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Abstract

We rewrite abstract delay equations as nonautonomous abstract Cauchy problems al-
lowing us to introduce a Magnus-type integrator for the former. We prove the second-order
convergence of the obtained Magnus-type integrator. We also show that if the differential
operators involved admit a common invariant set for their generated semigroups, then the
Magnus-type integrator will respect this invariant set as well, allowing for much weaker
assumptions to obtain the desired convergence. As an illustrative example we consider a
space-dependent epidemic model with latent period and diffusion.

Magnus integrator; quasilinear delay equation; convergence analysis; invariant sets;
delayed epidemic model with space-dependence and diffusion.

1 Introduction

The aim of this paper is to adapt the Magnus integrator for nonautonomous homogeneous
problems to a wide class of nonautonomous delay problems. We are interested in problems of
the form

{%u@ = Q(F(u)u(t), t € [0,00),

(QDE,)
u(s) = p(s) € X, s € [-9,0],
where X is a Banach space, ,u: [-0,0] — X denotes the d-history ,u(s) := u(t + s) of the
solution at time ¢ (i.e., the initial condition could also be written as qu = ¢ with some initial
history function ¢: [—4,0] = X), Q(w) = Qo + Q(w) where Q is an unbounded operator on
X and Q(w) is bounded for all w € X, and F € C(|—4,0], X) actually only depends on the
restriction to [—d, —¢| for some fixed € € (0,d]. The role of ¢ and of the assumption that F
only depends on the restriction to [—d, —¢] is to ensure that equation (QDE,) never becomes
implicit in the sense that the operator Q(F'(,u)) is determined already by time t — e for all
t > 0. The exact assumptions on the operators and functions involved will be detailed later.
Note that the case )y = 0 corresponds to a quasilinear delay equation with bounded operators,
while @y # 0 leads to the unbounded case.
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In Magnus [15], Magnus set out to solve the nonautonomous homogeneous problem LY (t) =
A)Y(t) (t > 0), Y(0) =Y, where Y (¢) and A(¢) are linear operators on appropriate spaces.
In the case when all of the operators A(t) commute, the solution takes the simple form Y (¢) =
exp ( fot A(s)ds) Yy. In the general, noncommutative case, however, one has to correct the

exponent, and the exact solution is given by the Magnus series expansion, involving integrals of
commutators. The first term of this expansion corresponds to the commutative solution, and
is a good approximant leading to a second-order numerical method using the midpoint rule to
approximate the integral in the exponent:

?75-?1 — oTA((n+1/2)7) An(r)’ neN (1)
where 7 > 0 is an arbitrary timestep and Y™ denotes the numerical approximation to Y (nr)
with initial value YO(T) =Y.

Convergence of the classical Magnus integrators, such as (1), has been widely studied in the
literature for nonautonomous problems without delay. For finite dimensional spaces, the Mag-
nus expansion, being the basis of the Magnus integrators, were analysed in Blanes et al. [3]
and Blanes et al. [4]. The authors gave a condition on the Magnus expansion’s convergence in
Moan & Niesen [16]. The expansion in case of nonlinear equations was investigated in Casas
& Iserles [5]. In Csomds [6], a Magnus-type integrator (see (3) below) was derived for delay
equations, moreover, its second-order convergence and positivity preserving property were also
shown.

For infinite dimensional undelayed problems with inhomogeneity, in Gonzdlez et al. [9] a nu-
merical method was derived by using the Magnus expansion, and its second-order convergence
was shown for sufficiently smooth solutions, in addition to (lower order) error bounds measured
in the domain. The authors proved the first-order (operator) norm convergence of the same
method under very mild conditions for homogeneous problems in Béatkai & Sikolya [2].

Delay equations describe processes where the time evolution of the unknown function not only
depends on the actual state of the system but also on its past values. Delay differential equations
find more and more frequent application in the modelling of scientific, financial, or even social
phenomena, since there a delay term often naturally appears among the processes. One may
here think of the role of the latent period when modelling the spread of epidemic diseases, the
pregnancy period in population models, or the reaction time in any social or financial model.
In our problem (QDEL,), the time parameters d,e > 0 delimit the time window into the past
that is influencing the present dynamics in the problem.

Since the exact solution of problem (QDE,) is difficult or even impossible to compute analyt-
ically, one needs to find a way to approximate it. To this end, we first reformulate the delay
problem as a nonautonomous problem, and then present a novel Magnus-type integrator based
on Magnus integrators introduced for nonautonomous problems.

For the reformulation as a nonautonomous problem, we first define the function u: [—d, 00) — X
as

and the operators

A(t) :== Q(F(,u)) for all t > 0.



Then the function u satisfies the problem

Sult) = A(yu(t), telo,00),
{ u(0) = (0). (2)

Although the operators A(t) depend on the unknown function @ via ,u, the minimum delay e
within the @) term (stemming from F') allows problem (2) to be treated as a nonautonomous
Cauchy problem a posteriori. Indeed, for ¢t € [0,¢], A(t) is actually determined as it only
depends on the known restriction ,u (~5,—g = @\[t_(;,t_e]. Hence solving the problem iteratively
on the sub-intervals [je, (j+1)e], j = 0,1, ..., yields an explicit nonautonomous Cauchy problem
for each time-segment considered, provided well-posedness is maintained along the way. Hence,
we will consider problem (2) essentially as a formally nonautonomous problem on the whole
time interval. The solution u can then be approximated by the method derived by Magnus in
Magnus [15] for such problems. This method however uses the values F'(,u), which have to be
themselves approximated, involving an appropriate second-order approximation of F' based off
of a grid that is compatible with the one used for u.

To this end, one defines an arbitrary N € N, takes the time step 7 := §/N > 0, and denotes

the approximate value of u(n7) by ul” for all n € N. The Magnus-type integrator, which we
will derive in detail in Section 3, takes then the form

o((n+1/2)1 —9) for n=0,1,...,N —1,
.
Unt1/2 "= rofsLF ), u™
eQQ(Z‘:O b "QN”))US_)N for n > N, (3)
19=<) .
ugll = eTQ (Zf:o weir For <u£b+)“+1/2>)ugf)

for n > 0, where possible negative indices refer to the corresponding values of the history
function, i.e., ug) = @(n71) for n < 0, the half-indexed terms uggl /o are auxiliary values
(essentially approximating u((n + 1/2)7 — 0) for an application of the midpoint rule), and the

expressions ky .y ; stem from the approximation of F'.

Under appropriate smoothness and uniform exponential bounds on the generators Q(-) involved,
we will prove the second-order convergence of the Magnus-type integrator (3) when applied to
the abstract delay equation (QDE,) on Banach spaces. Moreover, we show that the method
inherits the invariance properties of the generators Q(-) (e.g. positivity).

The paper is organised as follows. In Section 2 we introduce the abstract setting of evolution
equations like (2). In Section 3 we recall the original Magnus integrators, summarise the main
results from the literature regarding its application to nonautonomous Cauchy problems (2),
and then describe how we adapt this method to our case where we have no a priori knowledge
of the operators A(t) on the time interval (e, 00).

Section 4 contains our main result, Theorem 23 on the Magnus-type integrator’s second-order
convergence when applied to the quasilinear delay equation (QDE,). Some of the assumptions
needed for this convergence (or even the existence of the solution to the delay equation) —
especially a uniform exponential bound for the semigroups generated by the operators Q(w) —
are typically not naturally achievable for all w € X. However, many problems admit invariants
and have qualitative preservation features (e.g., positivity of the solutions), and we shall show
that our Magnus-type integrator naturally exploits such invariants, allowing us to restrict our



assumptions to some smaller, invariant closed subset W of X that we assume our initial history
@ runs within. This will allow us to prove in parallel that the Magnus-type integrator and
the exact solution both exist for a positive amount of time (namely, €), with the former never
leaving the invariant set. That in term will imply the second-order convergence on this time
interval, implying that the solution itself stays in the invariant set as well. Iterating these
arguments, we obtain our results for any compact time interval.

In Section 5 we use a space-dependent epidemic model to illustrate the power of invariants (in
this case both total population size and positivity) in ensuring second-order convergence.

2 Autonomous and nonautonomous evolution equations

In this section we introduce the notions necessary to understand the Magnus integrator and
our approach to the error bounds. Throughout we shall assume that X is a Banach space. Our
main references are Engel & Nagel [8] and Nickel [17].

Definition 1. A family (e'4)>o C Z(X) of bounded linear operators on X is said to be a
strongly continuous semigroup generated by the linear, closed, and densely defined operator

A, D(A)) if the following holds:

(

(i) % =1Id, the identity operator in X,

(ii) et9)4 = etesA for all t,s > 0,

(iii) the function [0,00) 3 ¢ — v is continuous for all v € X,
(

iv) there exists lim }(e"'v — v) = Av for all v € D(A).
t—0+
This strongly continuous semigroup describes the solution to the Abstract Cauchy Problem

(1) = Aq(1), 1€ [0,50), or)
u0)=r€ X !
in the sense that u(t) = e x. It is known [see, e.g., 8, Prop. 1.5.5] that such semigroups are
exponentially bounded, i.e., there exist M > 1 and w € R such that |e!| < Me*! for all t > 0.

We speak about a contraction semigroup if M = 1 and w = 0 can be chosen. A linear operator
(A, D(A)) is called dissipative if ||(A — A)z|| > Al|z]| holds for all A > 0 and z € D(A).

