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Abstract

We describe the asymptotic behavior of the conditional least squares estimator of the
offspring mean for subcritical strongly stationary Galton—Watson processes with regularly
varying immigration with tail index o € (1,2). The limit law is the ratio of two dependent
stable random variables with indices /2 and 2a/3, respectively, and it has a continuously
differentiable density function. We use point process technique in the proofs.

1 Introduction

The theory and estimation of branching processes, especially Galton—Watson processes with-
out or with immigration has a long history, see, e.g., the survey paper by Winnicki [413]. In
this paper we will consider a Galton—Watson process with regularly varying immigration dis-

tribution, and we will study the Conditional Least Squares (CLS) estimation of the mean of
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the offspring distribution. Heavy-tailed Galton—Watson processes with immigration, especially
with regularly varying immigration distribution, have been in the focus of research for a long
time. We name only two papers here. Seneta [10] derived conditions under which there exists
a sequence of positive constants such that the logarithm of a Galton—Watson process having
offspring distribution with infinite mean and normalized by the sequence in question converges
in distribution to a non-degenerate distribution. Schuh and Barbour [39] derived necessary
and sufficient conditions for the almost sure convergence of some slowly varying function of a
Galton-Watson process having offspring distribution with infinite mean. Heavy-tailed branch-
ing processes are important not only from the theoretical point of view, but they are also used
in modeling of biological phenomena, e.g., for modeling the development of multi-focal tumors,
see Ernst et al. [15]. Concerning the estimation theory of heavy-tailed Galton—Watson pro-
cesses with immigration we are not aware of any results. Let us recall now a result on the
estimation of the offspring mean under finite third order moment assumptions.

Let Z and N denote the set of integers and positive integers, respectively. Every random
variable will be defined on a fixed probability space (€, .A,P). For each i,j € N, the number
of individuals in the i*" generation will be denoted by X;, the number of offspring produced by
the 5 individual belonging to the (i — 1)*® generation will be denoted by Agi), and the number
of immigrants in the i*" generation will be denoted by B,;. Further, X, denotes the size of

the initial population. Then we have

Xia

Xi=Y AP +B, ieN,

]

Jj=1

where {A, Ag-i) : 1,7 € N} are independent, identically distributed (i.i.d.) nonnegative integer-
valued random variables independent of another i.i.d. sequence {B, B; : i € N} of nonnegative
integer-valued random variables. Assuming that X, is independent of {Agi),Bi t 1,5 € N},
E[Xo] < 00, pa = E[A] < 00, up := E[B] € (0,00) and that up is known, the CLS estimator
of 14 based on the observations Xy, X1,..., X, has the form

ﬁ;(n) — > i1 Xic1(Xi — pp)
> i X

(1.1)

on the set {> 1" | X? | > 0}, see Klimko and Nelson [21]. We have P(}_7_, X2 | > 0) — 1 as
n — oo, since P(3." X2, =0)=P(Xo=0,B;=0,...,B,.1=0) <P(B=0)""'—0as
n — oo due to P(B =0) € [0,1). If, in addition, ps € (0,1), then the Markov chain (X;);>o
admits a unique stationary distribution, see, e.g., Quine [34]. If, in addition, E[X}] < oo,
E[A%] < co and E[B?] < oo, then

2 V3 2 V2
1/2(—~(n) _ d N(O UAE[X ] _J: UBE[X ]
n (/J“A IUA) 3 (E[X2])2

) as n — 0o, (1.2)

where 02 := Var(A) and 0% := Var(B), the distribution of the random variable X is the unique

stationary distribution of (X;);>0, and % denotes convergence in distribution. The paper by
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Klimko and Nelson [24, Section 5] contains a similar result for the CLS estimator of (ua, 15),
and (1.2) can be derived by the method of that paper. Note that E[X?] and E[X?] can be
expressed in terms of the first three moments of A and B, see, e.g., Quine [34, formula (26)
and page 422| and Barczy et al. [2, formulae (14), (16) and (20)].

In contrast with those earlier results, we explore the case where the distribution of B is
regularly varying with tail index in (1,2), thus having infinite variance. In the sequel, we will
always assume the following conditions:

(1) Ha € (07 1)a
(i) 0% € (0,00),
(iii) B is regularly varying with tail index a € (1,2), i.e.,

lim P(B > qx)

=q  forall g € (0,00).

In particular, ug € (0,00), and there exists a strongly stationary process (X;);cz satisfying

Xi1
X, =Y AV+B, el (1.3)

j=1

where {A, Agi) :j € N,i € Z} are i.i.d. nonnegative integer-valued random variables indepen-
dent of another i.i.d. sequence {B, B; : i € Z} of nonnegative integer-valued random variables.
Note that, for simplicity, in (1.3) we keep the same letter X to denote the strongly stationary
extension of the process indexed by Z. In this case, the distribution of X is also regularly
varying with the same tail index a having infinite variance, or more precisely,

P(Xy > x) ~ 1 P(B > z) as r — o0, (1.4)

«

Ha

see Basrak et al. [, Theorem 2.1.1].

