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In this paper Reddy’s third-order shear deformable plate theory is applied to asymmetrically delaminated
orthotropic composite plates under antiplane-inplane shear fracture mode. A double-plate system is uti-
lized to capture the mechanical behavior of the uncracked plate portion. An assumed displacement field
is used and modified in order to satisfy the traction-free conditions at the top and bottom plate bound-
aries. Moreover, the system of exact kinematic conditions was also implemented into the novel plate
model. An important improvement of this work compared to previous papers is the continuity condition
of the shear strains at the interface of the double-plate system. Applying these conditions it is shown that
the nineteen parameters of the third-order displacement field can be reduced to nine. Using the simpli-
fied displacement field the governing equations are derived, as well. The solution of a simply-supported
delaminated plate is presented using the state-space model and the displacement, strain and stress fields
are determined, respectively. The energy release rate and mode mixity distributions are calculated using
the 3D J-integral. The analytical results are compared to those by finite element computations and it is
concluded that the present model is the most accurate one among the previous plate theory-based
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1. Introduction

Laminated composite materials have a very wide range of appli-
cation, beginning with car and bodywork construction, sport
industry, prosthetic devices, airplanes and continuing with wind
turbines, ships, pressure vessels, etc. (see e.g: Giannis et al,
2008; Chirica et al., 2011; Chirica, 2013). In all of these applications
the small weight/high stiffness property is utilized. Unfortunately
laminated materials are susceptible to delamination fracture
(Andrews et al., 2009; Zhou et al., 2013; Kiani et al., 2013;
Marat-Mendes and Freitas, 2013), e.g. as a result of low velocity
impact and free edge effect. The resistance to delamination is char-
acterized by experimental tests under different fracture modes.
The main parameters of linear elastic fracture mechanics (LEFM)
are the stress intensity factor (SIF) (Hills et al, 1996;
Cherepanov, 1997; Anderson, 2005) and energy release rate
(ERR) (Adams et al., 2000; Anderson, 2005), respectively. The frac-
ture tests are carried out on different type of delamination speci-
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mens including mode-I (Hamed et al., 2006; Sorensen et al.,
2007; Islam and Kapania, 2011; Kim et al., 2011; Peng et al,,
2011; Romhany and Szebenyi, 2012; Jumel et al.,, 2011a; Salem
et al., 2013), mode-II (Kutnar et al., 2008; Arrese et al., 2010;
Argiielles et al., 2011; Rizov and Mladensky, 2012; Mladensky
and Rizov, 2013b; Jumel et al., 2013; Budzik et al., 2013), mixed-
mode I/Il (Szekrényes, 2007b; Nikbakht and Choupani, 2008;
Yoshihara and Satoh, 2009; Bennati et al., 2009; Kenane et al.,
2010; Jumel et al., 2011b; da Silva et al., 2011; Fernandez et al.,
2013; Bennati et al., 2013a; Bennati et al.,, 2013b), mode-III
(Rizov et al., 2006; Szekrényes, 2009a; de Moura et al., 2009;
Marat-Mendes and Freitas, 2009; de Morais and Pereira, 2009; de
Morais et al., 2011; Pereira et al., 2011; Suemasu and Tanikado,
2012; Johnston et al., 2012; Mehrabadi and Khosravan, 2013),
mixed-mode I/Ill (Szekrényes, 2009b; Pereira and de Morais,
2009) mixed-mode II/IIl (Szekrényes, 2007a; de Morais and
Pereira, 2008; Suemasu et al., 2010; Ho and Tay, 2011; Kondo
et al, 2010, 2011; Nikbakht et al., 2010; Szekrényes, 2012a;
Suemasu and Tanikado, 2012; Miura et al., 2012; Mehrabadi,
2013; Mladensky and Rizov, 2013a) and mixed-mode I/II/III
(Davidson et al., 2010; Szekrényes, 2011; Davidson and Sediles,
2011) tests, respectively. In the former works beam and plate spec-
imens are applied. While for beams the closed-form solutions are
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available, for plates similar solutions exist only for some rela-
tively simple systems (Lee and Tu, 1993; Saeedi et al., 2012a;
Saeedi et al.,, 2012b). This paper puts emphasis essentially on
the application of plate theories in fracture mechanics under
mixed-mode II/Ill condition. In this respect the classical lami-
nated plate theory (CLPT) (Reddy, 2004; Kollar and Springer,
2003; Kumar and Lal, 2012), first-order (FSDT) (Reddy, 2004;
Yu, 2005; Kharazi et al., 2010; Thai and Choi, 2013), second-order
(SSDT) (Shahrjerdi et al., 2010, 2011), general third-order (TSDT)
and Reddy’s third-order shear deformable theories are available
(Reddy, 2004). These are the so-called equivalent single-layer
theories (ESL). An important aspect of these approaches is that
plane stress condition is assumed, therefore the transverse nor-
mal stress o, does not appear in the equations. The literature also
offers the 3D elasticity solution and the layerwise or multilayer
approaches (Reddy, 2004; Saeedi et al., 2012a,b; Batista, 2012;
Ferreira et al., 2011; Massabo and Campi, 2013) (3D solutions).
It has to be mentioned that there are some mixed analytical/
numerical methods for the calculation of ERR in 3D structures
(Sankar and Sonik, 1995; Davidson et al., 2000), as well. Concen-
trating on the pure analytical formulation of the problem of del-
aminated plates the precedents of the current work are the
following:

e extension of the elastic interface model (e.g. Luo and Tong,
2009) for isotropic and orthotropic plates with midplane delam-
ination (Szekrényes, 2012b, 2013b)

e application of classical, first-, second- and third-order plate the-
ories to symmetrically delaminated orthotropic plates using
interface constraints (Szekrényes, 2013a,c, in press)

e a refined model utilizing Reddy’s third-order shear deformable
plate theory for midplane delaminated orthotropic plates
(Szekrényes, 2014b)

e introduction of the system of exact kinematic conditions (SEKC)
for first-order (Szekrényes, 2013d) and second-order plates
with asymmetric delamination

Based on these works it was shown that for plates with sym-
metric lay-up and midplane delamination the minimum require-
ment is the application of FSDT (Szekrényes, 2013a). Although
the second- and third-order theories (Szekrényes, 2013c, in
press, 2014b) provide some improvement, their main advantage
can be exploited essentially if the delamination is not in the
midplane of the plate. The latter case generates a complex strain
and stress state around the delamination tip: the higher the
order of the displacement field is, the higher the accuracy of
the approach is. As a continuation of the previous researches,
in this paper Reddy’s third-order theory is extended to orthotro-
pic plates with asymmetric interfacial delamination. The analysis
is based on the SEKC requirements, which are complemented
with the continuity of shear strains at the interface plane of
the top and bottom layers of the double-plate model. Fig. 1
shows the main aspects of the problems investigated in this
paper. The laminated plate contains a through-width delamina-
tion, which is parallel to the X-Y plane of the global coordinate
system and in each case the direction of crack propagation is the
global X axis. Four cases are presented in Fig. 1 including two
different lay-ups. The governing equations are derived for asym-
metrically delaminated plates and as an example a simply-sup-
ported plate is analyzed using the state-space formulation. The
displacement and stress fields are determined and the distribu-
tion of the ERR along the delamination front is calculated by
the 3D J-integral (e.g. Shivakumar and Raju, 1992; Mladensky
and Rizov, 2013b) It is shown that the present approach is rea-
sonable to obtain accurate results for asymmetrically delaminat-
ed plates.

