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1. Introduction

The Tauberian theory based on the following fact. If the sequence (z,) converges,
i.e.
lim z, =1
n—oo

exists then it follows that the limit in sense of a regular summability method (7},)
exists and

lim T,(x,) =1

n—oo
The converse of the above fact is not true (or “does not hold”) in general. Condi-
tions under which the converse follows are known as Tauberian conditions, and the
result with such conditions is known Tauberian theorem. The Tauberian theorems
are investigated for many summability methods under different conditions, see for
example ([2, 3, 5, 7-11]). In 1976, the well-known Hardy-Littlewood Tauberian
theorem was extended to the multidimensional case by Vladimirov [14]. After that
paper, the work began on a systematic investigation of the Tauberian theory of
generalized functions from the standpoint of both pure mathematics and its ap-
plication in theoretical and mathematical physics. In [4], some multidimensional
Tauberian theorems for generalized functions were established along with their ap-
plication in mathematical physics. In recent year the Tauberian theorems were
proved in 2-normed spaces for the Cesaro summability method (see [12]).

The convolution (p * ¢) of two non-negative sequences (p,,) and (g,) is defined
by

n n
Ry:=(p*Qn =2 PkGn—k =Y Pnklk-
k=0 k=0

In case (p*q)n # 0 for all n € N, the generalized Norlund transform (7279) of
the sequence (z,,) is given as follows

1 n
THY = ——— ) Prin—kTk-
(P* q)n kzzo
The sequence (z,,) is generalized Nérlund summable to L (see [1]), if

lim TP9 = L. (1.1)

n—oo

Let us define
A(n,t) :={qr, -k — G-k : k=0,1,2,...,n; A > 1}

and
B(mt) = {qk,)\n — Qn—Fk - k= 0,1,2,...7>\n;0 <AL 1},

where A, := [Mn] denotes the integral part of An.

115



Annal. Math. et Inf. V. Loku, N. L. Braha, M. Mursaleen

Let us suppose that the sequences p = (p,,) and ¢ = (g,,) satisfies the following
conditions:

Pn < dn, neEN,
=1 neN,
sup A(n, \) < oo,
n
and
sup B(n, ) < co.
If

lim z, =L
n—,oo

implies (1.1), then the method (N, p,q) is regular. The necessary and sufficient
condition for the (N, p, q) method to be regular is (see [6])

Pn—kqr = o(Ry) (n — oo,k € N),

and

3 pu—iarl = O(R,) (n — o).
k=0

Remark 1.1. In case when p, = ¢, =1 for n € N, the (IV, p, ¢) method coincides
the Cesaro (C, 1) summability. For ¢, = 1 we get the Nérlund method (N,p). In
case when p,, = ("'gﬁ), gn = ("), we get the (C,a, ) ([1]) method. Finally,
for p, = A\, and ¢, = 1, we get the generalized de la Vallée-Poussin method.

In this paper we will prove Tauberian theorems for the (N, p,q) summability
method in 2-normed spaces.

Definition 1.2. A sequence (z,) converges to L in a 2-norm X, i.e.

o 1 g,
if
lim ||z, — L,y|| =0,
n—oo
for all y € X.
A sequence (z,) in a 2-normed space X is T?¢ summable to L € X and write,
in sign: x, Il L(TP9), if

lim [T — L, y[| = 0,
n—00

for all y € X.

Theorem 1.3. In a 2-normed space X, lim, z, = L € X, implies lim, T?? = L
in X. The converse statement is not true in general.
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Proof. Let us suppose that lim,, ,, = L in a 2-normed space X. It is clear that,
for every € > 0, there exists an ng such that for every n > ng and any y € X we

have
lxn — Lyl < e:

and for any n < ng, y € X there exists a M > 0 such that

Now we can estimate as follows:

T = L,y
1 n 1 n
= Prdn—kTk — Ly y|| = Prdn—r(TK — L),y
(p*q)n,;) (p*q)nkz::0
1 & 1
S P > petn—k(zk — L), y| + o) > petn-r(zk— L)y
P*a)n = PADn
A4
<M -—"— +¢
(p*q)n
where AP = ZZ(’:O Pkqn—k- Hence, we get desired result. O

Example 1.4. Consider X = R? and
[z, yll = max{|z1y2 — 22|, [21y3 — z3y1|, |z2ys — z3y2[},

where x = (331,.772,333),3/ = (ylay27y3)' Let

a_1w>,

O (A RN

and y = (y1,92,93) € X.
If we put p, =n and ¢, = 1, then we have
()" ()" —1
n+l  2n(n+1)’
()" ()" —1
n+1  2n(n+1)’
3(-1)" (=)™ 3[(-H)" -1
D™ _ g, 3D 8D 1]
2 2(n+1) dn(n+1)