In many processes, however, one cannot assume the generator (A, D(A)) in (ACP) to be con-
stant in time, leading to so-called nonautonomous Cauchy problems, or (NCP) for short. Let
(A(t), D) be a linear operator on X for every ¢t € R. Furthermore, let x € X and s € R be
given. Then we consider the following nonautonomous problem for the differentiable unknown
function u: R — X:

(NCP);.»

The following definitions are based on Engel & Nagel [8, Section VI.9].

Definition 2. A continuous function @: [s,00) — X is called a (classical) solution of (NCP), ,
if u e CYR, X), u(t) € D for all t > s, U(s) =z, and Su(t) = A(t)u(t) for all t > s.



Definition 3. For a family (A(t), D):er of linear operators on the Banach space X, the nonau-
tonomous Cauchy problem (NCP) is called well-posed with regularity subspaces (Y)ser if the
following holds.

(i)  Ewistence: For all s € R the subspace
Y, := {y € X: there exists a solution (-, y) for (NCP),,} C D

is dense in X.
(ii)  Uniqueness: For every y € Yy the solution u(-,y) is unique.

(iii) Continuous dependence: The solution depends continuously on s and z, i. e., if s, —
s € R, u, —y € Y with u,, € Y;, then we have ||us, (¢, u,) — us(t,y)|| — 0 uniformly for
t in compact subsets of R, where

_ () it r <t
u,(t;y) —{ Y if r>t.

If, in addition, there exist constants M > 1 and w € R such that
[@s(t, y)|| < Me"=)ly||

for all y € Yy and t > s, then (NCP) is called well-posed with exponentially bounded
solutions.

Definition 4. A family (U(¢, s)):>s of linear, bounded operators on a Banach space X is called
an (exponentially bounded) evolution family if

(i) U, ")U(r,s)=U(t,s) and U(t,t) =1d for all t > r > s € R,
(ii)  the map (t,s) — U(t, s) is strongly continuous,

(iii) ||U(t, s)|| < Me***) for some M >1,w € Rand all t > s € R.

An evolution family is said to be contractive if we can choose w = 0 and M = 1, and quasi-
contractive if we can choose M = 1 for some w € R.

Definition 5. An evolution family (U(t,s)):>s is called an evolution family solving (NCP), if
for every s € R the regularity subspace

Vyi={y e X:[s,00) 3t Ult,s)y solves (NCP),, }
is dense in X.

We have the following result connecting the well-posedness of (NCP) to the existence of a
unique evolution family solving it.

Theorem 6 (Nickel [17, Prop. 2.5]). Let X be a Banach space, (A(t), D(A(t)))ier a family of
linear operators on X. Then the nonautonomous Cauchy problem (NCP) is well-posed if and
only if there exists a unique evolution family (U(t,s))i>s solving (NCP).

As mentioned in the Introduction, our goal is to rephrase (QDE,) as a nonautonomous Cauchy
problem on the time interval [0, 00). Of great help in establishing well-posedness is the following
consequence of a result by Kato [12, Thm. 4].



Theorem 7. Let J C R be a closed interval, and (A(t), D)y a family of generators of contrac-
tion semigroups on the Banach space X with common domain satisfying A(-)x € CY(J, X) for
all z € D. Then the nonautonomous Cauchy problem Su(t) = A(t)u(t) is well-posed with reg-
ularity subspaces Ys = D (s € J) and admits a contractive evolution family (U(t, $))i>stses- In
particular, for any x € D and s € J the initial condition u(s) = x leads to a unique (classical)
solution (u(t))s<tes with u(t) € D for all s <t e J.

Remark 8. The contractivity of the evolution family is actually part of the earlier Theorem 2
in the same paper.

Also, note that Kato’s result talks of evolution families and well-posedness on a possibly
bounded closed interval J instead of R, and it is not immediately clear how the two can be
connected. Let J = [a,b] with a,b € R. Since each A(t) (¢t € J) is a generator, it makes sense
to extend A(-) to R by setting A(s) = A(a) when s < a and A(s) = A(b) when b < s. Then
the evolution family corresponding to the extended interval can obviously be restricted to J
with all the properties preserved. But also the evolution family (U(¢, s))s<tt.ses corresponding
to the restricted problem has a natural extension to R as follows.

Denote by (7,(7))->0 the contraction semigroup generated by A(a), and by (7(7)),>0 the con-
traction semigroup generated by A(b). If s < a, then let U(t,s) :==U(t,a)T,(a—s) and if b < ¢,
then let U(t,s) := Tp(t — b)U(b,s). This defines the evolution family for all s < ¢ in a way
compatible with Definition 4 (w may have to be replaced with max{w,0}).

An easy rescaling argument yields that the same holds if instead of generators of contraction
semigroups we consider a family (A(¢))cs such that the generated semigroups are uniformly
quasi-contractive.

Corollary 9. Let J C R be a closed interval, and (A(t), D)y a family of generators of
uniformly quasi-contractive semigroups on the Banach space X with common domain satisfying
A()z € CYJ,X) for allz € D. Then the nonautonomous Cauchy problem Lu(t) = A(t)u(t)
is well-posed with reqularity subspaces Yy = D (s € J) and admits a quasi-contractive evolution
family (U(t, s))s<ttses- In particular, for any x € D and s € J the initial condition u(s) = x
leads to a unique (classical) solution (u(t))s<ies with u(t) € D for all s <t e J.

Hence, the unique solution to (NCP),, has the form
u(t) =Ult, s)x (4)

for all ¢ > s. Our aim is to approximate the solution u to problem (QDE,), rewritten as the
nonautonomous problem (2), at certain time levels. To do this we introduce the Magnus-type
integrator in the next section.

3 Magnus-type integrator

We saw in the Introduction that the delay equation (QDE,) could formally be written as the
nonautonomous abstract Cauchy problem (NCP)g ) with the solution-dependent operator
A(t) = Q(F(;u)). Whilst well-posed autonomous abstract Cauchy problems have their solutions
given through of a one-parameter strongly continuous semigroup, problem (NCP)q ) — if well-
posed and ¢(0) is in the regularity subspace Yy — has its solution given through a unique two-
parameter evolution family (U(t, s))t>s (cf. Theorem 6). Since the exact form of the evolution



family U is usually unknown, we need to approximate the solution in (4). To this end we define
an arbitrary N € N and take the time step 7 := /N > 0. Then the approximate value of u(t,,)

at time levels t,, := n7, n € N, is denoted by aln.

In case of a finite dimensional space X, the evolution family U is the exponential of a bounded
operator Q(t,s) for t > s > 0. Magnus showed in Magnus [15] that the bounded operator
Q(t,s) could be expressed by the integral of an infinite series, called Magnus series. Casas
and Iserles showed in Casas & Iserles [5] that the appropriate truncations of the series led
to convergent approximations. The further approximation of the integral terms yields the
Magnus-type integrators. More precisely, by the property of the evolution family we have

u((n+1)r)=U((n+1)1,8)z =U((n+ 1), nT)U(nT, s)x = U((n + 1)7,nT)u(nT)

for all n € N. By approximating U((n+ 1), n7) by exp ([, A(n7 + ¢)d(¢) as in Casas & Iserles
5], and then by e™4("*1/2)7) with the midpoint quadrature rule, we arrive at the formula of the
simplest Magnus integrator

ai;)_l _ eTA(("H/Z)T)ﬁS) (5)

for all n € N with 4y = z.

In case of an infinite dimensional Banach space X, we consider formally the same formula (5)
where the exponential refers to the strongly continuous semigroup generated by the correspond-
ing operator (cf. Definition 1).

Since the Magnus integrator (5) gives only an approximation to the exact solution at time
t, = nt for all n € N, it is necessary to show that the approximate value converges to the exact
value as the time step 7 = /N tends to zero, or equivalently, N € N tends to infinity. As is
usual, we will want to show that our numerical scheme yields a good approximation on any
compact time interval [0, T7.

Definition 10. Let u denote the exact solution to problem (QDE,). Its approximation ug)

(or, equivalently, the corresponding numerical method) is called convergent of order p > 0, if
there exists C' > 0 such that [|u(nt) — ug)H < C7? holds for all n € N and 7 = §/N > 0 with
nt € [0,T], where the constant C' is independent of n and 7 but may depend on nr.

We note that we defined the convergence for the sequence 7 = §/N of the time steps in order to
simplify our proofs, which could be done for all sequences 7, > 0 and ny, € N with ny7, € [0, 7T
by introducing a more complicated formalism. Since one has an initial history function (or a
set of data) on the time interval [—¢, 0], it is natural to choose a time step that is compatible
with it.

In what follows we present two results from the literature about the Magnus integrator (5) for
nonautonomous problems, since we will use them in our analysis.

Theorem 11 (Gonzélez et al. [9, Thm. 2]). Let (X, | - |lx) and (D,|| - ||p) be Banach spaces
with D densely embedded in X. We suppose that the closed linear operator A(t): D — X is
uniformly sectorial for t € [0,T]. Moreover, we assume that the graph norm of A(t) and the
norm in D are equivalent. We also assume that A € CY([0,T],Z(D, X)), and in particular
there then exists a constant L > 0 such that

[A(#) = A(s) ||l z.x) < La(t —s)



holds for all 0 <t < s <T. Moreover, we introduce the notations

gn(t) = (A(t) — A((n+ 1/2)7))u(t), t€ [n7,(n+1)7],
gnlx.00 = max{|[gn(t)|[x: t € [n7, (n+ 1)7]}, (6)
191l x.00 = max{{|gn|x.00: n € N, (n +1)7 € [0, T},
and corresponding notations will also be used with D instead of X. Then the Magnus integrator

(5) applied to problem (NCP)g (o) is convergent of second order, that is, there exists a constant
C > 0, being independent of n and 7, such that the following estimate holds for the global error:

[a(n7) = @[l < C7*(lg'lp.ce + 119" | x.00) (7)
for all nt € [0,T], provided that the quantities on the right-hand side are well-defined.