2. The system of exact kinematic conditions

Let us assume a composite plate consisting of orthotropic plies,
the plate contains an interfacial delamination between any plies as
it is shown by Fig. 2. The local through-thickness coordinates are:
20 € (—t:/2,t,/2), zP € (~ty/2,tp/2), where t, and t;, are the thick-
nesses of the top and bottom layers. The global coordinates are
denoted by X, Y and Z. The delamination divides the plate into a
top and a bottom plate element, each is modeled by ESLs. In the
delaminated portion (see Fig. 2(b)) the displacement field is dis-
continuous in the plane of the delamination, the top and bottom
layers of the delaminated part can be modeled by traditional plate
theories. In contrast the displacement field is continuous in the
undelaminated region. Therefore, in this section the kinematic con-
tinuity conditions between the top and bottom layers of the undel-
aminated plate portion are formulated. In fact, the problem can be
solved by any plate theory. Whichever theory is used the assumed
displacement field of the undelaminated plate portion has to sat-
isfy certain kinematic conditions. First, the components of the dis-
placement vector are continuous across the interface plane. The
requirements are:

(ue, Z/th)\zm:,z;z = (Us, 7/b7Wb)|z<b>:¢b,zfz (1

where u, v and w are the components of the displacement vector,
moreover z§ and z, are the positions of the reference planes of the
top and bottom plates, respectively. Second, we choose a global ref-
erence plane given by z; (see Fig. 2) in the uncracked region (simi-
larly to plates without discontinuities, Reddy, 2004). Depending on
the thicknesses of top and bottom plates this condition involves two

cases:

<ty
ZR

Z vf'z(fJ:—(z;—zR+tb) —2v=0

)

where zp is the position of the reference plane in the uncracked por-
tion, ug, v are the global constant in-plane displacements of the
uncracked region because of the bending-stretching coupling. As
it is shown by Fig. 2, the latter are the same for the top and bottom
plates. For first- and second-order plates the conditions above are
sufficient to develop a relatively accurate displacement field
(Szekrényes, 2013d). However, for third-order plates even the
transverse shear strains have to be continuous across the interface
plane, involving the following conditions:

ub'z[b):ZR—zg — Uy = 0, Z}blz(b):zR—zg —19=0

uf'z(”:—(z;a—zRthb) —Up = 07

(V)at? ’Vyzt) = (yxzb: yyzb) (3)

t)—_ b)_¢t, _7b
z( = Z zb)=t), Zy

Egs. (1)-(3) are called the system of exact kinematic conditions
(SEKC). As it is shown, there are seven conditions formulated. Since
the neutral plane of laminated plates can be determined only in
some particular cases (Nettles, 1991), it is convenient to choose
the midplane of the plate to be the reference plane (Reddy, 2004,
p. 113, Jones, 1999, p. 197). In this case Egs. (1)-(3) reduce to:

(U, v, W)

a0t = (U, Ub;wb)|z(b):'7b (4)

2 >ty u )

Z(=—_.

t[ + tb { < tb . ub|z(b):‘7r — Uy = 07 vb‘z(b):% — Vo = 0

[ Ug = 0, T/t|zm77t£ — Vg = 0
2 =

(szt:)@zt) = (szlw yyzb) 20t (6)

It
z(),f7

In the sequel, the application of the SEKC to third-order Reddy
plates is presented.
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Fig. 1. Plate elements with orthotropic plies and the position of the delamination over the thickness of the plate.
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Fig. 2. Cross sections and deformation of the top and bottom plate elements of a delaminated plate in the Y-Z (a) and X-Z (b) planes.

3. Extension of Reddy’s third-order theory to delaminated
plates

In this section we develop the displacement field and the gov-
erning equations of the uncracked plate portion, the delaminated
part can be modeled by the traditional TSDT by Reddy (Reddy,
2004, p. 671). The inplane displacements in the undelaminated
portion of general third-order plates can be written as:

Us(X,y,2%) = Ug(X,¥) + Uos (X, ¥) + Oxs(X,¥) - 29 + hys(X,¥)
(29 4 As(x,y) - [29] (7)

Us(%,y,27) = vo(X,y) + V05 (X, ¥) + Oys (X, ¥) - 27 + 5 (X, Y)
2 4 Aysx,y) - [29] (8)

where ¢ takes t for the top and b for the bottom plate, respectively
(refer to Fig. 2), furthermore z is the local coordinate, uy and v, are

the global (through-thickness) constant parts of the displacement
functions, ugs and vy; are the local constant parts (refer to ug, ugp
and vy, vg in Fig. 2), 0y and 0,; are the rotations about the x
and y axes, ¢,; and ¢, are the parameters of the second-order, ;
and 4, are the parameters of the third-order terms, respectively.
It should be highlighted that the local constant components (or
membrane components, oy, and ug, or vy and v, in Fig. 2) are dif-
ferent in magnitude for the top and bottom plates. These are very
important to satisfy the SEKC requirements. Based on the intersec-
tion points between the local reference planes with the curve of the
through-thickness displacement distribution in Fig. 2(b) it can be
seen that ug, and ug, should be different in magnitude (geometric
consideration). The magnitude of the ug and ug, (and o, vop)
parameters would be the same only for a plate with symmetric
lay-up and midplane delamination (Szekrényes, 2014b). It is
assumed (see Eq. (1)) that the w(x,y) deflections of the top and
bottom plates are the same, and so, we have nineteen parameters
altogether. Utilizing Eqgs. (4)-(6) and the first case in Eq. (5),
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moreover taking the midplanes of the top and bottom plates to be
the reference planes and finally using the
(’yxztv ’Vyzt)

(=Lt
2=

= (yxzb=’))yzb) - =0 9)

conditions to ensure traction-free top and bottom surfaces (Reddy,
2004, p. 673) it is possible to eliminate ten from the nineteen
parameters. However, we can not choose arbitrarily that which
ones of the displacement parameters are eliminated. The higher-
order stress resultant denoted by P (see later) plays an important
role in Reddy’s theory (Reddy, 2004, p. 704), therefore the corre-
sponding parameters denoted by /. in Egs. (7) and (8) must be
untouched. On the other hand it is seen that the higher-order stress
resultant denoted by L (Szekrényes, 2013c) is eliminated from Red-
dy’s plate theory. Therefore, the corresponding two quadratic
parameters, given by ¢ can be eliminated. The next two parameters
eliminated from Eqs. (7) and (8) are ugs and vgs. Finally, the rota-
tions of the top plate are also eliminated. Consequently, the remain-
ing parameters are: Ug, Vo, Ow, Oyp, Axt, Ayr, 4xb, 4» and the
deflection w, respectively. Based on these concepts and Egs. (4)-
(8) the displacement fields of the uncracked portion becomes:

{ue} = {uo} + {tor} + {ure} - 29 + fuae} - [29]° + {uze} - [2]°
(10)

{up} = {uo} + {top} + {ttw} -2 + {uz} - 201" + {uz} - [2®]°
(11)

233 {ult}T = {uy,
Uy = , oty = At + @ + 1 + At
Vo Gyb ;Lyt ;“yh (:)‘;/
be ;vxt )~xb
{ur} = +Ieq  p+Zeq
eyb Ayt Ayb
be jvxt ?TV; ;Mxt
{uae} = Q¢ + ¥ +Q o {us} =19 .
Oyb },y[ f)y Ayt

where {u[}T ={u v1¢}, etc. Furthermore:

(12)
and:
6 ;be qw xb
{ugp} = Ab{ }+rb{ , }+Ab x {Uw}:{ }
Oyp Ayb oy Oy,
Oxp Axb ow Jxb
i} Qb{ : }+‘I‘b{ . }+Qb ol {ugb}:{ . }
Oyp Jyb o b
(13)
where: A; = (3t2 + bty —t2), O =-1t3, T = lG(Ztt +tp) (5t —
tety — t2), At a6 (& +tty—t2), Me=-3t2, % = Q=-1
3¢2 2 t2

We=-2 A= _E(Zt” +t), TIp=
Qb :%, lI"b :%tb.

