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Abstract. In this paper, we prove several identities involving linear com-
binations of convolutions of the generalized Fibonacci and Lucas sequences.
Our results apply more generally to broader classes of second-order linearly
recurrent sequences with constant coefficients. As a consequence, we obtain
as special cases many identities relating exactly four sequences amongst the
Fibonacci, Lucas, Pell, Pell-Lucas, Jacobsthal, and Jacobsthal-Lucas num-
ber sequences. We make use of algebraic arguments to establish our results,
frequently employing the Binet-like formulas and generating functions of the
corresponding sequences. Finally, our identities above may be extended so
that they include only terms whose subscripts belong to a given arithmetic
progression of the non-negative integers.
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1. Introduction

Let U,, = U, (p, ¢) denote the sequence defined recursively by
UO = 07 Ul = 17 Un :pUn—l + qUn—Za n > 23
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and let V,, = V,,(p, q) be given by
%:27 |41 =D, Vn:anfl +an727 n > 2.

Note that U,, and V,, correspond to special cases of the Horadam sequence and will
be referred to here as generalized Fibonacci and Lucas sequences, respectively.

We note the special cases F,, = U,(1,1), P, = U,(2,1), and J, = Up(1,2)
corresponding to the Fibonacci, Pell, and Jacobsthal number sequences, respec-
tively, as well as L, = V,(1,1), @, = V5(2,1), and j, = V,,(1,2) corresponding
to the Lucas, Pell-Lucas, and Jacobsthal-Lucas numbers. In addition, we note
that the balancing numbers B,, = U, (6, —1) also belong to the class of generalized
Fibonacci sequences, while Lucas-balancing numbers C),, usually defined by the
initial values Cy = 1 and C7 = 3, do not belong to the class V,,.

The sequences F,,, Ly, P, Qn, Jn, jn, and B, are indexed in the On-Line
Encyclopedia of Integer Sequences [14], the first few terms of which are stated
below:

nlo|l1]2]|3]| 4 5 6 7 8 9 Sequence
in [14]

F,lol1l1] 2] 3 5 8 13 21 34 A000045
In |21 ]3] 4] 7 11 18 29 47 76 A000032
P, lo]1]2]5 | 12 ] 29 70 169 408 985 A000129
On |2 2614 34 | 82 | 198 | 478 1154 2786 A002203
J, Jol1]1] 3] 5 11 21 43 85 171 A001045
g 12115 7] 17 ] 31 65 127 257 511 A014551
B, | 0] 1]6]35] 204 118 | 6930 | 40391 | 235416 | 1372105 | A001109

In this paper, we adopt a unifying approach to identities involving various com-
binations of these sequences. In this direction, Adegoke [2] derived several identities
for arbitrary homogeneous second order recursive sequences with constant coeffi-
cients and applied these results to present a unified study of the sequences above.
Later in [1], he found binomial and ordinary summation formulas arising from an
identity connecting any two second-order linearly recurrent sequences having the
same recurrence but whose initial terms may differ. Illustrative examples were
drawn from the aforementioned sequences and their generalizations.

Further, some isolated results in this direction have also occurred. For example,
in [12], the author asked to express P, in terms of F}, and L,,. One possible solution
is to express this relationship as [9]

iEs‘Pn—s = Pn *Fn
s=0

A generalization of this identity was given by Seiffert in [13]:

FrPr(nt2) — PeFr(ni2)
2Qk — Ly,

Y FrisinPrtnri-s) = , k>

s=0
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Moreover, similar convolution identities involving Fibonacci, Lucas, and gener-
alized balancing numbers can be found in [5], whereas new convolution relations
between Fibonacci, Lucas, tribonacci, and tribonacci-Lucas numbers were derived
by the second author in [7]. A short time later, in [6], these results were extended
to generalized Fibonacci and tribonacci sequences defined, respectively, by the re-
currences U, = Up—1 + Up—2 and v, = Vp_1 + Vp_2 + vy_3 with arbitrary initial
values.

The first and second authors [8] have established connection formulas between
the Mersenne numbers M,, = 2" — 1 and Horadam numbers w,, defined by w, =
PWn_1 + qw,_o for n > 2 with wg = a and w; = b and stated several explicit
examples involving Fibonacci, Lucas, Pell, and Jacobsthal numbers to highlight
the results. In [3], some special families of finite sums with squared Horadam num-
bers were found, which yield formulas involving squared Fibonacci, Lucas, Pell,
Pell-Lucas, Jacobsthal, Jacobsthal-Lucas, and tribonacci numbers as particular
cases. In [11], Koshy and Griffiths developed convolution formulas linking the Fi-
bonacci, Lucas, Jacobsthal, and Jacobsthal-Lucas polynomials, and then deduced
the corresponding results for Fibonacci—Jacobsthal-Lucas, Lucas—Jacobsthal, and
Lucas—Jacobsthal-Lucas convolutions. Bramham and Griffiths in [4] obtained, us-
ing combinatorial arguments, a number of convolution identities involving the Ja-
cobsthal and Jacobsthal-Lucas numbers as well as various generalizations of the
Fibonacci numbers. Using generating functions, Koshy [10] developed a number
of properties for sums of products of Fibonacci, Lucas, Pell, Pell-Lucas, Jacob-
sthal, and Jacobsthal-Lucas numbers. In [15, 16], Szakdcs dealt with convolutions
of second order recursive sequences and gave some special convolutions involving
the Fibonacci, Pell, Jacobsthal, and Mersenne sequences and their associated se-
quences.

In the next section, we prove several general formulas involving linear combi-
nations of certain convolutions of U,, and V,,. These results in turn are obtained
as special cases of more general identities involving second-order linearly recurrent
sequences with constant coefficients and arbitrary initial values meeting at times
certain auxiliary conditions. As a consequence of our formulas for U, and V,,, we
obtain several identities for F,,, L,, P,, Qn, Jn, and j,, each involving exactly
four of these sequences. In the third section, it is demonstrated that the afore-
mentioned formulas for U, and V,, may be extended so that the subscript of each
summand term belongs to a given arithmetic progression. Finally, some further
general results are given in which it is required that the sequences appearing in
the convolutions meet certain conditions with regard to their initial values and
recurrence coefficients.