)

Our aim is to study the limiting behavior of ,L/LZ(" as n — oo for the strongly stationary

process (X;)iez given in (1.3). For each n € N, by (1.1), we have

T, = 2ima Xia(Xi —pp) = 2 iy XiaM;
i X2 i X2

on the set {>°7 | X2, > 0}, where, by (1.3),

Xifl Xifl
j=1 j=1

Intuitively, by the central limit theorem, for large X;_1, the distribution of M;//X;_; is approx-
imately normal, thus, in the spirit of Breiman’s lemma, M; X; | = X? _/ f M;/\/X;_1 is regularly
varying with tail index 2a;/3. This argument is made precise in Proposition 2.1.
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Our analysis relies on the fact that one can determine the weak limit of the point processes

n

Z 5(& Mj+1) = Z 5()(]- ]\/Ij+1) (16)

j=1 A Ge{lm}:x;>00 T VE

as n — oo on a suitable space of point measures on (0,00) x R and with a scaling sequence
(an)nen satisfying nlP(Xo > a,) — 1 as n — oo (see (3.1)), where d(,,) denotes the Dirac
measure concentrated on (z,y) € (0,00) xR, see Theorem 3.2. For a possible choice of a suitable
sequence (a,)nen and its asymptotic behavior as n — oo, see the beginning of Section 3. The
proof of Theorem 3.2 is based on general results of Kallenberg [21, Theorems 4.11 and 4.22]
for convergence in distribution of random measures with respect to the vague topology. Point
processes have been often applied to analyze regularly varying observations, see, for instance,
Resnick [35, 36] and Kulik and Soulier [27], however, our approach here is not standard since
we topologize the space of point measures on (0, 00) X R using vague topology with ”bounded”
Borel sets being those which are bounded away from the vertical line {0} x R instead of being
bounded away from the point (0,0). For a detailed discussion on our setup, see the beginning
of Section 3 and Appendix A. In the course of the proof of Theorem 3.2, the joint tail behavior
of (Xi)iez and (M;41/y/max(X;,1))icz, , especially the so-called tail process of (X;);cz, also
plays a crucial role, see Proposition 2.1 and (2.1).

Based on convergence of the point processes in (1.6), we obtain

() q V@
Vo (ia™" — pra) — %0 as n — o0,

where V) is an a/2-stable positive random variable, V) is a symmetric 2a/3-stable random
variable, and V" and V® are dependent with an explicitly given joint characteristic function,
see Theorem 5.1. Concerning the asymptotic behavior of (a,)nen, note that if 2°P(B > z) — 1
as r — oo, i.e., the distribution of B is asymptotically equivalent to a Pareto distribution
with parameter o, then n="/%a, — (1 — u%)™"/* as n — oo. Indeed, using (1.4) and that
nP(Xo > a,) — 1 as n — oo, we have

-1/« -1 « « « « « a\— 1/a a\—1/«
%0, = (n7a2) Y ~ (a2P(Xo > an)Y® ~ (a8l = pu3) " P(B > ) ~ (1= )7V
as n — 00, as desired.

In Section 5, we collect several properties of (VM V@) and V@ /V(1) including that the
distribution of (V) V) is operator stable and V) /V(") has a continuously differentiable
density function. In Appendix A, we collect some topological properties of (0, c0) xRR. Appendix
B contains the proof of Lemma 3.1 describing vague convergence of point measures. In Appendix
C we show that the process (Xi]l{ Xi>0} %1{ Xi>0})z’>0 satisfies a certain mixing condition.
Appendix D is devoted to a conditional Slutsky’s lemma and a conditional continuous mapping
theorem. In Appendix E, we show that the process (ng / 2 X;M;i1)iez is regularly varying with

tail index 2a/3 with an explicitly given forward tail process.

We note that our proof technique does not work for the case a = 2. Formally, one can see
that the fact a < 2 is used many times in the proofs, and, for example, in case a = 2 the series
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> o2y P? appearing as the weak limit of (1 —p%)a,?>"%_ | X7 as n — oo in Theorem 4.1 is not
convergent almost surely by Campbell’s theorem (see, e.g., Kingman [23, Section 3.2]) due to
Jo W2 A1) d(—y?) = oo. In case of a = 2, X?, j € N, is positive almost surely and regularly
varying with tail index 1, so in order to get some weak limit of Z;;l X ]2 as m — 00 one may
need to introduce an appropriate centering as well.

Our results can be compared with the results on AR(1) processes
& = ¢&io1 + €, i €N,

where ¢ € R and {¢,¢; : i € N} are i.i.d. random variables. Assuming that ¢ is independent of
{€¢; 1 € N}, E[¢] = 0, the CLS estimator of ¢ based on the observations &, &, ..., &, has the

form
2?21 gi—lgi
> i €
on the set {1, &2, > 0}. If, in addition, ¢ € (—1,1), then the Markov chain (;);>o admits a
unique stationary distribution, and there exists a strongly stationary process (&;);cz satisfying

g];n =

§i = &1 + €, 1 € 7,

where {¢,¢; : i € Z} are i.i.d. random variables. If, in addition, € is symmetric and regularly
varying with tail index a € (0, 2), then

(En — ¢ as n — oo almost surely,

see Hannan and Kanter [18], and

bu(pp — @) — —— as n — 0o

under the additional assumption lim,_,., % = 2E[|e]*] in case of E[|e|*] < oo, where
(bp)nen is a suitable scaling sequence, UM is an a/2-stable positive random variable and U(?)
is a symmetric a-stable random variable, see Davis and Resnick [12, Theorem 3.6] for the
case of E[|e|*] < oo and Davis and Resnick [13, Theorem 4.4] for the case of El|e|*] = oo.
This representation of the limit distribution is derived in Davis and Resnick [13, Example 5].

