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In this paper Reddy’s third-order shear deformable plate theory is applied to asymmetrically delaminated
orthotropic composite plates under antiplane–inplane shear fracture mode. A double-plate system is uti-
lized to capture the mechanical behavior of the uncracked plate portion. An assumed displacement field
is used and modified in order to satisfy the traction-free conditions at the top and bottom plate bound-
aries. Moreover, the system of exact kinematic conditions was also implemented into the novel plate
model. An important improvement of this work compared to previous papers is the continuity condition
of the shear strains at the interface of the double-plate system. Applying these conditions it is shown that
the nineteen parameters of the third-order displacement field can be reduced to nine. Using the simpli-
fied displacement field the governing equations are derived, as well. The solution of a simply-supported
delaminated plate is presented using the state-space model and the displacement, strain and stress fields
are determined, respectively. The energy release rate and mode mixity distributions are calculated using
the 3D J-integral. The analytical results are compared to those by finite element computations and it is
concluded that the present model is the most accurate one among the previous plate theory-based
approaches.

� 2014 Elsevier Ltd. All rights reserved.
1. Introduction

Laminated composite materials have a very wide range of appli-
cation, beginning with car and bodywork construction, sport
industry, prosthetic devices, airplanes and continuing with wind
turbines, ships, pressure vessels, etc. (see e.g: Giannis et al.,
2008; Chirica et al., 2011; Chirica, 2013). In all of these applications
the small weight/high stiffness property is utilized. Unfortunately
laminated materials are susceptible to delamination fracture
(Andrews et al., 2009; Zhou et al., 2013; Kiani et al., 2013;
Marat-Mendes and Freitas, 2013), e.g. as a result of low velocity
impact and free edge effect. The resistance to delamination is char-
acterized by experimental tests under different fracture modes.
The main parameters of linear elastic fracture mechanics (LEFM)
are the stress intensity factor (SIF) (Hills et al., 1996;
Cherepanov, 1997; Anderson, 2005) and energy release rate
(ERR) (Adams et al., 2000; Anderson, 2005), respectively. The frac-
ture tests are carried out on different type of delamination speci-
mens including mode-I (Hamed et al., 2006; Sorensen et al.,
2007; Islam and Kapania, 2011; Kim et al., 2011; Peng et al.,
2011; Romhany and Szebenyi, 2012; Jumel et al., 2011a; Salem
et al., 2013), mode-II (Kutnar et al., 2008; Arrese et al., 2010;
Argüelles et al., 2011; Rizov and Mladensky, 2012; Mladensky
and Rizov, 2013b; Jumel et al., 2013; Budzik et al., 2013), mixed-
mode I/II (Szekrényes, 2007b; Nikbakht and Choupani, 2008;
Yoshihara and Satoh, 2009; Bennati et al., 2009; Kenane et al.,
2010; Jumel et al., 2011b; da Silva et al., 2011; Fernández et al.,
2013; Bennati et al., 2013a; Bennati et al., 2013b), mode-III
(Rizov et al., 2006; Szekrényes, 2009a; de Moura et al., 2009;
Marat-Mendes and Freitas, 2009; de Morais and Pereira, 2009; de
Morais et al., 2011; Pereira et al., 2011; Suemasu and Tanikado,
2012; Johnston et al., 2012; Mehrabadi and Khosravan, 2013),
mixed-mode I/III (Szekrényes, 2009b; Pereira and de Morais,
2009) mixed-mode II/III (Szekrényes, 2007a; de Morais and
Pereira, 2008; Suemasu et al., 2010; Ho and Tay, 2011; Kondo
et al., 2010, 2011; Nikbakht et al., 2010; Szekrényes, 2012a;
Suemasu and Tanikado, 2012; Miura et al., 2012; Mehrabadi,
2013; Mladensky and Rizov, 2013a) and mixed-mode I/II/III
(Davidson et al., 2010; Szekrényes, 2011; Davidson and Sediles,
2011) tests, respectively. In the former works beam and plate spec-
imens are applied. While for beams the closed-form solutions are
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available, for plates similar solutions exist only for some rela-
tively simple systems (Lee and Tu, 1993; Saeedi et al., 2012a;
Saeedi et al., 2012b). This paper puts emphasis essentially on
the application of plate theories in fracture mechanics under
mixed-mode II/III condition. In this respect the classical lami-
nated plate theory (CLPT) (Reddy, 2004; Kollár and Springer,
2003; Kumar and Lal, 2012), first-order (FSDT) (Reddy, 2004;
Yu, 2005; Kharazi et al., 2010; Thai and Choi, 2013), second-order
(SSDT) (Shahrjerdi et al., 2010, 2011), general third-order (TSDT)
and Reddy’s third-order shear deformable theories are available
(Reddy, 2004). These are the so-called equivalent single-layer
theories (ESL). An important aspect of these approaches is that
plane stress condition is assumed, therefore the transverse nor-
mal stress rz does not appear in the equations. The literature also
offers the 3D elasticity solution and the layerwise or multilayer
approaches (Reddy, 2004; Saeedi et al., 2012a,b; Batista, 2012;
Ferreira et al., 2011; Massabò and Campi, 2013) (3D solutions).
It has to be mentioned that there are some mixed analytical/
numerical methods for the calculation of ERR in 3D structures
(Sankar and Sonik, 1995; Davidson et al., 2000), as well. Concen-
trating on the pure analytical formulation of the problem of del-
aminated plates the precedents of the current work are the
following:

� extension of the elastic interface model (e.g. Luo and Tong,
2009) for isotropic and orthotropic plates with midplane delam-
ination (Szekrényes, 2012b, 2013b)
� application of classical, first-, second- and third-order plate the-

ories to symmetrically delaminated orthotropic plates using
interface constraints (Szekrényes, 2013a,c, in press)
� a refined model utilizing Reddy’s third-order shear deformable

plate theory for midplane delaminated orthotropic plates
(Szekrényes, 2014b)
� introduction of the system of exact kinematic conditions (SEKC)

for first-order (Szekrényes, 2013d) and second-order plates
with asymmetric delamination

Based on these works it was shown that for plates with sym-
metric lay-up and midplane delamination the minimum require-
ment is the application of FSDT (Szekrényes, 2013a). Although
the second- and third-order theories (Szekrényes, 2013c, in
press, 2014b) provide some improvement, their main advantage
can be exploited essentially if the delamination is not in the
midplane of the plate. The latter case generates a complex strain
and stress state around the delamination tip: the higher the
order of the displacement field is, the higher the accuracy of
the approach is. As a continuation of the previous researches,
in this paper Reddy’s third-order theory is extended to orthotro-
pic plates with asymmetric interfacial delamination. The analysis
is based on the SEKC requirements, which are complemented
with the continuity of shear strains at the interface plane of
the top and bottom layers of the double-plate model. Fig. 1
shows the main aspects of the problems investigated in this
paper. The laminated plate contains a through-width delamina-
tion, which is parallel to the X–Y plane of the global coordinate
system and in each case the direction of crack propagation is the
global X axis. Four cases are presented in Fig. 1 including two
different lay-ups. The governing equations are derived for asym-
metrically delaminated plates and as an example a simply-sup-
ported plate is analyzed using the state-space formulation. The
displacement and stress fields are determined and the distribu-
tion of the ERR along the delamination front is calculated by
the 3D J-integral (e.g. Shivakumar and Raju, 1992; Mladensky
and Rizov, 2013b) It is shown that the present approach is rea-
sonable to obtain accurate results for asymmetrically delaminat-
ed plates.
2. The system of exact kinematic conditions

Let us assume a composite plate consisting of orthotropic plies,
the plate contains an interfacial delamination between any plies as
it is shown by Fig. 2. The local through-thickness coordinates are:
zðtÞ 2 ð�tt=2; tt=2Þ; zðbÞ 2 ð�tb=2; tb=2Þ, where tt and tb are the thick-
nesses of the top and bottom layers. The global coordinates are
denoted by X; Y and Z. The delamination divides the plate into a
top and a bottom plate element, each is modeled by ESLs. In the
delaminated portion (see Fig. 2(b)) the displacement field is dis-
continuous in the plane of the delamination, the top and bottom
layers of the delaminated part can be modeled by traditional plate
theories. In contrast the displacement field is continuous in the
undelaminated region. Therefore, in this section the kinematic con-
tinuity conditions between the top and bottom layers of the undel-
aminated plate portion are formulated. In fact, the problem can be
solved by any plate theory. Whichever theory is used the assumed
displacement field of the undelaminated plate portion has to sat-
isfy certain kinematic conditions. First, the components of the dis-
placement vector are continuous across the interface plane. The
requirements are:

ðut;v t ;wtÞjzðtÞ¼�zt
R
¼ ðub; vb;wbÞjzðbÞ¼tb�zb

R
ð1Þ

where u; v and w are the components of the displacement vector,
moreover zb

R and zt
R are the positions of the reference planes of the

top and bottom plates, respectively. Second, we choose a global ref-
erence plane given by zR (see Fig. 2) in the uncracked region (simi-
larly to plates without discontinuities, Reddy, 2004). Depending on
the thicknesses of top and bottom plates this condition involves two
cases:

zR

6 tb : ubjzðbÞ¼zR�zb
R
� u0 ¼ 0; vbjzðbÞ¼zR�zb

R
� v0 ¼ 0

P tb : ut jzðtÞ¼�ðzt
R
�zRþtbÞ � u0 ¼ 0; v tjzðtÞ¼�ðzt

R
�zRþtbÞ � v0 ¼ 0

(

ð2Þ

where zR is the position of the reference plane in the uncracked por-
tion, u0; v0 are the global constant in-plane displacements of the
uncracked region because of the bending-stretching coupling. As
it is shown by Fig. 2, the latter are the same for the top and bottom
plates. For first- and second-order plates the conditions above are
sufficient to develop a relatively accurate displacement field
(Szekrényes, 2013d). However, for third-order plates even the
transverse shear strains have to be continuous across the interface
plane, involving the following conditions:

ðcxzt; cyztÞ
���
zðtÞ¼�zt

R

¼ ðcxzb; cyzbÞ
���
zðbÞ¼tb�zb

R

ð3Þ

Eqs. (1)–(3) are called the system of exact kinematic conditions
(SEKC). As it is shown, there are seven conditions formulated. Since
the neutral plane of laminated plates can be determined only in
some particular cases (Nettles, 1991), it is convenient to choose
the midplane of the plate to be the reference plane (Reddy, 2004,
p. 113, Jones, 1999, p. 197). In this case Eqs. (1)–(3) reduce to:

ðut;v t ;wtÞjzðtÞ¼�tt
2
¼ ðub; vb;wbÞjzðbÞ¼tb

2
ð4Þ
tt þ tb

2

6 tb : ubjzðbÞ¼tt
2
� u0 ¼ 0; vbjzðbÞ¼tt

2
� v0 ¼ 0

P tb : ut jzðtÞ¼�tb
2
� u0 ¼ 0; v tjzðtÞ¼�tb

2
� v0 ¼ 0

(
ð5Þ
ðcxzt; cyztÞ
���
zðtÞ¼�tt

2

¼ ðcxzb; cyzbÞ
���

zðbÞ¼tb
2

ð6Þ

In the sequel, the application of the SEKC to third-order Reddy
plates is presented.



Fig. 1. Plate elements with orthotropic plies and the position of the delamination over the thickness of the plate.