It must be highlighted again that the SEKC requirements are
essentially related to the uncracked portion of the plate. The
parameters that were eliminated in Eqs. (10) and (11)
(Uot, Vor, Uob, Vobs Pxes Dyes Pxvs Pyps Oxe and 0y ) became the func-
tions of the remaining parameters (Ox,, Oy, Axt, Ayr, Zxp, Ayp and W)
in accordance with the second, third and fourth expressions in Eq.
(12), moreover in accordance with the first and third expressions in
Eq. (13). It is important that 1, are v, are also remaining (indepen-
dent) parameters.

The strain field is obtained by using the basic equations of linear
elasticity (Chou and Pagano, 1967):

— =3ty + 2tt), Ap =

_E'

&x %o P el
& = oo &0V 4298 &b
T ) ) % + dai;? %(c?/) ©) V)((}/) )
{LZ) 8)((3)
+ 29778 P b 4 [29]{ e (14)
7" ) 7% )

Ve | _ 79 oy 2V L e s
Y 7(0) (D) (2)
Y2 ) () )))’Z (9) )))/Z (9) yyz )

where the terms with superscript “0” are the constant strains:

02
g0 gl & & "
g’ b =A0a) b 1@ e b +T ) b F AL 2
(0 (1) .
v ) T ) v T ) T ) ) 220
(16)
0 (1) 3) Pw
&l & & e
2
g’ b =M e b+ e b+ A 2 (17)
( 2
T ) ) T ) ) T ) ) 250

The first-, second- and third-order strains are defined as:

&V Pl ) pe
gy =3gV b +IQ &) 3 + S &) (18)
1 (D (3)
Y ) Y /(b ) " )
90x
gl K
1 20
& £ (19)
(1) . L 90
Vxy (Z)(;; + 6){ (b)
2*
e N e o
2
Sﬁz) ) +Wol &) b +Qee 2 (20
(2) 2
Vxy ny (b) Yo ) 2 gxé‘)/;
dix
& o
D).
&’ £ (21)
( ¢ /x [z
Ty ot 3 )
Finally the shear strains are given by the following equations:
(© 0, + 2w )
))XZ + OX )"X X
{“(0)} _{0 +(()w +I1; y + X A (22)
Yz ) Yoy )by V7 (b) v
0
%(a) _ Ox + 3¢ 23
NN R v (23)
vz ) ) w)
e O+ 5
W =200 ) +2‘P5{i } (24)
Wz ) ) 4 (b) Y
(2) p)
Yz _3f % (25)
"(2) ) )
¥z ) () Y7 0)
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The relationship among the stress resultants and the strain field
parameters of third-order plates is (Reddy, 2004):

{N} [A] [B] [D] [E] {9}
{M} (Bl [D] [E] [F] {eM}
= (26)
{L} (D] [E] [F] [d] {e®}
Py ) [E] [F] [G] [H]y {9} )
{Q} A B D] ({7
Ry =B [ [E |{ {7} (27)
(St J 5 LDI [E FILOPY T,
where:
« ()ss O
= 28
=1 ] 2

Moreover: {N}(Té) ={Nx Ny Ny}, is the vector of in-plane
forces, {M }<T().) ={Mx M, My}, isthevectorof bending and twist-
ing moments, {Q}Zé) ={Q« Qy} is the vector of transverse shear
forces, and finally {L}{;y = {L« Ly, Ly}, {P}s ={Px Py Py},
and A{R}(Té) ={R Ry}, {S}, ={Sx S}, are the vectors
of higher-order stress resultants. The stress resultants are

defined as:
N 1 (9)
Ma/ﬁ t3/2
of z (0)
= o dz
Loy / M z2
) 3
Py ) ) z (29)
Q, t/2 1@
R, = / Ol Z dz®
Sx —t3/2 72

()

where the symbols « and g take x or y. The extensional, coupling,
bending and higher-order stiffnesses can be defined as (Reddy,
2004):

N Zkr1 __ 5 .
A, By, Dy, Ey, Fy, Gy, Hy) = cW,2,2,2,2,2°,25 " dz"
ij> Bij, Vs Eij, Fijs Gy, M) 5) i
k=1 2k
(30)

The stiffnesses above are calculated with respect to the local
reference planes of the top and bottom plates (refer to Fig. 2).
The application of the principle of virtual work (Reddy, 2004,
p. 674) makes it possible to obtain the Euler-Lagrange equations
(equilibrium equations) in the following forms:

8Nxt 8nyt 8Nxb anyb _
ox ay ox ay

0 (31)

ONge  ONye  ONgy Ny
ox oy ox ay 0 (32)

OPx  OPyy: ONx:  ONyye ONxp  ONyp
oy +CDf( Ty + 0+ 3

8Mxr awayt _
+nt( ot o ) ~T1,Qy —3S¢ =0 (33)

Py Py o <anyf . aNyt> o, (any,, aNy,,>

ax oy ox oy ox dy
OM, oM
+Ht< a;:ﬂ + ay”) — ,Q, — 35, =0 (34)
My My ~ My Mgy A
e+ Tt = Qe G+ S~ Q= 0 (35)
(?Myt E)MWI A 8Myb 8MXyb A _
dy Yt dy ok =0 (36)
OPxy  OPyyp ONxy  ONyp 0Ly,  OLyp
ox * ay + 1 ox + ay + ¥ ox + ay
OMy:  OMyye ONxt  ONyyt 0Ly OLyy
+Zt< " y )+Fr<ax + ay + ¥, x T oy
- lI"bRxb - 3be - Zthr - zlPtth =0 (37)
0Py Py ONyp  ON,p OLyy Ly
X + ay +1 X + oy +Y¥, o + ay
My OMy, ONy:  ONy 0Ly 0Ly
Jrzt( X + ay +1I ox + ay + V¥ I + ay
— WyRy — 35y — Z:Qy — 2%,Rye = 0 (38)

0Qu | 9Qy | 9Quw | 9Qyp
(224 + ay + ox + ay

+q=0 (39)

where the equivalent stress resultants are denoted by the hat. The
equivalent bending and twisting moments are:

M, M, Ny
M, =q M +(As — As)y Ny (40)
My ) 5 My ) Ny ]

Moreover, the equivalent shear forces become:

~ 8NX( aNx 0 aLxr aLX 0
Qxs = Qxs +2QRys — A(s< 8X$ + 8yy)) - Qé( 8)(3 + 8;3> (41)

R ONyy5  ONy; OLys  Olys
Qys = Qs + 2QsRys — /\§< 8Xy + a;m> - Qé( 8)2” + 8_;)> )

As it can be seen there is significant coupling among the stress
resultants. Taking Eqs. (26) and (27) back into (31)-(39) we obtain
the governing PDE system in terms of the displacement
parameters:

MU, =0, MU, =0

. T (43)
MU =0, i=3,4, MUs+q=0
where q = q(x,y) is the function of external load, moreover:
M; = (o Q1a )T7 M, = (b b4 )T
€ ... C18 di ... dis
My=|e - es |, Ma=|fi - fis (44)
& - & hi - g
Ms=(j; - Jy)'

where the constants denoted by a-h and j are given in Appendix A.
The vectors U;, i =1,2,3,4 and 5 are defined as:
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L= [P Py P POy R0y PO Pie Py Pl Pigy Py P Pw Pw (45)
- ox2 ay?  oxdy  ox? ay? oxdy  Ox? a2 oxdy  ox? ay? oxdy — ox3  0xdy?
U, = Puy  Pog Pog Py POy Plp i Phw Pip Phy Phpy Php Pw Pw (46)
- oxdy  ox2 ay2  oxdy ox2 ay? oxdy X2 ay? oxdy — ox? a2 X2y  9y3
Us = Pup  Puy P 0 R0y R0y POy 2 Phy Piy Pine j) Pigy Py Php ow Pw  Pw (47)
= w2 oyr away  xb e ez axay M o g2 axay b Tox2 Tgy2 axdy ox ox3 oxoy?
Us = Puy  Puy Pvg Py 0 Pl Pl Py Phye Py Pig 2 Py Pl Pw Pw ow (48)
= oxdy  ox2 ayr  oxdy b Tox2 a2 xay TVE Tox2 2 ooy Vb Tox2 >  ox2ay a3 oy
Us = Pug Pug Pug Pog Wy Py Py Wy Poy Doy Op  Oiy Piw  Piy O Py Py O Py Phe Oy "3/ o Py Pw tw w o Pw dw
= ax3 oxoy?  oxtay  ay3 ox ox3 oxay?  dy  ox2ay oy ox ax3 oxayr oy oxZay oy 3 a3 oxdyr oy oxZay oy axr ot ox2oyr oyr oyt
(49)

4. Bending solution for a simply-supported plate

This section presents the solution for a simply-supported dela-
minated orthotropic plate depicted in Fig. 3 subject to a point force.
In accordance with Lévy plate formulation (e.g: Reddy, 2004; Thai
and Kim, 2012) the displacement parameters are approximated by
trial functions:

0x(x,y) Xu(x,y)sin fy Uo(x,y) Uon(x,y) sin By
Oy _ i Yy (x,y) cos fy voxy) | _ i Von(x,y) cos py
x(%,) | Zw(x,y)sin py (*x.y) = | Qu(x,y)sinpy
Jy(X,Y) Zyn(x,y) cos By w(x,y) Wh(x,y)sin By
(50

where g = nm/b. The state-space model is used to solve the system
of differential equations for both the delaminated and uncracked
plate portions.

010 0 0 00 0O 0 OO0 0 O
ki 0 0 ko ks 0 0 ki ks 0 0 ks Kk
0 00 1 0 00 0O O OTU OO0 O
o0 L L 0 0 I I, 0 0 Is Iz 0 0O
0 000 01 00 0 0O O0 O
i, 0 0 fm, m3 O O g ms 0 0 fg My
0 00 0O O OO 1 0 OO0 O0 O
0 a i, 0 O fs Az 0 O a5 ag 0 O
0 00 0O OOO O O 10 0 O
pun_ [P 0 0 B By 0 0 pi ps 0 O Ps B
= 0 00 0O O OO O O OU O 1 0
0 g1 ¢ 0 O g g2 0 O g g O O
0 00 0O O OO O OO OO0 O
70 0 7 f5 0 0 7 75 0 0 75 7y
0 00 0O 0O OO O O OT OO0 O
0 § &% 0 0 & & 0 0 8 8 0 O
0 00 0O 0OOO O O OTU OO0 O
0 00 0O 0O OO O O OGO OO0 O
0 00 0O O OO O O O OO0 O
0 0 0 0 0 t £ 0O 0 & t4 0 O

4.1. Undelaminated plate portion

For the undelaminated plate portion the model developed in
Sections 2 and 3 is utilized. The general form of the state-space
model is:

Z1ud) _ Td) Zud) | plud) (51)

where the superscript (ud) refers to the undelaminated plate por-
tion and Z is the state vector, T is the system matrix, F is the vector
of particular solutions, respectively. Utilizing Eq. (50) and taking it
back into Eq. (43) results in a system of ODEs. The latter should
be manipulated so that each equation contains the second deriva-

tive of only one displacement parameter. Then the system matrix
T takes the form of:

0 0 0 00O 0 O
0 0 ks O ko O ki

0 0 00O 0 O

b Is 0 Iy 0 Lo O

00 00O 0 O

0 0 g 0 1me 0 i

00 00O 0 O

i, ig 0 Ay O fyp O

00 00O 0 O

0 0 pg 0 ps 0 pro

00 00O 0O 0 O (52)
G Gs 0 G 0O g O

1.0 0 0 0 0 O

0 0 7/ 0 # 0 fpo

00 1 00 0 O

$ S5 0 S 0 5§ O

00 001 0 O

00 00O 1 O

00 0 0 0 0 1

b fs 0 & 0 & 0
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Z @ simply-supported

simply-supported

Fig. 3. A simply-supported asymmetrically delaminated plate subjected to a point force.

where the elements of the matrix are constants depending upon the 20 20
top and bottom thicknesses, as well as the stiffness parameters of z? = ZG?K,@ + H}@v z = chjyd)K}ud) + H,(-Ud) (56)
the plates. These are listed in Appendix B. The state vector and = =
the vector of particular solutions are defined as:
20— Uy Uy Vo Vo X Xy Yo Yoo Zoe Ziw Zyme Zye Zwv Zay Zyp Zyyy Wa W, W5 W} (53)
Flud) — {O . 0 10, }T (54) In accordance with Fig. 3, we have four different plate portions.
The point force causes singularity in the PDEs, therefore a plate
The general solution of Eq. (51) is (Reddy, 2004): portion loaded by a constant line force was applied, the length
do was a very small value compared to the plate dimensions. In
y oy (o X e this case Qn = 2q0/bs?n(ﬁyo) (Reddy, 2004), which was applied ip
ZM(x) = e= (K( ) +/ e= °F )(G)d5> the delaminated portion ‘1q’. Thus the three parts of the delami-
o nated portion are denoted by ‘1a’, ‘1q’, ‘1’ and the undelaminated
= Q”d) (X)K™ 4 H"D(x) (55) one is denoted by ‘2’, respectively. The boundary conditions (B.C.s)
are formulated through the displacement parameters and the
where K is the vector of constants (20). stress resultants. The latter can be expressed in the following
forms:
4.2. Delaminated plate portion
NX nXﬂ
The state-space model of the delaminated portion can be Py Dn
derived relatively simply based on Szekrényes (2014b). In the del- Ny Tyn P
aminated part (see Fig. 2) the SEKC does not enforce the two sub- M, o | my, Y ~ Pyn
plates to behave as a single plate, the parameters (s, Vs, Oxs = Z sin By, Q, = Z Gun sin By
etc.) of the top and bottom plates in the delaminated part are inde- M, n=1 | Myn R n=1
pendent of each other. Since the in-plane displacement functions L, Ly X Txn
are discontinuous in the delaminated region we can apply two (a Sy @) Sxn ) (5)
top and a bottom) traditional ESLs for each region (‘1a’, ‘1q" and L 5) lyn ©)
‘1’ in Fig. 3) with different thicknesses (t; and t;). The equilibrium (57)
equations of traditional Reddy plates (Reddy, 2004, p. 675) can be
used in the latter case, however since the deflection of the top and
bottom plates are assumed to be the same there is some coupling N n
between the shear forces of the top and bottom plates, viz. an Mxy - mxy" Q o [
equation similar to Eq. (39) applies also to the delaminated portion i - Z on cos By, R, - Z Tyn cos fy
(Szekrényes, 2014b). The system matrix of the delaminated portion Ly | o R
is a 20 x 20 matrix. Py J Pan J 5, vo mle
(38)

5. Boundary and continuity conditions
i.e. ny, is the function coefficient in the trial function of N,, etc. For
The elements of the state vectors in Eq. (51) and that of the del- the present Problem 80 conditions need be formulated. Based on
aminated part can be referred to as: Fig. 3 the B.C.s are:
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W% (@) =0, W' (@=0. Y,"(@)=0