2. Main results

Let T,, = Ty, (a, b, p, q) denote the sequence defined recursively by

Tn = an,1 + an727 n > 27

30



Annal. Math. et Inf. Fibonacci—Lucas—Pell-Jacobsthal relations

with Ty = a and T} = b, where a, b, p, and q are arbitrary and p? + 4q # 0. Note
that T, reduces to U,, when a =0, b =1 and to V,, when a = 2, b = p. It can be
shown that T;, = ary + pry for n > 0, where

_ 2b—ap+aA B_ap—Qb—i—aA p+A p—A
- A 0 PT T o

and A = /p? + 4q. Note that

(26 —ap+al)(p—A)+(ap—2b+ad)(p+A) _

|
<
V)
|

arg + fr1 = A p—0b. (2.1)
Thus, we get
ZTnx”:Z art + Bry)a" S b
1 —rmx  1—rex
n>0 n>0
_a+pf—(arg+pri)r  a—(ap—b)x (2.2)
- (I—ri)(1 —rox) 1 —pr—qa?’ '

Let T\ = T, (a;, b, pi,q:), where i is fixed and (a;, b;, pi, q;) is arbitrary for
each i. We will make frequent use of the following generating function formula for
the product TT(Ll)TT(Lz).

Lemma 2.1. We have o
> TVT P = Gli(i”) (2.3)

= o)’
where
G1(x) = ajas + (br1by — ajaspip2)x
+ (arbopaqr + asbipige — araz(Pig2 + P31 + q1g2))2”
— q1q2(b1 — a1p1) (b2 — agp2)z?,
Ga(z) =1 - pipaw — (Pia2 + P31 + 20102)2° — pip2quge® + g1 g3
Proof. Fori=1,2, let

/ i Di + A i pi — A
Ai: p@2+4q’u T§): 2 ) ’I"é): 2 )

2b; — a;pi + ail; aip; — 2b; + a; A

Then
TOTE = (a1 (r))" + Bi(r§)") (0 (r2)" + Ba(r$7)")
implies
TOTE@) g — vy a2 n a1 n B152
nzzo o 1-— ril)r?) 1-— rgl)réz) 1-— r§2)r( ) 1-— rél)rémx
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a1 B1 a1 B1
= + + B2 +
(1 - rPe) 1 rgw(r%)) (1 - ) 1 ré”(ré%)

a1—<alp1—b1><r§2’x> 5. — (arpr — b)) ()

= O{Q .
1—piri?z — i (r{?)2a 1=piri?z — q(r()?

)
x2

) (2)

where we have used (2.2) (with x replaced by r( x and by r5” x) in the last equality.

Thus we have

H, (x)
TWT@gn = 12
2B =

where
Hi(z) = a2 (a1 — (a1p1 — bl)rl )(1 —plré Vo — q1(r (2)) z?)
+ B2(a1 — (a1p1 — by)rs )(1 — Pz — g (1Y) %),
Hy(x) = (1= piri’e — a1 (ri)%2?) (1= piri?e — (")),

We now work separately on the numerator and denominator of the last expres-

sion, starting with the numerator. Expanding the numerator, and using the facts

as + B2 = az and rl rém = —qo, gives

Hi(z) = ai(az + 32)
- (a1a2p17“§2) +as(aipr — bi)rt? + a1 fopir®) + Ba(aripr — bl)rém)m
+ (az (p1(arpr — b)rPrS? — a1q1 (r$)?)
+ Ba (p1(arpy — by)rP e al(}l(’”?))?))xQ
+ (aqu (arpr — by)ri? (r$)? + Baar (arpr — b1)(r 2))2T§2)>l‘3
= aiaz — ((a102p1 - b1¢“2)7"§2) + (a1azp1 — 5152)T§2))x
+ (a2p1(J2(bl —aip1) —a1qu (02(7"é2))2 + 52(7'§2))2))$2
+ q1g2(b1 — a1p1)(0<27“2 + Bar ) 5.
Concerning the coefficient of x in the last expression, note that

ai1a2p1 (7’5 St 7"(2)) by (Ol 7"§2) + B2 7’ ) = ajazpip2 — bibs.

Also, observe that ar3 + 472 (in the notation above) is given by

(2b — ap + aA)(p* + 2q — pA) + (ap — 2b+ aA)(p* + 2 + pA)
AA

Thus, the coefficient of 22 in the numerator equals

= ap® + aq — bp.

aop1g2(b1 — a1p1) + a1qi (bapa — azqe — asp3).
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Finally, note that azréz) + 527“52) = agps — by, by (2.1) (with as and by in place of
a and b and p2 and g2 in place of p and ¢), which implies that the coefficient of
23 is given by q1q2(by — a1p1)(azpa — be). Thus, the numerator of the generating

function works out to
aaz + (biby — ayaspip2)z + (azprgz(by — a1pr) + a1qi (baps — azqe — azp3)) @’
— q1g2(by — a1p1)(ba — aspa)a®.

In the denominator, we have

Hy(z) = (1 — plrf)m — ql(rf))ng) (1 - p1réz)x — Q1(Té2))2x2)

1 ) — (O + 0P — P

oy (r? i)l g (P )t

=1-pip2x — (1(P3 + 22) + pia2) 2 — prp2aigea® + gigia™.
Combining this expression with the one above for the numerator yields (2.3). O

We having the following general formula involving certain sums of convolutions
of TT(L1)T7(12) with T,(lg)T,(f) where there are no restrictions on the parameters of the
various T,gl).