The following theorem is essentially the quasi-contractive, continuously differentiable special
case of the consistency result from the proof of Batkai & Sikolya [2, Thm. 3.2], more specifically
inequality (5) therein. It hinges on the fact that Corollary 9 implies that the well-posedness,
stability and local Holder continuity conditions of that theorem are automatically satisfied.

Theorem 12 (Batkai & Sikolya [2, Eq. (5) in proof of Thm. 3.2]). We consider the problem
(NCP) on the Banach space X and suppose the following.

(a) There exists a ¢ € R such that ||e"™| < e for all ¥ € R and h > 0. Further, A(t)
A+ V(t), where A is the generator of a strongly continuous semigroup, and V (t) € Z(X)

for allt € R.
(b) The map t — V(t) is continuously differentiable as a map from |a,b] to L (X) for some
a,beR.

Then for all s,h € R with a < s < s+ h < b we have the following estimate:
[U(s + by 5) — A < L2 (8)
where Ly, is the Lipschitz constant of t — V (t) on [a, b].

To illustrate the process of obtaining our Magnus-type integrator, we shall first present a special
case that already exhibits some of the new ideas involved, and then we indicate what further
changes are needed to accommodate for the general case.

Example 13. In this example we shall focus on the special case F'(,u) := u(t — 9), i.e., when
the delay is concentrated on a specific point of the history function. Our equation (QDE,)
then takes the form

Su(t) = Q(ult — 9))ult), te€0,00), :
_ (QDE’,)

u(s) = p(s), s € [=4,0].

In this particular case, we have A(t) = Q(u(t — 0)) in (2). Recall that u(t — ) = ¢(t — §) for
t € [0, 0], however, its value is unknown for ¢ > ¢. Thus, we need to approximate A((n+1/2)7) =
Q(u((n+1/2)7—0)) in the Magnus integrator (5) to obtain a working method. Now the natural
idea would be to use the appropriate ﬁ,(f), however (n+1/2)7—4 falls exactly between two points
of our time grid, and has to be obtained via further approximation. We therefore introduce
the corresponding term as an auxiliary value, obtained via another Magnus step with half time

step. In full detail, we have the following.



Definition. Let N € N be an arbitrary integer and 7 := 0/N. Then the Magnus-type
integrator for point-delay, which yields an approximation u{” to the solution u(nt) of the
point-delay equation (QDE’,) at time levels n7 is given as follows. We introduce the notation

u) = o(nt) for n = —N,...,0. Then for n > 0, we have the recursion

. {(p((n+1/2)7'—5) for n=0,1,...,N — 1,

u =
+1/2 T (m)
A e3Qn_2n u;T_)N for n > N, 9)
ugl = eTQ(“Sll/Q)U,(f).

(r)
n+1/
not indicative of the time layer they correspond to (which would actually be n + 1/2 — N).

Rather, the indices reflect the natural order in which one would execute the algorithm, i.e.,

Note that since they are essentially auxiliary values, the way we indexed the terms u, /, , is

(7) m .0 (CON G
n+1/27un+1 ) un+3/27un+2 ; Un+5/2...,

(21 /2 already at earlier stages.

ul)

despite being able to compute u,,
In the general case of the quasilinear delay evolution equation (QDE,), we have A(t) =
Q(F(,u)) in (2). If we want to apply the Magnus integrator (5), we need to be able to ap-
proximate F'(,u). Even for ,u, all we have available is an approximation to some of its values,
corresponding to the time levels in our grid. Thus we first need a discretisation of F' itself using
only discrete values of ,u, and then use the approximation of those values in the final form of
our method. The simplest approach is to make the discretisation of F' compatible with the
original time grid, and use the same auxiliary Magnus step as in the previous Example 13.

To this end we introduce the approximation of F' in the following form

B

F(&)~ Y kurFor((=0+ tr)) (10)

for appropriate elements ¢ € C([—0, 0], X), weights ;. € R, and functions F; ,: X — X having
properties to be detailed in Section 4. We rewrite now (QDE,) as a nonautonomous problem
(2) with A(t) = Q(F(,u)), apply the Magnus integrator (5), and approximate F' as in (10) to
obtain for all n € N:

u((n+1)7) ~ eTA((n+1/2)T)u<n7.> _ eTQ(F(("H/?)TU))u(nT)
Lé:e
eTQ (leo 1 M,TFZ,T((n+1/2)7u(—5+zr))>

(11)

u(nt),

Q (z}ff oo (a4 Dr—547) )
u(nt) =-e = o

~
~

where we used the definition of the history function in the last step. We approximate next the
intermediate values using another Magnus step with time step 7/2 but now by taking the left-

rectangle rule when approximating the integral fOT/ 2 A(n't + ()d¢ = FA(n'T) in the exponent,
cf. Casas & Iserles [5]:

w((n+ 07 — 8 +7/2) ~ 34079y 1 )7 — §) = 3P (ror—s) y((n + 0)7 — 5)

d—e 12
%Q(Zsz) : f%,TFk,T(U((n+€)T—5—5+kT))) (12)
€

u((n+ 01 — )

~



for all £ = 0,..., L%J with n + ¢ > N. Observe that formula (12) can be reindexed by
using n € N instead of n + ¢. However, since A(-) is not defined for negative times, whenever
n+ ¢ < N, the values at the corresponding intermediate time levels should be obtained from
the initial history function ¢ instead. By combining (11) and (12), we thus obtain the following
definition.

Definition 14. Let N € N be an arbitrary integer and 7 := §/N. Then the Magnus-type

integrator, which yields an approximation u” to the solution u(nt) of the delay equation

(QDE,,) at time levels n7 is given as follows. As before, we use the notation ul = o(nT) for
n=—N,...,0. Then for n > 0, we have the recursion
o((n+1/2)1 =) for n=0,1,...,N —1,
(G-
Unyr/2 *= rofsLF ), u(
eQQ(Z“:(’ ol "_QN”))uf:_)N for n > N, (13)
19=<) T
ugll = eTQ (Z‘:O rerFr <u£”)“+1/2>)u5;)7

where the exact properties of the weights ., and of the functions F, . will be presented in
Section 4.

For finite dimensional spaces X, it was shown in Csomés [6] that the Magnus-type integrator
(9) was convergent of second order. Our present aim is to generalise this result to any Banach
space X and to general I for the Magnus-type integrator (13).

Remark 15. To fit Example 13 in this general formulation, set ko, = 1 and xy, = 0 for £ > 1,
with F} . the identity for all £ >0 .

Example 16. Let us consider a delay term where a fixed delay time interval uniformly governs
the dynamics. More specifically, we shall take a closer look at the delay when

—5/2
Fe =3 [ eas

i.e, we have

92 —4/2
Q <5/ u(t + s)ds) with 6 >0
-5

in (QDE,).

The first thing to note is that whenever /7 = N is divisible by 2, the endpoint —§/2 of the
integral also falls on the discretisation grid, significantly simplifying things, and the odd N’s
have to be treated slightly differently to fit the general framework. Alternatively, we could
simply adapt the general scheme to this special situation by only considering even values for
N, but we shall detail the odd N case nevertheless.

In contrast to the point-interaction delay in Example 13 where we could directly substitute the
computed values u{” into the delay term, we here have an integral [ :65/ 2 u(t+s)ds that itself has
to be numerically approximated using some appropriate quadrature. Taking into consideration
the order of the error that we need to achieve for the recursive inequalities to result in a

second-order Magnus-type integrator, the error of quadrature has to be of the magnitude of 72.

10



So for even N, we use the composite trapezoidal rule with nodes —d + ¢7 for £ =0,..., N/2 as

o 02 . Nj2-1
5/ u(t+s)dszﬁ u(t—5)+2Zu(t—é—irﬁr)—i—u(t—é/Q)
- =1

The Magnus-type integrator thus has the form for n > 0:

e((n+1/2)1 = 9), n=0,...,N—1,
(1)
U — N/2—1
. (- (r (r
n+1/2 5@ <]1/ <un)2N+un—)2N+N/2+2 [21 un)2N+f>> (7_)
e - U, Ny T > Na
N/2—1
() () ()
() . TQ(% <un+1/2+un+N/2+1/2+2 Zgl un+e+1/2>> (r)

It has the form (13) with weights xo, = Kn/2,r = 1/N and kg, = 2/N for £ =1,... ,N/2 -1
where each Fj ; is the identity. We remark that the weights s, sum up to 1 (cf. (14) later on).
For odd values of N, the point §/2 is not part of the grid, so we have to use the truncated
approximation

2 —6/2—1/2 1 (N—-1)/2
5/_6 U(t—l—s)dszﬁ u(t —0) + 2 Z u(t — 0+ 07)

/=1

instead, again with error of order 72, i.e., ko, = 1/N and kg, = 2/N for £ =1,..., (N —1)/2.