Further, UM and U® are claimed to be dependent in case of E[|€|*] < oo, while they are

independent in case of E[|e|*] = co. In fact, if E[le|*] < oo, then b,, n > 2, is the 1 — 1
lower quantile of |¢|, and one can also write b, = neLi(n), n € N, with some slowly varying
function L; : (0,00) — (0,00). If E[le]*] = oo, then b, = ¢,'c2, n > 2, where ¢, is the

1 — % lower quantile of ||, and &, is the 1 — L lower quantile of |ege;|, and in this case one
can also write b, = n= Ly(n), n € N, with some slowly varying function L, : (0,00) — (0, 00).
Moreover, if z*P(|e| > x) — 1 as © — o0, i.e., the distribution of |¢| is asymptotically equivalent
to a Pareto distribution with parameter «, then E[e|*] = oo and n~"/*(log(n))/*b, — 1 as
n — oo, see Resnick [36, Problem 9.13]. We also emphasize that Galton—Watson processes
with immigration are quite different from AR(1) process due to the branching property of the
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process. As a consequence, for example, the unique stationary distribution of the process can
be represented in a more complicated way compared to that of an AR(1) process, see Lemma
E.2. So our point process technique for the proof is not a simple modification of the known one
for AR(1) processes.

Finally, we recall two results on the CLS estimator of some parameters for related heavy-
tailed continuous time processes.

Hu and Long [19] studied the asymptotic behavior of the least squares estimator of the
drift parameter for a generalized Ornstein-Uhlenbeck process driven by a symmetric a-stable
Lévy motion with o € (0,2) in the ergodic case based on discrete time infill-increasing (high
frequency) observations. Using some results of Davis and Resnick [13], Hu and Long [19]
proved strong consistency of the least squares estimator in question, and they also described
its asymptotic behavior with a limit distribution being the fraction of two independent stable
random variables.

Li and Ma [29], using a similar point process technique, described somewhat similar asymp-
totic behavior of the weighted and non-weighted CLS estimators of the drift parameters for
a stable Cox—Ingersoll-Ross model based on low frequency observations. This process can be
viewed as a special subcritical continuous state and continuous time branching process with
immigration.

Convergence in probability and in L, will be denoted by L5 and i), respectively. Weak
convergence of finite measures will be denoted by —, and convergence of finite dimensional

distributions is denoted by B The diagonal matrix with diagonal entries aq,...,a, € R is
denoted by diag,(aq,...,a,). We write d;, for the Dirac measure on a set H concentrated at

h € H. For a random vector X and event A € A such that P(A) > 0, £(X) and L(X | A)
denote the law of X and law of X conditionally on A, respectively.

2 Tail behavior of the process

In what follows, let us consider the strongly stationary process (X;);ez given in (1.3). For
determining the weak limit of the point processes given in (1.6), in the proof of Theorem 3.2
the joint tail behavior of (X;)cz and (M;y1//max(X;,1));cz,, especially the so-called tail
process of (X;);ez, plays a crucial role. First, we present the tail process of (X;);ez, and then
we formulate a result on the tail behavior of the above mentioned two stochastic processes.

The process (X;);ez is jointly regularly varying with tail index o and admits a tail process
(Y;)iez, i.e. all the finite dimensional distributions of (X;);cz are regularly varying with tail
index «, and for all m € N,

L X 2 X | Xo>2) =5 LYo, Vi),

as © — 00. Indeed, Basrak et al. [5, Lemma 3.1] showed the existence of the forward tail process
(Y:)i>o of the sequence (X;)icz, and, by Theorem 2.1 in Basrak and Segers [7], the existence
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of the forward tail process is equivalent to the existence of the (whole) tail process and to the
joint regular variation of (X;);cz as well. We claim that

pa Yo, >0,
Y k=
0, i <0,

yielding

114Y0, i >0,
Vi=¢ (2.1)
Hal{rzipYo, <0,

where Y} is a Pareto distributed random variable such that P(Yy > y) =y ® for y > 1, and K
is a geometrically distributed random variable independent of Yj such that

]P)(K:k‘i):lu“ik(l_:ui)a k:O>1a2>"'

Indeed, as shown in Basrak et al. [5, Lemma 3.1], (Y;);>0 is the forward tail process of the
sequence (X;);ez. On the other hand, by Janssen and Segers [20, Example 6.2], (Y;);ez is the tail
process of the stationary solution (éi)ieZ to the stochastic recurrence equation él = Aéi_l + B;,
1 € Z. Since the distribution of the forward tail process determines the distribution of the
(whole) tail process (see Basrak and Segers [7, Theorem 2.1)), it follows that (Y;);cz represents
the tail process of (X;)ez-

For the ease of notation, denote

Wi::h, W{:zh, i>0,
A/ /’L%XO V XZ \/ 1
on the set {Xy > 0}, where a V b := max{a,b}, a,b € R. Note that P(X, = 0) > 0 might
occur. For example, if P(B > k) = ck™® for k € N and P(B = 0) = 1 — ¢ with some ¢ € (0,1),

then pup = ¢ ,- k=%, hence in case of ¢ < %, we have E(Xy) = lfﬁA < 1, yielding
=1

P(X, = 0) > 0, since X is a nonnegative integer valued random variable.

Proposition 2.1. As z — oo,
L@ X o a X, W W X > 2) = LYy s Yo, Zoy - - s Zom) (2.2)

for all m € N, where (Z;)i>o is an i.i.d. sequence of N(0,0%)-distributed random variables
being independent of Yy and K with 04 = Var(A) € (0, 00).