TPI(1 4 (-1)") =1+

TPI(2 + (1)) =2 +

TP (3 +

Now we will prove that T?¢ — (1,2, 3) in the 2-normed space X.
i P _
Jim [T = Ly y|

(= S e * 50D 20 * e )

= lim
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- e (525 ) (5 )

(H" (=H"-1 3= 3[(=1)" 1]
y3<n+1 + 2n(n—|—1)) yl(Q(n—i—l) + dn(n+1) )

(S ) e - S ) -

So (xy,) is TP%-summable to (1,2, 3) in 2-normed space X. Now we will prove that
(z,,) does not converge to (1,2, 3) in 2-normed space X. Let y = (1,1,1) € R? then

)

. . L 3(=1)n
. . . . 3(—1)"
= tim max{ [0 = (0 0 - G
n— oo 2

.

b#o

sequence () is not convergent.

2. Tauberian theorems for T?%-summability method

Theorem 2.1. Let (p,) and (g,) be two sequences of real numbers defined as above
and

.. . Rx
lim inf —/=>
n—oo n

>1, A>1 (2.1)

where A, = [An]. Suppose that lim,, T?? = L, in 2-normed space X. Then (x,,) is
convergent to the same number L in 2-normed space X if and only if

1I;f1 hmnsggo R>\ — Rn l;ﬂpth —i(zi — ),y =0 (2.2)
and
f U iQn— 1 Tn — T4), = U 2.
0<H>{<1 lmnsggo R — R/\n i ,\ZJrlp ! nh " 2

Definition 2.2. The sequence (z,) € X is slowly oscillating (see [13]) in a 2-
normed space if

fli — =0
)1\n im sup max lze — zn, vl

for all y € X, or equivalently

f i - =0
0<lI>1\<1 lmnsglo)oAiTé%X ||xn 'TkvyH
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for all y € X.
Denoting Ax,, = z,, — x,_1, we can rewrite the above conditions to the form

n
inf lim sup max ||— E Ax;,yl|=0
A>1 <k<An
n—oo NSRS ikl
and
n
inf lim sup max E Ax;,y| =0,
0<A<L  poyoo An<k<n ||
i=k+1
for all y € X.

We will need the following lemmas.

Lemma 2.3 ([3]). For the sequences of real numbers (p,) and (qn), condition (2.1)
is equivalent to

lim inf &>1, 0< A<l

n—oo 5\
n

Lemma 2.4. Let (p,) and (g,) be the sequences defined as above and relation (2.1)
is satisfied. Assume that x = (x,,) is TP9-convergent to L, in the 2-normed space
X. Then for every A > 0,

lim|| 73~ Loy] = 0

for every y € X.

Proof. Case 1: A > 1. Then from the definition of A = (\,), we get

lim (n — Ap) = lim (Ry, — Ry).

n

Now from given conditions, for every € > 0 we have:
n

17" = Loyl < 1TX,7 = T2 yll + 1T = Loyl < e

Case 2: 0 < A < 1. For A, = [\ n], for any natural number n, we can conclude
that (T3'?) does not appear more than [1 + A™'] times in the sequence (T%*9). In
fact if there exist integers k, [ such that

n<Ak<Ak+1)<---<Ak+I-1)<n+1<Xk+1),

then )
ntAl-1) <Ak+I-1) <n+l=l<lt3
and )
I3 = Loyl < (145 )12 = Loyl <.
From this, lim, ||T), — L,y|| = 0 follows. O

119



Annal. Math. et Inf. V. Loku, N. L. Braha, M. Mursaleen

Lemma 2.5. Let (p,) and (g,) be the sequences defined as above and relation (2.1)
be satisfied. Let x = (x,,) be TP 9-convergent to L, in 2-normed space X. Then for
every A > 0,

An
lim || ——— _ — Lyl =0 A>1 2.4
il Py s k:§n+1pk(b\n kT — L,y for (2.4)
and
1 n
lim || ——— m—kZr — Lyl =0 for 0< <1, 2.5
w | R — Ry, k:/\g +1pkq kTk Y f (2.5)

for every y € X.
Proof. Case 1: A > 1. We get

)‘n
1 L
R\ — R Pk, —kTk — L,
R/\n - Rn [A—l
1 dn . .
= - B _ L 1 i B L
Ry — R, ZPMA” kTk 'Y Ry —R, Zpktb\n BTk Y
n k:o . kzo
1 dn
|y — _pap — L
Ry, — Rn Zpk%n kTk ,
' k=0
1 n
o ) o ,
U — ;pk(qn k4 Gan—k — Gnor)Tk — L,y
1 An . .
s B P S ) »
~|Rx. — R, ZPMA” kTk Y Ry —R, Zkan kTk Y
n k:o N k:0
1 n
By, R —k~dnok)ze = Loy 2.6
+ R)\" — Rn ;Pk(%\n k dn k)l‘k Y ( )
We know that
. Rn Lo R/\n -1
hyrln sup B - R <117rln1nf R 1) < 0. (2.7)