It is reasonable to wonder what happens if the delays above are not given in the convenient
form where we are looking at a convex combination/normalised integral, for instance, if we

were dealing with a delay of the form @ < f:;/ 2

issue, as we may then define Q(z) := Q(x0/2) and thereby revert to the convex combination
case detailed above. It is rather a matter of convenience, allowing our Assumptions detailed
below to be formulated in a less cumbersome way.

u(t + s)ds). Actually, this is not really an

4 Convergence

This section contains our main result regarding the second-order convergence of Magnus-type
integrator (13) applied to the quasilinear delay equation (QDE,). We have already seen how
problem (QDE,) can formally be written as the nonautonomous problem (NCP)g (o). Hence,
Definition 10 of the convergent approximation remains valid also for the Magnus-type integrator
(13) applied to the delay problem (QDE,). From now on we use the notations /_(0) and A (0)
for the left and right derivatives of a function h at zero, respectively.

We will need the following list of assumptions, with their motivation following right after.

Assumptions. Let X be a Banach space, W C X a closed subset and D C X a dense subspace.

(i)  We have Q(z) = Qo + @(x) = Qo + @(x) + cld for all x € X, where ¢ > 0, (Qo, D)
generates a contraction semigroup on X, (x > @(x)) € C(X,.Z(X)), and the operators

~

Q(w) € Z(X) (w e W) are all dissipative. We shall also assume 0 € o(Qy), which is no
real added restriction as we may simply replace Qg by Qo — € Id and ¢ by ¢ + ¢ for some
e > 0.

11



(i)

(vii)

(viii)

The function Q : X — £(X) is continuously differentiable on the set W
The function Q : X — £(X) is twice continuously differentiable on the set W.

For any w € W N D the operator @ (w) leaves D invariant, and is bounded and dissipative
on (D, ||-||p), where ||z||p := [|Qox| x+||z| x. Inaddition, @ : D — Z(D) is continuously
differentiable on W N D.

The operator (Qy, D) is a sectorial operator generating an (analytic) contraction semi-
group with sector ¥, for some a > 0, and the operators Q(w) € Z(X) (w € W) are all
such that for any |¢| < a the operator e?Q(w) is dissipative.
F e C'(C([—6,0], X), X) with F(u;) = F(us) whenever (u; — ug)|_s_q = 0.
F € C*(C([-4,0],X),X) N C(C([-4,0], D), D) with F(u;) = F(uy) whenever (u; —
us)|[-5,-q = 0.
The functions Fy, : X — X and weights x,, € R (0 < ¢ < (6 —¢€)/7) are such that there
exists a constant L > 0 independent of 7 such that

12=<]

D lresl <L (14)

=0

and the function

E=
Fr(&) =Y ke Fyr (§(—6+ (7)) (15)
(=0
satisfies
IF(&) = F-(©)llx < Cllellcz(-s0,.x7" (16)

for some constant ¥ > 0 independent of 7. In addition, there exists a constant Lp > 0
such that F" and F}; are Lipschitz with constant Ly for all 7 and /.

The set W satisfies

[v e (C([-6,0], X)) and v([-d, —€¢]) C W] = F(v) e W

and
| &=<]
> ke Fi (W) CW (17)
(=0

for all 7.

The initial history function ¢ is in C*([—6, 0], X) N C*([—4,0], D) and satisfies ¢(t) € W
for all t € [—¢,0] and the boundary conditions

2-(0) = Q(F (1)) (0). (18)
5-(0) = (QF@)F(2)¢) ¢(0) + QF(2))*(0). (19)
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For non-autonomous equations, well-posedness is very much not easily guaranteed, and we chose
to rely on the Corollary 9 of Kato’s result detailed earlier. This motivates the common domain
prescribed by Assumption (i), the special form of the operators as bounded perturbations of
the same (unbounded) @y, and the contractivity of the corresponding unperturbed semigroup.
In addition, we need the smoothness of various terms of the equation provided by Assumptions
(it), and (v),.

The stronger versions (ii) and (part of) (v) are the usual smoothness requirements on the
various terms of the equation matching the desired order of the method.

In order to guarantee the preservation of second-order smoothness of the solution, we need to
be able to work on the common domain D as well, leading to Assumption (iii) and the part of
Assumption (v) pertaining to D.

Assumption (iv) mirrors the one in Gonzélez et al. [9] needed there to guarantee the second-
order convergence of the Magnus method for autonomous equations.

Assumption (vi) is needed so the discretisation of F' does not ruin the order of the proposed
method, Assumption (viii) on the initial history function guarantees the smooth transition of
the solution at ¢ = 0, and the invariance conditions of Assumption (vii) make it possible to
iterate the arguments beyond the initial [0, €] solution window.

676J
-0 Rer = 1

Remark 17. The condition (17) is automatically satisfied when W is convex, Zé
and k¢, > 0 and Fy (W) C W for all 7 and /.

The following results will show that under appropriate smoothness assumptions on () and
the initial history function ¢, the solution itself will exhibit similar smoothness properties on
X and D. Also, we shall show that Theorem 11 is applicable to our setting.

The next two results show that our Assumptions imply that the semigroups generated by the
operators Q(w) (w € W) are uniformly quasi-contractive, and uniformly sectorial as well.

Lemma 18. Under Assumption (i) each operator Q(w) — cld (w € W) with domain D is the
generator of a contraction semigroup on X. In particular, the semigroups generated by Q(w)
are uniformly quasi-contractive, that is, ||e™ )| gx) < €™ for all T >0 and w € W.

Proof. The operators @(w) are by assumption dissipative, and with Qg-bound 0 (as they are
bounded operators). Thus the claims follow directly from Engel & Nagel [8, Thm. I11.2.7] and
the usual rescaling argument. O

Lemma 19. Under Assumptions (i) and (iv) each operator Q(w) — cld (w € W) with domain
D is the generator of an analytic contraction semigroup on .. In particular, the uniform
sectoriality required in Theorem 11 is satisfied by the family (Q(w))wew -

Proof. The assumptions imply that for any |¢| < « the operator €@, generates a contraction
semigroup and e?Q(w) is dissipative with Qg-bound 0, hence each e(Q(w) — cId) generates
a contraction semigroup as well by Engel & Nagel [8, Thm. I11.2.7]. To see that the semigroup
(Sw(T))res, generated by Q(w) — c1d is analytic on ¥, we use the semigroup property and the
fact that Engel & Nagel [8, Thm. I11.2.14] implies that (Qy — ¢ 1d) + (Q(w) + £ Id) generates
an analytic semigroup on some sector ¥, with o/ > 0. O

Lemma 20. Suppose Assumptions (i), (ii), and (v), hold, and let ¢: [—0,0] — X be contin-
uously differentiable. Further assume @ satisfies the boundary condition (18) and p(|—0,0]) C
W. Then there exists a unique solution v = v,: [=d,¢] — X to (QDE,), and we have
ve CY[-d,¢,X) and v(t) € D for allt € [0, €.

13



Proof. Extend ¢ in a continuously differentiable way to [—0, €] by, say, ¢(c) := ¢(0) + o¢_(0)
for o > 0.

Let J := [0,¢] and A(t) := Q(F(,¢)). Note that A(t) is then actually independent of the
extension ¢|,q by Assumption (v),. By Assumption (i), D(A(t)) = D for all t € J, and
Alt) = Qo + Q(F (,)). By our choice of extension for ¢, ,¢ is continuously differentiable as
amap t — ¢ from [0, €] to C([—6,0], X) (with derivative ,¢). By Assumptions (ii),, (v),, we
then have that A(-)z € C([0, €], X) for all z € D. Since also ¢(0) € D, this allows us to apply
Corollary 9 to obtain that there exists a unique v: J — X with v(0) = ¢(0) that solves the
corresponding problem (2), Further, v is continuously differentiable on J, and v(t) € D for all
t € J. By (2) and (18), we also have v/, (0) = ¢’ (0), so extending v to [—6,0] as v = ¢ we
preserve continuous differentiability. O

These results will allow us to apply Theorem 11 in our setting. However, to obtain second-
order convergence of the Magnus-type integrator, we need stronger smoothness properties than
what we have shown above, as, among other things, the bounds on the RHS of (7) are not
automatically finite.

Lemma 21. Under the conditions of Lemma 20, whenever the solution v := v, to (QDE,) is
twice differentiable on [0, €], we have v(t) € D(Q3) =: D for allt € [0, €], Qou(t) is differentiable
on [0, €] with derivative Qy0(t), and the function ¥(t) is continuous on [0,€| if and only if
(Q(v(t —6)))*v(t) (or, equivalently, Quv(t)) is continuous.

On the other hand, whenever Assumptions (i), (i), (iii), (v) and (viii) hold, we have v €
C?([-4,¢€], X) N CY([-0,¢], D).

Proof. By Lemma 20 the solution v is continuously differentiable on [—d, €], v(t) € D for all
t € [0,¢], and (QDE,) is satisfied. Now for ¢ € [0, €], we have for small enough A (for ¢t = 0 and
t = € only with h > 0 and h < 0, respectively) that

Ot +h) —0(t) QU (4p0))v(t+h) — QF(w))v(t)

h h
—(Q(F(,10)) — Q(F ()~
N Qov(t +h) —v(t)

h
T G(F () ) o)
QUF () — QUF ()
h

In the first term of the last expression, Q(F(,,,v))—Q(F(,v)) = @(F(Hhv))—@(F(tv)) € Z(X)

tends to zero in operator norm, and v being a classical solution implies that w converges

as well, so the first term tends to 0 as A — 0. Similarly, the fourth term converges to
(LQEF()smr) v(t) = (QF(0)F () ) v(d),

and the third term to Q(F (,v))0(t). Note that these are all continuous in ¢. Finally, since the

left-hand side has a limit as h — 0, by closedness of )y one has limy,_,q Qow = Qo0(t).