Although one can prove that the two-dimensional process (ng / 2,XZ-MZ-+1)Z-€Z admits a tail
process in the sense of Basrak and Segers [7], see Appendix E, and then use standard point

" as n — 0o, such

process convergence results for describing the asymptotic behavior of ﬁz(
an approach turns out to be rather complicated. However, for the purpose of our analysis, the
statement of Proposition 2.1 turns out to be sufficient. Note that this approach is similar to the

so—called conditional extreme value approach, see Kulik and Soulier [26] and references therein.
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Proof of Proposition 2.1. Let m € N be fixed. First, note that YO_IYZ- = u'y, i > 0, is the
7

forward spectral process of (Xj)gez, so by part (ii) of Corollary 3.2 in Basrak and Segers [7],
L(X' X0, .o, X0 X | Xo > 2) = S pa,pmy @S T — 00, (2.3)

In particular, for every ¢ > 0 and ¢ > 0, since convergence in distribution to a constant
implies convergence in probability (formally applying part (ii) of Lemma D.3 with the Borel
measurable function h: R — R, h(x) := Lziam1jsap © € R, satistying Dy, = {1y (1+€)} and
P(pYy € Dy) = 0 with Dy, being the set of discontinuities of k), we have

lim P(|(u4Xo) ' X; — 1] >¢e| Xog>2)=0. (2.4)
T—r00
Moreover, it is enough to show (2.2) for Wy, ..., W,, instead of W{, ..., W/ . Indeed, one can

easily check that
LX7H ] Xo>x) = 0 as T — 00,

hence, by (2.3) and Lemma D.4, we obtain

L(Xg' Xg ' Xo, .., X0 X | Xo > @) = 8(0,1un,pm) 8BS T — 00.

-----

Then, identifying RGm+2xGm+2) with RGm+2? in a natural way, we can use a conditional
version of the continuous mapping theorem (see part (i) of Lemma D.3), and we get

. XO MmXO w
E(dlag3m+2(1,...,1, Xovl,..., Xi\/]_ XO > —>5diag3m+2(1 _____ 1)

as x — oo. Consequently, (2.2) with W/ replaced by W; and Lemma D.5 imply (2.2).

Define now for ¢ > 0 and n > 1,

L1ym]
Wi (n) = (Ni&n)_lp Z A§'z+1) + Biy1 |

J=1

where flgiﬂ) and B;y; are introduced in (1.5). Take arbitrary y > 1,u_p,,...,u, € R and
introduce the events

Cla) ={X_m <zu_p,...,.X 1 <zu_}, z € (0,00),
D(n) :={Wi(n) <ug,...,W/(n) <up}, n e N.

Observe that the definition of the tail process (Y}) ez of (Xj) ez implies

lim P(Xo > 2y, C(x) | Xo>2) =P(Yo >y, Yo <t ..., Yoy <ug). (2.5)
T—00
Further, the central limit theorem, Slutsky’s lemma and independence of W{'(n),..., W) (n)
imply that
lim P(D(n)) = lim (P(Wy(n) < ug)---P(W)"(n) < uy))

:P(Z(] S U(])]P)(Zm S Um) :]P)(ZO S UO,...,Zm S Um>,



where, recall, Z;, ¢ > 0, are independent and N (0, 0%)—distributed random variables. Since
(A(-ZH) Bii1 i > 0,7 > 1) are independent of X_,,,..., Xy, (2.5) and (2.6) imply that for

Vi )
every € > 0,

limsup P(Xy > xy, C(x), D(Xy) | Xo > )

T—00

=limsupP(Xo > 2)"" Y P(Xg=n,C(2))P(D(n))

o n>xy, neN

< limsupP(X, > )" Z P(Xo=n,C(x))(P(Zo < ug, ..., Zm < Up) +€)

o n>xy, neEN

= (P(Zy < wuo,..., Zm < Upy) + €) limsup P(Xy > 2y, C(x) | Xo > 2)

T—00

:(P(Zoguo,,ngum)+e)P(Yb >y,Y_m§U_m,...,Y_1 Su_l).

An analogous claim holds for the limit inferior, and now letting ¢ — 0 yields that

lim ]P(XO > l’y,C(SL’),D(Xo) ‘ Xo > LE‘)
T—00

:IP’(YE)>y,Y_m§u_m,...,Y_1Su_l,Zoguo,...,ngum),

since (Z;);>0 is assumed to be independent of (Y});ez, hence

L@ X . 27 X, W(X), ..., W (Xo) | Xo > )
s LYy Y0, Zo, oo ) as r — 00.

Using (2.3) and part (ii) of Lemma D.4, we get

L X a7 X0, XM X, X X, W (X)), W X)) | Xo > )
i>E(Y_m,...,Y(),,uA,...,,uZI,ZO,...,Zm) as T — 00.
Hence, using 271 X; = (X5 X;) (71 Xy) and Y; = p,Y; for i = 1,...,m, together with Lemma
D.3, we obtain
L@ X 2 X, W (Xo), ..., W (Xo) | Xo > )
LYy Yo, Zoy o Z)  asx —00. (2.7)

Next, we show that the above convergence holds with W/ (Xy) replaced by W;, i = 1,...,m,
which yields (2.2) (as explained at the beginning of the proof). For this purpose, we prove that

ﬁ(Ao, cey A, ‘ Xy > LE‘) = (5(0 _____ 0) as r — 00, (28)



where, for ¢ > 0,

) X; L1y Xo]
oo B G j(i+1)
A=W Wi (X0> - \/m 2 1: Aj Z; Aj
Jj= J=

on the set {Xy > 0}. Note that Ay = 0. It is enough to check that for all € € (0,1),

limsup P(|A;| > € | Xo > 1) < 2e07, i=0,...,m, (2.9)