Fig. 2. Cross sections and deformation of the top and bottom plate elements of a delaminated plate in the Y–Z (a) and X–Z (b) planes.
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3. Extension of Reddy’s third-order theory to delaminated
plates

In this section we develop the displacement field and the gov-
erning equations of the uncracked plate portion, the delaminated
part can be modeled by the traditional TSDT by Reddy (Reddy,
2004, p. 671). The inplane displacements in the undelaminated
portion of general third-order plates can be written as:

udðx; y; zðdÞÞ ¼ u0ðx; yÞ þ u0dðx; yÞ þ hxdðx; yÞ � zðdÞ þ /xdðx; yÞ

� zðdÞ
� �2 þ kxdðx; yÞ � zðdÞ

� �3 ð7Þ

vdðx; y; zðdÞÞ ¼ v0ðx; yÞ þ v0dðx; yÞ þ hydðx; yÞ � zðdÞ þ /ydðx; yÞ

� zðdÞ
� �2 þ kydðx; yÞ � zðdÞ

� �3 ð8Þ

where d takes t for the top and b for the bottom plate, respectively
(refer to Fig. 2), furthermore zðdÞ is the local coordinate, u0 and v0 are
the global (through-thickness) constant parts of the displacement
functions, u0d and v0d are the local constant parts (refer to u0t ; u0b

and v0t ; v0b in Fig. 2), hxd and hyd are the rotations about the x
and y axes, /xd and /yd are the parameters of the second-order, kxd

and kyd are the parameters of the third-order terms, respectively.
It should be highlighted that the local constant components (or
membrane components, u0t and u0b or v0t and v0b in Fig. 2) are dif-
ferent in magnitude for the top and bottom plates. These are very
important to satisfy the SEKC requirements. Based on the intersec-
tion points between the local reference planes with the curve of the
through-thickness displacement distribution in Fig. 2(b) it can be
seen that u0t and u0b should be different in magnitude (geometric
consideration). The magnitude of the u0t and u0b (and v0t ; v0b)
parameters would be the same only for a plate with symmetric
lay-up and midplane delamination (Szekrényes, 2014b). It is
assumed (see Eq. (1)) that the wðx; yÞ deflections of the top and
bottom plates are the same, and so, we have nineteen parameters
altogether. Utilizing Eqs. (4)–(6) and the first case in Eq. (5),
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moreover taking the midplanes of the top and bottom plates to be
the reference planes and finally using the

ðcxzt; cyztÞ
���

zðtÞ¼tt
2

¼ ðcxzb; cyzbÞ
���

zðbÞ¼�tb
2

¼ 0 ð9Þ

conditions to ensure traction-free top and bottom surfaces (Reddy,
2004, p. 673) it is possible to eliminate ten from the nineteen
parameters. However, we can not choose arbitrarily that which
ones of the displacement parameters are eliminated. The higher-
order stress resultant denoted by P (see later) plays an important
role in Reddy’s theory (Reddy, 2004, p. 704), therefore the corre-
sponding parameters denoted by k in Eqs. (7) and (8) must be
untouched. On the other hand it is seen that the higher-order stress
resultant denoted by L (Szekrényes, 2013c) is eliminated from Red-
dy’s plate theory. Therefore, the corresponding two quadratic
parameters, given by / can be eliminated. The next two parameters
eliminated from Eqs. (7) and (8) are u0d and v0d. Finally, the rota-
tions of the top plate are also eliminated. Consequently, the remain-
ing parameters are: u0; v0; hxb; hyb; kxt; kyt ; kxb; kyb and the
deflection w, respectively. Based on these concepts and Eqs. (4)–
(8) the displacement fields of the uncracked portion becomes:

utf g ¼ u0f g þ u0tf g þ u1tf g � zðtÞ þ u2tf g � zðtÞ
� �2 þ u3tf g � zðtÞ

� �3

ð10Þ

ubf g ¼ u0f g þ u0bf g þ u1bf g � zðbÞ þ u2bf g � zðbÞ
� �2 þ u3bf g � zðbÞ

� �3

ð11Þ

where futgT ¼ fut v tg; fu1tgT ¼ fu1t v1tg, etc. Furthermore:

u0f g ¼
u0

v0

( )
; u0tf g ¼ Dt
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( )
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( )
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;
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( )
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( )
þXt

@w
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@y

8<
:
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and:

u0bf g ¼ Db
hxb

hyb

� �
þ Cb

kxb

kyb

� �
þKb

@w
@x
@w
@y

( )
; u1bf g ¼
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� �
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� �
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@w
@x
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@y

( )
; u3bf g ¼

kxb
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� �

ð13Þ

where: Dt ¼ 1
4tb
ð3t2

b þ tttb � t2
t Þ, Ut ¼ � 1

4 t3
t , Ct ¼ 1

16 ð2tt þ tbÞð5t2
b �

tttb � t2
t Þ, Kt ¼ 1

4tb
ðt2

b þ tttb � t2
t Þ, Pt ¼ � 3

4 t2
t , Rt ¼ 3

4 t2
b , Xt ¼ � 1

tt
,

Wt ¼ �
3t2

b
4tt

, Db ¼ � tt
4tb
ð2tb þ ttÞ, Cb ¼ �

t2
t

16 ð3tb þ 2ttÞ, Kb ¼ �
t2
t

4tb
,

Xb ¼ 1
tb

, Wb ¼ 3
4 tb.

It must be highlighted again that the SEKC requirements are
essentially related to the uncracked portion of the plate. The
parameters that were eliminated in Eqs. (10) and (11)
(u0t ; v0t ; u0b; v0b; /xt ; /yt; /xb; /yb; hxt and hyt) became the func-
tions of the remaining parameters (hxb; hyb; kxt; kyt ; kxb; kyb and w)
in accordance with the second, third and fourth expressions in Eq.
(12), moreover in accordance with the first and third expressions in
Eq. (13). It is important that u0 are v0 are also remaining (indepen-
dent) parameters.

The strain field is obtained by using the basic equations of linear
elasticity (Chou and Pagano, 1967):
ex
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where the terms with superscript ‘‘0’’ are the constant strains:
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The first-, second- and third-order strains are defined as:
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Finally the shear strains are given by the following equations:
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The relationship among the stress resultants and the strain field
parameters of third-order plates is (Reddy, 2004):
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Moreover: fNgT
ðdÞ ¼ fNx Ny Nxy gðdÞ is the vector of in-plane

forces, fMgT
ðdÞ ¼ fMx My Mxy gðdÞ is the vector of bending and twist-

ing moments, fQgT
ðdÞ ¼ fQx Qy gðdÞ is the vector of transverse shear

forces, and finally fLgT
ðdÞ ¼ f Lx Ly Lxy gðdÞ, fPg

T
ðdÞ ¼ f Px Py Pxy gðdÞ

and fRgT
ðdÞ ¼ fRx Ry gðdÞ, fSg

T
ðdÞ ¼ f Sx Sy gðdÞ are the vectors

of higher-order stress resultants. The stress resultants are
defined as:

Nab

Mab

Lab

Pab

8>>><
>>>:

9>>>=
>>>;
ðdÞ

¼
Ztd=2

�td=2

rab

1
z
z2

z3

8>>><
>>>:

9>>>=
>>>;

ðdÞ

dzðdÞ

Qa

Ra

Sa

8><
>:

9>=
>;
ðdÞ

¼
Ztd=2

�td=2

raz

1
z

z2

8><
>:

9>=
>;
ðdÞ

dzðdÞ

ð29Þ

where the symbols a and b take x or y. The extensional, coupling,
bending and higher-order stiffnesses can be defined as (Reddy,
2004):

Aij;Bij;Dij; Eij; Fij;Gij;Hij
	 


ðdÞ ¼
XNl

k¼1

Z zkþ1

zk

CðkÞij ð1; z; z
2; z3; z4; z5; z6ÞðdÞdzðdÞ

ð30Þ

The stiffnesses above are calculated with respect to the local
reference planes of the top and bottom plates (refer to Fig. 2).
The application of the principle of virtual work (Reddy, 2004,
p. 674) makes it possible to obtain the Euler–Lagrange equations
(equilibrium equations) in the following forms:

@Nxt

@x
þ @Nxyt

@y
þ @Nxb

@x
þ @Nxyb

@y
¼ 0 ð31Þ

@Nxyt

@x
þ @Nyt

@y
þ @Nxyb

@x
þ @Nyb

@y
¼ 0 ð32Þ

@Pxt

@x
þ @Pxyt

@y
þUt

@Nxt

@x
þ @Nxyt

@y

� �
þUb

@Nxb

@x
þ @Nxyb

@y

� �

þPt
@Mxt

@x
þ @Mxyt

@y

� �
�PtQxt � 3Sxt ¼ 0 ð33Þ
@Pxyt

@x
þ @Pyt

@y
þUt

@Nxyt

@x
þ @Nyt

@y

� �
þUb

@Nxyb

@x
þ @Nyb

@y

� �

þPt
@Mxyt

@x
þ @Myt

@y

� �
�PtQ yt � 3Syt ¼ 0 ð34Þ

@M̂xt

@x
þ @M̂xyt

@y
� Q̂ xt þ

@M̂xb

@x
þ @M̂xyb

@y
� Q̂ xb ¼ 0 ð35Þ

@M̂yt

@y
þ @M̂xyt

@x
� Q̂ yt þ

@M̂yb

@y
þ @M̂xyb

@x
� Q̂ yb ¼ 0 ð36Þ

@Pxb

@x
þ @Pxyb

@y
þ Cb

@Nxb

@x
þ @Nxyb

@y

� �
þWb

@Lxb

@x
þ @Lxyb

@y

� �

þRt
@Mxt

@x
þ @Mxyt

@y

� �
þ Ct

@Nxt

@x
þ @Nxyt

@y

� �
þWt

@Lxt

@x
þ @Lxyt

@y

� �

�WbRxb � 3Sxb � RtQ xt � 2WtRxt ¼ 0 ð37Þ

@Pxyb

@x
þ @Pyb

@y
þ Cb

@Nxyb

@x
þ @Nyb

@y

� �
þWb

@Lxyb

@x
þ @Lyb

@y

� �

þRt
@Mxyt

@x
þ @Myt

@y

� �
þ Ct

@Nxyt

@x
þ @Nyt

@y

� �
þWt

@Lxyt

@x
þ @Lyt

@y

� �

�WbRyb � 3Syb � RtQ yt � 2WtRyt ¼ 0 ð38Þ

@Q̂ xt

@x
þ @Q̂yt

@y
þ @Q̂xb

@x
þ @Q̂yb

@y
þ q ¼ 0 ð39Þ

where the equivalent stress resultants are denoted by the hat. The
equivalent bending and twisting moments are:

M̂x

M̂y

M̂xy

8><
>:

9>=
>;
ðdÞ

¼
Mx

My

Mxy

8><
>:

9>=
>;
ðdÞ

þ ðDd �KdÞ
Nx

Ny

Nxy

8><
>:

9>=
>;
ðdÞ

ð40Þ

Moreover, the equivalent shear forces become:

Q̂xd ¼ Qxd þ 2XdRxd �Kd
@Nxd

@x
þ @Nxyd

@y

� �
�Xd

@Lxd

@x
þ @Lxyd

@y

� �
ð41Þ

Q̂yd ¼ Qyd þ 2XdRyd �Kd
@Nxyd

@x
þ @Nyd

@y

� �
�Xd

@Lxyd

@x
þ @Lyd

@y

� �
ð42Þ

As it can be seen there is significant coupling among the stress
resultants. Taking Eqs. (26) and (27) back into (31)–(39) we obtain
the governing PDE system in terms of the displacement
parameters:

MT
1U1 ¼ 0; MT

2U2 ¼ 0

MiUi ¼ 0; i ¼ 3;4; MT
5U5 þ q ¼ 0

ð43Þ

where q ¼ qðx; yÞ is the function of external load, moreover:

M1 ¼ a1 � � � a14ð ÞT ; M2 ¼ b1 � � � b14ð ÞT

M3 ¼
c1 . . . c18

e1 � � � e18

g1 � � � g18

0
B@

1
CA; M4 ¼

d1 . . . d18

f1 � � � f18

h1 � � � h18

0
B@

1
CA

M5 ¼ j1 � � � j27ð ÞT

ð44Þ

where the constants denoted by a–h and j are given in Appendix A.
The vectors Ui; i ¼ 1;2;3;4 and 5 are defined as:
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U1 ¼ @2u0
@x2

@2u0
@y2

@2v0
@x@y

@2hxb
@x2

@2hxb
@y2

@2hyb

@x@y
@2kxt
@x2

@2kxt
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@2kyt

@x@y
@2kxb
@x2

@2kxb
@y2

@2kyb

@x@y
@3w
@x3

@3w
@x@y2

h iT
ð45Þ

U2 ¼ @2u0
@x@y

@2v0
@x2

@2v0
@y2

@2hxb
@x@y

@2hyb

@x2
@2hyb

@y2
@2kxt
@x@y

@2kyt

@x2
@2kyt

@y2
@2kxb
@x@y

@2kyb

@x2
@2kyb

@y2
@3w
@x2@y

@3w
@y3

n oT
ð46Þ

U3 ¼ @2u0
@x2

@2u0
@y2

@2v0
@x@y hxb

@2hxb
@x2

@2hxb
@y2

@2hyb

@x@y kxt
@2kxt
@x2

@2kxt
@y2

@2kyt
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@x2
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@y2
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@3w
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n oT
ð47Þ