Theorem 2.2. Ifn > 4, then

n—4

> ((P1p2 —pspa) TV, T,
s=0
+ (P22 + P31 — PAas — Plas + 20102 — 203q4) Ty TV

n—2—s n—2—s

3 4
+ (P22 — p3paqsaa) TV TWYs (P2 — )T, 1 )TS(UTS(Q)

n—4—s*n—4—s

= — a1 TITW® + (ara9p1ps — blb2)T’r(L3—)1TT(L4—)1

+ (a1a2(P:qu +p3q1 + q1q2) — arbapaqy — a2b1p1QQ)T,§3_)2T,(L4_)2
+ q1q2(b1 — a1p1)(be — a2p2)Tr(13—)3T1§4—)3 + a'3a4T’f(Ll)T7’(L2)

— (azaspip2 — b3b4)T,§1_)1T(2)

n—1

- (a3a4(p%Q2 + P3q1 + 2q142 — q3q) + bsba(p1p2 — p3p4)

— azbapaqs — a4b3p3q4) 7,1,

- (a3a4p1p2q3q4 + azbap1p2paqs + asbsp1papsqa + b3bapi1pepsps — a3aspP3pagsqa
— a3bapspiqs — asbsp3paqs — bsbapipi + azasp1p2qiqe — asbapsqsda

— asb3paqsqa + bsba (pigz + P3q1 — P3qa — P3G + 2q102 — Q3Q4)>T(1_)3T7€2_)3- (2.4)

n
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Proof. Consider the quantity

asas TOT? + (bsby — asaspspa) TV, T,

(a3b4p4q3 + asbspsqs — azay (P3Q4 + P4QS + QS‘J4))T£1—)2T7(12—)2
— ¢3qa(b3 — azps)(bs — a4p4)Tr(L )3T7(12)3

(alaQT(?’)T Y 4 (byby — ala2p1p2)Tr(Lf)1T7(z47)1

=+ (a1b2p2Q1 + agbiprgs — aras(pige + Pig1 + ‘J1‘J2))T£?:)2Tq§{)2
— q1g2(by — a1p1)(by — a2p2)T(3)3T7£4_)3>7

n—

(2.5)
where Ty(,f) is taken to be zero for all ¢ if m < 0. By Lemma 2.1, the generating
function of the quantity (2.5) for n > 0 is given by the product of > -, T, 7T 2
and >, < TITV 2 with

(p1p2 — papa)™ + (Pig2 + P31 — P3qa — P1G3 + 2q1G2 — 2q3q4) 7>

+ (P1P2Q1Q2 - 1031?4(136.74)303 - (q%q% - Q§QE)$4

Extracting the coefficient of ™ of this generating function gives for n > 4
n—1

(p1p2 — p3pa) Z T(?)—)1—ST7(14—)1—STS(1)T§2)

n
s=0

3 4
+ (P32 + p2a1 — plas — P2as + 20142 — 2g3q1) > TV, TV,

n

+ (P1p2iqz — papagsqs) Y T,

@
Il
o

n—4
(B - 3y T, T, TOT®,

n—4—stn—4—s
s=0

which holds also for 0 < n < 3 since empty sums are zero by convention. Equating

this last quantity with (2.5) above, and shifting summands to the other side so that
each sum has upper index n — 4, gives

n—4
> ((p1p2 —pap) T\ T,
s=0

3 4
+ (P22 + Pia1 — Paas — PRas + 20102 — 2q3q4) Ty TV

n—2—s-n—2—s

+ (p1p2gide — p3pagzan) TS5 T s — (263 — 3ad) TP, T Y S>T§1)T§2)

n—4—s-n—4—
= —a1a0TPTW + (ayagp1ps — b1b2>T15,—)1T7(l4—)1
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+ (a1a2(p3g2 + P31 + q1g2) — arbapaqs — asbiprg) T T,
+q1g2(by — a1p1) (b2 — a2p2) TNV ThY, + azan TV TP
+ (bsbs — azaspsps — azas(prpa — P3P4))T(9 Tr(i)l
(asb4p4Q3 + asbspsqs — azas(p3qa + P1qs + q3q4) — bsba(prp2 — psps)
— azas(pige + P31 — P3qa — Pigs + 20192 — 2434 )T D,
- ((J3114(b3 — azp3)(bs — asps) + b3bs (Piqr + P3q1 — P3qs — PIs + 20102 — 2q3q4)
+ aza4(p1p2q1G2 — P3P4q3qa)
+ (p1p2 — p3pa)(asqs + bsps)(aaqs + b4p4)>T’r(Ll—)3TT(L2—)3'

Simplifying the right side of the last equality gives (2.4). O

Note that (2.4) also holds for 0 < n < 3, by the convention for empty sums,
with this applying comparably to subsequent results.

We now state some special cases of (2.4) involving the generalized Fibonacci
and Lucas sequences. Let U = T,.(0,1,p,q:), v = T,.(2,pi, pi,q) for a fixed i.
Equivalently, these are the specializations of 7, 7(L) when a; = 0, b; = 1 and when
a; = 2, b; = p;, respectively.

Letting (a;,bi,pi,q;) for 1 < ¢ < 4 be given by (0,1,p1,¢1), (0,1, p2,q2),
(2,p1,P1,q1), (2,D2,D2,q2), respectively, in (2.4) yields the following formula.

Corollary 2.3 (Sequence pairs (Uy(Ll)Uflz)) and (Vél)Vﬂ?))). Forn > 3,
V(l 2) 712 V( 2) _ 4U I)U(Q) — 3p1po U( 1U(2)
—2(p}ge + P31 + 20102) U025 = pipaaaeUS 5 U

Example 2.4.
Ln—lQn—l - Ln—3Qn—3
= 2(2FnPn —3F, 1P, 1 —TF, 9P, 5 — Fn_an_g), (2.6)

Lnfljnfl - 2Ln73jn73 = 4Fn=]n - 3Fn71Jn71 - 14Fn72Jn72 - 2Fn73Jn737
Qn—ljn—l - 2Qn—3jn—3 = 2(2Pan =3P —1Jn—1 — 18P, 2Jp—2 — 2Pn—3Jn—3)-

Letting (aivbiapivqi) for 1 S i S 4 be given by (Oulvplvql)a (27P27P27Q2)7
(0,1,p2,42), (2,p1,p1,q1), respectively, in (2.4), and replacing n by n + 1, yields
the following result.

Corollary 2.5 (Sequence pairs (UMV,?) and (UPV,V)). Forn > 2,

pUMVE + 2p2Q1U( )1V( )1 +p1Q1(]2U(_)2V( )
:p2U7(12)V7§1) +2}91412(]( )1V( )1 +p2q1q2U( )2V( )
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Example 2.6.
FnQn + 4Fn71Qn71 + Fn72Qn72 = 2(LnPn + Lnflpnfl + Ln72Pn72)7
Fn]n + 2Fn—1jn—1 + 2Fn—2jn—2 = Lan + 4Ln—1<]n—1 + 2Ln—2t]n—23
Q(Pnjn + Pn—ljn—l + 2Pn—2jn—2) = Qan + 8Qn—1<]n—1 + QQn—ZJn—Z

Taking (0,17]717(11)7 (071,]92,612), (2ap2ap2aq2)7 (2ap37p3?q3) in (24) gives the
following result.