Also (Q(F(,v)))%v(t) = Qoir(t) + Q(F(,0))0(t), where Q(F(,v))(t) is continuous, so continuity
of 4(t) and (Q(F(,v)))*v(t) on [0, €] are both equivalent to continuity on [0, €] of Qv (t).

(t+h)—o(t)
h

_|_

u(t). (20)
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For the last claim, in light of Engel & Nagel [8, Prop. II.5.2], Assumptions (iii) and (v)
imply that Lemmas 18 and 20 actually apply also when replacing the space X by D, and each
generator by its restriction. In addition, D being a subspace of X with a stronger norm implies
that whenever ¢(t) (t € [—6,0]) or 0(t) (¢t > 0) exists in both X and D, the derivatives actually
coincide. Hence v € CY([—4, €|, D), which implies that Qov € C'([—4, €], X), meaning that all
four terms in equation (20) above have || - || x-continuous limits, i.e., #(t) € C([0, €], X). Finally,
the condition (19) on ¢_(0) serves to match the left and right second derivatives of the solution
v: [—d,¢] = X at 0, so v € C*([—4, ¢, X). O

As a consequence of the above, applied to the appropriate initial history functions, we will be
able to guarantee finiteness of the RHS in (7). More specifically, we have the following result.

Proposition 22. Suppose Assumptions (i), (ii), (iii), (v) and (viii) hold, and ¢ € C*([—4, 0], X)N
CY([—0,0], D) satisfies the boundary conditions (18) and (19). Let v denote the unique solution
to (QDE,) guaranteed by Lemma 20. Then for any 7 > 0 and s € [0,e — 7], the functions
Vs(t) == Yps 0 [5,5+ 7] = X defined as

1s(t) = (QUF(W)) = Q(F (o4r2v)))v(1)
satisfy vs(t) € D for all t € [s,s + 7], and v, € C*([s, s + 7], X) N C([s, s + 7], D).

Proof. We have

(QUF () = Q(F (417/2v)))v(t)

I
S
“ij

(0)) = QF (s p20))) 01
= (QF())) o) = (Q(F (4 20))) 0.

By Lemma 21 we have v € C?([—4, €], X) N C*([-4, €], D), and together with Assumptions (ii),
(iii) and (v), we are done. O

We note here that if W = X all of the above results would automatically extend to the interval
[—d, 00) by iteration, as the solution obviously stays in X. However, in many applications some
of the assumptions may only be known for certain special subsets W of X. A typical hurdle
would be that no choice of ¢ will render all of the operators Q(w) := Q(w) — c¢Id generators
of contraction semigroups. What may happen instead is that X is some function space, and
the Assumptions are only valid for the positive cone W := X, or more generally, for sets of
functions W that are uniformly bounded below, and this is exactly the case in our example
from Section 5.

In such cases, the hope is that the set W is in some way “closed” or “invariant” under both
(QDE,,) and the numerical method so the argument can be iterated with the Assumptions still
satisfied. This double invariance is not unheard of, as in the case of PDE’s, positivity of the
solution semigroup and positivity-preserving numerical methods are a well-studied area.

For the invariance of W under (QDE,), we shall actually make use of the convergence of
the Magnus-type integrator and its W-preserving property, in a way somewhat reminiscent of
how positivity of operator semigroups is shown via the Post-Widder Inversion Formula [cf. 8,
Corollary II1.5.5].

In what follows we will use the following notations for any 7' > 0 for which the solution v = wu,
is known to exist as a (twice) differentiable function [0, 7] — X:

(a) Myr = ||ullcqsm,x)
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(b) L, and Lg denote the Lipschitz constants of the functions v and @|u([_5,T]), respectively,
that is, [Ju(t) — u(s)| < Lyr|t —s| for all T > t,s > —0, and [|Q(wy) — Q(ws)|| <
Lol||wy — ws]| for all wy,wy € u([—9,T7).

We state now our main result.

Theorem 23. Let X be a Banach space, m > 0 an arbitrary integer, 6 > 0 and ¢ € (0, d].
Suppose further that Assumptions (i)—(viii) are satisfied. Then all of the following hold:

(a) the unique solution u = u, to (QDE,) ezists for allt € [—d, me| and u € C*([—J, me], X)N
Cl([_57 m€]7 D)}

(b) u(t) e W for allt € [—0, me],
(¢) the Magnus-type integrator (13) applied to (QDE,) never leaves the set W on [—6, me],
i.e., for (n+ 1)1 < me, we have uﬁgl e W,

(d) the Magnus-type integrator is convergent of second order on [—d,me|, i.e., there exists a
constant oy, > 0 independent of n and T such that

lu((n + 1)) — ul)y || < amr? (21)
holds for all n € N with (n+ 1)1 € [0, me].

Proof. We shall proceed by induction on m. Indeed, let us assume that assertions (a)-(d) are
valid for some integer m > 0 and all 7 > 0 with §/7 € N. This is trivially true for m = 0.
Now, when ¢ < (m + 1)¢, the generator A(t) := Q(F(,u)) only depends on the C' function
u][—s5,m¢, and by the inductive assumption this runs in .

On the one hand, this means that the Magnus-type integrator (13) will indeed stay in W at
least until time (m + 1)e, covering the inductive step for (c).

On the other hand, letting ¢ := , u, this also means that ¢ € C?([—6,0], X) N C'([-6,0], D)
and ¢ satisfies the boundary conditions (18) and (19). Hence Lemma 21 can be applied to the
equation (QDEy), implying that the solution w can be uniquely extended to [me, (m + 1)¢] as
U [me, (m+1)e] 1= Vg, and then u € C*([—0, (m + 1)e|, X) N CY([=4, (m + 1)¢], D), completing the
inductive step for (a).

We now claim that the conditions of Theorem 11 are satisfied for 7' := (m + 1)e and A(t) :=
Q(F(,u)), and the bound on the RHS of (7) is finite. Indeed, the norm on D is defined as the
graph norm of )y, and bounded perturbations always lead to an equivalent graph norm, hence
the graph norms of A(t) are all equivalent to || - |[p. The uniform sectoriality property follows
from Lemma 19. Next note that A(t) = Qo + @(F(tv)), and by (a) and Assumptions (ii) and
(v) we have Q(F(u)) € CH[—6, (m + 1)e], Z(X)). Since the norm on .Z(X) dominates the
norm on .Z(D, X), we a fortiori have Q(F(v)) € C'([=6, €], Z(D, X)). Concerning g, in (6),
note that for any n such that (n 4+ 1)7 € (e, (m + 1)e|, we have g, = Vinsrys_cuse—rs Which by
Proposition 22 is in C*([(n+1)7 —¢, (n+ 1)+ 7], X)NCY[(n +1)7 — ¢, (n+ 1) + 7], D), hence
the RHS in (7) is indeed finite.

Knowing this we are ready to show that the Magnus-type integrator maintains its second-order
convergence up to (m + 1)e.

Let us denote the global error of the method by

0 forn=—-2N,...,0,
En = T
[u(nt) —u|| forn=1,2,....
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Hence, we need to estimate the term €, for n € N with (n+1)7 € [0, (m + 1)e]. The triangle
inequality implies

enit = llu((n+ 1)) = wTh | < Jul(n+ D7) =@ + @7 - wlhl, (22)
(T1) (T2)

where ﬂgﬁl is defined in (5) with A(t) = Q(F(,u)), i.e., with the exact solution u, as

ai;)_l TQ(F((?’L-FI/Q)T u)) SLT)'

The first term in (22) is the global error of method (5) being of second order by Theorem 11:
(T1) = Ju((n+ D)) = @4 | < Cor? (23)

with the finite constant Cj,, := C (Hg’|[_5,me] HD,OO + Hg"|[_5,me] Hx,oo)'

For bounding (T2), we write the difference as a telescopic sum of differences where only one
term of the product changes at a time. By Assumption (vii) and (a) we may apply Lemma 18,
and using nT < (m + 1)e write

n n 122 )
T _ ke Foru
(T2) _Hﬂn_i_l — “n+1” = H HerQ(F((Hl/z)TU))@(O) _ He Q(ZLO 0,7 F, ( k+£+1/2))¢<0>‘)

k=0 k=0

n 1952 )
( 11 eTQ(F((kﬂ/wu))) . (eTQ(F(UH/z)r“)) — eTQ(Z“:° H“’TFZ’T<uj+[+1/2>)>

j=0  k=j+1

d—e

| JHleTQ(ZLg Jw,TFf,r(ugf“/?))) ©(0)
k=0
<30 (I @t} o

7=0  k=j+1
i—1 K= ()

(H eTQ(Z":O ser o (4 e41)0)
k=0

n

Sec(m-‘,—l)s Z

J=0
N

L5 ()
]+1/2)T“)) _ e (Z‘f we,r ez (“1+£+1/2>) H

H@(O)H>

Q(F( )) TQ(Zé(SOGJ Kp TFZT(U(T)Z L 2))
e Gy TRTNI R

le(0)]]- (24)

(T35)

Now we use the variation of constants formula and Lipschitz continuity of @ to obtain (recall
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"< (m+ 1)e)
/T e(T*S)Q(Zgo%J ke, Fer (“;?ulm))
0

B

T T—S8 F(,. u
QF (1) = Q| S enFis (u§ Dy /2> TR (12 0) g g
=0

1°7<)
<re* L, F((j1/2)r0 Z Rl r ( §+)£+1/2) : (25)

(T47)

Here we will have to insert an approximating term involving F, defined in (15) and use As-
sumption (vi). We have

R

. (7)
(T45) < || F((j11/2pr1) = Fr((yrj2)rte H + 1 EFr (G41/2)r Z Ko TFM( ]+e+1/z> . (26)
(Tiag) iy
(T4by)

and by Assumption (vi) and inequality (16), we have
(T4aj) < €7°|ullca(—sme x)- (27)

Now we turn our attention to the second term, and obtain by the triangle inequality and the
uniform Lipschitz continuity of the F ;’s that

=
(T4bj) < Z|/<4T|LpH (G+ 0+ 1/2)7 = 8) —ul)y

JH15=<)
= 7 Ikesal L |ful(+ 1/2)7 = 8) — uff) (28)
- ) (T50) ’
Since (n+ 1)7 < (m + 1)¢, we have up to now shown
n J+1EE)
(T2) < 7Chm | €7(m + Dellullcxcsmax) + >, Y |kemjrl Le(T50) | (29)
P ——

where C,, := > < L5[|(0)]|. So now we have to bound the norm (T5¢). Since both terms
in the difference take the same value ¢((¢ + 1/2)7 — 0), the norm (T5¢) is equal to zero for
¢=0,...,N —1, hence, we only need to consider the indices ¢ > N.