U4 ¼ @2u0
@x@y

@2v0
@x2

@2v0
@y2

@2hxb
@x@y hyb

@2hyb

@x2
@2hyb

@y2
@2kxt
@x@y kyt

@2kyt

@x2
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@x@y kyb

@2kyb

@x2
@2kyb

@y2
@3w
@x2@y

@3w
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n oT
ð48Þ

U5 ¼ @3u0
@x3

@2u0
@x@y2

@2v0
@x2@y

@2v0
@y3

@hxb
@x

@3hxb
@x3

@3hxb
@x@y2

@hyb

@y
@3hyb

@x2@y
@3hyb

@y3
@kxt
@x

@3kxt
@x3

@3kxt
@x@y2

@kyt

@y
@3kyt

@x2@y
@3kyt

@y3
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@x

@3kxb
@x3

@3kxb
@x@y2
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@y
@3kyb

@x2@y
@3kyb

@y3
@2w
@x2

@4w
@x4

@4w
@x2@y2

@2w
@y2

@4w
@y4

n oT

ð49Þ
4. Bending solution for a simply-supported plate

This section presents the solution for a simply-supported dela-
minated orthotropic plate depicted in Fig. 3 subject to a point force.
In accordance with Lévy plate formulation (e.g: Reddy, 2004; Thai
and Kim, 2012) the displacement parameters are approximated by
trial functions:
hxðx; yÞ
hyðx; yÞ
kxðx; yÞ
kyðx; yÞ

8>>><
>>>:

9>>>=
>>>;
¼
X1
n¼1

Xnðx; yÞ sin by

Ynðx; yÞ cos by

Zxnðx; yÞ sin by

Zynðx; yÞ cos by

8>>><
>>>:

9>>>=
>>>;
;

u0ðx; yÞ
v0ðx; yÞ
qðx; yÞ
wðx; yÞ

8>>><
>>>:

9>>>=
>>>;
¼
X1
n¼1

U0nðx; yÞ sin by

V0nðx; yÞ cos by

Q nðx; yÞ sin by

Wnðx; yÞ sin by

8>>><
>>>:

9>>>=
>>>;
ð50Þ
where b ¼ np=b. The state-space model is used to solve the system
of differential equations for both the delaminated and uncracked
plate portions.
TðudÞ ¼

0 1 0 0 0 0 0 0 0 0 0 0 0
k̂1 0 0 k̂2 k̂3 0 0 k̂4 k̂5 0 0 k̂6 k̂7

0 0 0 1 0 0 0 0 0 0 0 0 0
0 l̂1 l̂2 0 0 l̂3 l̂4 0 0 l̂5 l̂6 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0

m̂1 0 0 m̂2 m̂3 0 0 m̂4 m̂5 0 0 m̂6 m̂7

0 0 0 0 0 0 0 1 0 0 0 0 0
0 n̂1 n̂2 0 0 n̂3 n̂4 0 0 n̂5 n̂6 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
p̂1 0 0 p̂2 p̂3 0 0 p̂4 p̂5 0 0 p̂6 p̂7

0 0 0 0 0 0 0 0 0 0 0 1 0
0 q̂1 q̂2 0 0 q̂3 q̂4 0 0 q̂5 q̂6 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
r̂1 0 0 r̂2 r̂3 0 0 r̂4 r̂5 0 0 r̂6 r̂7

0 0 0 0 0 0 0 0 0 0 0 0 0
0 ŝ1 ŝ2 0 0 ŝ3 ŝ4 0 0 ŝ5 ŝ6 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 t̂1 t̂2 0 0 t̂3 t̂4 0 0

2
666666666666666666666666666666666666666666664
4.1. Undelaminated plate portion

For the undelaminated plate portion the model developed in
Sections 2 and 3 is utilized. The general form of the state-space
model is:

Z0ðudÞ ¼ TðudÞZðudÞ þ FðudÞ ð51Þ

where the superscript ðudÞ refers to the undelaminated plate por-
tion and Z is the state vector, T is the system matrix, F is the vector
of particular solutions, respectively. Utilizing Eq. (50) and taking it
back into Eq. (43) results in a system of ODEs. The latter should
be manipulated so that each equation contains the second deriva-
tive of only one displacement parameter. Then the system matrix
TðudÞ takes the form of:
0 0 0 0 0 0 0
0 0 k̂8 0 k̂9 0 k̂10

0 0 0 0 0 0 0
l̂7 l̂8 0 l̂9 0 l̂10 0
0 0 0 0 0 0 0
0 0 m̂8 0 m̂9 0 m̂10

0 0 0 0 0 0 0
n̂7 n̂8 0 n̂9 0 n̂10 0
0 0 0 0 0 0 0
0 0 p̂8 0 p̂9 0 p̂10

0 0 0 0 0 0 0
q̂7 q̂8 0 q̂9 0 q̂10 0
1 0 0 0 0 0 0
0 0 r̂8 0 r̂9 0 r̂10

0 0 1 0 0 0 0
ŝ7 ŝ8 0 ŝ9 0 ŝ10 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
t̂5 t̂6 0 t̂7 0 t̂8 0

3
777777777777777777777777777777777777777777775

ð52Þ



Fig. 3. A simply-supported asymmetrically delaminated plate subjected to a point force.
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where the elements of the matrix are constants depending upon the
top and bottom thicknesses, as well as the stiffness parameters of
the plates. These are listed in Appendix B. The state vector and
the vector of particular solutions are defined as:
ZðudÞ ¼ U0 U00 V0 V 00 Xnb X 0nb Ynb Y 0nb Zxnt Z0xnt Zynt Z0ynt Zxnb Z0xnb Zynb Z0ynb Wn W 0
n W 00

n W 000
n


 �
ð53Þ
FðudÞ ¼ 0 � � � 0 t̂9Q n


 �T ð54Þ

The general solution of Eq. (51) is (Reddy, 2004):

ZðudÞðxÞ ¼ eTðudÞx KðudÞ þ
Z x

x0

e�TðudÞnFðudÞðnÞdn

� �

¼ GðudÞðxÞKðudÞ þ HðudÞðxÞ ð55Þ

where K is the vector of constants (20).

4.2. Delaminated plate portion

The state-space model of the delaminated portion can be
derived relatively simply based on Szekrényes (2014b). In the del-
aminated part (see Fig. 2) the SEKC does not enforce the two sub-
plates to behave as a single plate, the parameters (u0d; v0d; hxd,
etc.) of the top and bottom plates in the delaminated part are inde-
pendent of each other. Since the in-plane displacement functions
are discontinuous in the delaminated region we can apply two (a
top and a bottom) traditional ESLs for each region (‘1a’, ‘1q’ and
‘1’ in Fig. 3) with different thicknesses (tt and tb). The equilibrium
equations of traditional Reddy plates (Reddy, 2004, p. 675) can be
used in the latter case, however since the deflection of the top and
bottom plates are assumed to be the same there is some coupling
between the shear forces of the top and bottom plates, viz. an
equation similar to Eq. (39) applies also to the delaminated portion
(Szekrényes, 2014b). The system matrix of the delaminated portion
is a 20� 20 matrix.

5. Boundary and continuity conditions

The elements of the state vectors in Eq. (51) and that of the del-
aminated part can be referred to as:
ZðdÞi ¼
X20

j¼1

GðdÞij KðdÞj þ HðdÞj ; ZðudÞ
i ¼

X20

j¼1

GðudÞ
ij KðudÞ

j þ HðudÞ
j ð56Þ
In accordance with Fig. 3, we have four different plate portions.
The point force causes singularity in the PDEs, therefore a plate
portion loaded by a constant line force was applied, the length
d0 was a very small value compared to the plate dimensions. In
this case Qn ¼ 2q0=bsinðby0Þ (Reddy, 2004), which was applied in
the delaminated portion ‘1q’. Thus the three parts of the delami-
nated portion are denoted by ‘1a’, ‘1q’, ‘1’ and the undelaminated
one is denoted by ‘2’, respectively. The boundary conditions (B.C.s)
are formulated through the displacement parameters and the
stress resultants. The latter can be expressed in the following
forms:

Nx

Ny

Mx

My

Lx

Ly

8>>>>>>>>>>>><
>>>>>>>>>>>>:

9>>>>>>>>>>>>=
>>>>>>>>>>>>;
ðdÞ

¼
X1
n¼1

nxn

nyn

mxn

myn

lxn

lyn

8>>>>>>>>>>>><
>>>>>>>>>>>>:

9>>>>>>>>>>>>=
>>>>>>>>>>>>;
ðdÞ

sin by;

Px

Py

Q x

Rx

Sx

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;
ðdÞ

¼
X1
n¼1

pxn

pyn

qxn

rxn

sxn

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;
ðdÞ

sin by

ð57Þ

Nxy

Mxy

Lxy

Pxy

8>>><
>>>:

9>>>=
>>>;
ðdÞ

¼
X1
n¼1

nxyn

mxyn

lxyn

pxyn

8>>><
>>>:

9>>>=
>>>;
ðdÞ

cos by;

Q y

Ry

Sy

8><
>:

9>=
>;
ðdÞ

¼
X1
n¼1

qyn

ryn

syn

8><
>:

9>=
>;
ðdÞ

cos by

ð58Þ

i.e. nxn is the function coefficient in the trial function of Nx, etc. For
the present Problem 80 conditions need be formulated. Based on
Fig. 3 the B.C.s are:
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W ð1aÞ
n ðaÞ ¼ 0; W 00ð1aÞ

n ðaÞ ¼ 0; Y ð1aÞ
nd ðaÞ ¼ 0

V ð1aÞ
0nd ðaÞ ¼ 0; nð1aÞ

xnd ðaÞ ¼ 0; mð1aÞ
xnd ðaÞ ¼ 0

ð59Þ

W ð2Þ
n ð�cÞ ¼ 0; V ð2Þ0n ð�cÞ ¼ 0; Y ð2Þnb ð�cÞ ¼ 0

Zð2Þyndð�cÞ ¼ 0; nð2Þxd ð�cÞ ¼ 0; mð2Þxntð�cÞ ¼ 0; pð2ÞxndðaÞ ¼ 0
ð60Þ

where d can take t and b, and so some of the equations involve
two conditions, we have 20 B.C.s altogether. The continuity
conditions between regions ‘1’ and ‘2’ are (considering Eqs. (10)
and (11)):

W ð1Þ
n ð0Þ ¼W ð2Þ

n ð0Þ;W
0ð1Þ
n ð0Þ ¼W 0ð2Þ

n ð0Þ

W 00ð1Þ
n ð0Þ ¼W 00ð2Þ

n ð0Þ; W 000ð1Þ
n ð0Þ ¼W 000ð2Þ

n ð0Þ
ð61Þ

Uð1Þ0ntð0Þ ¼ Uð2Þ0n þ ðDtX
ð2Þ
nb þUtZ

ð2Þ
xnt þ CtZ

ð2Þ
xnb þKtW

0ð2Þ
n Þ
���
x¼0

V ð1Þ0ntð0Þ ¼ V ð2Þ0n þ ðDtY
ð2Þ
nb þUtZ

ð2Þ
ynt þ CtZ

ð2Þ
ynb þKtbW ð2Þ

n Þ
���
x¼0

ð62Þ

Uð1Þ0nbð0Þ ¼ Uð2Þ0n þ ðDbXð2Þnb þ CbZð2Þxnb þKbW 0ð2Þ
n Þ
���
x¼0

V ð1Þ0nbð0Þ ¼ V ð2Þ0n þ ðDbY ð2Þnb þ CbZð2Þynb þKbbW ð2Þ
n Þ
���
x¼0

ð63Þ

Xð1Þnb ð0Þ ¼ Xð2Þnb ð0Þ; Y ð1Þnb ð0Þ ¼ Y ð2Þnb ð0Þ;

