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Abstract. In this paper, we introduce the concept of a Fuss-skew path and
then we study the distribution of the semi-perimeter, area, peaks, and corners
statistics. We use generating functions to obtain our main results.
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1. Introduction

A skew Dyck path is a lattice path in the first quadrant that starts at the origin,
ends on the z-axis, and consists of up-steps U = (1, 1), down-steps D = (1,-1),
and left-steps L = (—1,—1), such that up and left steps do not overlap. The
definition of skew Dyck path was introduced by Deutsch, Munarini, and Rinaldi
[4]. Some additional results about skew Dyck path can be found in [2, 5, 8, 14].

Let s, denote the number of skew Dyck path of semilength n, where the
semilength of a path is defined as the number its up-steps. The sequence s, is
given by the combinatorial sum s, = >, _; (Zj)ck, where ¢, = %H(Zr?) is the
n-th Catalan number. The sequence s,, appears in OEIS as A002212 [15], and its
first few values are

1, 1, 3, 10, 36, 137, 543, 2219, 9285, 39587.

One way to generalize the classical Dyck paths is to regard the length of an
up-step U as a parameter. Given a positive number ¢, an ¢-Dyck path is a lattice
path in the first quadrant from (0,0) to ((¢ 4+ 1)n,0) where n > 0 using up-steps
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U = (¢,£) and down-steps U = (1,—1). For ¢ = 1, we recover the classical
Dyck path. The total number of ¢-Dyck path with length (¢ + 1)n is given by
ce(n) = ﬁ ((H'nl)") (cf. [1]). We will refer to ¢-Dyck paths here as the “Fuss” case
because the sequence c;(n) was first investigated by N. I. Fuss (see, for example, |7,
16] for several combinatorial interpretations for both the Catalan and Fuss-Catalan
numbers).

Our focus in this paper is to introduce a Fuss analogue of the skew Dyck path.
Given a positive integer ¢, an ¢-Fuss-skew path is a path in the first quadrant that
starts at the origin, ends on the z-axis, and consists of up-steps Uy = (¢, ¢), down-
steps D = (1, —1), and left steps L = (—1, —1), such that up and left steps do not
overlap. Given an ¢-Fuss-skew path P, we define the semilength of P, denote by
|P|, as the number of up-steps of P. For example, Figure 1 shows a 3-Fuss-skew
path of semilength 6. It is clear that the 1-Fuss-skew paths coincide with the skew
Dyck paths. Let S, ; denote the set of all /-Fuss-skew path of semilength n, and
St = U, Sn,e- For example, Figure 4 shows all the paths in Sy 5.

(0,0) (20,0)

Figure 1. 3-Fuss-skew path of semilength 6.

2. Counting special steps

For a given path P € Sy, we use u(P), d(P), and t(P) to denote the number of
up-steps, down-steps, and left-steps of P, respectively. In this section, we study
the distribution of these parameters over Sy. Using these parameters, we define the
generating function
Fg(m,p, Q) — Z .T,‘U(P)pd(P)qt(P).
PcS,

For simplicity, we use Fy to denote the generating function Fy(x,p,q).

Theorem 2.1. The generating function Fy(x,p, q) satisfies the functional equation
Fy=1+a(pF+q) ' (pF7 + q(Fy = 1)). (2.1)

Proof. Let A; denote the ¢-Fuss-skew paths whose last y-coordinate is i and let
A; denote the generating function defined by

A= Y PP,
PcA;
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A non-empty ¢-Fuss-skew path can be uniquely decomposed as either U,TDP or
U/TL, where U,T is a lattice path in .A; and P is an ¢-Fuss-skew path (see Figure 2
for a graphical representation of this decomposition). From this decomposition, we
obtain the functional equation (cf. [6])

Fg = 1+a:(pA1Fg+qA1). (22)

Figure 2. Decomposition of a ¢-Fuss-skew path.

The paths of A; can be decomposed as TDP or TL, where T' € A;y; for
i =1,...,—2and P € S, (see Figure 3 for a graphical representation of this
decomposition). Moreover, the paths of A,;_; are decomposed as PyDP, or P'L,
where P;, P, P’ € Sy and P’ is non-empty.

Figure 3. Decomposition of the paths in A;.

From the above decompositions, we obtain the functional equations
A =pAig1 Fp+qAiyq, for i=1,...,0—2 and A, i =pF;+q(F,—1).