. . (59)
Vo (@) =0, ngf(a)=0, myd(a) =0

WP (=) =0, Vgl(-0)=0, Yi(-0)=0 0)
Zn(-0)=0, nZ(-c)=0, ma(-c)=0, poi(a)=0

where § can take t and b, and so some of the equations involve
two conditions, we have 20 B.C.s altogether. The continuity
conditions between regions ‘1’ and ‘2’ are (considering Egs. (10)
and (11)):

W' (0) = W2 (0), WV (0) = W, (0)
(1 ) (1) ) (61)
W(0) = W (0), Wy (0) =wy(0)
Ué)]n)t(o) = U on + (A fxnb + (szxnt + l—‘fonb + AfWI = )’
. (62)
Vo(0) = VG + (AY(y + @Zjh, + TiZin, + ApWi)|
U(()]n)b(o) = U (Abxnb + rb xnb +AbW/2 )‘ -
) (63)
Vi (0) = Vi + (AY () + ThZio + AppW )‘ Y
Xip(0) =X5(0), ¥})(0)=Y,5(0),
4 0L @) 4 M
7F(Xn(5 +Wn ) = xné(o)v 7?( né +ﬁW ) Zyno(o)
3 x=0 0 x=0
(64)

As it can be seen, there is no need to impose continuity conditions
with respect to X'} and Y\) (these are related to the delaminated
portion and not eliminated from the displacement field). The rea-
sons for that are the last two conditions of Eq. (64), which cause
that the continuity of X!} and YV is automatically satisfied. The
continuity conditions of the stress resultants must consider the cou-
pling among them, therefore the equivalent stress resultants given
by Eq. (40) are used:

2 2
G +nl,

(1) M —
nXHt + nxnb X=0 -

As it can be seen, we can formulate 20 continuity conditions
between regions ‘1’ and ‘2’. It is important to mention that there
are two continuity conditions with respect to the sum N, and N,y
normal forces. Therefore the normal forces are not continuous
across the cracked and uncracked portions. The magnitude of nor-
mal forces is determined by the kinematic continuity conditions.
The continuity between the ‘1’ and ‘1q’ portions involves 20
conditions:

W (xo1) = W (xor), W' (xo1) = Wi (xon)
W;;“‘D (Xm) _ W /(1 )(Xm) W /(1q) (X ]) W;;'“)(Xm)
(68)
1 1
Ut (Xo1) = Ulys (xo1), XS5 (xo1) = X{ (x01)
1 1 1
Vo (Xo1) = Vs (Xo1), Yi (Xo1) = Yy (xo1)
Ml (Xo1) = Ny (Xo1), My (Xo1) = iy 5(Xor)
4 4
(1q) 2.,(1q) M 2
m — =t =m, s — =t
xno 3 oFxno —, xnd 3 pxn() xtor (69)
4 4
19) 2.1 2
mi! o = mf(y)no 3 tdpxyna‘

xyns § (pryno‘
X=Xo1

X=Xp1

where xg; = Xq — do. Further 20 conditions can be derived between
‘1q’ and ‘1a’, these are similar to those in Eq. (60), therefore these
are not presented here. Thus we have 20 + 20 + 20 + 20 = 80 con-
ditions in all.

6. Energy release rate and mode mixity

The ERR can be determined based on the 3D J-integral
(Murakami and Sato, 1983; Shivakumar and Raju, 1992). The J-
integral have already been determined for first- and second-order
plates with asymmetric delamination (Szekrényes, 2013d), there-
fore only the final results are presented here:

edf (o,

0
,~Nassl| )
x=—0

x=0
(65) )
xynt + nxynb x=0 nxyﬂt + nxynb
— (N0 —N.,.e© M (‘sm‘ _ (‘sm‘
4 < visbyis| o T 2ebyas| o + | Mxs€ys v hestas| o
(1) —_m@ —A)n
mxn[ 3t2 pxnt - mxnf ( t) xnt Y
x=0 1 2 2
(66) < 156015 M.sz)g;('z)o ) + <Lx168;(a)(3 - xzagizzs‘ )
4 o X= x=—0 x=+0 x=-—0
1) _
My — prnb =m, + ( Ab) xnb
b x=0 Lyis€ — Lyl + ( Psel) ‘ —Posel)
y ylé Y Y20 yZo X——0 X1o©x16 =10 X209x25 =0
m 4 _ @
mxynt - 72pxynt - mxynt + (Af A[) xynt
3t2 = Py (70)
x=0 (67) Pyi5¢ ylo - y20y25|
1) 4 A A
xynb ﬁpxynb xynb + ( b — b) xynb and:
b x=0 :
Table 1
Elastic properties of single carbon/epoxy composite laminates.
Ex (GPa) E, (GPa) E, (GPa) Gy, (GPa) Gy, (GPa) Gy (GPa) Vyz (=) Vyz (=) Vay (=)
+45°f 16.39 16.39 16.4 5.46 5.46 16.4 0.5 0.5 0.3
0° 148 9.65 9.65 491 4.66 3.71 0.27 0.25 0.3
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Fig. 6. Distribution of the in-plane displacements (u and »), normal stresses (g, and ¢,) and shear stresses (7, and t,,) over the plate thickness for case III, b = 160 mm, lay-

up: [145!/0/ 145;/6}5.
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Fig. 8. Distribution of the shear strains y,, and 7,, at the transition between the delaminated and uncracked regions at Y=b/2 and Y =0 (case I, b =100 mm, lay-up:

[j:45f 0/ + 45, /OL).
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where the shear strains with the hat are defined as:

o0 _ o 9o 2 _ 0bx _ Ody

V"y_c?y ox’ y"y_[?y ox’ ™ T oy ox’
5 ik Dl

Xy 75_5 (72)

s — 90 _ 90y

Under static conditions Gy =J,; and Gy =],;. The mode mixity
(Gu/(Gy + Gyy) and Gy /(Gy + Gyr)) can also be calculated.

7. Results and discussions

In this section simply-supported plates with two different plate
widths are analyzed with the following properties (refer to Fig. 2):
a=105mm (crack length), ¢=45mm (uncracked length),
b=100mm and b=160mm (plate widths), t;+ t, =4.5 mm
(plate thickness), Q,=1000N (point force magnitude),
Xq =31 mm, ¥, = 50 mm and y, = 80 mm (point of action coordi-
nates of Q,) and dop = 0.1 mm. The plate is made of a carbon/epoxy
material, two different lay-ups were investigated: the lay-ups of
the uncracked part were [+45/0/ +45}/0]; and [90/0/90, /0]
(cross-ply laminate). A single layer was 0.5 mm thick. The proper-
ties of the individual laminae are given by Table 1 (Kollar and
Springer, 2003). The 45 layers were isotropic, the 90 layers were
obtained by rotating the 0 layers by 90° about the z axis. Four dif-
ferent positions of the delamination was studied, these were
assigned as cases I-IV and are shown in Fig. 1. The computation
was performed in the code MAPLE (Garvan, 2002) in accordance
with the following points. The stiffness matrices of each single
layer of the plate were determined based on the elastic properties
of the laminates given in Table 1. The problem in Fig. 3 was solved
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varying the number of terms (N) in the trial function by creating a
for-do cycle. Based on the displacement parameters the stress
resultants and the stresses were calculated. Finally the ERRs were
calculated using the J-integral. The convergence of the results was
analyzed and it was found that after the 13th Fourier term there
was no change in the displacement field, stresses, forces and ERRs.