T—00

since then, by part (i) of Lemma D.4, (2.8) follows. We will adapt the proof of Rényi’s version
of the Anscombe’s theorem in Gut [17, page 347]. For proving (2.9), let i € {0, ..., m} be fixed.
For all € € (0,1) and ¢ € N, let us introduce the notations

w0 = ], om0 = L= ) 1, mald) = L1+ @pit]
For all e € (0,1) and k£ € N, with the notation Sy := Z?Zl A§-i+1), we have
P(|A;| > €| Xo > ) =P(|Sx; — Sno(xo)| > €\/ 114 X0 | Xo > z)
= P(|Sx, — Surol > ey Xo, X; € [m(Xo),na(X0)] | Xo > )
+P(1Sx, = Sucxol > ey Xo, Xi ¢ [11(Xo), ma(Xo)] | X > 2)
< IP’( max |Sk = Sno(xo)| > €/ iy Xo | Xo > :c)

n1(Xo)<k<na2(Xo)

+]P)(Xz ¢ [nl(XQ),ng(Xo)] | XQ > ZE')

Here, by Kolmogorov’s theorem (see, e.g., Gut [17, Theorem 3.1.6]) and the independence of
Xo and A§Z+1), i€{0,...,m}, j €N, we have for z > 2/(u’yé®),

]P)( max ‘Sk — SNO(XO)| > € ,U/%Xo | X > .TL’)

n1(Xo)<k<na(Xo)
1 .
= 2 P(Xy > g;)P<m(e>I§;?§n2<z) [k = Snoto)] > ey als Xo = g) (2.10)
0>x,LeN
1 (na(f) —m(0))oi 5
< . P(Xg=1/) < 2e0%.
- Z P(Xy > x) SN (Xo = 1) < 2e0rs

0>x,LeN

Indeed, for z > 2/(uie®), we have ni(£) < ng(f) < ny(f) for £ > x, £ € N, and

oo e AT i ne(€) <k < maD),
185 = Srot0] = no®) AU+ if ny(0) < k < no(0) — 1
Zj:k—l—l j 1 nl( ) = = ’n,(]( ) ;
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so using the independence of flg-iﬂ), J € N, by Kolmogorov’s theorem, we have

P( Sk — Sno(o)] > \/7)
n1(€)r£§§n2(g)| k o) > e/ 1y

k
=P [ max max Hl max A(ZJrl > e/ iyl
no(£)<k<na(¢) | 2; "1 (0)<k<no(f ]zk—:i—l Ha
1 N F(i+1) i
= P<no(£)r£1?§n2(f) | Z Az evn AE)
j=no(£)+1
no(0)
. (i+1) i
NP | 20 A7) Vi)
(4 () =)0 ([ (ma(0) = m(0)
. eyl eyl
_ (n2() =na(0)oh  (n2(€) — no(0))(no(€) — nu(¢))o
SN el
_ () = m(£)

yielding the first inequality in (2.10). The second inequality in (2.10) follows by

na(€) 2”1(3) < (1+ 63)%‘45; (1— €)'yt — e

Consequently, for all € € (0, 1),
]P)(|AZ‘ > € | XO > .CL’) < 260'124 +P(XZ ¢ [nl(XO),n2(X0)] | X(] > .CL’)

Here

)X —1¢ [—63 + (HaXo) T € — (na Xo) '] | Xo > @)

(uquo)‘lXi —1¢ [~ + (uhx) € = (ph) '] | Xo > )
)X -1 ¢ [—€/2,€/2] | Xo > 2)

if (uYyz)™t <€¥/2, ie., for x > 2/(u'4€?), hence

P(X; ¢ [n1(Xo),n2(Xo)] | Xo >z) — 0 as r — 00,

11



due to (2.4). Consequently, we have (2.9). By (2.8) and part (i) of Lemma D.4, we obtain
,C(O,...,O,AQ,...,Am|X0>l’)&)5(0 _____ 0,0,...,0) as r — 0OQ.

Hence, using (2.7) and Lemma D.5, we obtain (2.2) with W/ replaced by W;, i € {0,...,m},
as desired. 0J

3 Point process convergence

Let (a,)nen be a sequence of positive real numbers satisfying lim,, ,, a, = 0o and

nh_)rrolo nP(Xo > a,) = 1. (3.1)
Note that for n > 2, one can choose a,, to be the maximum of 1 and the 1—% lower quantile of X.
In fact, a, = n'/“L(n), n € N, for some slowly varying continuous function L : (0, 00) — (0, 00),
see, e.g., Araujo and Giné [I, Exercise 6 on page 90]. In what follows we fix such a sequence
(@n)nen satisfying (3.1). By the proof of Lemma 3.2 in Basrak et al. [5], for any sequence of
positive integers (r,,),>1 such that lim, . r, = oo and lim,_,. n/r, = 0o, we have

lim limsupP < max X; > a,u } Xo > anu) =0 for all u > 0. (3.2)
m—=o0  poo m<|[i|<rn

Condition (3.2) is sometimes called the anticlustering condition or finite mean cluster size

condition for the strongly stationary process (X;);cz. Later, in the proof of Theorem 3.2 we

will choose a particular sequence (r,),en satisfying a kind of mixing condition (3.6) as well.

For a possible choice of such a sequence (7,)nen, see the proof of Lemma C.2.