� 4
3t2

d

ðXð1Þnd þW 0ð1Þ
n Þ
�����

x¼0

¼ Zð2Þxndð0Þ; � 4
3t2

d

ðY ð1Þnd þ bW ð1Þ
n Þ
�����

x¼0

¼ Zð2Þyndð0Þ

ð64Þ

As it can be seen, there is no need to impose continuity conditions
with respect to Xð1Þnt and Y ð1Þnt (these are related to the delaminated
portion and not eliminated from the displacement field). The rea-
sons for that are the last two conditions of Eq. (64), which cause
that the continuity of Xð1Þnt and Y ð1Þnt is automatically satisfied. The
continuity conditions of the stress resultants must consider the cou-
pling among them, therefore the equivalent stress resultants given
by Eq. (40) are used:

nð1Þxnt þ nð1Þxnb

���
x¼0
¼ nð2Þxnt þ nð2Þxnb

���
x¼0

nð1Þxynt þ nð1Þxynb

���
x¼0
¼ nð2Þxynt þ nð2Þxynb

���
x¼0

ð65Þ

mð1Þxnt �
4

3t2
t

pð1Þxnt

�����
x¼0

¼ mð2Þxnt þ ðDt �KtÞnð2Þxnt

���
x¼0

mð1Þxnb �
4

3t2
b

pð1Þxnb

�����
x¼0

¼ mð2Þxnb þ ðDb �KbÞnð2Þxnb

���
x¼0

ð66Þ

mð1Þxynt �
4

3t2
t

pð1Þxynt

�����
x¼0

¼ mð2Þxynt þ ðDt �KtÞnð2Þxynt

���
x¼0

mð1Þxynb �
4

3t2
b

pð1Þxynb

�����
x¼0

¼ mð2Þxynb þ ðDb �KbÞnð2Þxynb

���
x¼0

ð67Þ
Table 1
Elastic properties of single carbon/epoxy composite laminates.

Ex (GPa) Ey (GPa) Ez (GPa) Gyz (GPa)

�45	 f 16.39 16.39 16.4 5.46

0� 148 9.65 9.65 4.91
As it can be seen, we can formulate 20 continuity conditions
between regions ‘1’ and ‘2’. It is important to mention that there
are two continuity conditions with respect to the sum Nx and Nxy

normal forces. Therefore the normal forces are not continuous
across the cracked and uncracked portions. The magnitude of nor-
mal forces is determined by the kinematic continuity conditions.
The continuity between the ‘1’ and ‘1q’ portions involves 20
conditions:

W ð1qÞ
n ðx01Þ ¼W ð1Þ

n ðx01Þ;W 0ð1qÞ
n ðx01Þ ¼W 0ð1Þ

n ðx01Þ

W 00ð1qÞ
n ðx01Þ ¼W 00ð1Þ

n ðx01Þ;W 000ð1qÞ
n ðx01Þ ¼W 000ð1Þ

n ðx01Þ

Uð1qÞ
0nd ðx01Þ ¼ Uð1Þ0ndðx01Þ;Xð1qÞ

nd ðx01Þ ¼ Xð1Þnd ðx01Þ

V ð1qÞ
0nd ðx01Þ ¼ V ð1Þ0ndðx01Þ;Y ð1qÞ

nd ðx01Þ ¼ Y ð1Þnd ðx01Þ

ð68Þ

nð1qÞ
xnd ðx01Þ ¼ nð1Þxndðx01Þ;nð1qÞ

xyndðx01Þ ¼ nð1Þxyndðx01Þ

mð1qÞ
xnd �

4
3

t2
dpð1qÞ

xnd

����
x¼x01

¼ mð1Þxnd �
4
3

t2
dpð1Þxnd

����
x¼x01

mð1qÞ
xynd �

4
3

t2
dpð1qÞ

xynd

����
x¼x01

¼ mð1Þxynd �
4
3

t2
dpð1Þxynd

����
x¼x01

ð69Þ

where x01 ¼ xQ � d0. Further 20 conditions can be derived between
‘1q’ and ‘1a’, these are similar to those in Eq. (60), therefore these
are not presented here. Thus we have 20þ 20þ 20þ 20 ¼ 80 con-
ditions in all.
6. Energy release rate and mode mixity

The ERR can be determined based on the 3D J-integral
(Murakami and Sato, 1983; Shivakumar and Raju, 1992). The J-
integral have already been determined for first- and second-order
plates with asymmetric delamination (Szekrényes, 2013d), there-
fore only the final results are presented here:

JII ¼
1
2

X
d¼t;b

Nx1deð0Þx1d

���
x¼þ0
�Nx2deð0Þx2d

���
x¼�0

� ��

� Ny1deð0Þy1d

���
x¼þ0
�Ny2deð0Þy2d

���
x¼�0

� �
þ Mx1deð1Þx1d

���
x¼þ0
�Mx2deð1Þx2d

���
x¼�0

� �

� My1deð1Þy1d

���
x¼þ0
�My2deð1Þy2d

���
x¼�0

� �
þ Lx1deð2Þx1d

���
x¼þ0
� Lx2deð2Þx2d

���
x¼�0

� �

� Ly1deð2Þy1d

���
x¼þ0
� Ly2deð2Þy2d

���
x¼�0

� �
þ Px1deð3Þx1d

���
x¼þ0
�Px2deð3Þx2d

���
x¼�0

� �

� Py1deð3Þy1d

���
x¼þ0
�Py2deð3Þy2d

���
x¼�0

� ��
ð70Þ

and:
Gxz (GPa) Gxy (GPa) myz (–) mxz (–) mxy (–)

5.46 16.4 0.5 0.5 0.3

4.66 3.71 0.27 0.25 0.3



Fig. 4. Distribution of the in-plane displacements (u and v), normal stresses (rx and ry) and shear stresses (sxz and syz) over the plate thickness for case I, b ¼ 160 mm, lay-up:
�45f =0=� 45f

2=
�0

h i
S
.

Fig. 5. Distribution of the in-plane displacements (u and v), normal stresses (rx and ry) and shear stresses (sxz and syz) over the plate thickness for case II, b ¼ 160 mm, lay-
up: �45f =0=� 45f

2=
�0

h i
S
.
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Fig. 6. Distribution of the in-plane displacements (u and v), normal stresses (rx and ry) and shear stresses (sxz and syz) over the plate thickness for case III, b ¼ 160 mm, lay-
up: �45f =0=� 45f

2=
�0

h i
S
.

Fig. 7. Distribution of the in-plane displacements (u and v), normal stresses (rx and ry) and shear stresses (sxz and syz) over the plate thickness for case IV, b ¼ 160 mm, lay-
up: �45f =0=� 45f

2=
�0

h i
S
.
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Fig. 8. Distribution of the shear strains cxz and cyz at the transition between the delaminated and uncracked regions at Y=b=2 and Y = 0 (case I, b = 100 mm, lay-up:
�45f =0=� 45f

2=
�0

h i
S
).
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JIII ¼
1
2

X
d¼t;b

Nxy1dĉð0Þxy1d

���
x¼þ0
� Nxy2dĉð0Þxy2d

���
x¼�0

� ��

þ Mxy1dĉð1Þxy1d

���
x¼þ0
�Mxy2dĉð1Þxy2d

���
x¼�0

� �

þ Lxy1dĉð2Þxy1d

���
x¼þ0
� Lxy2dĉð2Þxy2d

���
x¼�0

� �

þ Pxy1dĉð3Þxy1d

���
x¼þ0
� Pxy2dĉð3Þxy2d

���
x¼�0

� ��
ð71Þ

where the shear strains with the hat are defined as:

ĉð0Þxy ¼
@u0

@y
� @v0

@x
; ĉð1Þxy ¼

@hx

@y
� @hy

@x
; ĉð2Þxy ¼

@/x

@y
�
@/y

@x
;

ĉð3Þxy ¼
@kx

@y
� @ky

@x
ð72Þ

Under static conditions GII ¼ JII and GIII ¼ JIII. The mode mixity
(GII=ðGII þ GIIIÞ and GIII=ðGII þ GIIIÞ) can also be calculated.
7. Results and discussions

In this section simply-supported plates with two different plate
widths are analyzed with the following properties (refer to Fig. 2):
a ¼ 105 mm (crack length), c ¼ 45 mm (uncracked length),
b ¼ 100 mm and b ¼ 160 mm (plate widths), tt þ tb ¼ 4:5 mm
(plate thickness), Q0 ¼ 1000 N (point force magnitude),
xQ ¼ 31 mm, yQ ¼ 50 mm and yQ ¼ 80 mm (point of action coordi-
nates of Q 0) and d0 ¼ 0:1 mm. The plate is made of a carbon/epoxy
material, two different lay-ups were investigated: the lay-ups of
the uncracked part were ½�45f =0=� 45f

2=
�0�S and ½90=0=902=�0�S

(cross-ply laminate). A single layer was 0.5 mm thick. The proper-
ties of the individual laminae are given by Table 1 (Kollár and
Springer, 2003). The �45f layers were isotropic, the 90 layers were
obtained by rotating the 0 layers by 90	 about the z axis. Four dif-
ferent positions of the delamination was studied, these were
assigned as cases I–IV and are shown in Fig. 1. The computation
was performed in the code MAPLE (Garvan, 2002) in accordance
with the following points. The stiffness matrices of each single
layer of the plate were determined based on the elastic properties
of the laminates given in Table 1. The problem in Fig. 3 was solved
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varying the number of terms (N) in the trial function by creating a
for-do cycle. Based on the displacement parameters the stress
resultants and the stresses were calculated. Finally the ERRs were
calculated using the J-integral. The convergence of the results was
analyzed and it was found that after the 13th Fourier term there
was no change in the displacement field, stresses, forces and ERRs.
7.1. Finite element model

In order to verify the analytical results finite element analyses
were carried out. The 3D finite element models of the plate with
different delamination positions were created in the code ANSYS
12 using 8 node linear solid elements. Similar 3D models are doc-
umented in the literature (de Morais and Pereira, 2008, 2009;
Pereira and de Morais, 2009), therefore the models are not shown
here. The global element size was 2 mm � 2 mm � 0.4 mm. In the
vicinity of the crack tip a refined mesh was constructed including
trapezoid shape elements. The z displacements of the contact
nodes over the delaminated surface were imposed to be the same.
The mode-II and mode-III ERRs were calculated by the virtual crack
closure technique (VCCT) (e.g. Bonhomme et al., 2010), the size of
Fig. 9. Distribution of the shear strains cxz and cyz at the transition between the dela
�45f =0=� 45f

2=0
h i

S
).
the crack tip elements were Dx ¼ 0:25 mm, Dy ¼ 2:0 mm and
Dz ¼ 0:25 mm. For the determination of GII and GIII along the
delamination front a so-called MACRO was written in the ANSYS
Design and Parametric Language (ADPL). The MACRO gets the
nodal forces and displacements at the crack tip and at each pair
of nodes, respectively, then by defining the size of crack tip ele-
ments it determines and plots the ERRs at each node along the
crack front.
7.2. Displacement and stress fields – analysis vs. FE solution

In this section the analytical and numerical results are com-
pared to each other. The analyses were carried out by using the
present TSDT (Reddy) and a previous FSDT solution (Szekrényes,
2013d), respectively. Four cases were investigated, simultaneously
two different plate widths and two lay-ups were applied. However,
not all of these cases are documented in this paper, but the corre-
sponding geometry and lay-up are always indicated in the legend
of the subsequent figures. Fig. 4 depicts the results for case I with
b = 160 mm for the ½�45f =0=� 45f

2=
�0�S laminate. The displace-

ments and stresses were evaluated in the vicinity of some points
minated and uncracked regions at Y=b=2 and Y = 0 (case III, b = 100 mm, lay-up:
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located at the delamination tip (refer to the legends again). It can
be seen in Fig. 4 that the displacement distributions agree very
well, in contrast the stresses are quite different. An immediate
observation is that there is a misalignment between the numeri-
cally and analytically determined displacement distributions, more
clearly, the intersection point of the displacement distributions by
FEM are not the same as that of the analytical solution. It has to be
mentioned that we can compare only the slope of the two
solutions, because the intersection point slightly depends upon
the boundary conditions related to the in-plane displacements.
The rigid body motion of the plate in the X–Y plane can be
eliminated in several different ways, e.g. in the present analysis
the following conditions were imposed: x ¼ a; y ¼ 0; z ¼
�ðtt þ tbÞ=2 : u ¼ 0; v ¼ 0 and x ¼ a; y ¼ b; z ¼ �ðtt þ tbÞ=2 :

u ¼ 0. For rx the FE solution indicates a peak in the plane of the
delamination, the peak by TSDT solution is significantly less. The
FSDT approximation is quite similar to the TSDT for case I. For ry

each solution agrees more or less. The approximation of shear
stresses is again very contradictory. The FE solution shows a peak
in the delamination plane. The major difference between the ana-
lytical solutions is that the shear stress by FSDT does not vanish at
the top and bottom boundaries (the traction-free condition is vio-
lated). In contrast, the TSDT does satisfy the dynamic boundary
x

Fig. 10. Distribution of the interlaminar shear stress for case I, b = 160 m
conditions, the shear strains (and so the stresses) vanish even at
the delamination tip. Although there are differences, the area
under the curves is approximately the same, which is in fact the
shear force. The further cases (II, III and IV) are presented in Figs. 5–
7. The conclusions are similar to those for case I. Apparently, the
shear stresses are better approximated by TSDT and it is the only
solution that satisfies the dynamic conditions. In spite of that in
case III the direction of sxz in the top plate does not agree with
the FE result (Fig. 6), apart from that in case IV (Fig. 7) the shear
stresses are somewhat overpredicted in the top plate again.

