tis o (1), T > 0.
It follows that if T7, To € N are self-adjoint operators such that T} < Tb, then
T <Ty.

Now we give an operator version of Mercer’s inequality for convex functions.

Theorem 19. Let a, b € R with a < b, and let Ty, To, T € B(H) such
that they commute with each other, Ty, To € S ([a,b]) and Ty < T < Typ. If
f:a,b] = R is a convex function and x € H with ||z|| = 1, then

f((Thz,z) + (Tox,z) — (Tz,z) <{(f(Th +To = T) z, x) (10)

PrOOF. Since T1,T» € S ([a,b]) and Th < T <Ts, T € S ([a,b]) too.

Let N be the smallest closed subalgebra of B (#) that contains I, 77, T, and
T (this is the closure of the set of polynomials in Ty, T, and T'), and let E be
the corresponding resolution of the identity. Since T3, To, and T are self-adjoint

and they commute with each other, N is a normal subalgebra of B (H).
By Theorem 18,

(T, ) + (z,z) — (Te,2)) = f(Ty + T2 = T) 2, x)

= f /Tl ‘i‘/ﬁ_ TdE:c,a: = f / (1/1\1 + 7/1\2 - f) dEac,x
A A

Since ﬁ < T < 1/:2 and they are continuous functions on the Gelfand topology
of A, Theorem 12 can be applied and we obtain that

f /(ff\w@—:r) /f (Ts+ 7>~ T) dE, .

/f () dEm+/f () dize.o - /f ) dE .

=(f (M) z,z) + {f (T2) z,x) = (f (T) x, ) .
The proof is complete. O
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Remark 20. (a) There are generalizations of Mercer’s inequality to operator
inequalities (see e.g. Matkovié, Pecarié, Peri¢, [8]), but in all these results Ty := al
and Ty := bl.

(b) Inequality (10) is an immediate consequence of the classical operator
Jensen’s inequality for convex functions (see Mond, Pecari¢ [10]). Moreover, the
commutativity of the operators Ty, To and T is not necessary in this case.

Corollary 21. Let (H,(-,-)) be a complex Hilbert space, a, b € R with
a<b,andlet T € S([a,b]). If f : [a,b] — R is a convex function and x € H with
|z|| = 1, then

fla+b—(Tz,x)) <{(f(al +b] —T)x,zx)

<fl@)+f0) = {f(T)z,z).

PROOF. It is an easy consequence of Theorem 19.
The proof is complete. O
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