By the inductive hypothesis there exists an «,, independent of 7 such that for any index
q > —2N with ¢7 < me we have ¢, < «,,,72. Recall that by the definitions of the evolution
family U(-,) and of our Magnus-type integrator

u((l+1/2)71—=6)=U((l+1/2)7 — §, 1 — d)u(lr — ) and

- 125€) -
(ry EQ(Zk:O Kk, Flyr (ut(z-)zN+k>> (1)
Upyyy2 = Uy N
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T

. . §Q (Zk*O Kk,r Fer (ué:)QN-{»k)) .
for all £ > N, hence inserting the term e - o u(fT — 0) and applying the
triangle inequality leads to

- 1220 o (™)
(T5¢) < |[U((¢ +1/2)7 — 6,01 — &) — eQQ(ZH P (o)) ‘ Ju(tr — 8)|
—_———
-~ 7/ SMu,me
(T60)
- 1220 o (™
+ eQQ(Zk:O k,T k,r( e—2N+k)> ”u<€7_ o 5) o uéﬂ;)NH
. =i N

TV
Sec(m‘H)E/Q

< My me(T60) + Co 72

where O, = e’ TD/2,
Approximating the evolution family using the midpoint rule we have

(T60) < [[t((e+1/2)7 = 6,7 — ) — &3 enaranst))|

(T6a¢)

d—e
e%Q<F<(Z+1/4)T—6u)) . e% (Z,E = JI{k,TFk,T <ué1)2N+k>> " .

+

(T6be)
Since we for all ¢, s € [0, me] have
|Q(F (u)) = QUF ()l < LoLrll ju = sulloo < LoLpLumelt — s,

where Lp is the Lipschitz constant of the continuous function F € C? (C([—4,0], X), X), The-
orem 12 and (8) imply

2
(T6al) < LoLp Lymeet ™2 (%) .

Furthermore the variation of constants formula and the uniform quasi-contractivity of the
semigroups involved guaranteed by (a) and Assumption (vii) yield

Zeore )|

(T6bl) < %ec(mﬂ)e Q(F ((é+1/4)775u)) Z Pk TF’” uz 2N+k
k=0

(T7¢)
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Finally, we have using the bound (16)

=
(T7¢) <Lgq ||F ((z+1/4)r—6u) - Z Kbz Fr (ugz)2N+k>
k=0
=

<Lq HF ((z+1/4)7—5u) —F (47_5U)H + || F (ZT—(SU) - Z Koy F 7 <uéi)2N+k>
k=0

SLQLFLu,mei

=
+ Lo HF(eT—au) — Iy (4o 6“)H {1 F (rsu) Z Koy e <“z 2N+k)

1<)
T T
<LoLrLumey + Lo lullor-amayr + Lo 3 Wil Jullr = 5+ k7) — .

k=0 ~~
EL+k—2N

Now note that L%J - N < < 0, so all indices for the €’s appearing above are between

—2N and n — |¢/7]. Also, T S_g Thus, using (14), we obtain
(T70) < Lo (L Lugne/4 + € ||ullc2(—6mepd + Laumd) T,
and so
(Ter) < 037m7'2

where Cs,,, 1= ec(m+1)€/2LQLFLu7mE/4 + ec(m“)eLQ (LfLu7mE/4 + C ||ul|c2(j—5,me)d + Lamé) /2.
Hence

(T50) < Myme(T60) + Cy a7 < Cynt? (30)

for all £ > N where Cy,, = MymeCs.m + Capm, and so also for all £ > 0. By assumption
(n+ 1)7 < (m + 1)¢, hence

n J+1°5
(T2) < 7Cvm | €7(m + Vellullcxcsmax) + > Y |ke—jrl Le(T50) | < Cspr”
=0 =

with C5,m = C’Lm(m -+ 1)6 ((gHuHCQ([f&me],X) + LLFC4,m).
Thus, combining this with inequality (23) and substituting into inequality (22), we obtain

En+l S (CO,m + C5,m)7—27
and setting
A1 = CO,m + CS,m

concludes the inductive step for (d).
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Finally, to see that claim (b) is also true, we choose N, := 2¢, hence, 7, = /2. Then by (d)
for any ¢/2% € [0, (m + 1)¢/d] (¢, z € N) we have that

with the left-hand side consisting of points in 1 only. Since W is closed, u(z£0) € W for any
dq/2% € [0, (m + 1)€] (¢, z € N), but by continuity of the solution this then implies u(t) € W
for all ¢ € [0, (m + 1)el. O

Remark 24. If ¢ is only given at the grid points, and hence the values p((£41/2)7—J) are not
known (or for any reason the use of off-grid exact values in the method is undesirable), we may
amend the method and approximate these values by the average (p(¢1—0)+@(({+1)7—0))/2
for indices ¢ = 0,..., N — 1. The error of this approximation can be bounded above by Cy7?
with Cg = [|¢"||s/4. This would lead to an upper bound on (T5¢) of unchanged order of
magnitude O(72), with the new constant C,, := max { M, ,,cC3. + Co.m, Cs} in (30).

At this point it is natural to ask whether higher order convergence may be achieved by applying
a higher order truncation of the Magnus expansion. However, to our knowledge not even the
building blocks Theorems 11 and 12 have higher order variants available yet, so these are all
open questions to be further investigated.

5 Application to an epidemic model

As an illustrative example we treat an epidemic model which is based on the classical SIR model
introduced in Kermack & McKendrick [14] but takes into account the effect of the vaccination,
the space-dependency of infection [cf. 13], and the random movement of individuals as well.
And most importantly we include the latent period which leads to a delay equation (see, e.g.,
in He & Tsai [10], Huang & Takeuchi [11], Xu [19]).

Let Q C R? be the space domain, § > 0 the latent period, and for all time values t > —¢ let
S(t),I(t), R(t): © — R denote the spatial distribution of susceptible, infected, and recovered
individuals within the total population, respectively. We assume that each of these functions
lies in Y := L?*(Q), and our state space will be the Hilbert space X := Y? with the norm

(21, 22, 23) 1% = 2113 + [|22]13 + s ]3.
We will also use the norm

[(z1, 2, 23)[l1 = (2]l + [[22]ls + [[2s]]s-

Note that for any h € L?(Q) we have ||hll; < ||h]l2 - A(22)'/2, hence for any z € X, we have
|z]l1 < [|z]|x/3A(£2), where A\(€2) denotes the Lebesgue measure of €.

The temporal change of S, I, R depends on various phenomena, from which we first consider
the infection-related ones. The number of susceptible individuals decreases because they are in
contact with infected people and get infected. More precisely, the actual change in the number
of susceptibles depends on itself and on the number of encounters between these susceptibles and
those who were infected one latent period ago. The number of infected individuals naturally
increases by the same amount, and decreases with the number of people who recover. To
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consider an even more realistic model, we take into account the effect of vaccination as well,
when the vaccinated individuals become recovered (immune) ones.

Moreover, one can consider the nonhomogeneous spatial distribution of the various populations
as well. To do so we suppose that the infected individuals have a space-dependent influence on
the susceptible ones. For instance, the healthy individuals get infected more likely closer to the
infected ones.

We further consider a certain dynamics of the population, namely, the random movement
(diffusion) of the individuals which leads to the faster transfer of the infection (see, e.g., He &
Tsai [10], Xu [19]). This process will be described by the Laplacian operator A := 97 4 92 on
) with the homogeneous Neumann boundary condition.

Based on the considerations above, a compartment-type model can be formulated. Let 5 > 0
denote the infection rate, v > 0 the recovery rate, and v > 0 the vaccination rate. We
also introduce a term Z: [0,00) — Y that will incorporate both the space-dependence of the
infection process, and the time-delay involved. More specifically, for all ¢ € [0, 00), we here let

I(t)=G(S(t—6),I(t—6),R(t —9)) (31)

for some appropriate function G: X — Y. Typically, G will depend only on the second
coordinate, and for instance take the form of a convolution.
Then we consider the following system of (delayed) integro-differential equations:

4S(t) = AS(t) — BS(H)L(t) — vS(t),
LI(t) = AI(t) + BSH)L(t) — I (1), (32)
4R(t) = AR(t) +vS(t) +~1(t)

for all ¢ > 0. Due to the delay term Z(t) we also need history functions ¢g, ¢r, pr: [—0,0] = Y
such that

S(s) =¢s(s), 1(s) =i(s), R(s)=r(s)
for all s € [—d,0]. We assume that pg(s), pr(s), pr(s) > 0 holds for all s € [—04,0], and
S(s) + I(s)+ R(s) is constant on [—d,0].