Corollary 2.7 (Sequence pairs (U1(11)U7(f)) and (Vé2)V7§3))). Forn > 4,

n—4

> (pz (p1 —ps)V?, VO

s=1
2 3
+ (P2q2 + A1 — P3as — Pigo + 20102 — 2423) V.o VI, |
+ poae(prar — p3as)V s Vs (63— )V Vﬁ)H)Us(”Uf)

n—4—s

= VOV + a1V, E Vi + aUDUD + pa(ps — 4p)ULY UL,
1 2
+ (p%p:%, — p1paps — 4pTqe — Apiqr + 2p3qs + 2paqe + 4qaqs — SQ1CI2) U7(L_)2U(_)2
+ p2 (p%zﬁ + 3p3p3qs + 3page + IP3q2q3 — P1PaP; — 2p1D3q3 — 2p1P3de

1 2
— 4p1g2q3 — PIP3a2 — P3Ps — 2P3q1q2 — 4p1q1qz)U,§_)3U( )

n—3"
Example 2.8.
n—4
Z(GQTL—Q—S.jTL—Q—S + 2@n—3—sjn—3—s - 3Qn—4—sjn—4—s)EsPs
s=1

= Qn—ljn—l - Qn—?)jn—?) —4F, Py +6F,_ 1Py +2F, 2P, 5 — 16Fn—3Pn—3a
n—4

Z(anlfsjnflfs + 6Qn7275jn7275 + 2Qn73fsjn73fs)Fst

s=1

= Qn—ljn—l - 2Qn—3jn—3 - 4Fan + 2Fn—1Jn—1 - 46Fn—3<]n—37
n—4

Z(Lnflfsjnflfs + 6Ln7275jn72fs + 2Ln73fsjn73fs)Pst
s=1

= _Lnfljnfl + 2Ln73jn73 + 4Pan - 7-PnflJnfl - 39Pn72<]n72 - 3]-Pn73Jn73~

Taking (05 17p17q1), (Oa 17P27Q2)a (0717p37Q3)7 (2ap2ap2aQQ) as the four sets of
parameters in Theorem 2.2, and replacing n by n + 1, gives the following.

Corollary 2.9 (Sequence pairs (Ur(bl)U,(f)) and (Ur(f)VTSZ))). Forn > 3,

n—3

Z (p2 (p1 — p3) U V2

s=1
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+ (P2az + P31 — Plas — P2a2 + 24102 — 24243) U, VP,
+ p2g2(p1q1 —p3(J3)U7(l )2 SVTS ) G )U(S)g, kV( ) k) vihu
=-UPV® + Q1Q2U( )QV( )2 + pUNUP + (p3ps — pipl + 2p3Q2)U,g1_)1U,(L2_)1
+ P2 (p§p§ +3p3q2 — P1Paps — 2p1P3q2 + 34243 — Pia
—p3q —2q1¢2 + p%qs) u,u?,.
Example 2.10.

n—3

Z(GQn—l—an—l—s + 2Qn—2—an—2—s - 3Qn—3—an—3—s)FsPs
:lQan — Qn_odn_o—2F,P, —2F, 1P, 1 —16F, 2P, o,
n—3

D (Pasjn—s +6Pn1—sjn-1-s +2Pn2 sjn-2-s)FuJs

s=1

= n]n - 2Pn—2jn—2 —FyJy —9F, _1Jn1 — 18Fn—2Jn—27

n—3

> (Fo-sin—s +6Fn 1 sjn-1-s+2Fn a2 jn-2-s) Pels

s=1

= - n]n + 2Fn72jn72 + Pan + 3Pn71Jn71 - 9Pn72<]n72~

Taking (07171727(]2)7 (27p37p37q3)7 (27p17p17q1)5 (25p27p27q2) in Theorem 2.2
gives the following.

Corollary 2.11 (Sequence pairs (U7(12)V7£3)) and (Vﬂfl)Vé”)). Forn >4,

n—4

Z(P2(P1 p3)V(1) Vn(z)l—s

s=1
+ (Pig2 + P3a1 — P3g3 — P3a2 + 2q1q2 — QQ2Q3)V(1) _ Vf)z s
+ p2g2 (P11 —PS(J?,)V@ _ Vf) + 43 (% - Ch)V(l) vagz) )US(Q)VS(B)
— VO V@ 4 op Oy @) 0 v @ Y@ @y e)
+p2(4ps — p ULV + (p1p3ps — 203 — 203q2 — 2p3q1 + 4p3gs
+4p2gs — dq1go + 8gaq3) UL, VP,
—p2 (9p1q1q2 — 4ps3aaq3 — P1P3A3 — 214203 — P1P3a2 + P3D3 — PID3Ds

+ 3pig> — 2pipage + 3p1p3ar — 2P5p3q1 — 4p3qlq2)U A ALN

Example 2.12.
n—4
Z(6Ln7275Qn7275 + 2Ln7375Qn7375 - 3Ln7475Qn7475)Ps]’s

s=1
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= *Ln—lQn—l - 8Ln—2Qn—2 - 2Ln—3Qn—3 + 4Pn]n
- 6Pn—1jn—1 - 38Pn—2jn—2 - 22Pn—3jn—3a

n—4

Z (Lnflfsjnflfs + 3Ln74fsjn74fs)Fst

s=1
= *2Ln—1jn—1 - 2Ln—2jn—2 - 2Ln—3jn—3 + 4FnQn

- 7Fn—1Qn—1 - 15Fn—2Qn—2 - 17Fn—3Qn—37
n—4

Z (anlfsjnflfs + GQn7275jn7275 + 2Qn7378jn7375)LsJ5

s=1

= Qn—ljn—l + 2Qn—2jn—2 + 2Qn—3jn—3 - 4Lan + 2L71,—1Jn—1 - 46Ln—3<]n—3~

Taking (07171017(11)7 (2710271727(12)» (0717}727%)7 (2717372037613) in Theorem 227
and replacing n by n + 1, gives the following.
Corollary 2.13 (Sequence pairs (Ufll)Véz)) and (U}lz)VTﬁ:‘))). Forn > 3,

n—3

> (pz (p1 — p3) U VA2,

s=1
+ (P2az + P31 — Plas — PRa2 + 24102 — 24243) U, VP,
+p2ga(prar — p3as) Uy ViV + dd(ad - Qf)Uizfg_sVé?i)g_s) vV
= —pUP VS — 2p1Q2Un2_)1VTE?i)1 - pQQ1QQUT(L2_)2V,§i)2 +psUMVP
+ pa(p? — pips + 243) U V) + (p§p§ + 3p3psgs — p1pap;