7.1. Finite element model

In order to verify the analytical results finite element analyses
were carried out. The 3D finite element models of the plate with
different delamination positions were created in the code ANSYS
12 using 8 node linear solid elements. Similar 3D models are doc-
umented in the literature (de Morais and Pereira, 2008, 2009;
Pereira and de Morais, 2009), therefore the models are not shown
here. The global element size was 2 mm x 2 mm x 0.4 mm. In the
vicinity of the crack tip a refined mesh was constructed including
trapezoid shape elements. The z displacements of the contact
nodes over the delaminated surface were imposed to be the same.
The mode-II and mode-IIl ERRs were calculated by the virtual crack
closure technique (VCCT) (e.g. Bonhomme et al., 2010), the size of

the crack tip elements were Ax =0.25 mm, Ay =2.0 mm and
Az = 0.25 mm. For the determination of G; and Gy along the
delamination front a so-called MACRO was written in the ANSYS
Design and Parametric Language (ADPL). The MACRO gets the
nodal forces and displacements at the crack tip and at each pair
of nodes, respectively, then by defining the size of crack tip ele-
ments it determines and plots the ERRs at each node along the
crack front.

7.2. Displacement and stress fields — analysis vs. FE solution

In this section the analytical and numerical results are com-
pared to each other. The analyses were carried out by using the
present TSDT (Reddy) and a previous FSDT solution (Szekrényes,
2013d), respectively. Four cases were investigated, simultaneously
two different plate widths and two lay-ups were applied. However,
not all of these cases are documented in this paper, but the corre-
sponding geometry and lay-up are always indicated in the legend
of the subsequent figures. Fig. 4 depicts the results for case I with
b=160mm for the [+45/0/+45}/0]; laminate. The displace-
ments and stresses were evaluated in the vicinity of some points
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Fig. 9. Distribution of the shear strains y,, and y,, at the transition between the delaminated and uncracked regions at Y=b/2 and Y =0 (case II, b =100 mm, lay-up:

[j:45f 0/ + 45, /OL).
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located at the delamination tip (refer to the legends again). It can
be seen in Fig. 4 that the displacement distributions agree very
well, in contrast the stresses are quite different. An immediate
observation is that there is a misalignment between the numeri-
cally and analytically determined displacement distributions, more
clearly, the intersection point of the displacement distributions by
FEM are not the same as that of the analytical solution. It has to be
mentioned that we can compare only the slope of the two
solutions, because the intersection point slightly depends upon
the boundary conditions related to the in-plane displacements.
The rigid body motion of the plate in the X-Y plane can be
eliminated in several different ways, e.g. in the present analysis
the following conditions were imposed: x=a, y=0, z=
—(te+tp)/2:u=0, v=0 and x=a,y=b, z=—(t;+1)/2:
u = 0. For g, the FE solution indicates a peak in the plane of the
delamination, the peak by TSDT solution is significantly less. The
FSDT approximation is quite similar to the TSDT for case I. For o,
each solution agrees more or less. The approximation of shear
stresses is again very contradictory. The FE solution shows a peak
in the delamination plane. The major difference between the ana-
lytical solutions is that the shear stress by FSDT does not vanish at
the top and bottom boundaries (the traction-free condition is vio-
lated). In contrast, the TSDT does satisfy the dynamic boundary

2P - 4 [MPa]
1.6

- 0.6

—1.67

- 2.6
ﬂ

T [mm]

—44

i MPal

-t |

& [mm]

Y [mm]

conditions, the shear strains (and so the stresses) vanish even at
the delamination tip. Although there are differences, the area
under the curves is approximately the same, which is in fact the
shear force. The further cases (II, Il and IV) are presented in Figs. 5
7. The conclusions are similar to those for case I. Apparently, the
shear stresses are better approximated by TSDT and it is the only
solution that satisfies the dynamic conditions. In spite of that in
case III the direction of 7,, in the top plate does not agree with
the FE result (Fig. 6), apart from that in case IV (Fig. 7) the shear
stresses are somewhat overpredicted in the top plate again.

Figs. 8 and 9 plot the distribution of the shear strains in the
neighborhood of the delamination tip (lay-up: [+45/0/+
45f2 /0l5)- As expected the shear strains change suddenly at the
transition between the delaminated and undelaminated plate por-
tions. It has to be mentioned that the condition of shear strain con-
tinuity (Eq. (6)) in the delamination plane of the undelaminated
part is very important to obtain accurate ERR distributions (see
later). In the case of the FSDT the shear strains (and so the stresses)
are discontinuous in the through-thickness direction, this leads to
significant errors if the delamination gets closer to the top bound-
ary surface of the plate. The results are similar in case III (Fig. 9), as
well. The distribution of the interlaminar shear stress (7, and 7,,)
in the delamination plane of the uncracked region are plotted in

X [mm]

Y [mm)]

Fig. 10. Distribution of the interlaminar shear stress for case I, b= 160 mm, 7, (a), 72 (b), 7, (c) and et (d), lay-up: {i45f/0/ +450/0 ¢
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Figs. 10 and 11 for cases I and Il with b=160 mm (lay-up:
[+45//0/ + 452/6]5). Satisfying the basic concepts of Reddy plates
the shear stresses vanish along the delamination tip, which is fol-
lowed by a sudden increase and a subsequent decay. Although it is
possible to obtain these distributions by the FE model too, it would
be a very lengthy process, the analytical solution is more reason-
able in this case. For the cross-ply laminate the displacement and
stress distributions are quite similar to those for the
[+45/ /0/ + 45), /0], lay-up, therefore only the results of the J-inte-
gral are presented for both lay-ups hereinafter.

7.3. Energy release rate and mode mixity

The ERR and the mode mixity is presented through Figs. 12 and
15 for both lay-ups. The solution by the VCCT, TSDT and the corre-
sponding FSDT (Szekrényes, 2013d) results are compared to each
other. In Fig. 12 it can be seen that for case I (Fig. 12(a),
[+45//0/ + 45’;/()]5) the FSDT solution underpredicts G; but agrees
quite well with the TSDT in the case of Gy. On the contrary, the
modified Reddy’s TSDT agrees excellently with the numerical
results for both components. Based on Fig. 13 for cases Il and IV
(i.e. when the bottom plate thickness is larger) it is shown that
the FSDT overpredicts significantly the mode-III ERR, simulta-
neously, the mode-II ERR agrees better with the numerical and
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TSDT results. The major difference between the FSDT and TSDT
solutions is the shear strain continuity at the interface plane, that
is the reason for the differences in Fig. 13. In accordance with case
I1I, the FSDT seems to be inaccurate in cases IIl and IV for both plate
widths. Eventually, the TSDT approaches quite well both ERR com-
ponents for each plate width, but if b = 160 mm, then the mode-II
ERR is dissimilar to the FE solution at the edges. Compared to the
VCCT results, the mode-III ERR is approximated very well by TSDT.
Figs. 14 and 15 present the ERR and mode ratio distributions for
the cross-ply laminate. It is interesting, that for cases I and II in
Fig. 14 the FSDT agrees very well with the TSDT and VCCT results,
even the mode ratios are almost the same. According to Fig. 15 the
FSDT seems to be better for the cross-ply laminate than the TSDT.
However, it has to be mentioned that one of the mode ratios is
wrongly predicted for case IV with b =100 mm in the middle
region. Although the TSDT provides worst results in this case com-
pared to the VCCT and FSDT, considering all of the cases investi-
gated the TSDT captures better the problem of delaminated
composite plates subjected to bending. Moreover it is the best
solution among the higher-order plates models developed for the
same problem (Szekrényes, 2013d) and captures very well the
complex deformation around the delamination tip even if the
delamination divides the plate into a relatively thin and a relatively
thick layer.
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8. Conclusions

This work presented an analytical model for delaminated ortho-
tropic plates based on the third-order shear deformable theory by
Reddy. The original theory was modified and the system of exact
kinematic conditions was implemented into the theory. A novel
condition involving the continuity of the shear strains across the
interface plane was introduced and utilized in the development
of the displacement field of the double-plate model. The main idea
of the model is that the plane of the delamination divides the plate
into two equivalent single layers. The kinematic conditions
between these layers were established. The governing equations
were derived and simply-supported plates with straight delamina-
tion front were analyzed using the Lévy plate formulation and the
state-space model. The displacement and stress fields were calcu-
lated and compared to results by corresponding finite element and
first-order plate theory analyses. It was shown that the present
model is better than any of the previous plate models, however
for the mode-II energy release rate distribution there are moderate
differences between the numerical and analytical solutions if the
delamination is very close to the free surface of the plate. Never-
theless, the present model is very reasonable and predicts very
well the displacement field and the stress state. It was shown that
the energy release rate can be accurately predicted only if the
stress state is approximated by an as correct way as possible
(viz., the satisfaction of the dynamic boundary conditions is
important).