Consider the space S := (0,00) x R with the usual topology and call a Borel set B C §
bounded if it is separated from the vertical line {(0,y) : y € R}, i.e., there exists ¢ > 0 such
that B C {(x,y) € (0,00) x R : z > €}. Using the terminology of Basrak and Planini¢ [0],
the collection of bounded sets is a boundedness (Borel subsets of bounded sets are bounded,
and finite union of bounded sets are bounded), which properly localizes S. Denote by B(S)
the Borel o-algebra on S and by és the class of bounded, continuous functions f : S — [0, 00)
with bounded support. Hence, if f € 55, then there exists an € > 0 such that f(z,y) = 0 for
all (z,y) € S with z <e.

Let M,,(S) be the space of integer-valued measures (or point measures) on S which are
finite on bounded Borel sets (called locally finite measures), topologized by the so—called vague
topology. The associated notion of vague convergence of 1, € M, (S) towards p € M,(5) as
n — 00, denoted by p,, — p1 as n — 00, is defined by the condition i, (f) — u(f) as n — oo
for all f € Cs, where k(f) = [ f(z,y)k(dz,dy) for each kK € M,(S). Alternatively, we
could have used the framework of so—called Mg—convergence from Lindskog et al. [31], see also
Basrak and Planinié¢ [6] for the discussion on vague convergence. Convergence in distribution

of random measures with respect to the vague topology will be denoted by v,
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In what follows, we use the theory of Kallenberg [21, Chapter 4]. To do so, one can equip
S with the metric d : S x S — [0, 00),

d((z,y), (', y) == min (v/(z — 22 + (y — ¢)%, 1) +

for (z,y),(2',y") € S. This metric is complete and induces the original topology of S, and
the family of d-bounded sets is precisely the family of bounded sets in S as defined above, see

1 1

x

(3.3)

Lemma A.1. In Kallenberg [21, page 125], one can find a similar metric. Note that M, (S) is
a complete separable metric space with a metric inducing the vague topology, see Kallenberg
(21, Lemma 4.6].

The following well-known result (stated in our setting) describes vague convergence of point
measures and is crucial for the use of continuous mapping arguments (for a proof, based on
Lemma 3.13 in Resnick [35], see Appendix B), we will use it in the proof of Theorem 4.1.

Lemma 3.1. Let p, jt, € M,(S), n € N. Then p, —= pu as n — oo if and only if for each
e > 0 satisfying pu({e} x R) = 0 there exist integers ng, M > 0 and a labeling of the points of u
and fi,, n > ng, in (€,00) X R such that

M
Fn (e,00) Z Y 2™ ™) 1 e 00)xR = Z Oasyi)
i=1

and xE"’ — x; and yi" — y; asm — oo foralli=1,..., M, where p|p denotes the restriction
of u to the set B C S.

Recall (2.1) and define
0 :=P(supY; <1)=P(K =0)=1—p5. (3.4)

§<0
Indeed, {sup;,Y; <1} = {K = 0}, since if K = 0, then, by (2.1), Y; = 0 for all j < 0 yielding
sup;oY; =0 < 1; and if K > 1, then sup,_Y; > Y_; = ,u;leo > 1 almost surely due to the
facts that P(Yo > 1) =1 and pua € (0,1).

Theorem 3.2. In M,(S),

Z 5 X M) = Z 5(ﬁ Mj+1) Ld)NI:ZZ PlMAZZ] (35)
i=1 j=0

s Ge(l,n}: Xg>0p NV

as n — oo, where Y ;- 0p, denotes a Poisson point process on (0, 00) with intensity 0 d(—y~®)
which is independent of an i.i.d. array of N(0,03%)-distributed random wvariables {Z;; : i €
N,j > 0}.

Proof. First, we check that N is a locally finite measure almost surely, i.e., N(B) is finite
almost surely for each bounded Borel measurable subset B of S. Assume that B € B(S) is
bounded. Then we have B C (€,00) x R for some ¢ > 0, and

N((67 OO) X R) = ]]'{(Piﬂipz (e,00)xR} Z Z ]]'{P >y e} <0

i=1 j=0 j=0 i=1
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almost surely, since, for each j > 0, there are only finitely many P;’s greater than u;lj € almost
surely, and for sufficiently large j > 0, the set {i € N : P, > u,’€} is empty, since p,’e >
max;en P; holds for sufficiently large j > 0 due to p,” — oo as j — oo.

By Remark 3.1 in Basrak et al. [5] or Lemma F.1 in Barczy et al. [3], the strongly stationary
process (X;);ez is strongly mixing, and since M;,1/1/X; € o(X;, X;41) for every j > 0 (under-
standing this ratio 0 when X; = 0), a modification of Lemma 2.3.9 in Basrak [1] or the proof
of Proposition 1.34 in Krizmanié¢ [25], shows that there exists a sequence of positive integers
(7n)nen satisfying r, — oo and r,/n — 0 as n — oo, such that

ol -3 G - Cle- 2 N) 0 e

as n — oo for all f € és, where k,, := [n/r,], see Lemma C.2. This is similar to condition
(2.1) in Davis and Hsing [11]. Note that for this sequence (7, ),en, the anticlustering condition
(3.2) holds automatically, as explained before (3.2).

By Theorem 4.11 in Kallenberg [21] and (3.6), N, 24 N asn — oo if and only if N, :=
Zfﬁl ]Tfm M N oasn — oo, where for each n € N, Nn,i, 1=1,...,k,, are ii.d. point processes
on S with common distribution equal to the distribution of

Tn

N,, Z 5(

since (3.6) takes the form

asn—)ooforallfeag.