; 1) (2
— 2p1P3g3 — PiP3qe — 2P3¢1q2 — P3P3q1 + 3P3qaqs + p§Q2) U7(7,_)2V7£_)2'
Example 2.14.

n—3

Z(6Pnflfsjnflfs + 2Pn,2,sjn,2,5 - 3Pn73fsjn73fs)Fst

s=1

= 2Pnjn + 2Pn—1jn—1 + 2Pn—2jn—2 - FnQn - 8F71,—1Qn—1 - 8Fn—2Qn—2,
n—3

Z (Lnfanfs + 6Lnflfanflfs + 2Ln72fan72fs)sts

s=1

= _Lan - 8Ln71Jn71 - 2Ln72<]n72 + Pn]n + Pnfljnfl - 7Pn72jn721
n—3

Z (Q'rL—an—s + GQn—l—an—l—s + 2Qn—2—an—2—s)sts

s=1
= Qan + 4QTL—1J’I’L—1 + QQn—QJn—2 - 2Fn.7n - 4Fn—1jn—1 - 22Fn—2jn—2~

We now prove a general identity of a similar form to Theorem 2.2 above in

which T,gl) and T,SZ) are assumed to share p; and ¢; parameter values meeting a
certain restriction.
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Theorem 2.15. Suppose p1 = ps =p and q1 = q2 = q, with p and q satisfying
2b1by — 2a1a2q = (a1b2 + asb1)p.

Then forn > 4,

|
i

n

3 4 3 4
((p2 +2q — p3p4)T,(L_)1_STT(l_)1_s — (P3q4 + Pigs + 24304 + QQ)TTE_)Q_STT(L—Z—s

@
I
=)

- p3p4Q3Q4T,(LB_)3_ST,§4_)3_s + ngzTy(Lg_)él_sT,(;l_)‘;_s) THT®
= — 0 TITY + (b1 = a1p) (b — aap) T, TLY,
+ a3a4T7§1)T,§2) + (b3b4 — agas(p® + 2q))TT(L1_)1T7(L1_)1
+ (asbapags + asbspsqa + asasqsqa + azaaq® — bsba(p? +2q — p3pa)) T\ 511,
+ <53b4(P§Q4 + P33 + 4304 + ¢°) + q3qa(asbspa + asbaps)
— (p* + 2q — p3pa)(azqs + bsps)(aags + b4p4))Tr(Ll_)3T7(L2_)3~ (2.7)
Proof. Using 2b1by — 2a1a2q = (a1b2 + azb1)p, one can show
2a1a2q — (b1 — a1p)(by — azp) = biby — arazp”
and
arazq — 2(by — a1p) (b — azp) = arbap + azbip — araz(2p® + q),

from which it follows the factorization

araz + (biby — arazp®)x + q(arbap + asbip — araz(2p” + q)) 2
- q2(b1 —aip)(ba — azp)$3 = ((11!12 — (b1 — a1p)(ba — 11219)5”) (14 2qx + q2x2).

Thus for Tél) and Tr(LQ) whose parameters meet the stated conditions, we have
by (2.3) that the generating function ) -, Tfll)T,(f)x" is given by

a1a9 —+ (b1b2 — alagpz)x —+ q(albgp =+ CLlep — a1a2(2p2 -+ q))x2
1—p?z —2q(p* + q)a* — p*¢*a® + ¢*a?
B ¢*(b1 — a1p)(bs — azp)a®
1—p?z = 2q(p* + q)a* — p*¢*a® + ¢*at
(aras — (b1 — a1p) (b2 — azp)x) (1 + 2qz + ¢*a?)
(1= (p? +29)x + ¢%22)(1 + 2qz + ¢%a?)
_ 10y — (b1 — a1p)(ba — azp)z
1—(p* +2q)x +¢*a?

Consider now the quantity

a3asTWT?) + (bsby — a3a4p3p4)T7(11—)1T752—)1
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1 2
+ (a3b4p4qg + asbspsqs — azas(piqs + pigs + Q3Q4))T7$,)2T(,)2

— g3qa(bs — asps) (b — aspa) TS5 T3 — arar T T
+ (b1 — a1p)(ba — azp) T, TV, (2.8)
Then the generating function of (2.8) for n > 0 is given by the product of
Z TMT@ gz and Z T g
n>0 n>0
with

(p* + 2q — p3pa)r — (P3qa + Piq3 + 24304 + ¢*)7% — p3pagsqur® + g2

Extracting the coefficient of 2™ then yields

n—1

(P* +2¢ —pspa) Y T 1Y, TOT
s=0
n—2
— (PBaa + pias + 2q3a + 43 DT, T, TOTE
s=0

n—3 n—4
—papagsas p_ T2y Ty TOTE + g3ty 10, 110, TOTE).
s=0

n—3—s n—3—s stn—4—s"s
s=0
Equating this last expression with (2.8) above and shifting the appropriate

summands gives

n—4
S (0% + 20— pap) T T = Bhas + phas + 2000 + AT T,
s=0

— popags i Ty T+ T, T, ) TOT

=— alang’)Tﬁ) + (by — a1p)(be — agp)Tr(L?’f)lTéf)l
+ aza TV TP + (bsbs — azaspsps — azas(p® + 2q — P4P4))T75£)1T7§3)1
+ <a3b4p4q3 + asbspsqs — azas(p3qa + P1as + q3q4)
+ azaq(piqs + Pigs + 2¢3qs + ¢°) — baba(p” + 2¢ — p3p4))T592T£2:)2
+ (a3a4p3p4q3q4 + bsba(p3qs + pigs + 2q3q4 + ¢°)
— (p* + 2q — psp4)(asqs + bsps)(asqs + baps)

— q3q4(b3 — asps)(bs — a4p4))T£1_)3T,§2_)3,

which may be rewritten as (2.7). O
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Note that taking a; = 0 in the condition on p and ¢ in the preceding theorem
reduces it to 2bs = agp since it may be assumed b; # 0 (note a; = by = 0 would
result in a triviality). In particular, the condition is satisfied when Tfll) =U,(p,q)
and T2 = Vi (p, q), upon taking a; =0, by = 1 and ay = 2, by = p.