Figs. 8 and 9 plot the distribution of the shear strains in the
neighborhood of the delamination tip (lay-up: ½�45f =0=�
45f

2=
�0�S). As expected the shear strains change suddenly at the

transition between the delaminated and undelaminated plate por-
tions. It has to be mentioned that the condition of shear strain con-
tinuity (Eq. (6)) in the delamination plane of the undelaminated
part is very important to obtain accurate ERR distributions (see
later). In the case of the FSDT the shear strains (and so the stresses)
are discontinuous in the through-thickness direction, this leads to
significant errors if the delamination gets closer to the top bound-
ary surface of the plate. The results are similar in case III (Fig. 9), as
well. The distribution of the interlaminar shear stress (sxz and syz)
in the delamination plane of the uncracked region are plotted in
m, stop
xz (a), sbot

xz (b), stop
yz (c) and sbot

yz (d), lay-up: �45f =0=� 45f
2=

�0
h i

S
.
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Figs. 10 and 11 for cases I and III with b = 160 mm (lay-up:
½�45f =0=� 45f

2=
�0�S). Satisfying the basic concepts of Reddy plates

the shear stresses vanish along the delamination tip, which is fol-
lowed by a sudden increase and a subsequent decay. Although it is
possible to obtain these distributions by the FE model too, it would
be a very lengthy process, the analytical solution is more reason-
able in this case. For the cross-ply laminate the displacement and
stress distributions are quite similar to those for the
½�45f =0=� 45f

2=
�0�S lay-up, therefore only the results of the J-inte-

gral are presented for both lay-ups hereinafter.

7.3. Energy release rate and mode mixity

The ERR and the mode mixity is presented through Figs. 12 and
15 for both lay-ups. The solution by the VCCT, TSDT and the corre-
sponding FSDT (Szekrényes, 2013d) results are compared to each
other. In Fig. 12 it can be seen that for case I (Fig. 12(a),
½�45f =0=� 45f

2=
�0�S) the FSDT solution underpredicts GII but agrees

quite well with the TSDT in the case of GIII . On the contrary, the
modified Reddy’s TSDT agrees excellently with the numerical
results for both components. Based on Fig. 13 for cases III and IV
(i.e. when the bottom plate thickness is larger) it is shown that
the FSDT overpredicts significantly the mode-III ERR, simulta-
neously, the mode-II ERR agrees better with the numerical and
Fig. 11. Distribution of the interlaminar shear stress for case III, b = 160 m
TSDT results. The major difference between the FSDT and TSDT
solutions is the shear strain continuity at the interface plane, that
is the reason for the differences in Fig. 13. In accordance with case
III, the FSDT seems to be inaccurate in cases III and IV for both plate
widths. Eventually, the TSDT approaches quite well both ERR com-
ponents for each plate width, but if b = 160 mm, then the mode-II
ERR is dissimilar to the FE solution at the edges. Compared to the
VCCT results, the mode-III ERR is approximated very well by TSDT.
Figs. 14 and 15 present the ERR and mode ratio distributions for
the cross-ply laminate. It is interesting, that for cases I and II in
Fig. 14 the FSDT agrees very well with the TSDT and VCCT results,
even the mode ratios are almost the same. According to Fig. 15 the
FSDT seems to be better for the cross-ply laminate than the TSDT.
However, it has to be mentioned that one of the mode ratios is
wrongly predicted for case IV with b ¼ 100 mm in the middle
region. Although the TSDT provides worst results in this case com-
pared to the VCCT and FSDT, considering all of the cases investi-
gated the TSDT captures better the problem of delaminated
composite plates subjected to bending. Moreover it is the best
solution among the higher-order plates models developed for the
same problem (Szekrényes, 2013d) and captures very well the
complex deformation around the delamination tip even if the
delamination divides the plate into a relatively thin and a relatively
thick layer.
m, stop
xz (a), sbot

xz (b), stop
yz (c) and sbot

yz (d), lay-up: �45f =0=� 45f
2=

�0
h i

S
.



Fig. 12. Distribution of the energy release rates and mode mixity along the delamination front for cases I and II, lay-up: �45f =0=� 45f
2=

�0
h i

S
.

Fig. 13. Distribution of the energy release rates and mode mixity along the delamination front for cases III and IV, lay-up: �45f =0=� 45f
2=

�0
h i

S
.
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Fig. 14. Distribution of the energy release rates and mode mixity along the delamination front for cases I and II, lay-up: ½90=0=902=�0�S .

Fig. 15. Distribution of the energy release rates and mode mixity along the delamination front for cases III and IV, lay-up: ½90=0=902=�0�S .
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8. Conclusions

This work presented an analytical model for delaminated ortho-
tropic plates based on the third-order shear deformable theory by
Reddy. The original theory was modified and the system of exact
kinematic conditions was implemented into the theory. A novel
condition involving the continuity of the shear strains across the
interface plane was introduced and utilized in the development
of the displacement field of the double-plate model. The main idea
of the model is that the plane of the delamination divides the plate
into two equivalent single layers. The kinematic conditions
between these layers were established. The governing equations
were derived and simply-supported plates with straight delamina-
tion front were analyzed using the Lévy plate formulation and the
state-space model. The displacement and stress fields were calcu-
lated and compared to results by corresponding finite element and
first-order plate theory analyses. It was shown that the present
model is better than any of the previous plate models, however
for the mode-II energy release rate distribution there are moderate
differences between the numerical and analytical solutions if the
delamination is very close to the free surface of the plate. Never-
theless, the present model is very reasonable and predicts very
well the displacement field and the stress state. It was shown that
the energy release rate can be accurately predicted only if the
stress state is approximated by an as correct way as possible
(viz., the satisfaction of the dynamic boundary conditions is
important).

The developed model can be utilized in the following cases
too. For some recently developed fracture mechanical plate bend-
ing systems (Lee, 1993; de Morais and Pereira, 2009) analytical
solutions can be given in closed-form for the energy release rates,
that may replace the finite element models with high element
numbers. A possible plate finite element can be developed, which
would make it possible to reduce the high element number in the
vicinity of crack tips. By the reduction of the present analysis a
possible beam model can be developed for the mode separation
under mixed-mode I/II condition. An important aspect of the
analysis is that it was shown that in the undelaminated part there
are normal forces, as well. This indicates that for embedded del-
aminations the delaminated part is loaded by normal forces. The
vibration analysis of beams and plates with embedded delamina-
tions (the delamination has two tips and so it is closed) can be
treated as a problem with time dependent stiffness, where the
delaminated parts are loaded by periodic, nonconservative (i.e.
follower) internal forces, and local instability can only be investi-
gated by considering the normal forces. These tasks will be car-
ried out in the near future.
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Appendix A. Coefficients for Eqs. (43) and (44)

The constant parameters in Eqs. (43) and (44) are defined in this

Appendix. In the equations, e.g. the a7 ¼ a6 ð::ÞðdÞ11 ) ð::Þ
ðdÞ
66

� �
nota-

tion means that a7 can be obtained by replacing AðtÞ11; BðtÞ11; DðtÞ11,

etc. with AðtÞ66; BðtÞ66; DðtÞ66, etc. in a6.

a1 ¼ AðtÞ11 þ AðbÞ11 ; a2 ¼ a1 ð::ÞðdÞ11 ) ð::Þ
ðdÞ
66

� �
;

a3 ¼ a1 ð::ÞðdÞ11 ) ð::Þ
ðdÞ
12 þ ð::Þ

ðdÞ
66

� �
a4 ¼
X
d¼t;b

DdAðdÞ11 þ BðdÞ11 þKdDðdÞ11 ; a5 ¼ a4 ð::ÞðdÞ11 ) ð::Þ
ðdÞ
66

� �

a6 ¼ a4 ð::ÞðdÞ11 ) ð::Þ
ðdÞ
12 þ ð::Þ

ðdÞ
66

� �
; a7 ¼ UtA

ðtÞ
11 þPtB

ðtÞ
11 þ EðtÞ11 ðA:1Þ

a8 ¼ a7 ð::ÞðdÞ11 ) ð::Þ
ðdÞ
66

� �
; a9 ¼ a7 ð::ÞðdÞ11 ) ð::Þ

ðdÞ
12 þ ð::Þ

ðdÞ
66

� �
a10 ¼

X
d¼t;b

CdAðdÞ11 þ RdBðdÞ11 þWdDðdÞ11 ; a11 ¼ a10 ð::ÞðdÞ11 ) ð::Þ
ðdÞ
66

� �

a12 ¼ a10 ð::ÞðdÞ11 ) ð::Þ
ðdÞ
12 þ ð::Þ

ðdÞ
66

� �
; a13 ¼

X
d¼t;b

KdAðdÞ11 þXdDðdÞ11

a14 ¼ a13 ð::ÞðdÞ11 ) ð::Þ
ðdÞ
12 þ 2ð::ÞðdÞ66

� �
ðA:2Þ

b1 ¼ a3; b2 ¼ a2; b3 ¼ a1 ð::ÞðdÞ11 ) ð::Þ
ðdÞ
22

� �
; b4 ¼ a6; b5 ¼ a5;

b6 ¼ a4 ð::ÞðdÞ11 ) ð::Þ
ðdÞ
22

� �
; b7 ¼ a9; b8 ¼ a8; b9 ¼ a7 ð::ÞðdÞ11 ) ð::Þ

ðdÞ
22

� �
b10 ¼ a12; b11 ¼ a11; b12 ¼ a10 ð::ÞðdÞ11 )ð::Þ

ðdÞ
22

� �
; b13 ¼ a14

b14 ¼ a13 ð::ÞðdÞ11 ) ð::Þ
ðdÞ
22

� �
ðA:3Þ

c4 ¼ �PtðAðtÞ55 þ 2BðtÞ55XtÞ � 3DðtÞ55 � 6EðtÞ55Xt

c5 ¼ AðtÞ11DtUt þ BðtÞ11ðUt þ DtPtÞ þ DðtÞ11ðUtXt þPtÞ

þ EðtÞ11ðDt þPtXtÞ þ FðtÞ11 þ GðtÞ11Xt

c6 ¼ c6 ð::ÞðdÞ11 ) ð::Þ
ðdÞ
66

� �
; c7 ¼ c5 ð::ÞðdÞ11 ) ð::Þ

ðdÞ
12 þ ð::Þ

ðdÞ
66

� �
c8 ¼ �AðtÞ55P

2
t � 6DðtÞ55Pt � 9FðtÞ55

c9 ¼ AðtÞ11U
2
t þ 2BðtÞ11UtPt þ DðtÞ11P

2
t þ 2EðtÞ11Ut þ 2FðtÞ11Pt þ HðtÞ11

ðA:4Þ

c10 ¼ c9 ð::ÞðdÞ11 ) ð::Þ
ðdÞ
66

� �
; c11 ¼ c9 ð::ÞðdÞ11 ) ð::Þ

ðdÞ
12 þ ð::Þ
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e1 ¼ a4; e2 ¼ a5; e3 ¼ a6;

e4 ¼ e16 ¼ �AðtÞ55 � AðbÞ55 � 4ðBðtÞ55Xt þ BðbÞ55 XbÞ � 4ðDðtÞ55X
2
t þ DðbÞ55 X2

bÞ
e5 ¼ AðtÞ11D

2
t þ AðbÞ11 D2

b þ 2ðBðtÞ11Dt þ BðbÞ11 DbÞ þ DðtÞ11ð1þ 2DtXtÞ
þ DðbÞ11 ð1þ 2DbXbÞ þ 2ðEðtÞ11Xt þ EðbÞ11 XbÞ þ FðtÞ11X