Note that in these functional equations we do not consider the first up-step because
it was considered in (2.2). Therefore, we have

Fy =14 z(pFy+ q)A1 = 1+ z(pF, + ¢)* Ay
= =1+a(pFr+q)" " (pFF + q(F — 1)). -

Let s¢(n,p,q) denote the joint distribution over S, ; for the number of down
and left steps, that is,

se(n,p.q) = Y p* g
PeS, e

It is clear that Fy = > - se(n,p,q)x™. From the Lagrange inversion theorem (see
for instance [13]), we give a combinatorial expression for the sequence s;(n,p, q).
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Theorem 2.2. Forn > 1, the sequence s¢(n,p,q) is given by

1 znjzj: n\(J n(¢—1) P22 (2 4 gV (p o ) (DRI RA
n 4 i J\k)\n—2j+k—1 '

se(n) == s4(n,1,1) = Tllzn: zj: <n> (.;) (n nQ(j J—r ]137 1) ghon(€—2)+2j—k+1_

Proof. The functional equation given in Theorem 2.1 can be written as

Qe =x(p(Qe+1) +q) ' (p(Qe +1)> + qQu),

where QQy = Fy — 1. From the Lagrange inversion theorem, we deduce

(2" = 1" 0z + 1) + @)V (plz + 1) + g2)"
1

=—[z"") ((E ) Un) (P2)’(p+ V" (P + (2p+ 1)z +p)"

n S
$>0

w

1, .o (L—1)n )
— ( ) b bpTq

For example, Figure 4 shows all 2-Fuss-skew paths of semilength 2 counted by
the term s¢(2,p, q) = 3p* + 6p°q + 4p°¢* + pg®.
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p P’q

p’q P’q P’ ¢ ¢
pg® p’q p’q ¢ P’q

Figure 4. 2-Fuss-skew paths counted by s¢(2,p, q).

From Theorem 2.2, we obtain that the total number of down-steps over the
£-Fuss-skew paths of semilength n is given by

85((77/7]7, 1)
ap p=1
n J . -1 )
B B PN
nj:ozczo J jAn=2j+ k=1

Moreover, the total number of left-steps over the ¢-Fuss-skew paths of semilength

n is

asf(nv 1, Q)
dq

q=1

1 G (0 (i n(f—1) (6=2)n+2j—kok—1 ,
- ) )2 35-1(3n(0 — 2) — k + 65 + 3).
=0 k=0

Equation (2.1) can be explicitly solved for £ = 1. In this case, we obtain the
generating function

Fi(a.p.q) = = v _2(;3;)(1 —(p+9)7)

Moreover, the generating functions for the total number of down-steps (A026388)
and left steps (A026376) over the skew-Dyck paths are respectively

1—4x + 322 — V1 — 62 + 522(1 — o)
2xv/1 — 6x + 522
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and
1—-3z—+v1—6z+ 5x?
2V1— 6z +52%
Notice that we recover some of the results of [5].

Finally, Table 1 shows the first few values of the total number of ¢-Fuss-skew
paths of semilength n.

Table 1. Values of s¢(n,1,1) for 1 <£<5 n=1,...,7.

An |1 2 3 4 5 6 7

(=111 3 10 36 137 543 2219
(=212 14 118 1114 11306 120534 1331374
(=3 |4 64 1296 29888 745856 19614464 535394560
(=48 288 13568 734720 43202560 2681634816 172936069120

2.1. The width of a path

For a given path P € Sy, we define the width of P, denoted by v(P), as the z-
coordinate of the last point of P. For example, the width of the path given in
Figure 1 is 20. We define the generating function

Gi(x,y) = Gp= Y _ a"Ply®),
PeS,

Note that each Uy, and D step of a path increases the width by ¢ units and 1 unit,
respectively, while the left-step L decreases the width by 1 unit. Therefore, we
have the functional equation

Ge=1+ay" (yGe+y ") (yG; +y (G — 1))
=1+z(y*Ge+ 1) "1y GE + (Ge — 1)). (2.3)

Let g;(n,y) denote the distribution over S,, ; for the width parameter, i.e.,

ge(n,y) = g™

PeS, ¢

From the functional equation (2.3) and the Lagrange inversion theorem, we obtain
the following theorem.

Theorem 2.3. Forn > 1, the sequence ge(n,y) is given by

1 zn: ZJ: n\ [ n(f—1) A=) =2 (2 | )rE=DF2 k4 (902 | 1)k
- J)\k)J\n—2j+k-1 |

7=0 k=0
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For example, ¢2(2,y) = y? + 4y* + 6¢y° + 3y8. This polynomial can be found
from the paths in Figure 4. For £ = 1, we obtain the explicit generating function
with respect to the width of a skew Dyck path.

1—z— /(1 —2)(1—z—4xy?)
2112 '

Gi(x,y) =

3. Number of peaks

For a given path P € Sy, we define the peaks of P, denoted by p(P), as the number
of subpaths of the form U,D (for counting peaks in a Dyck path, for example, see
[9, 11]). For example, the number of peaks of the path given in Figure 1 is 5. We
define the generating function

P( — PZ Z .TU(P)
PESy

Theorem 3.1. The generating function Py(x,y) satisfies the functional equation
Pr=1+2(P+ 1) (P —1+y)P + (P —1)).