The developed model can be utilized in the following cases
too. For some recently developed fracture mechanical plate bend-
ing systems (Lee, 1993; de Morais and Pereira, 2009) analytical
solutions can be given in closed-form for the energy release rates,
that may replace the finite element models with high element
numbers. A possible plate finite element can be developed, which
would make it possible to reduce the high element number in the
vicinity of crack tips. By the reduction of the present analysis a
possible beam model can be developed for the mode separation
under mixed-mode /Il condition. An important aspect of the
analysis is that it was shown that in the undelaminated part there
are normal forces, as well. This indicates that for embedded del-
aminations the delaminated part is loaded by normal forces. The
vibration analysis of beams and plates with embedded delamina-
tions (the delamination has two tips and so it is closed) can be
treated as a problem with time dependent stiffness, where the
delaminated parts are loaded by periodic, nonconservative (i.e.
follower) internal forces, and local instability can only be investi-
gated by considering the normal forces. These tasks will be car-
ried out in the near future.
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Appendix A. Coefficients for Eqs. (43) and (44)

The constant parameters in Egs. (43) and (44) are defined in this

(9) (9)

Appendix. In the equations, e.g. the a; = as (( )= (..)66> nota-

tion means that a; can be obtained by replacing A\, BY), D\,
etc. with AL, B, D, etc. in as.

t (b) ) 9
a =AY A & =a ()] = (D),

as = ar ()] = ()G +(IR)

ag = ZA«SAH +BY +ADY, a5 = 04(('-)561) = ()gs))

s=tb

a5 = as(()F) = (0 +(IR), @ = QA + LB +Ef] (A1)

as = ()N = (). @ =a (= F + ()

a0 = Y TS+ EBY 0D, an - (5] ()

s=tb
iy = am((..)({? = ()9 + () > = > AAY + QDY)
s=tb
tra = ais ()] = ()5 + 2<..><§;£) (A2)

bi=as, by=ay, b3_al(( )@#(“)(252))7 bs=as, bs=as,
bo=as(()f) = ()5), by=as, bg=as, by=a7((.)f} = ()%)
bio=a12, bui=an, b= a1o<(~~)({s1) = (~~)§2)7 bis=au

biy=a3 ((--)(1(? = ()éoz))

(A3)
= —II,(AY + 2B0Q;) — 3DY) — 6ELQ,
= AYAD, + BY (@, + ATT,) + D) (D0, + 1T,
+ EY(A +T1,Q) + FY) + Gy
(A4)

¢ =G = (). & =os((IF = ()5 +(IR)
cg = —AYTIZ — 6DYTI, — 9F\)
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€0 = Cs(( W= (--)82)7 €11 =Co ((-4)561)
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C17 = Aﬁ?szl\: + ng)HtAt + D({f@rﬂr + E(l?(HrQr + A + G(lt])Qt

= () + (--)ge)>a C16 = Cs

5) 5) 5
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5 (A.6)

d]O = C1o0, d]] = (o (( )(]5]) = ()g)z))
diz = cis, diz =iz (D5 = ())
d14 = C14, d15 =13 (()g«) = ( )(202))
die = C15, b1y = C17<(~-)(1()1) = (--)@)
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e =4ad4, € =4as, e3=de,
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Appendix B. Coefficients for Egs. (52)-(54)

The constants in Egs. (52) and (54) are defined in this Appendix.
First, we define the determinants below with three and six indices:

Ci Cj Ck ap aq a
Pijk=|e ¢ e, f_}z?,{: e € e
8 & &k g & & (B.1)
a, ag a a, dq ar
RS =la 6 af, Si=|a ¢ «
g & 8k € 6 €&

Moreover we have:
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di dj dk
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The denominators of the constants are defined by:
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Mg = ©4 <—010P1,9.17 +€13Q4917 — €13Ry 917 +g1351.9.17>

n = 0O, (—anLz,lo + dm”f%;m f14M1 510 T h14N1 2 10)
= F0; (*anzs.,w +dial5350 — fiaM3350 + h14N%Z§f§o)
=0, <b11K24 10— i35 + fiaMid — maNiZho)

My = f2O2(—b11K27.10 + b2K7 10,14 + bsK2.714 — bsK2.1014)
— ©2(—b11K3510 + b2K5 1014 + bsK3 5.14)

fis = O, (anz,s,lo — dial5§ Sy + fraM5 g3, — h14N§j§f§’0)

(B.10)

= B2O,(b11K21011 — b2Ki0.11.14 + bsK211.14 — boK3 10.14)
— ©(=b11K2910 + b2Ko 10,14 + bsK2914)
M7 = fO2(—b11K210,12 + b10K21014 — b2Ki0,12,14 — bsK212,14)
= B0 (b11K21015 — baKi101415 — DsK21415 — b12K3 10.14)
— ©(b11K21013 — baKi10,13.14 + bsK2 13.14)
= p*@2(—b11K21017 — baK10:1417 — bsKa 1417 + b1aK2.1014)
- ®2( b11K210.18 — b2K10.14.18 + bsK2 14.18)
o = fO2(—b11K2 1016 + b13K21014 — b2K10,14,16 + bsK214.16)
(B.11)
=6, (a10P1,5,9 c13Q759 +esRi %] — &35y gg)

A 134 134 134
D2 = O (‘110[)1,3.5 —c13Q;35 +enRy3s *g1351.3.5>

= B*O1(~a10P155 + a1Ps 613 — AsP1g13 + 5Py 513)
— O1(a10P145 — a1P4s513 — 4P 413) (B-12)

Pa = pO; (*alOP1.5,7 + C13Q}:§:g el3R1 5.7 +g135} gg)

Ps = ﬂ2®1 (—a10P15,10 + @1Ps 1013 — 4Py 10,13 + agPi513)

— 0O (—a1oP158 + a1Psg 13 — 4P 813)
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- 149 149 149
Ps = fO; (—0101)1‘5‘11 +¢13Q1571 — €13Ry’s 71 + 81351 511)

2
= O (—a10P1514 — A1P51314 + A4P1 1314 + A11P15.13)
— O1(—a10P1512 + @1P5 12,13 — A4P1.1213)

14,12 14,12
Ps = fO; (*(1101)1.5,15 +¢13Q1515 — 613R1 515 Jrg1351 515)

Do = 5261(_‘110131‘5,18 — a1Ps 1318 + A4P1 1318 + @14P1513)
— O1(—a10P1516 — 1P5 13,16 + A4P11316)

. 14,13 14,13 14,13
P1o =0 <alOP1.5,17 —C13Qq’517 +e13Ry’sh7 — 813515 17>

= 0O, <b11K1 26 — d14L1 26 +f14M1 2% h14N}:§:g>
@ =F0, (b11K2.3.6 - disl335 + fM335 - h14N§§ig>
qs = ﬁ®2< bi1Ka 46 + d14L§46 +fuM35e — h14N§jijg>
Ga = ﬁ2®2(*b111<2,6,7 + b2Ke7.14 — bsKa 714 + bsK26.14)
— ©(b11Ky56 — baKs 614 — bsK514)
s = POz (brKaos — dal3g] +fuM3] - haN337)

s = Oz (—b11Kz6.11 + b2Ke 11,14 — bsKa11.14 + beKag.14)
— Oy(—b11K269 + b2Ks 9,14 — bsK29.14)