We will apply Theorem 4.22 in Kallenberg [21]. The array of point processes {an,n €
N,i=1,...,k,} forms a null array, since if B C S is a bounded Borel set, then there exists an
e > 0 such that B C (¢,00) x R, and then

sup P(Nn7i(B) >0) = P(Nn,l(B) >0)=P <Zn 5(X Jan:Mj1/+/X;) ( ) > )

1€{1,....kn}
Tn X, M., T X,
<P U{(—], ]+)E(e,oo)xR})SZP(—je(e,oo))
(jzl ERVAN =1 N0
X n P(X; > eay, _
:rnIP’(a—nle(e,oo)):%-nP(X1>an)-H—>O-1-EO‘:O as n — oo,

where the last step follows by (3.1) and the fact that X is regularly varying with tail index
a. By Kallenberg [21, Theorem 4.22 and page 89], N, 2% N as n — oo if there exists a
measure v on M,(S) \ {0} (furnished with the smallest o-algebra making all the evaluation
maps M, (S) 3 m — m(F) measurable, where F' € B(S)) such that
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fMp $\{0) min(k(B), 1) v(dk) < oo for all bounded Borel subsets of S,
(ii) k,E[1 — e Nml)] — JVRENTINS S DY p(dk) as n — oo for all f € Cs,
(iii) —logE[e~NW)] = fMp(S)\{O}(l — e ") y(dk) for all f € Cs.

Here we note that, with the notations of Kallenberg [21], the non-random locally finite measure
a on S appearing in Theorem 4.22 in Kallenberg [21] is the null measure, by Theorem 3.20 in
Kallenberg [21].

Let v be a measure on M,,(S) \ {0} given by

0 20

where (Z;) ;>0 is an i.i.d. sequence of N'(0, 0% )-distributed random variables being independent
of Yy and K with 6% = Var(A). Note that we have

h(k v(dr) =0 OOE h N j,Zj
/M oy M) i) / (;g(ym >>

for any measurable functions h : R — [0,00) and ¢g : S — [0,00) such that g has bounded
support, since this trivially holds for linear combinations of indicator functions, which extends

ay " tdy (3.7)

by monotone convergence to arbitrary nonnegative measurable functions. Consequently, v
satisfies property (i) above, since if B is a bounded Borel subset of S, then there exists ¢ > 0
such that x > € for all (z,2) € B, and hence

min(k(B),1)v(dk) =0 OOE
/Mp(S)\{O} (5(B),1)v(dr) /0

= 9/ E (Z Ly, Zj)) A 1] ay "ty < 9/ ay " ldy = e < oo,
y>e =0 Y

>e€
where we used that if y € (0, €], then y,ui‘ € (0,¢], j > 0.

(Z Lg(yirh, Zﬂ) A 1] ay™*"tdy
j=0

Next we turn to prove (iii). We check that N given in (3.5) satisfies

—log E[e )] = 9/ E[1 — e 2% f(y“i\’zf)]ay_a_l dy = / (1 —e ) py(dr) (3.8)
0 Mp(S)\{0}

for all f € Cs. The second equality follows from (3.7). For the first equality, we provide two
alternative proofs. The first equality in (3.8) can be derived using the representation

[e.e]

:ZZf P,UA> i) Zf i (Zij)20) = N'(f),

i=1 j=0
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where f'(p, (2)20) := D720 [ (pptly, zj) forp € (0,00), z; € R, j > 0, and N" := 3 7% 6(p,. (2:1),50)
is a Poisson point process on (0, 00) x RN with intensity 6 d(—y~*) x £(Z;1)"1% (see, e.g.,
Kingman [23, Section 5.2]). Indeed, f € Cs implies that the sum >0 f(piy, z;) has only
finitely many non-zero terms, and one can use the expression for the Laplace functional of N’
together with Fubini’s theorem. The second proof of the first equality in (3.8) is based on the
representation

Eje V) =E [E [e™ S8 S50 f(Pusa Zes) | ( pi)ieN}]

HHE (PZMA ( ) ZEN

i=1 j=0

Hh

where Z is an A/(0, 0%)-distributed random variable, independent of (P);en, and h : (0,00) — R
is defined by

HE Sy 2 z € (0,00).
Consequently, using the Laplace functlonal of the Poisson point process Y .-, dp,, we obtain

0

= exp{—@/ (1 — h(x))az™>? dx}
0

= exp{_ / <1 — HE f(iB:U'A ) ax —a—1 dl’}
0

= exp{—@/ <1 —Ele” 2% f(m“i\’zj)})ozx_o‘_l dx},
0

Now we prove (ii). By (3.8), we need to show that

as desired.

koE[l — e Nm ()] - 9/ E[l — e~ 2i%0 f(y“i“zj)]ay_a_ldy (3.9)
0

as n — oo for all f € Cs. Take an arbitrary f € Cs and let ¢ > 0 be such that = < e
implies that f(x,y) = 0 for all y € R. To show (3.9) we rely on the condition (3.2) and use
similar arguments as in the proof of Basrak and Segers [7, Theorem 4.3]. Note that, even
though condition (3.2) concerns only the process (X;),ez, it will be sufficient for (3.9), since
the bounded sets in S are separated from the vertical line (see Lemma A.1) by our choice of
bounded sets in 5.