Proof. Let C; denote the generating function defined by C; = 3 5. A, (P yr(P)
From the decomposition given for the ¢-Fuss-skew paths, we have the equation
P, =1+ x(C1 P, + C1). Moreover,

Ci=Ciy1Pr+Ciyq, fori=1,...,0—2 and
Coor = (P —1+y)Pr+ (P —1).
From these relations, we obtain the desired result. O

Let ps(n,y) denote the distribution over S,, for the peaks statistic, i.e.,
v = > vy
PcS,
From the Lagrange inversion theorem, we deduce the following result.

Theorem 3.2. Forn > 1, we have

SEE (L et

7=0 k=0

In particular, the total number of peaks in all £-Fuss-skew paths of semilength n is

Ope(n,y)
dy

y=1

2 ()R (il e n

7=0 k=

3\>—‘
o
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For example, ps(2,y) = 8y +6y>. This polynomial can be found from the paths
in Figure 4. For ¢ = 1 we obtain the generating function

1—xy—\/(1—xy)2—4(1—m)x'

Pl(x7y): 2

Moreover, the generating function for the total number of peaks is

1—z—+v1—6z+ 522
21— 6z + 522

Table 2 shows the first few values of the number of peaks in /-Fuss-skew paths of
semilength n.

Table 2. Total number of peaks in Sy.

\n |1 2 3 4 5 6 7

(=111 4 17 75 339 1558 7247
(=212 20 226 2696 33138 415164 5270850
(=3 |4 96 2672 78348 2400896 74568704 2347934464
(=48 448 29440 2054144 147986432 10878189568 810813030400

4. Number of corners

For a given path P € Sy, we define a corner of P as a right angle caused by two
consecutive steps in the graph of P. For example, the path given in Figure 5 has
4 corners, depicted in red. This statistic has been studied in other combinatorial
structures as integer partitions [3], compositions [10], and bargraphs [12].

Figure 5. Corners of a path.

Let 7(P) denote the number of corners of P. We define the bivariate generating
function

Wiz, y) = We =Y _ a"Fly7"),
PeSy

In this section, we analyze the cases £ = 1 and £ = 2. We leave as an open question
the case ¢ > 3.
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Theorem 4.1. The generating function Wi(x,y) satisfies the functional equation
zy(1+y)WP — (222 —-y*)WE+3(1—2)Wi +2—1=0.

Proof. Let D and L denote the skew Dyck paths whose last step is a down-step
or a left-step, respectively. Let D and L denote the generating functions defined

by
D= Z 2Py P and L= Z 2Pl ym(P),
PeD PeL

A non-empty skew Dyck path can be uniquely decomposed as either UT;L or
UT,DTs5, where T1,T5, and T3 are lattice paths in S; with 77 non-empty. In the
first case, 11 has two options: the last step is a down-step or a left step, see Figure 6.
Then, this case contributes to the generating function the term z(yD + L).

SN

Figure 6. Decomposition of a skew Dyck path.

On the other hand, T, can be an empty path or a path in D or L. If T3 is empty,
then this case contributes to the generating function the term z(y + D + Ly). On
the other hand, if the path T3 is non-empty, then this case contributes to the
generating function the term z(y + D + yL)y(W; — 1), see Figure 7. Summarizing
these cases, we obtain the functional equation

Wiy =14+2yD+L)+z(y+D+yL) (1 +y(W: —1)).
From a similar argument, we obtain the equations

D=z(y+D+yL)(1+yD) and L=z(yD+L)+z(y+D+yL)(yL).

A\

AN

Figure 7. Decomposition of a skew Dyck path.
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Using the Grobner basis on the polynomial equations for Wi, D, and L, we
obtain the desired result. O

We can use a symbolic software computation to obtain the first few terms of
the formal power series of Wi (x,y) as follows:

Wi(z,y) =1+ay+2*(y+y° +9°) +2°(y + 20> + 49° + 24" +¢°)
+aty+3y2 +9y° + 9y +10y° + 35 +y") + - .
From the equation given in Theorem 4.1, we obtain
3253(x) + 625%(x) K (v) — 225%(z) — 2(2 — 2)S(2) K (z) + 3(1 — x) K (2) = 0,

where K (x) is the generating function for the total number of corners in skew
Dyck paths and S(z) = (1 — z — /1 — 6z + 522)/(2z) is the generating function
for the number of the skew Dyck paths. Solving the above equation, we obtain the

generating function
21 —z)(3+z)x

K(z) =
(=) (1 —-2)(3—=2x)(1 —5z)+ (3 — 11z + 422)V1 — 62 + Sa?
=2 + 622 + 3023 + 1452* + 6952° + 332728 + 1594527 + - - - .