2
t þ FðbÞ11 X2

b

e6 ¼ e5 ð::ÞðdÞ11 ) ð::Þ
ðdÞ
66

� �
; e7 ¼ e5 ð::ÞðdÞ11 ) ð::Þ

ðdÞ
12 þ ð::Þ

ðdÞ
66

� �
;

e8 ¼ c4; e9 ¼ c5

ðA:7Þ

e10 ¼ c6; e11 ¼ c7;

e12 ¼ �AðtÞ55Rt � 2ðBðtÞ55ðWt þXtRtÞ þ BðbÞ55 WbÞ
� 4DðtÞ55XtWt � DðbÞ55 ð3þ 4XbWbÞ � 6EðbÞ55 Xb

e13 ¼ AðtÞ11DtCt þ AðbÞ11 DbCb þ BðtÞ11ðCt þ DtRtÞ þ BðbÞ11 Cb þ DðtÞ11ðRt

þ CtXt þ DtWtÞ þ DðbÞ11 ðCbXb þ DbWbÞ þ EðtÞ11ðWt

þXtRtÞ þ EðbÞ11 ðWb þ DbÞ þ FðtÞ11XtWt þ FðbÞ11 ð1þXbWbÞ þ GðbÞ11 Xb

e14 ¼ e13 ð::ÞðdÞ11 ) ð::Þ
ðdÞ
66

� �
; e15 ¼ e13 ð::ÞðdÞ11 ) ð::Þ

ðdÞ
12 þ ð::Þ

ðdÞ
66

� �
e17 ¼ AðtÞ11DtKt þ AðbÞ11 DbKb þ BðtÞ11Kt þ BðbÞ11 Kb þ DðtÞ11XtðDt þKtÞ

þ DðbÞ11 XbðDb þKbÞ þ EðtÞ11Xt þ EðbÞ11 Xb þ FðtÞ11X
2
t þ FðbÞ11 X2

b

e18 ¼ e17 ð::ÞðdÞ11 ) ð::Þ
ðdÞ
12 þ 2ð::ÞðdÞ66

� �
ðA:8Þ

f1 ¼ e3; f 2 ¼ e2; f 3 ¼ e1 ð::ÞðdÞ11 ) ð::Þ
ðdÞ
22

� �
f4 ¼ e7;

f 5 ¼ f18 ¼ e4 ð::ÞðdÞ55 ) ð::Þ
ðdÞ
44

� �
f6 ¼ e6; f 7 ¼ e5 ð::ÞðdÞ11 ) ð::Þ

ðdÞ
22

� �
;

f 8 ¼ e11; f 9 ¼ e8 ð::ÞðdÞ55 ) ð::Þ
ðdÞ
44

� �
f10 ¼ e10;

f 11 ¼ e9 ð::ÞðdÞ11 ) ð::Þ
ðdÞ
22

� �
; f 12 ¼ c15; f 13 ¼ e12 ð::ÞðdÞ55 ) ð::Þ

ðdÞ
44

� �
f14 ¼ e14; f 15 ¼ e13 ð::ÞðdÞ11 ) ð::Þ

ðdÞ
22

� �
; f 16 ¼ e18;

f 17 ¼ e17 ð::ÞðdÞ11 ) ð::Þ
ðdÞ
22

� �
ðA:9Þ

g1 ¼ a10; g2 ¼ a11; g3 ¼ a12; g4 ¼ g16 ¼ e12; g5 ¼ e13; g6 ¼ e14

g7 ¼ e15; g8 ¼ c12; g9 ¼ c13; g10 ¼ c14; g11 ¼ c15

g12 ¼�AðtÞ55R
2
t �4BðtÞ55RtWt �4ðDðtÞ55W

2
t þDðbÞ55 W2

bÞ�12EðbÞ55 Wb�9FðtÞ55

g13 ¼ AðtÞ11C
2
t þAðbÞ11 C2

b þ2BðtÞ11CtRt þDðtÞ11ð2CtWt þR2
t Þþ2DðbÞ11 CbWb

þ2EðtÞ11RtWt þ2EðbÞ11 Cbþ FðtÞ11W
2
t þ FðbÞ11 W2

b þ2GðbÞ11 WbþHðbÞ11

g14 ¼ g13 ð::Þ
ðdÞ
11 ) ð::Þ

ðdÞ
66

� �
; g15 ¼ g13 ð::Þ

ðdÞ
11 ) ð::Þ

ðdÞ
12 þð::Þ

ðdÞ
66

� �
g17 ¼ AðtÞ11CtKt þAðbÞ11 CbKbþBðtÞ11RtKt þDðtÞ11ðXtCt þWtKtÞ

þDðbÞ11 ðXbCbþWbKbÞþ EðtÞ11XtRt þ EðbÞ11 Kbþ FðtÞ11XtWt

þ FðbÞ11 XbWbþGðbÞ11 Xb;

g18 ¼ g17 ð::Þ
ðdÞ
11 ) ð::Þ

ðdÞ
12 þ2ð::ÞðdÞ66

� �
ðA:10Þ

h1 ¼ a12; h2 ¼ a11; h3 ¼ b12; h4 ¼ g7; h5 ¼ h18 ¼ f13;

h6 ¼ g6; h7 ¼ f15

h8 ¼ g11; h9 ¼ d13; h10 ¼ g10; h11 ¼ d15; h12 ¼ g15;

h13 ¼ g12 ð::Þ
ðdÞ
55 ) ð::Þ

ðdÞ
44

� �
h14 ¼ g14; h15 ¼ g13 ð::Þ

ðdÞ
11 ) ð::Þ

ðdÞ
22

� �
; h16 ¼ g18;

h17 ¼ g17 ð::Þ
ðdÞ
11 ) ð::Þ

ðdÞ
22

� �
ðA:11Þ
j1 ¼ �
X
d¼t;b

AðdÞ11Kd þ DðdÞ11Xd; j2 ¼ j3 ¼ j1 ð::Þ
ðdÞ
11 ) ð::Þ

ðdÞ
12 þ 2ð::ÞðdÞ66

� �

j4 ¼ j1 ð::Þ
ðdÞ
11 ) ð::Þ

ðdÞ
22

� �
j5 ¼ j23 ¼ AðtÞ55 þ AðbÞ55 þ 4BðtÞ55Xt þ 4BðbÞ55 Xb þ 4DðtÞ55X

2
t þ 4DðbÞ55 X2

b

j6 ¼ �AðtÞ11DtKt � AðbÞ11 DbKb � BðtÞ11Kt � BðbÞ11 Kb � DðtÞ11XtðDt þKtÞ

þ DðbÞ11 XbðDb þKbÞ � EðtÞ11Xt � EðbÞ11 Xb � FðtÞ11X
2
t � FðbÞ11 X2

b

j7 ¼ j9 ¼ j6 ð::Þ
ðdÞ
11 ) ð::Þ

ðdÞ
12 þ 2ð::ÞðdÞ6

� �
;

j8 ¼ j26 ¼ j4 ð::Þ
ðdÞ
55 ) ð::Þ

ðdÞ
44

� �
ðA:12Þ

j10 ¼ j6 ð::Þ
ðdÞ
11 ) ð::Þ

ðdÞ
22

� �
; j11 ¼ AðtÞ55Pt þ 2BðtÞ55PtXt þ 3DðtÞ55 þ 6EðtÞ55Xt

j12 ¼ �AðtÞ11UtKt � BðtÞ11KtPt � BðbÞ11 Kb � DðtÞ11UtXt � EðtÞ11ðKt þPtXtÞ

� GðtÞ11Xt

j13 ¼ j15 ¼ j12 ð::Þ
ðdÞ
11 ) ðð::Þ

ðdÞ
12 þ 2ð::ÞðdÞ66 Þ

� �

j14 ¼ j11 ð::Þ
ðdÞ
55 ) ð::Þ

ðdÞ
44

� �
; j16 ¼ j12 ð::Þ

ðdÞ
11 ) ð::Þ

ðdÞ
22

� �

j17 ¼ AðtÞ55Rt þ 2BðtÞ55ðXtRt þWtÞ þ 2BðbÞ55 XbRb þ 4DðtÞ55XtWt

þ DðbÞ55 ð3þ 4XbWbÞ þ 6EðbÞ55 Xb

ðA:13Þ

j18 ¼ �AðtÞ11CtKt � AðbÞ11 CbKb � BðtÞ11RtKt � DðtÞ11ðWtKt þ CtXtÞ

� DðbÞ11 ðWbKb þ CbXbÞ � EðtÞ11XtRt � EðbÞ11 Kb � FðtÞ11XtWt

� FðbÞ11 XbWb � GðbÞ11 Xb

j19 ¼ j21 ¼ �ðA
ðtÞ
12 þ 2AðtÞ66ÞCtKt � ðAðbÞ12 þ 2AðbÞ66 ÞCbKb

� ðBðtÞ12 þ 2BðtÞ66ÞRtKt � ðBðbÞ12 þ 2BðbÞ66 ÞRbKb � ðEðtÞ12 þ 2EðtÞ66ÞRtXt

� ðEðbÞ12 þ 2EðbÞ66 ÞKb � ðFðtÞ12 þ 2FðtÞ66ÞWtXt

� ðFðbÞ12 þ 2FðbÞ66 ÞWbXb � GðbÞ12 Xb

j20 ¼ j17 ð::Þ
ðdÞ
55 ) ð::Þ

ðdÞ
44

� �
; j22 ¼ j18 ð::Þ

ðdÞ
11 ) ð::Þ

ðdÞ
22

� �
j24 ¼ �AðtÞ11K

2
t � AðbÞ11 K2

b � 2DðtÞ11KtXt � 2DðbÞ11 KbXb � FðtÞ11X
2
t � FðbÞ11 X2

b

j25 ¼ j24 ð::Þ
ðdÞ
11 ) 2ðð::ÞðdÞ12 þ 2ð::ÞðdÞ66 Þ

� �
;

j27 ¼ j25 ð::Þ
ðdÞ
11 ) ð::Þ

ðdÞ
22

� �
; j28 ¼ 1

ðA:14Þ
Appendix B. Coefficients for Eqs. (52)–(54)

The constants in Eqs. (52) and (54) are defined in this Appendix.
First, we define the determinants below with three and six indices:

Pi;j;k ¼
ci cj ck

ei ej ek

gi gj gk

�������
�������; Q p;q;r

i;j;k ¼
ap aq ar

ei ej ek

gi gj gk

�������
�������

Rp;q;r
i;j;k ¼

ap aq ar

ci cj ck

gi gj gk

�������
�������; Sp;q;r

i;j;k ¼
ap aq ar

ci cj ck

ei ej ek

�������
�������

ðB:1Þ

Moreover we have:
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Ki;j;k ¼
di dj dk

fi fj fk

hi hj hk

�������
�������; Lp;q;r

i;j;k ¼
bp bq br

fi fj fk

hi hj hk

�������
�������

Mp;q;r
i;j;k ¼

bp bq br

di dj dk

hi hj hk

�������
�������; Np;q;r

i;j;k ¼
bp bq br

di dj dk

fi fj fk

�������
�������

ðB:2Þ

The denominators of the constants are defined by:

1=H1 ¼ �a10P1;5;9 þ c13Q1;4;7
1;5;9 � e13R1;4;7

1;5;9 þ g13S1;4;7
1;5;9

1=H2 ¼ b11K2;6;10 � d14L2;5;8
2;6;10 þ f14M2;5;8

2;6;10 � h14N2;5;8
2;6;10

ðB:3Þ

Thus, the constants denoted by k̂; l̂; m̂; n̂; p̂; q̂; r̂ and ŝ are:

k̂1 ¼ b2H1 �a10P2;5;9 þ c13Q 2;4;7
2;5;9 � e13R2;4;7

2;5;9 þ g13S2;4;7
2;5;9

� �
k̂2 ¼ bH1 �a10P3;5;9 þ c13Q 3;4;7

3;5;9 � e13R3;4;7
3;5;9 þ g13S3;4;7

3;5;9

� �
k̂3 ¼ b2H1 a10P5;6;9 � a4P6;9;13 � a7P5;6;13 þ a5P5;9;13ð Þ

�H1 �a10P4;5;9 � a4P4;9;13 þ a7P4;5;13ð Þ

k̂4 ¼ bH1 a10P5;7;9 � c13Q4;6;7
5;7;9 þ e13R4;6;7

5;7;9 þ g13S4;6;7
5;7;9

� �
k̂5 ¼ b2H1 �a10P5;9;10 þ a4P9;10;13 � a7P5;10;13 þ a8P5;9;13ð Þ

�H1 a10P5;8;9 � a4P8;9;13 � a7P5;8;13ð Þ

ðB:4Þ

k̂6 ¼ bH1 �a10P5;9;11 þ c13Q4;7;9
5;9;11 � e13R4;7;9

5;9;11 þ g13S4;7;9
5;9;11

� �
k̂7 ¼ b2H1 �a10P5;9;14 � a4P9;13;14 þ a7P5;13;14 � a11P5;9;13ð Þ

�H1 �a10P5;9;12 þ a4P9;12;13 � a7P5;12;13ð Þ

k̂8 ¼ bH1 �a10P5;9;15 þ c13Q4;7;12
5;9;15 � e13R4;7;12

5;9;15 þ g13S4;7;12
5;9;15

� �
k̂9 ¼ b2H1 �a10P5;9;18 � a4P9;13;18 þ a7P5;13;18 þ a14P5;9;13ð Þ

�H1 �a10P5;9;16 � a4P9;13;16 þ a7P5;13;16ð Þ

k̂10 ¼ H1 a10P5;9;17 � c13Q 4;7;13
5;9;17 þ e13R4;7;13

5;9;17 � g13S4;7;13
5;9;17

� �

ðB:5Þ

l̂1 ¼ bH2 b11K1;6;10 � d14L1;5;8
1;6;10 þ f14M1;5;8

1;6;10 � h14N1;5;8
1;6;10

� �
l̂2 ¼ b2H2 �b11K3;6;10 þ d14L3;5;8

3;6;10 � f14M3;5;8
3;6;10 þ h14N3;5;8

3;6;10

� �
l̂3 ¼ bH2 b11K4;6;10 � d14L4;5;8

4;6;10 þ f14M4;5;8
4;6;10 � h14N4;5;8

4;6;10

� �
l̂4 ¼ b2H2 b11K6;7;10 � b5K7;10;14 � b8K6;7;14 þ b6K6;10;14ð Þ

�H2 �b11K5;6;10 � b5K5;10;14 þ b8K5;6;14ð Þ

l̂5 ¼ bH2 �b11K6;8;10 þ d14L5;7;8
6;8;10 � f14M5;7;8

6;8;10 þ h14N5;7;8
6;8;10

� �

ðB:6Þ

l̂6 ¼ b2H2 �b11K6;10;11 þ b5K10;11;14 � b8K6;11;14 þ b9K6;10;14ð Þ

�H2 b11K6;9;10 � b5K9;10;14 � b8K6;9;14ð Þ

l̂7 ¼ bH2 b11K6;10;12 � b10K6;10;14 � b5K10;12;14 þ b8K6;12;14ð Þ

l̂8 ¼ b2H2 �b11K6;10;15 � b5K10;14;15 þ b8K6;14;15 þ b12K6;10;14ð Þ

�H2 �b11K6;10;13 þ b5K6;13;14 � b8K6;13;14ð Þ

l̂9 ¼ b2H2 �b11K6;10;17 þ b5K10;14;17 � b8K6;14;17 � b14K6;10;14ð Þ

�H2 b11K6;10;18 þ b5K10;14;18 � b8K6;14;18ð Þ

l̂10 ¼ bH2 b11K6;10;16 � b13K6;10;14 þ b5K10;14;16 � b8K6;14;16ð Þ

ðB:7Þ
m̂1 ¼ b2H1 �a10P1;2;9 þ c13Q1;2;7
1;2;9 � e13R1;2;7

1;2;9 þ g13S1;2;7
1;2;9

� �
m̂2 ¼ bH1 �a10P1;3;9 þ c13Q 1;3;7

1;3;9 � e13R1;3;7
1;3;9 þ g13S1;3;7

1;3;9

� �
m̂3 ¼ b2H1 �a10P1;6;9 þ a1P6;9;13 þ a7P1;6;13 � a5P1;9;13ð Þ

�H1 �a10P1;4;9 þ a1P4;9;13 þ a7P1;4;13ð Þ

m̂4 ¼ bH1 �a10P1;7;9 þ c13Q 1;6;7
1;7;9 � e13R1;6;7

1;7;9 þ g13S1;6;7
1;7;9

� �
m̂5 ¼ b2H1 a10P1;9;10 � a4P9;10;13 þ a7P1;10;13 � a8P1;9;13ð Þ

�H1 �a10P1;8;9 þ a1P8;9;13 þ a7P1;8;13ð Þ

ðB:8Þ

m̂6 ¼ bH1 a10P1;9;11 � c13Q1;7;9
1;9;11 þ e13R1;7;9

1;9;11 � g13S1;7;9
1;9;11

� �
m̂7 ¼ b2H1 a10P1;9;14 þ a1P9;13;14 � a7P1;13;14 � a11P1;9;13ð Þ

�H1 a10P1;9;12 � a1P9;12;13 þ a7P1;12;13ð Þ

m̂8 ¼ bH1 a10P1;9;15 � c13Q1;7;12
1;9;15 þ e13R1;7;12

1;9;15 � g13S1;7;12
1;9;15

� �
m̂9 ¼ b2H1 a10P1;9;18 þ a1P9;13;18 � a7P1;13;18 � a14P1;9;13ð Þ

�H1 a10P1;9;16 þ a1P9;13;16 � a7P1;13;16ð Þ

m̂10 ¼ H1 �a10P1;9;17 þ c13Q 1;7;13
1;9;17 � e13R1;7;13

1;9;17 þ g13S1;7;13
1;9;17

� �

ðB:9Þ

n̂1 ¼ bH2 �b11K1;2;10 þ d14L1;2;8
1;2;10 � f14M1;2;8

1;2;10 þ h14N1;2;8
1;2;10

� �
n̂2 ¼ b2H2 �b11K2;3;10 þ d14L2;3;8

2;3;10 � f14M2;3;8
2;3;10 þ h14N2;3;8

2;3;10

� �
n̂3 ¼ bH2 b11K2;4;10 � d14L4;5;8

2;4;10 þ f14M4;5;8
4;6;10 � h14N4;5;8

4;6;10

� �
n̂4 ¼ b2H2 �b11K2;7;10 þ b2K7;10;14 þ b8K2;7;14 � b6K2;10;14ð Þ

�H2 �b11K2;5;10 þ b2K5;10;14 þ b8K2;5;14ð Þ

n̂5 ¼ bH2 b11K2;8;10 � d14L2;7;8
2;8;10 þ f14M2;7;8

2;8;10 � h14N2;7;8
2;8;10

� �

ðB:10Þ

n̂6 ¼ b2H2 b11K2;10;11 � b2K10;11;14 þ b8K2;11;14 � b9K2;10;14ð Þ

�H2 �b11K2;9;10 þ b2K9;10;14 þ b8K2;9;14ð Þ

n̂7 ¼ bH2 �b11K2;10;12 þ b10K2;10;14 � b2K10;12;14 � b8K2;12;14ð Þ

n̂8 ¼ b2H2 b11K2;10;15 � b2K10;14;15 � b8K2;14;15 � b12K2;10;14ð Þ

�H2 b11K2;10;13 � b2K10;13;14 þ b8K2;13;14ð Þ

n̂9 ¼ b2H2 �b11K2;10;17 � b2K10;14;17 � b8K2;14;17 þ b14K2;10;14ð Þ

�H2 �b11K2;10;18 � b2K10;14;18 þ b8K2;14;18ð Þ

n̂10 ¼ bH2 �b11K2;10;16 þ b13K2;10;14 � b2K10;14;16 þ b8K2;14;16ð Þ
ðB:11Þ

p̂1 ¼ b2H1 a10P1;5;9 � c13Q 1;4;7
1;5;9 þ e13R1;4;7

1;5;9 � g13S1;4;7
1;5;9

� �

p̂2 ¼ bH1 a10P1;3;5 � c13Q 1;3;4
1;3;5 þ e13R1;3;4

1;3;5 � g13S1;3;4
1;3;5

� �
p̂3 ¼ b2H1 �a10P1;5;6 þ a1P5;6;13 � a4P1;6;13 þ a5P1;5;13ð Þ

�H1 a10P1;4;5 � a1P4;5;13 � a4P1;4;13ð Þ

p̂4 ¼ bH1 �a10P1;5;7 þ c13Q 1;4;6
1;5;7 � e13R1;4;6

1;5;7 þ g13S1;4;6
1;5;7

� �
p̂5 ¼ b2H1 �a10P1;5;10 þ a1P5;10;13 � a4P1;10;13 þ a8P1;5;13ð Þ

�H1 �a10P1;5;8 þ a1P5;8;13 � a4P1;8;13ð Þ

ðB:12Þ
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p̂6 ¼ bH1 �a10P1;5;11 þ c13Q 1;4;9
1;5;11 � e13R1;4;9

1;5;11 þ g13S1;4;9
1;5;11

� �
p̂7 ¼ b2H1 �a10P1;5;14 � a1P5;13;14 þ a4P1;13;14 þ a11P1;5;13ð Þ

�H1 �a10P1;5;12 þ a1P5;12;13 � a4P1;12;13ð Þ

p̂8 ¼ bH1 �a10P1;5;15 þ c13Q 1;4;12
1;5;15 � e13R1;4;12

1;5;15 þ g13S1;4;12
1;5;15

� �
p̂9 ¼ b2H1 �a10P1;5;18 � a1P5;13;18 þ a4P1;13;18 þ a14P1;5;13ð Þ

�H1 �a10P1;5;16 � a1P5;13;16 þ a4P1;13;16ð Þ

p̂10 ¼ H1 a10P1;5;17 � c13Q1;4;13
1;5;17 þ e13R1;4;13

1;5;17 � g13S1;4;13
1;5;17

� �

ðB:13Þ

q̂1 ¼ bH2 b11K1;2;6 � d14L1;2;5
1;2;6 þ f14M1;2;5

1;2;6 � h14N1;2;5
1;2;6

� �
q̂2 ¼ b2H2 b11K2;3;6 � d14L2;3;5

2;3;6 þ f14M2;3;5
2;3;6 � h14N2;3;5

2;3;6

� �
q̂3 ¼ bH2 �b11K2;4;6 þ d14L2;4;5

2;4;6 þ f14M2;4;5
2;4;6 � h14N2;4;5

2;4;6

� �
q̂4 ¼ b2H2 �b11K2;6;7 þ b2K6;7;14 � b5K2;7;14 þ b6K2;6;14ð Þ

�H2 b11K2;5;6 � b2K5;6;14 � b5K2;5;14ð Þ

q̂5 ¼ bH2 b11K2;6;8 � d14L2;5;7
2;6;8 þ f14M2;5;7

2;6;8 � h14N2;5;7
2;6;8

� �
ðB:14Þ

q̂6 ¼ b2H2 �b11K2;6;11 þ b2K6;11;14 � b5K2;11;14 þ b9K2;6;14ð Þ
�H2 �b11K2;6;9 þ b2K6;9;14 � b5K2;9;14ð Þ

q̂7 ¼ bH2 b11K2;6;12 � b10K2;6;14 � b2K6;12;14 þ b5K2;12;14ð Þ
q̂8 ¼ b2H2 �b11K2;6;15 � b2K6;14;15 þ b5K2;14;15 þ b12K2;6;14ð Þ