G7 = pO2(b11K2612 — b10K2614 — 2K 12,14 + bsK212.14)

s = p*O2(—b11K26.15 — b2Ke 1415 + bsK214.15 + b12K2614)
— Oy(—b11K2613 + b2Ke 1314 — bsK213.14)

= @y (b11K26.17 + b2Ke 1417 — bsKa 1417 — b14Ka6.14)

— O, (b11K2618 + b2Ke 1418 — bsK2 1418)

G10 = pO2(b11K2616 — b13K2614 + b2Ke 1416 — bsK21416)

e ﬁ2®1 (a1P259 — ayP159 + 4P129 — a7P1325)
= fO1(a1P359 — a3P159 + asP139 — a7P135)
= ﬁ2®1 (—a1Psgo + asP169 + a7P156 — A5P159)
— O1(a1P149 + a4P149 — asP145)
fa= pO1(—a1Ps79 + asP179 — asP159 + a7P157)
= B*O1(a1Psg .10 — A4P1 0,10 + G7P1 5,10 — GsP159)
— O1(—t1Psg9 + a4P189 + a7P158)

= pO, <—09P1.5.9 + CnQ}:g:g - enR}j‘;jS +g115}:g:g>

= ﬁ2®1 (a1Ps 914 — a4P1914 + a7P1514 — a11P159)
— O1(a1Ps912 — asP1912 + a7P1512)

= 0, (*alzpl.ss +c15Q159 — esRE 59 5+ 81551 ;‘;)

= ﬁ2®1(a1P1.9,18 — a4P1 918 + a7P1518 — A14P159)
— 01(a1P1516 — a4P1916 + a7P1516)

. 147
o =04 (013P1.5,9 C17Q1 59 T 917R1 5.9 - 21751 59)

= ﬁ®2( bsK126 + diiLi5e — M55 + th}Iﬁlg)
S = 5292 <_b8K2.3.6 + dmL§;§ 6 flOM 23 5 + thﬁ § 2)
= O, <b8K2.4 6 — dng 22 +f10M24 6 thﬁ : Z)

Sq= ﬂz@z(—szGJ.w +bsKz710 + b8K2‘6,7 — beK26.10)
— 03(b2K56,10 + bsKa 510 — bsKa56)

85 = O, (*bus,s.,s +diol52g — foM3gs + th%fZiZ)

(B.13)

(B.14)

(B.15)

(B.16)

(B.17)

(B.18)

= ﬁ2®2(b2K6,10,11 — bsK3 1011 + bsKz611 — boK2610)
— O3(—b3Ke910 + bsKz910 + bsK269)

= O, <b10K2,6.10 - duLﬁ’Z’ﬁ’o +f12M§'f55'10 huNﬁéfo
5 = p°0,
— Oy(b2K6,1013 — bsKz 1013 + bsK26.13)

- ®2 bZKG 1018 + b5K2 10,18 — b8K26 18)

10 = O, <b13K2610 - leLzsm +f16M2510 hlsNgjgﬁo

2K6.1015 — bsKa 1015 + bsKz6.15 — b12Ka6.10)

(b
(

S9 = ﬂ2®2( b 2K6.1017 + b5K2‘10,17 - b8K2‘6,17 + b14K2‘6.10)
(-
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(B.19)

For the constants denoted by ¢ we define the denominator below:

1/@3 = jipb1o + jos +irkio + Jefio +jisfio

The constants are:

t; = O, [(—f?zL — Paft1 — Peq1 — PsS1 — pl)jIZ
+ (=i = Foly = Fe$ — Faly — 1 g
n (_1%331 —koly — katy — k1 — ky ) ji
+ (st — rig$y — 1 — ok — gy )js
+ B (S + Mo + Gujrs + Iy + B )|

b = O3 (~polz — a2 — Podz — s )1z
+ (~afy — Folz — Fsd2 — Paby g
n (-icziz — katty — ketio — icggz) ji
+ (~1gy — rigdz — sz — Ml )jg
B (Ba —Jsla = $aln — oo — dafis )|

b = O3 (~ps — bats — psss — Pols — Pods )jia
+ (st — 3 = Fa8s — Fals — Faits )jug
+ (ks — kst — ksss — kats — ks )y
+ (—m213 ~ g3 — Mgl — M3 — m4f13) A
+ B33 — Js +rsBis +jsBls + o B +Jos]

by = O3 [~jiof® + (Jisha + ke +JurS +ofa +J5 ) B
+ (—15214 — Pafly — Pods — ﬁ8§4>]1z
+ (—Fahy = Fola — Foda — ol g
+ (—kala — keita — ksdla — ks )jy
—Je (fnzi4 + Tyl + g8q + m6q4)]
ts = O3 [(*ﬁsgs — Pells — Pafts — Pals — Ps)ju
+ (—fzis — P5 — fisiy — Folls — f8§5> s
+ (—kafts — kodis — kals — ksss — ks )iy
+ (—ms — gl — Mg — fingls — msqs) i

+J1sBds +J21P8s +joB s — j1 +j3ﬁ25 +]'13/32]

(B.20)

(B.21)

(B.22)

(B.23)

(B.24)

(B.25)
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ts=0; [—j1e/’73 + (j14 + Jofts + j15d6 +]'326 +j21§6>/’7
+ (*ﬁzis — Pafig — Peds — ﬁ8§6)j12
+(—T226 — f4fts — Tqs — f’s§6>j1s

+(—i<4fle — i(zzs — i<5£15 - ’2836)].1

—Js (m8§6 + ﬁlzie + MeQs + Tﬁ4fls>] (B.26)
t7 = 0s [<—ﬁ4ﬁ7 — P87 — Palr — P7 — é171—"6)].12
+(=taly = Fol — 7 = Faity = 587 ) g
+(—i<4fl7 - i€227 - kafh - ’A<S§7 - IA<7)J'1
+(*ﬁ1277 — My — My — MgS7 — ﬁ’lsfh)js
hiob” +JoBits + J3Bl +in B3 +rs By ~ v (B27)
ts = O3 [—j2253 + (jzo +Jjisqs +J.318 +J2158 +j9ﬁ8>ﬁ
+ (*ﬁzis — Daftg — Pods — i)8~§8>j12
+(—1’228 — f4ftg — T6qs — 7’858)118
+(—i<2]8 - f<4ﬁs - ks@s - ksgs)jl
—Js (mefls + MgSg + mzis + m4ﬁ8>] (B.28)
to =03 [—j27ﬁ4 +j6h + (]'15(19 +]'319 +J2159 +j9ﬁ9>ﬁ
+ (*f’zig — Daftg — Poqo — 15839)112
+(—f229 — f4ftg — T6qo — fs§9>f1s
+(—i<279 - f<4ﬁ9 - i<6£19 - ’2839)].1
—Js (meflg + Th1gSg + finzly + rh4f19>] (B.29)
tio = O3 [(—ﬁg - ﬁzim — Paftio — Psfro —f’g§1o>j1z
—(i’g +6q10 + fziw + 3810 + f4ﬁ1o)j1s
—(’}2110 + ’A<4ﬁ10 + iCsfllo + ’283‘10 + ’A<9>].1
*(ﬁuﬁw + MgS1o + Mg + mzzm + msfho)js
18810 +JoBTno — s +JsBho +isBlro +isf’]  (B30)
ty=-1/0; (B.31)
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