Theorem 4.2. The generating function Wa(x,y) satisfies the functional equation
ey (1 + )" W —ay’(1+y) (1 — (1 + 6y +y° — 3y")) W3
+ay(—4 — Ty + 3y° + z(1 + y)° (4 + 9y — 11y° — 65° + 3y*)) W
+(4-20(1+y)*(4 - Ty +y7) —2®(L+y)* (4 + 2y + 21y” — 8y° —5y" + ")) W5
+ (=12 =21+ y)° (8 + 4y — 18y” + 4y + y*) — 22(—10 — 9y + 6y° + 6y° + y*)) W3
+ (124 21+ )’ B+ 4y — Ty° +y°) + 2(—17 — 16y + 2y + 4y° + 3y*))W>
+(—A+22(1+y)*(-1—y+y*) +2(B+4y —y") =0.

Proof. Let Dy and L5 denote the 2-Fuss-skew paths whose last step is a down-step
or a left-step, respectively. Let Ds and Lo denote the generating functions defined

b
’ Dy = Z 2Py P and Ly = Z P ym(P),
PeD: PeLls
From a similar argument as in the proof of Theorem 4.1, we obtain the system of
polynomial equations

Wa =1+ 2((y +yD2 + L2)(1 + y*Da + yLo)(1 + y(Wa — 1)) + (D2 + yLs)
+ (D2 + yLa)y(1 + y(Wa — 1)) + (y + yD2 + La)(y + yDs + 4 Lo)),

Dy = 2((y +yDa + L2)(1 + y*Da + yLa)yD2 + (D2 + yLa) + (D2 + yL2)y(yDo)
+(y+yD2 + La)(y +yDs +y°Lo)),

Ly = 2((y + yDa + Lo)(1 4+ y* Do 4 yLy) (1 + yLo) + (Do + yLa)y(1 + yLo)).

By using the Grobner basis, we obtain the desired result. O
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Expanding with Mathematica the functional equation for Wy, we find

Wa(a,y) =1+ (y +y°)e + (y +3y° +59° + 4y" +y°)2”
+ (y + 5y° + 16y° + 27y* + 33y° + 25y° + 99" + 2¢%)a® + - -

Moreover, the first few terms of the total number of corners in S, are
344322 +56123+720921 +927032° + 119715125 41553291727 +20242837325 +- - - .

From Figure 4 one can verify that there are 43 corners over all paths in Sy 5.

5. Other generalization

Let H denote the skew Dyck paths where left steps are below the line y = ¢. In
particular, Hy are the Dyck path and H,, are the skew Dyck path. We define the
generating function

Hy(z,p,q) = Y a"PpiPgH®),
PcH,

For simplicity, we use Hy to denote the generating function Hy(z,p, q).

Theorem 5.1. For £ > 1, we have

H, = 1+qx(Hg,1 —1)+pr5,1H5, (5.1)
with the initial value Hy = 1=—1=1p w.

Proof. A non-empty skew Dyck path in H, can be decomposed as UTiL or
UT,DTs, where T1,T5 € Hy_, with 77 a non-empty path, and 75 € H,. From
this decomposition follows the functional equation. O

Recall that the mth Chebyshev polynomial of the second kind satisfies the
recurrence relation Uy, (t) = 2tUy,—1(t) — Upm—2(t) with Up(t) = 1 and Uy (t) = 2t.
Thus by induction on £ and Theorem 5.1, we obtain the following result.

Theorem 5.2. Let t = ——F9%  gpd r = Va(p+q—pgzx). The generating
24/ z(p+q—pgz)

function Hy is given by

(qzU,—1(t) — rUn—2(t))C(px) + (1 — qz)Up_1(¥)
Un-1(t) = rUp—2(t) — pxUps—1(¢)C(pz) ’

where Uy, is the mth Chebyshev polynomial of the second kind and C(z) = 1=1=42

2x
1

the generating function for the Catalan numbers TH(Q:)
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The generating functions for the total number of skew Dyck path in H, for
£=1,2,3 are

—2x —+/1-4
Hl(I7171):3 - xa

14++v1 -4z

1422 — 222 — (1 —22)/1 — 4z
H2(£7171): )

l-z—-21-2)z+(1+z)vV1—4x

1-— 2422+ (1 —322)y/1—4
Ho(r,1,1) = 3+ Tz x° + (1 4+ — 3z°)y/ x

1—4dx+ 223 + (14 222)V/1 — 4z
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