Now from (2.6) and (2.7), we get (2.4).
Case 2: 0 < A < 1. Then we have

1 n
LS gLy
Ry — Ry, k=1
1 " 1 all
=l ) PrlnikTk — L,y — 5—5— > Prn—kTk — L,y
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1
m Zkan kTr — L, (2.8)
k=0
1 all
o _ n. — n—k — — - L,
Y R, — R>\n kzzopk(q)\n kt Qn-k — qx, k)xk Y
1 1 An
n— - L e _ — L
= IR, — R\ Zpkq L A NN Zpk(b\ kT — L,y
" k=0 A o
1 il
n—k = Qx,— -L 2.9
+ R, — Ry, I;)pk(q k= Qn—k)Tk Y (2.9)

In this case, we know

-1
lim sup RR)‘}%/\" = <limniil£0 R; - 1) < o0. (2.10)

From (2.9) and (2.10), we get (2.5). O

Proof of Theorem 2.1. Let lim, x, = L, and lim,, 7?? = L, in 2-normed space
X. Applying Lemma 2.5, we get relation (2.2) for A > 1, and (2.3) for 0 < A < 1.
Sufficiency. Let lim, T?? = L in 2-normed space X and conditions (2.1),
(2.2) and (2.3) hold. We will prove that lim,z, = L in X. Or equivalently,
lim,, (T?? — x,,) = 0 in 2-normed space X.
For A > 1, we have

An
. Iy, P:q , 1
(T = R (IR T = e S pet a2
k=n+41
From relation (2.1) and Lemma 2.4, we obtain
Ry,
W — TP
| e ] <

for every y € X. From (2.2), for every € > 0 we get

R Z D@, —k(Tk — Tn), Y

k=n+1

< €,

for every y € X. From last relations we have proved that lim,, (7?7 — z,,) =0, in
2-normed space X.
Now for the case 0 < A < 1, we get

L TP — n TP _ Tp q - _ )
v AR, — RA,,L( " )+ R, — Ry, R,\,L L /\Zﬂpkq + =)
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From relation (2.1) and Lemma 2.4, we have

R,
Rn - R)\

n

(T —T9), H < e,

for every y € X. From relation (2.3), for every ¢ > 0 we get

Z Prn—k(Tn — Tk), Y

A k=Xn+1

< €,

for every y € X. Hence, we have proved that lim, (Tp % — z,) =0, in 2-normed
space X. Now proof of the Theorem follows from Lemma 2.4. O

In what follows we will show that under the conditions that (x,) is a slowly
oscillating sequence (see [13]), the TP9-summability implies the convergence in the
ordinary sense.

Theorem 2.6. Let X be a 2-normed space and (z,) € X be TP -limitable to L.
If (zy,) is slowly oscillating in 2-normed space X, then (x,) converges to L in X.

Proof. In case A > 1 let us suppose that 7?9 converges to L in X. To prove that
(x) = L in X, it is enough to prove that

lim | T2 — z,,y|| = 0,
n

for every y € X. Let us start with

1T = 2, yll =

n
- kT — 2
Rn kgokan k( k n)ay
n
Zkan k Z Azjoy|| < max || > Ay

j=k+1 j=k+1

1
R Zkan—kxk — Tn,Y
n

Taking limit superior in both sides of the above relation and then infimum, we get

inf lim sup| 7?9 — x,,y| = 0.

A>1n—oo

Hence, it is proved that (z,) converges to L in X.
The case 0 < A < 1 is similar to the previous one and for this reason we omit
it. O

The following result shows that if (x,,) satisfies Hardy ([6]) conditions, and is
TP-9-summable, then it converges in the ordinary sense.

Theorem 2.7. Let (x,) € X be TP ?-summable to L in 2-normed space X. If (z,)
satisfies relation
nAz, = 0(1),

then () converges to L in X.

122



Annal. Math. et Inf. Tauberian theorems via the generalized Norlund mean for . ..

Proof. 1t is enough to prove that
lim (|73 =y, yl| = O
for every y € X. First, suppose that A > 1. From the condition
nAz, = 0(1),

it follows that for every e > 0, there exists an ng such that for every n > ng we
have

[nAz,| <e.
A routine calculation gives
I I
1T =2, yl = HR > Pkn-kTk — T, y|| = = > Prtnk(@k — ),y
" k=0 " k=0

n n
_ g Ax; < max g Az .
Prqn—k i Y = jhax Y
0 j=k+1 == =kt

NE

L
R,

™~
Il

From above relations, we get

n
(T2 — 9| < Jmax. Z Azj,y|| <e
T ||i=k

Hence, it is proved that (z,) converges to L in X.
The second case, when 0 < A < 1, can be proved similarly. O
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