Letting (a;, bs, pi,qi) be given by (0,1,p1,¢1), (2,p1,p1,q1), (0,1,p2,¢2) and
(0,1, ps,q3) in (2.7), and replacing n by n + 1, yields the following result.

Corollary 2.16 (Sequence pairs (UVV,V) and (UPUP)). Forn > 3,

n—3
pUPUP +3 ((pf — paps +201) U, U,
s=1

2 3
— (p3as + 3 + 4% + 2q2q3) U, _ U

- p2p3QQq3U7(12—)2—sU7(13—)2—s + ngng(zz—)S—sU753—)3—s) Us(l)‘/s(l)

= UMV — (p? — pops + 2(11)U,(11_)1Vn(£)1
— (P2paps + 2p2p3qy — PAP3 — 4203 — PRas — P2ae — @) UL, VD,
Example 2.17.

n—3
Pan + Z(Pnfsjnfs - 14Pn7175Jn7175

s=1
- 4Pn—2—sJ7L—2—s + 4Pn—3—sJ7L—3—s)FsLs
=F,Ly, —Fy 1Ly 1 +10F, oL, 2,
n—3
FnPn + Z(3Fn—spn—s - 11Fn—1—spn—1—s

s=1
- 2Fn7275Pn7275 + Fn73fsPn73fs>Jsjs
= n]n - 3Jn—ljn—1 + 4Jn—2jn—27

n—3
2Fan + Z(BFn—an—s - 8Fn—1—an—1—s

s=1

- 2Fn—2—an—2—s + 4Fn—3—an—3—s)Pst
= PnQn - 5Pn—1Qn—1 + Pn—ZQn—Z-

Ta‘king (07 17p17q1)’ (2710171017(11)» (27P27PZ7CI2)7 (2710371737(13) in Theorem 2.15
yields the following result.

Corollary 2.18 (Sequence pairs (UT(Ll)VTfl)) and (Vsz)VTES))). Formn >4,
n—4

S (0% = pows + 2000V, VP, — 0has + e + 0} + 20208)Vi s Vi,

s=1
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= popsarasV Dy Vi + BV, Vi UGV

= —p1V753)1Vﬁ)1 + AUV — (dp? — pops + 8Q1)U7(L1—)1V(1)

n—1
1 1
— (P3paps + 2papaqy — P3P3 — 20343 — 4q% — Agags — 2p2q2) U, VY,
— (p?pgpi + 2p2p3qs + 2pipiae + 4pTq2qs — papsqd + 203p3q1 + Ap3aigs
b - 1 1
— PP — 3p3p3gs — 3papiae — Ipap3a2qs + AP3q1ae + 8¢ qzqg) ARMTARN

Example 2.19.

n—4
Z(anlfsjnflfs - 14Qn72fsjn7275 - 4Qn73fsjn7375 + 4Qn7478jn7475)FsLs

s=1
=4F,L, —10F,_1Ly_1 +28F,_oL,_5 + 10Fn—3Ln—3 - Qn—ljn—la
n—4

Z (3Ln—1—sQn—1—s - 11Ln—2—sQn—2—s

s=1
- 2Ln—3—sQn—3—s + Ln—4—sQn—4—s)Jsjs
= 4Jn]n - 18Jn—1jn—1 + 24, —2jn—2 - 26Jn—3jn—3 - Ln—lQn—l7
n—4
Z (5Ln7178jn7175 - 8Ln7275jn7275 - 2Ln7375jn7375 + 4Ln74fsjn74fs)Pst

s=1

= 4PnQn - 23Pn—1Qn—1 + 13Pn—2Qn—2 - 61Pn—3Qn—3 - 2Ln—1jn—1~

Taking (Ovlaplaql)v (2710171717(11)7 (0517p27q2)? (2ap3ap3aq3) in Theorem 2.15,
and replacing n by n + 1, yields the following.

Corollary 2.20 (Sequence pairs (US)Vél)) and (Uy(f)Vé?'))). Forn > 3,

n—3
> ((—p? +p2ps — 200U VD + (0305 + pae + 2 + 24203) U0, _ V),

s=1

+ popsa2asU Dy Vi, = 33U Vi YUV
=N UT(L2)V7§3) - P3UT(L1)V7§1) + (pips — p2p3 — 2pags + 2P3Q1)U72131V,£1,)1
+ (p?pgp% + 2p3pags — P3ph + 2papiqr + 4p2q1qs — 3P3psds

— pig2 — p3ai — 3p3Q2£]3) U,(Ll,)QV,Ei)Q.

Example 2.21.

n—3

Z (Pn—sjn—s - 14Pn—1—sjn—1—s - 4Pn—2—sjn—2—s + 4Pn—3—sjn—3—s)FsLs

s=1

= FnLn + 7F‘nfl-[/nfl + 6Fn72Ln72 - Pn]na
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-3
nz: (5Fn—sjn—s - 8Fn—1—sjn—1—s - 2Fn—2—sjn—2—s + 4Fn—3—sjn—3—s)Pst
s=1
= PQn — P 1Qn-1 — 15P, 2Qn 2 — 2F jn,
§(3Pn—sLn—s - 11Pn—1—sLn—1—s - 2Pn—2—sLn—2—s + Pn—S—SLn—S—S)JSjs
s=1
= n]n + Jn—ljn—l - 6Jn—2jn—2 — P, L.
Remark 2.22. Taking (0,1, p1,q1), (2,p1,P1, 1), (0,1,p2,¢2), (0,1,p3,q3) in (2.4)

instead of (2.7) yields a more complicated variant of Corollary 2.16 which we will
not state here. Similar remarks apply to the identities in Corollaries 2.18 and 2.20.