Since the analytic solution to problem (32) is unknown, our aim is to approximate it using the
Magnus-type integrator (13). To do so we introduce the function u: [—§,00) — X as

u(t) = (S(), 1), R))
for all t € [0, 00), and the operator family

A+ Mfgg(w) -V 0 0
Qw) = | Mpew) A=y 0
v ¥ A

for w € X, where M, € Z(Y) denotes the multiplication operator h + h - ¢ (this is a
bounded operator whenever g € L>(£2)) and A is the Laplacian operator with the homogeneous
Neumann boundary condition. Then the epidemic model (32) can be written as a quasilinear
delay equation (QDE,) with F' being the evaluation at —§. The latter means that this example
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is actually a special case of the point-delay presented in Example 13 (with the choices of k.
and £y, detailed in Remark 15), the Assumptions (v)-(vii) are automatically satisfied. We
further assume that ¢ := (¢g, ¢, r) satisfies Assumption (viii).

Our aim is to show that the Magnus-type integrator (13) applied to the epidemic model (32) is
convergent of second order. So by Theorem 23 we would need to check that Assumptions (i)—(iv)
also hold, with ) defined above.The issue is that we do not have uniform quasi-contractivity
for Q(w) if w is allowed to run through all of X. Fortunately, there actually exists a natural
invariant set W C X that allows us to apply Theorem 23 and that prevents the blow-up of the
solution. This invariant set will in addition ensure that the Magnus-type integrator preserves
both positivity and the total population (i.e., the value S 4+ I + R) when applied to problem
(32).

The next proposition covers Assumption (i) under very mild conditions on the map G (we
assume neither continuity, nor linearity here).

Proposition 25. Let Q C R? be a bounded open set with boundary 092 being a smooth Jordan
curve, and X := (L*(Q))? the Banach lattice with norm ||(x1, v2, 23)||% = |21 |3+ ||22||3+ || 23][3.
Further, let . > 0 be a constant, and

W = {w = (wq, wy, w3) € XJF)/wl + Wy + w3 = J}.
Q
Let further G: X — C(Q) be a positive map such that there exists a constant € > 0 with
|G(w)]|oo < €||w||y for all w € W. Define the operators P(w) € £(X) forw € W as

Mfgg(w) — UV 0 0
P(w) = | Mgscw) -y 0, (33)
v v 0
where B,v,v > 0 and for any g € C(Q), M, € L(Y) denotes the multiplication operator
hw— h-g. Let

H::{hEY’hEHz(Q) and g—h:() onQ},

n

and finally let (Py, D) be the diagonal Laplacian operator with the homogeneous Neumann bound-
ary condition, i.e.,

A 0 0
Py = 0 A 0
0 0 A
with domain
D:{:EEXxj EHforalljzl,Q,?)}.

Then there exists a > 0 such that P(w)—a/1d is dispersive (and in particular dissipative) for all

w € W, and the operators (Q(w))wew given by Q(w) := Py + P(w) are generators of positive,
uniformly quasi-contractive semigroups (Sy(t))eo that leave W invariant.
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Proof. First let us show that for each w € W and x € X the (total population) function

0 [ (Sultle) -+ (Sultie)a + (Sult)o)s

is constant. This, with positivity of the semigroups (to be shown after), would imply the

invariance of W. Let us therefore consider some =z = (z1,x9,23) € D, and note that by
differentiability of the orbit ¢ — S, (t)x we have
d

Su(ah + (Su(t)a)a + (Su(t)a)s = / Qo)) + (Q(w)r)s + (Q(w))s

A .

= /Q (Azy = fG(w)z1 — vy) + (Azy + fG(w)z1 — Y2) + (AT + vy + 722)

:/A.T1+ASL’2+ASL’3:/ VSL’1+V.T2+VSL’3:0,

Q o0

where we used the divergence theorem and the boundary condition, so the integral remains
constant whenever x € D. Now D is dense in X, so by standard arguments this holds for all
r e X.

Next, let us look at positivity. By classical PDE theory it is known that the Laplacian with
Neumann boundary condition generates a strongly continuous contraction semigroup on L?((2),
and so (P, D) also generates a strongly continuous contraction semigroup on X. We shall view
each operator F + ﬁ(w) as a bounded perturbation of F.

By Bétkai et al. [1, Thm. 13.3] we have that if A is the generator of a positive strongly
continuous contraction semigroup, and B is a dispersive and A-bounded operator with A-
bound ay < 1, then A + B is also the generator of a positive strongly continuous contraction
semigroup. In this case we only aim for uniform quasi-contractivity, so it is enough to set
A = P,y and show that there exists some « > 0 such that each P(w) — aId is dispersive (any
bounded operator is Py-bounded with bound 0). To show dispersivity, we resort to Batkai et
al. [1, Prop. 11.12]. Let us fix w € W, f € X, and a corresponding f* € Z7*(f), i.e. an
fre (X*)y = X, such that (f, f*)x = [|f*||x and || f*][x € {0,1}. In this case f* is of the
form (f"/Ilf'llv. f37/I1£2 llv. 57/ I1.f5"ly) with the convention 0/0 = 0.

We then have

(P(w) = a)f, [*)x
=((=BG(w)fr —vfi, BG(w) fr = vfosvfr +vfo), (AN s 1 s £57 71 )) x
_a<f7 f*>
=v((fu 5/ ) = G AT IYD) + (s £/ ) = e £/ 1LE 1))
= B(G(w)f1, A7/ lv) + BG(w) fr, £ /11L£57(ly)
— ol fy, [T /AT Ily) — ol fo, 5/ I1E ) — ol fs, £/ 115 v )

Since (f5, £/ Iv) = I Iy and (f5, £ /UL Iv) < 7 AEMA ) < Iy for all 5,k =
1,2,3, and due to the non-negativity of G(w), we have

(Pw) —a)f, [7)x
< BG) T T/ ) = BG@) AT A/ ) = allfiflly = allfSlly = alflly
< (BIGW)lle = )Ny < (BClwlly = )7 lly = (BES = )l fi7 Iy
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Thus we may choose any a > [S€.Z to obtain dispersive perturbations as required. Finally,
note that a bounded dispersive operator is always dissipative. O

To be able to guarantee that Assumptions (ii)—(iv) are also satisfied, we need to impose stronger
conditions on G.

Definition 26. The linear function G: X — C(Q) is called well-adapted if there exists a
constant € > 0 such that the following estimates hold for all w € D:

|Gwllo < €llwly, (34)
10;(Gw)||oe < €ljw||1, for j =1,2,3, (35)
|A(GW)]|oo < €|w]]s. (36)

Note that the Laplacian Py has 0 as an eigenvalue (with the constant functions in each co-

ordinate as eigenvectors), so in order to define a norm on D, we have to shift the operator
P.

Definition 27. Fix an ¢ > 0, set Qg := Fy — ¢ld, and let D be equipped with the norm
[zllp = llzllx + [lzlloe = llzllx + [[Qoxllx-

It is well known that changing the value of € > 0 leads to an equivalent norm. Similarly, let H
be equipped with the norm

1Al = Ay + 1A lae = 171y + (A = eld) fly-

Lemma 28. Let G: X — C(Q) be well-adapted. Then the function P: D — Z(D), defined in
(33), is continuously differentiable.

Proof. 1t suffices to show that P is an affine map, that is, it is the sum of a bounded linear
map from D to £ (D) and a constant. For w € D we have

_ M—B(Gw) — UV 0 0 M—B(Gw) 0 0 —U 0 0
P(w) = Mg(gw) —v 0 = MB(Gw) 0 0 + 0 —y O ,
v v 0 0 0 0 v v 0

where M stands for the corresponding multiplication operator. Hence, we should show that
the map D 3 w — Mpgw) € Z(H) is bounded, i.e., that ||[(Gw)f||lz < collwl|p - || f|la for
some appropriate constant ¢y > 0.

To this end, for any f € Y, we first rewrite the left-hand side by using the notation g := Gw as

lgfllm = [lgflly +[[Agf) —egf)lly
= llgflly + I(Ag)f +(Vg, V) +g(Af) —egflly
< |gflly +I[(Af =ef)glly + 1(Ag) flly +2[{Vg, V) y (37)
< |lgllos - Iflly + llglloo = I1flaze + [[(Ag) flly + 2]{Va, V) ly
< lglloo - [1fllzr + 1AGlloo - [ flly + 2[{V g, V) Iy

The norm of the scalar product can be estimated as follows

Ve, VA3 = / (v, V1) < / Vg2 VAP < 32| / VP,
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where we used inequality (35) from Lemma 32. By using Green’s identity and the homogeneous
Neumann boundary condition in H, we rewrite the integral term as

Lwie=[&nen=[ swmm- [ ran=-[ ran

—/Qf(Af—ef)—/Qefz < —/Qf(Af—af) < flly - 1A =) flly
< L(|Iflly + 1A =) flly)?,

where we used the inequality of arithmetic and geometric means in the last step. Altogether
we have the inequality

1099, V)l < /320wl - (1l + 1A = ) flly) = Ll - [l + 1A = 2)llv]
= B ||y - || o

Since also ||g||cc < €||w]|; by inequality (34) in Lemma 32, and [|Ag|l < €||w]]y by (36), the
inequality (37) leads to

I(Gw) i < Mlglloo - 1 £l + 1AGlee - 1 f1ly +20{Vg, V) ly < 2+ V3)€|fwlly - [| £l

hence

[Mscull gy = sup 18(Gw)flla < sup (2+V3)€Bwli - |1f]la

A<t <1

=(2+ V3)€hlw|lx < cobllwllx < cobllwllp

for some appropriate constant ¢y > 0. Thus, the linear map D > w — Mpw) € Z(H)
is bounded, and its bound depends on the infection rate § and the constant € from Lemma
32. [

Remark 29. In the above proof we actually showed HMGWH,%(H) < (2++/3)€||wl|1, which for
w € W N D means HMGWH,gﬂ(H) < (2++V3)es.