�H2 �b11K2;6;13 þ b2K6;13;14 � b5K2;13;14ð Þ
q̂9 ¼ b2H2 b11K2;6;17 þ b2K6;14;17 � b5K2;14;17 � b14K2;6;14ð Þ

�H2 b11K2;6;18 þ b2K6;14;18 � b5K2;14;18ð Þ
q̂10 ¼ bH2 b11K2;6;16 � b13K2;6;14 þ b2K6;14;16 � b5K2;14;16ð Þ

ðB:15Þ

r̂1 ¼ b2H1 a1P2;5;9 � a2P1;5;9 þ a4P1;2;9 � a7P1;2;5ð Þ
r̂2 ¼ bH1 a1P3;5;9 � a3P1;5;9 þ a4P1;3;9 � a7P1;3;5ð Þ
r̂3 ¼ b2H1 �a1P5;6;9 þ a4P1;6;9 þ a7P1;5;6 � a5P1;5;9ð Þ

�H1 a1P1;4;9 þ a4P1;4;9 � a6P1;4;5ð Þ
r̂4 ¼ bH1 �a1P5;7;9 þ a4P1;7;9 � a6P1;5;9 þ a7P1;5;7ð Þ
r̂5 ¼ b2H1 a1P5;9;10 � a4P1;9;10 þ a7P1;5;10 � a8P1;5;9ð Þ

�H1 �a1P5;8;9 þ a4P1;8;9 þ a7P1;5;8ð Þ

ðB:16Þ

r̂6 ¼ bH1 �a9P1;5;9 þ c11Q 1;4;7
1;5;9 � e11R1;4;7

1;5;9 þ g11S1;4;7
1;5;9

� �
r̂7 ¼ b2H1 a1P5;9;14 � a4P1;9;14 þ a7P1;5;14 � a11P1;5;9ð Þ

�H1 a1P5;9;12 � a4P1;9;12 þ a7P1;5;12ð Þ

r̂8 ¼ bH1 �a12P1;5;9 þ c15Q 1;4;7
1;5;9 � e15R1;4;7

1;5;9 þ g15S1;4;7
1;5;9

� �
r̂9 ¼ b2H1 a1P1;9;18 � a4P1;9;18 þ a7P1;5;18 � a14P1;5;9ð Þ

�H1 a1P1;5;16 � a4P1;9;16 þ a7P1;5;16ð Þ

r̂10 ¼ H1 a13P1;5;9 � c17Q 1;4;7
1;5;9 þ e17R1;4;7

1;5;9 � g17S1;4;7
1;5;9

� �

ðB:17Þ

ŝ1 ¼ bH2 �b8K1;2;6 þ d11L1;2;5
1;2;6 � f10M1;2;5

1;2;6 þ h10N1;2;5
1;2;6

� �
ŝ2 ¼ b2H2 �b8K2;3;6 þ d10L2;3;5

2;3;6 � f10M2;3;5
2;3;6 þ h10N2;3;5

2;3;6

� �
ŝ3 ¼ bH2 b8K2;4;6 � d10L2;4;5

2;4;6 þ f10M2;4;5
2;4;6 � h10N2;4;5

2;4;6

� �
ŝ4 ¼ b2H2 �b2K6;7;10 þ b5K2;7;10 þ b8K2;6;7 � b6K2;6;10ð Þ

�H2 b2K5;6;10 þ b5K2;5;10 � b8K2;5;6ð Þ

ŝ5 ¼ bH2 �b8K2;6;8 þ d10L2;5;7
2;6;8 � f10M2;5;7

2;6;8 þ h10N2;5;7
2;6;8

� �

ðB:18Þ
ŝ6 ¼ b2H2 b2K6;10;11 � b5K2;10;11 þ b8K2;6;11 � b9K2;6;10ð Þ
�H2 �b2K6;9;10 þ b5K2;9;10 þ b8K2;6;9ð Þ

ŝ7 ¼ bH2 b10K2;6;10 � d12L2;5;8
2;6;10 þ f12M2;5;8

2;6;10 � h12N2;5;8
2;6;10

� �
ŝ8 ¼ b2H2 b2K6;10;15 � b5K2;10;15 þ b8K2;6;15 � b12K2;6;10ð Þ

�H2 b2K6;10;13 � b5K2;10;13 þ b8K2;6;13ð Þ
ŝ9 ¼ b2H2 �b2K6;10;17 þ b5K2;10;17 � b8K2;6;17 þ b14K2;6;10ð Þ

�H2 �b2K6;10;18 þ b5K2;10;18 � b8K2;6;18ð Þ

ŝ10 ¼ bH2 b13K2;6;10 � d16L2;5;8
2;6;10 þ f16M2;5;8

2;6;10 � h16N2;5;8
2;6;10

� �

ðB:19Þ

For the constants denoted by t̂ we define the denominator below:

1=H3 ¼ j12p̂10 þ j24 þ j1k̂10 þ j6m̂10 þ j18r̂10 ðB:20Þ

The constants are:

t̂1 ¼ H3 �p̂2 l̂1 � p̂4n̂1 � p̂6q̂1 � p̂8 ŝ1 � p1

� �
j12

h
þ �r̂4n̂1 � r̂6q̂1 � r̂8ŝ1 � r̂2 l̂1 � r̂1

� �
j18

þ �k̂8ŝ1 � k̂2̂l1 � k̂4n̂1 � k̂6q̂1 � k̂1

� �
j1

þ �m̂6q̂1 � m̂8ŝ1 � m̂1 � m̂2̂l1 � m̂4n̂1

� �
j6

þ b ŝ1j21 þ n̂1j9 þ q̂1j15 þ l̂1j3 þ b j2

� �i
ðB:21Þ

t̂2 ¼ H3 �p̂2 l̂2 � p̂4n̂2 � p̂6q̂2 � p̂8 ŝ2

� �
j12

h
þ �r̂4n̂2 � r̂6q̂2 � r̂8ŝ2 � r̂2 l̂2

� �
j18

þ �k̂2̂l2 � k̂4n̂2 � k̂6q̂2 � k̂8 ŝ2

� �
j1

þ �m̂4n̂2 � m̂6q̂2 � m̂8ŝ2 � m̂2 l̂2

� �
j6

� b b2j4 � j3 l̂2 � ŝ2j21 � n̂2j9 � q̂2j15

� �i
ðB:22Þ

t̂3 ¼ H3 �p̂3 � p̂4n̂3 � p̂8ŝ3 � p̂2 l̂3 � p̂6q3

� �
j12

h
þ �q̂3r̂6 � r̂3 � r̂8 ŝ3 � r̂2 l̂3 � r̂4n̂3

� �
j18

þ �k̂2̂l3 � k̂6q̂3 � k̂8ŝ3 � k̂4n̂3 � k̂3

� �
j1

þ �m̂2 l̂3 � m̂8ŝ3 � m̂6q̂3 � m̂3 � m̂4n̂3

� �
j6

þ j21b ŝ3 � j5 þ j15b q̂3 þ j3b l̂3 þ j7b
2 þ j9b n̂3

i
ðB:23Þ

t̂4 ¼ H3 �j10b
3 þ j15q̂4 þ j3 l̂4 þ j21ŝ4 þ j9n̂4 þ j8

� �
b

h
þ �p̂2 l̂4 � p̂4n̂4 � p̂6q̂4 � p̂8ŝ4

� �
j12

þ �r̂4n̂4 � r̂6q̂4 � r̂8ŝ4 � r̂2 l̂4

� �
j18

þ �k̂2̂l4 � k̂4n̂4 � k̂6q̂4 � k̂8 ŝ4

� �
j1

� j6 m̂2 l̂4 þ m̂4n̂4 þ m̂8 ŝ4 þ m̂6q̂4

� �i
ðB:24Þ

t̂5 ¼ H3 �p̂8 ŝ5 � p̂6q̂5 � p̂4n̂5 � p̂2 l̂5 � p5

� �
j12

h
þ �r̂2 l̂5 � r̂5 � n̂5r̂4 � r̂6q̂5 � r̂8ŝ5

� �
j18

þ �k̂4n̂5 � k̂6q̂5 � k̂2 l̂5 � k̂8 ŝ5 � k̂5

� �
j1

þ �m̂5 � m̂4n̂5 � m̂8ŝ5 � m̂2 l̂5 � m̂6q̂5

� �
j6

þ j15b q̂5 þ j21b ŝ5 þ j9b n̂5 � j11 þ j3b l̂5 þ j13b
2
i

ðB:25Þ
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t̂6 ¼ H3 �j16b
3 þ j14 þ j9n̂6 þ j15q̂6 þ j3 l̂6 þ j21 ŝ6

� �
b

h
þ �p̂2 l̂6 � p̂4n̂6 � p̂6q̂6 � p̂8 ŝ6

� �
j12

þ �r2̂l6 � r̂4n̂6 � r̂6q̂6 � r̂8ŝ6

� �
j18

þ �k̂4n̂6 � k̂2 l̂6 � k̂6q̂6 � k̂8 ŝ6

� �
j1

�j6 m̂8 ŝ6 þ m̂2̂l6 þ m̂6q̂6 þ m̂4n̂6

� �i
ðB:26Þ

t̂7 ¼ H3 �p̂4n̂7 � p̂8 ŝ7 � p̂2 l̂7 � p̂7 � q̂7p6

� �
j12

h
þ �r̂2̂l7 � r̂6q̂7 � r̂7 � r̂4n̂7 � r̂8ŝ7

� �
j18

þ �k̂4n̂7 � k̂2 l̂7 � k̂6q̂7 � k̂8 ŝ7 � k̂7

� �
j1

þ �m̂2 l̂7 � m̂7 � m̂4n̂7 � m̂8 ŝ7 � m̂6q̂7

� �
j6

þj19b
2 þ j9b n̂7 þ j3b l̂7 þ j21b ŝ7 þ j15b q̂7 � j17

i
ðB:27Þ

t̂8 ¼ H3 �j22b
3 þ j20 þ j15q̂8 þ j3 l̂8 þ j21ŝ8 þ j9n̂8

� �
b

h
þ �p̂2 l̂8 � p̂4n̂8 � p̂6q̂8 � p̂8 ŝ8

� �
j12

þ �r2̂l8 � r̂4n̂8 � r̂6q̂8 � r̂8ŝ8

� �
j18

þ �k̂2̂l8 � k̂4n̂8 � k̂6q̂8 � k̂8 ŝ8

� �
j1

�j6 m̂6q̂8 þ m̂8ŝ8 þ m̂2 l̂8 þ m̂4n̂8

� �i
ðB:28Þ

t̂9 ¼ H3 �j27b
4 þ j26b

2 þ j15q̂9 þ j3 l̂9 þ j21 ŝ9 þ j9n̂9

� �
b

h
þ �p̂2 l̂9 � p̂4n̂9 � p̂6q̂9 � p̂8 ŝ9

� �
j12

þ �r̂2̂l9 � r̂4n̂9 � r̂6q̂9 � r̂8ŝ9

� �
j18

þ �k̂2̂l9 � k̂4n̂9 � k̂6q̂9 � k̂8 ŝ9

� �
j1

�j6 m̂6q̂9 þ m̂8ŝ9 þ m̂2 l̂9 þ m̂4n̂9

� �i
ðB:29Þ

t̂10 ¼ H3 �p̂9 � p̂2 l̂10 � p̂4n̂10 � p̂6q̂10 � p̂8ŝ10

� �
j12

h
� r̂9 þ r̂6q̂10 þ r̂2 l̂10 þ r̂8ŝ10 þ r̂4n̂10

� �
j18

� k̂2 l̂10 þ k̂4n̂10 þ k̂6q̂10 þ k̂8ŝ10 þ k̂9

� �
j1

� m̂4n̂10 þ m̂8 ŝ10 þ m̂9 þ m̂2̂l10 þ m̂6q̂10

� �
j6

þj21b ŝ10 þ j9b n̂10 � j23 þ j3b l̂10 þ j15b q̂10 þ j25b
2
i

ðB:30Þ

t̂11 ¼ �1=H3 ðB:31Þ
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