We now prove a general result in the case when the p and ¢ parameters are the
same in both function pairs.

Theorem 2.23. Suppose p1 =p2 =D, 1 =q¢2=q, p3=ps =1y, and g3 = @4 = 2.
Further, assume that p,q and y, z satisfy 2b1bs — 2a1a2q¢ = (a1ba + azby)p and
2bsby — 2a3a4z = (agby + asbs)y. Then for n > 2,

n—2

Z ((p2 - y2 + 2(] - 2Z)T7§,37)178T7(L47)178 + (22 —4q )T(:i) 7ST’I’S,47)275>TS(1)T6§2)
s=0
—a1aaTITW + (by — a1p)(by — agp)T) T® T( )1 + aza,TVT?
+ (a3b4y + agbsy — bsby — azas(p® +2q — 2z)) 751_)1T7§2_)1. (2.9)

Proof. By the assumptions on the parameters, we have

S T, — 2T (b1 — a1p) (b2 — azp)x
noon 1— (p? + 2q)x + ¢%z2

n>0

and
Z T 3)T _ a3a4 — (b3 — asy)(bs — asy)x
= 1—(y?2+22)x + 2222

Then the quantity
a3a4T£1)T7§2) — (bs — agzy)(by — a4y)T751_)1T7§2_)1 — alagT,(Lg)TgL)
+ (b1 — arp) (b — azp) L, T2,
has generating function given by
Z TMT @ gn Z TS THgn . ((p2 — % +2¢—22)x + (2° — q2)x2).
n>0 n>0

Extracting the coefficient of ™ gives

P —y?+20-22)Y T _ 1, TOT
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n—2—s- n—2—

ZT(?’ T, TOT®,

and equating this with the original quantity leads to (2.9). O

Taking (07 1?p1?q1)7 (27p17p17q1)7 (05 17P27Q2), (2ap25p25q2) in Theorem 2.23,
and replacing n by n + 1, implies the following result.

Corollary 2.24 (Sequence pairs (UVV,V) and (UPV,?)). Forn > 1,

n—1
> ((p% —p2—2q + 20U VP (2 - @ UP,_ v )UU)V( )

n—l—-s'n—1-—s
s=1

= UPVED — UV,

Example 2.25.

n—1
3 Z PnfsanstLs = PnQn - 2FnLna
s=1
n—1
Z(Pnfsans + 3Pn7175Qn7173)J5j5 = PnQn = 2JnJn, (210)
s=1
n—1
Z(2Jnfsjnfs - 3Jnflfsjnflfs)FsLs = Jnjn - FnLn

s=1

Remark 2.26. Taklng (07 17p13q1)7 (2ap1aplaq1)a (Oa 1,]327612)» (27p27p27q2) in ei-
ther (2.4) or (2.7) above instead of (2.9) leads to more complicated variants of
Corollary 2.24.

3. Further remarks

In this section, we point out some further extensions of the prior results. We first
allow for the indices of the sequences whose terms appear in the identities above to
come from an arbitrary arithmetic sequence. Let k£ > 1 be fixed and 0 < < k—1.
Then we have the recurrence Upniii = ViUn—1)k4i — (—q)kU(n,Q)kH for n > 2,
which can be shown using the Binet formulas for U,, and V,,. The same recurrence
is seen to hold also for the sequence V,i;. Thus, taking a = U;, b = U1k, p = Vi,
q=—(—q)*ora=V, b="Vig, p=Vi, ¢ =—(—q)" in Theorem 2.2 gives
various formulas involving products of terms derived from the U,x; and/or the
Vok+i sequences.

For example, taking (a;,b;,p;,q;) for 1 < j < 4 to be (0, U(l) Vk(l),f(fql)k),
0,02,V ~(=a2)%), 2,V v —(—a)¥), (2, vf),v,jg),—(—qQ)k), respec-
tively, in (2.4) gives

D772 (2) k(W) rr(2)y,(1) (2)
U Uk Vv(n 1)k‘/(n 1k (qqu) Uk Uk Vv(n73)k‘/(n73)k
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— A7 W2 W)y (2)pr(1) (2)
_4Unk Unk _Svk Vk U(nfl)kU(nfl)k

2 2
+2((_q1)k(vk(2)) + (—Q2)k(Vk(1)) - 2(Q1Q2)k)U((i)72)kU((2)72)k
- (Q1Q2)kvk(l)Vk,(Q)U((i)fs)kU((s)fs)k' (3.1)

Note that (3.1) reduces to Corollary 2.3 when k = 1. Taking, for instance,
U,gl) = Fy, UIEQ) = Py, and q; = g2 = 1 in (3.1) gives

FePiL(n-1)xQn-1)k — Ln—3)xQ(n—3)k = 4FnkPnk — 3Lk QrFn—1)x Pln—1)k
+2((-1)"(LE+ QF) — 2) Frn—2ykPin—2)k — LiQrF -3 Pin—3)1

which reduces to (2.6) when k = 1. Further, formula (3.1) represents only the
i = 0 case of a more general identity, though it is a bit more complex, which

involves products of terms from the sequences UT(L}C)H, Uﬁf)ﬁ, Vyf,il_i, Véizﬂ for any
0<i<k-1.

As another example, letting (07 U,gl),Vk(l), —(—ql)k), (2,V,€(2),Vk(2)7—(—q2)k),
(O, U,EZ), V,C(Q)7 —(—qg)k), (2,Vk(1), Vk(l)7 —(—ql)k) in Theorem 2.2, and replacing n
by n+ 1, gives

UV - 2=a) UIVOUCL VL,
+ (qqu)kUlgl)Vk(Q)U((rQLlQ)k‘/((nlzﬂk
= UPVOUE - 2-a) U VEUCL VL
+ (Q1Q2)kU1£2)Vk(l)U((rlz)fz)kV((fzz)k’ (3.2)
which reduces to Corollary 2.5 when & = 1. From (3.2), one can obtain such
identities as

LideForjnk — 2(=1) Tk g Fn—1ykd -1y + 28 L Jk Fln—o)kj(n—2)k
= FrojiLnkdne + (—2)* " FLi L 1ys -1y + 25 Frje Lin—2)k T (n—2)k-