Lemma 30. Let G: X — C(Q) be a well-adapted function. Then there exists an n > 0 such
that the operator P(w) — nld is dissipative on D for every w € W N D.

Proof. We need to show that

M_g(Gw)—V—ﬁ 0 0 fl fl*
R M) —y—=n 0 fao || f5 <0 (38)
v 7 -n f3 f:;k o(D,D¥)

holds for all f = (fi, f2, f3) € H and some elements f; € #(f;) C H* from the duality sets
(i.e., g* € Z(g) is an element of the dual space of norm 1 such that (g, g*) = ||g||x). Recall
that H is equipped with the norm ||g||y := ||g|ly + ||g||a—-. Before proceeding, we need to
better understand the dual space H* and what we may choose as an element in _# (g). Note

that H with the given norm is essentially the diagonal subspace of the elements of the form
(g,9) of the £'-sum of the spaces (Y, || - ||y) and (H, | - ||a_c)-
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Now Y is a Hilbert space by definition, whilst (H, || - ||a_c) is a Hilbert space due to the norm
being induced by the inner product (hy, ho)a— = ((A — €)hy, (A — €)hs)y. Hence the dual
H* is a factor space of the /> sum of the corresponding dual spaces. A suitable choice for
g* € 7 (g) is then the element (g/|g|lv,9/llg9l|a—c) € H* which acts on (H, || - ||x) as follows:

(hy g ) o,y == (M g/llgllv)y + (b g/ llglla-e)a-

and this is how we choose to define f} for j = 1,2, 3.

The weak evaluation in (38) then expands to:

(=B(Gw) fr, D)oty — WV +0){f1, [ oy + (BGW) f1, [3) o,
(’7+77)<f2,f2>a(HH* +V<f17f3> HH)+’V<f2,f3>a(HH* _n<f37f3>a(HH*)

==l + 1 Felli + W allar) + { = B(Gw) fro =)+ = B(Gw) fr, i — - s

||f ||Y [f1lla—e

%
Hszy> R CCD v

f s s |
R TR el NG v MR8 1 vt

The properties of the dual elements, Remark 29 and the bound (34) in Lemma 32 imply the
following inequalities for j, k = 1,2, 3:

—vllfillu + (B(Gu) fu, ) —lfln

i i
'm () T v <‘<5< )fJ’kaHy>‘ 1B(Ge)filly - HufkuyH
< Bl Maullzmy - Il < Belwls- 1l = BELNF Iy,
fr ‘ fr
)‘ﬁ (05 T o] ‘<5(Gw)f“ufku“>a—
< 8@ fllae |75 L < ANGR)l
< S1Manlzun Wil < 2+ VEIELS I
i |
R ) <f”||fk||A )a S 15l an TR Uy vy I8

= filly + I filla—e = [I il z-

Then we obtain

R(x) < —n(|lfillm + L follm + | fsller) + (6 +2V3)BEI | fillar — vI| fill
— A el + vl filler + I fol o
=—n([lAllr + | fellar + | f3lla) + (6 +2V3)BES|| fi] -

That is, one may choose 7 = (6 + 2v/3)3€.7. O

Lemma 31. For any o < 7/2 there exists an n > 0 such that the operator ¢*(P(w) — n1d) is
dissipative on X for every w € W and ¢ < a.
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Proof. By Engel & Nagel [8, Prop. 11.3.23], we need to show that

eid)(MTﬁ(Gw) — UV — ’f}) . 0 0 fl ff
R eld)Mg(Gw) 6@(—.’7 - 77) O fa ) I3 <0 (39>
ey el®y —eln I3 I3 X

holds for all f = (fi1, fo, f3) € H and fF = f;/||fjlly for j = 1,2,3 (again, 0/0 = 0). Similarly
as in the proof of Lemma 30, we have the following upper bound on the real part of the scalar
product:

i f i i f
Rel?( =BG, i) = R )il + 9 (=BG )
i i f3 i i
=9+ el + Rev( Tl ot (f ) il

< | Ally 2BIIMeull 2oy + v = Re(v +n)) + (| fally (v = Re (v +n)) — || fallyRe'n
< If1lly (28l1Gwlloo + v = Re(v + 1) + [l folly (v — R (v +m)) — [l fsllyRe'n.
By (34) we have ||Gwl||e < €||w||; = €, and also 0 < cos a < cos ¢. Thus one may choose

)= maX{QﬁQﬁf + (1 —cosa)r (1— cos a)fy}

Y

Cos v cos «
to satisfy inequality (39). O

In applications, a widely used class of maps G: X — C(Q) is that of convolution-type operators
[as in 18], i.e., we have

(Gw)(z) :== /Q<w(:p), h(z —x))dx (40)

for all w € X and z € ), where h € (C2 (Q — Q))3 is the convolution kernel and (-, -) denotes
the scalar product in R®. Then the terms +3S(#)Z(¢) in (32) describe an infection process
where the point-to-point infection rate depends only on the directed vector between the points.
We note that in most cases, G depends only on the distribution I of the infected individuals,
and not on S or R.

Lemma 32. The map G: X — C(Q) defined in (40) is well-adapted.

Proof. The convolution (40) is linear in w. It remains to show the validity of the norm estimates.
The inequality (34) directly follows from the convolution form (40) as

HGwHoo:supKGw \—sup’/ h(z —x))dx <sup/‘ h(z—x))|dx

zeQ z€Q

—sup/\w Nz — o) da < 1Al - /\w Jdz = [[hlloe - o]

z€Q)

The inequality (35) can be shown similarly for j = 1,2, 3:

10,(G0) | = sup | (0,(G) 2 ; / (w(x), h(z x>>dx)

§sup/’8 h(z — x) }dx—sup/’ (0jh)(z — ) }d:c

z€N z€Q)

§sug/|w |(0;h) (2 — z)|dx < ||0jh|| - /|w )| dz = [|0;h]|0 - |w]|1.
ze
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To prove the last inequality (36), we write

5G| = sup | (A(Gw)) (2)] = sup]| [ (wia). bz x»dx!
Silelg/}A (z — ) }dx—ilelg/’ ,(AR)(z — z) ’d:p
<sup [ ()] - [(AD): = )ldo < Ak / w(@)]dz = | AR - ]y
with the notation Ah = (Ahy, Ahy, Ahg). O

Proposition 33. Assume that the conditions of Proposition 25 are satisfied, and G is of the
convolution form given in (40). Then Assumptions (ii)—(iv) also hold for Q, Q := P + ¢ld,
a € (0,7/2) and an appropriate ¢ > 0.

Proof. First let us show Assumption (ii). Note that the map w — M gqw) is linear and bounded
as amap X — C(Q), and so w + @(w) is a bounded affine map X — Z(X), hence infinitely
differentiable.

Let ¢ := max { 2PesH0cosaly (Icosa)y (¢ 4 2\/3)5@%} + e. Then Assumption (iii) follows

COos @ COSs «

from Lemmas 28 and 30, whilst Assumption (iv) follows from Lemma 31 and the standard fact
that the homogeneous Neumann Laplacian is analytic on L?(Q) with angle 7/2. O

Combining Propositions 25 and 33, and recalling that Assumptions (v)—(vii) are automatically
satisfied with the choices detailed in Remark 15, we see that Theorem 23 can be applied to our
example, and we obtain the main result of this section.

Corollary 34. Assume that the conditions of Proposition 25 are satisfied, and G is of the
convolution form given in (40). Further, let the initial history function ¢ satisfy Assumption
(viii). Then we have convergence of second order on any compact time-interval of the Magnus-
type integrator (13) applied to the epidemic model (32). Moreover, the total population remains
constant and the positivity of the solution is preserved.

Remark 35. We may also combine the above setting with Example 16, reflecting a different
transmission/infection dynamic. Instead of formula (31), we then consider

5/2
-2 / u(t +5)) ds (41)

in the model (32), with the same convolution G as defined before in (40). This would correspond
to an infection process where the latent period is not fixed of time ¢, but rather exhibits a
uniform distribution within a timeframe between 6/2 and 0.

Actually, other distributions for the latent period would lead to a further modified version of
formula (41) of the form

Z(t) := EsG(u(t — S)), (42)

where S € [¢,0] is the random variable that encodes the latent period (we assume that the
distribution of the latent period remains constant over time). Since the convolution operator
is a continuous linear map, it commutes with the expected value, and so

I(t) == G(Egu(t — S)).
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Now recall that our choice for W was convex, and so invariant under the expectation operator,
so the above arguments apply, and Theorem 23 remains applicable for this wide range of models
as well.
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