Next, observe the identity
Witk Viek + 2(—=0)"UsVi = (UiVigr + ViUig) Vi, (3.3)
which follows from combining the formulas
UiVisk + VilUitk = 2Univn and Ui Visk + (=0)"UiVi = Unisa Vi,

which can be shown using the Binet formulas for U,, and V,,. Thus, by (3.3), the
condition 2b1by — 2aja2qg = (a1ba + agzby)p in Theorem 2.15 remains satisfied when
one considers generalized Fibonacci or Lucas sequences whose indices come from
an arbitrary arithmetic progression. Hence, one may apply Theorems 2.15 and
2.23 to obtain analogous identities involving products of terms derived from the
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sequences Upjy; and V, 4, wherein members of at least one sequence pair share p
and g parameter values.
For example, letting

(0’ Ulgl)’ Vk(l)’ 7(7(]1)]6)’ (2a Vk;(l)7 Vk;(l)a 7(7(11)’6)7
0,02V, ~(~a)%), 2,V VP, ~(~a)")

n (2.9) gives

|
A

n

()" = (V) +2(=a0)* = 2=a)*)UCL V0

kyrr(2) (2) (1)y,(1)
+ (q q% )U(n 175)k‘/(n7175)k)U8k Vs‘k‘

»
Il
<

=uvuve —uPvEuvy, (3.4)

which reduces to Corollary 2.24 when k = 1. Letting, for instance, U( ) = = Jg,
U,EQ) Py, ¢1 =2, and g3 = 1 in (3.4) yields

Z( Qk - ] 2)k+1 - 2<_1)k)P(nfs)kQ(nfs)k

s=0

+ (4% — 1)P(n—1—s)kQ(n—1—s)k> JsrJsk = Jeju Pak@Qnk — PrQrJnkjnk,

which reduces to (2.10) when & = 1. Formula (3.4) may be generalized to Upkyi

and Vx; for any 0 <4 < k—1 by taking (U(l) Ul(j_)k, V(l) —(—q1)¥) for the first 4-

tuple and the analogous quantities for the other three. Generalizations comparable
to (3.4) may be given for the identities in Corollaries 2.16, 2.18, and 2.20.

We have the following further general result in the case when T,gl) and T, ,(L2)
share p and ¢ parameter values.

Theorem 3.1. Suppose p1 = ps = p and q1 = q2 = q, with ajasp = a1bs + asby
and ayazq = —b1by. Then forn >4,

n—4
Z ((q +psp) TS T (02qa + plas + 2a300) Ty TV,
s=0

+ p3pagsqa T )3 5T7(14)3 C]gQQT(s) ~T7§4_)4_5>Ts(1)Ts(2)

n

= CblagTT(LS)T,(l4) — a3CL4TT(L1)TT(L2) — <b3b4 + a3a4q)T7(ll_)1Tr(Lz_)1
— (b3baq + a30443qs + azbapaqs + asbspsqa + b3b4p3p4)T£1_)2T,§2_)2
- <b3b4 (P3q4 + Pids + 4304) + q3q4(asbaps + asbsps)

+ (g + p3pa)(asqs + baps)(asqs + b4p4))T7(L )3 (2)
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Proof. Using ajasp = a1bs + azb; and ajasq = —byby, one can show
arasp? — biby = araz(p? + 2q) + (b1 — a1p)(bs — asp)

and

q(arbop + asbip — a1a2(2p® + q)) = ara2¢®> + (p* + 2¢)(by — a1p) (b2 — asp),
from which it follows the factorization

aras + (bibs — arazp®)x + q(arbep + azbip — a1az(2p” + q)) 2
— ¢*(by — a1p)(by — azp)a®
= ((110,2 — (b1 — a1p)(by — agp)x) (1 — (p* 4 2q)x + q2x2).

Thus if TT(Ll) and T,(LQ) are such that their parameters satisfy the required con-
ditions, then by (2.3) the generating function 3 -, TITP 2 is given by

aras + (bibs — arasp?)z + q(arbop + azbip — araz(2p? + q))x?
1—p?z = 2q(p* + q)2* — p*¢?a® + ¢*at
B ¢*(b1 — a1p)(bz — azp)a®
1 —p*z —2q(p* + q)x* — p*¢*a® + ¢*a*
_ (a1a2 — (b1 — a1p)(by — agp)x) (1 — (p® +2¢)x + q2x2)
(1+2qz + ¢?22) (1 — (p? + 2¢)z + ¢>2?)

_ ai1ag — (b1 — a1p>(b2 — agp)ac _ a1 — blbgl‘
1+ 2qx + ¢?x2 1+ 2qx + ¢%22
a1a2(1 —+ q%) - aias

(14+qx)2  1+gqx

The proof is completed in a similar manner as before upon considering the gener-
ating function of the quantity

alazT,(LS)TT(f) - a3a4T,§1)T£2) - (b3b4 - a3a4p3p4)Tr(L17)1T7(127)1
— (a3bspags + asbspsqs — asas(p3qs + pigs + QBQ4))T7§17)2T7(127)2
+ 43q4(bs — azps) (b — aspa) TSV, T,. O

Remark 3.2. If p = ¢ =1 in the prior theorem, then the a; and b; satisfy ajas =
a1bs + a2by = —b1bs. Replacing by with —bo, we then have ajas = a1bs — agby =
b1by. If all variables are positive in the last system, then eliminating b, leads to
the equality a1b; = a% — b%, where as can be chosen arbitrarily and by = a;);”. This
essentially covers all the cases when ajas is non-zero, upon considering separately
when ajas is positive or negative and renaming quantities as needed. Note that

the case when ajas is zero is trivial since one (or both) of T,(Ll) and T,gQ) is seen to
be the sequence of all zeros in that case.
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In analogy with Theorem 2.23 above, we have the following further result when
4)

T,SB) and T,S also share p and ¢ parameter values.

Theorem 3.3. Suppose py =p2 =p, 1 =q2=¢q, p3 =ps =Y, and q3 = q4 = 2.

Further, assume that p,q and y, z satisfy aiasp = a1bs + asby, ajasq = —b1bs and
asaqy = azby + aqbs, azasz = —bsby. Then forn > 1,
n—1
=) T, 17D TOT® = 430, TITE — a0, T TV,
s=0
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