For n € N and k, ¢ € Z with k < {, write M}, := maxy<;<¢ X; (if £ < k set My, := 0), and

‘v (X, M.
n(kag) =1—ex - f _J> j+1) } :
c € p{ ; <an \/YJ
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In particular, ¢,(1,7,) = 1 —exp{—N,,(f)}, and since f(z,y) =0 if (x,y) € (0, €] x R, we have
{M,, <ane} C{c,(1,7,) =0}, and then

Elen(L70)] = Elea(L ) Lian o sanct] = 3 Blen(L ) Lian,, - <anecxi}] (3.10)

i=1
Since k, ~ (r,P(Xo > a,))"" as n — oo, (3.9) will follow if we show that

Elcn(1,7)]
’r’n]P)(X() > an)

Fix now m € N and assume that n is large enough so that r, > 2m+1. The key observation now

is that, since f(z,y) = 0if & <e¢, forall m—+1 < i < r, —m, we have ¢,(1,7,) = ¢, (i —m,i+m)
if Myi—m-1V Miymi1r, < ane. Using the strong stationarity of (X;);ez and that ¢, (k, 1) € [0, 1],
n € N, k,l € Z, this implies that for all i € {m +1,...,r, — m},

— 9/ E[l1—e” 2o f(y“i*’zj)]ay_a_ldy as n — 0o.
0

[Elen (L) L3ty s mnectt] = Elen(i = my i+ m)L s ycanecxo]
< ‘E [(C”(lv T”):H'{Ml,i—1§‘1n5<Xi} - Cn(i —m, i+ m>]]'{Mifm,i71 San6<Xi}) ]]'{Ml,ifmfl\/Mi+m+1,rnSanE}] ‘

+ ’E[ Cn(1> T”)R{Ml,i—lgan€<Xi} - Cn(i —m,i+ m)]l{Mi—m,i—1§‘17L5<Xi}> ]l{Ml,i777L71VMi+m+1,r'n>an€}] ’

- ‘E [(CN(L TN) - Cn('é - m>'é + m)) ]l{Ml,iflgan€<Xi}]]'{Ml,ifmfl\/Mi+m+1,rnSanf}:| ’

+ ’E[ Cn(lv ,rn)]]'{Ml,iflganf} - Cn(i —m,i+ m>]]'{Mifm,i71San€}> ]]'{Xi>an€}:[I'{Ml,ifmflVMi+m+1,rn>an€}] ’
S ]P)(Ml,i—m—l \ Mi—l—m—i—l,rn > Qnpk, Xz > ane)

= ]P)(Ml—i,—m—l V Mm—l—l,rn—i > QnE, X(] > CLn€>

S ]P)(M—T’n,—m—l \ Mm-‘,—l,rn > Apk, XO > ane)a

where the last step follows by —r, <1 —idand r, —i <r,. Forie {l,... m}U{r, —m+
1,...,7,}, use the trivial bound

}E[Cn(lv T”):H'{Ml,iflgan€<xi}] - E[Cn (Z —m, i+ m>]]'{Mifm,i71San€<Xi}H
< Ellen(1, Tn)]l{MuannE} —cp(i—m,i+ m)]]‘{Mifm,iflga'nE}|]]‘{an€<Xi}] < P(Xo > ane).

Consequently, using again the strong stationarity of (X;);ez and (3.10), we have

A - E[CH(L T”)] - E[Cn(_ma m)]]-{MfmﬁlSane<Xo}]
n,m - TnP(XO > CLn) ]P)(XO > an)
1 -
- TnP(XO > an) ;Ekn(l,rn)l{MH1San6<Xi}] B T’nE[Cn(—m’ m)]l{M*m,flganE<X0}]
1 - - . .
— —rn]P)(XO = an) ; E[Cn(L Tn)]l{M1,i71§anE<Xi}] - ; E[Cn(l —m,1+ m)]]'{Mifm,iflgan6<Xi}]
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1
: W( 2 L P

Ze{l 7777 m}U{T7l_m+l 7777 T”}

+ Z P(M_;, -1V Myt > ane, Xo > ane)>

i=m—+1

1
— m <2mIP’(X0 > an€) + (1, — 2m)P(M_,, —pe1 NV Myi1, > ane, Xo > ane))

P(Xo > ane) (2m 2m
ek 7 1—— ) P(M_,, 1V Mypsq,r, > ane | Xo > ay .
e (2 (1= 2 ) POt Y M, > | Xo > 006

Tn

Note % ~ e *and r, — 00 as n — 00, hence, (3.2) implies that

lim limsup A,,,, = 0.
m—=00  p o0 ’

Observe that on the event M_,, 1 < a,e, we have ¢,(—m,m) = ¢,(0,m), n € N. Hence,

Elc,(=m, m)]l{M, _1<a e<X0}] P(Xo > aye)
— — = E n bl ]]- Qan € X n . 11
B(Xo > an) Py > a) 0 iz [ X0 = a1

The first term on the right hand side of (3.11) tends to e~ as n — oo. For each m € N, we
have

o eed S (K M\ LS (K
cn(0,m) =1 ep{ ;f(an’\/fj)}_l ep{ j;f(anij)}u

hence, by Proposition 2.1 and a consequence of the conditional continuous mapping theorem
(see part (ii) of Lemma D.3) with a bounded Borel measurable function h : R¥*2 — R
satisfying

%(x_m, e Ty Wy W) = (1 — exp{— Z flex;, w;»)]l(ovoo)(:cj)}) Limax{o_m,z_1}<1}

J=0
for vy, ...,z € 10,00), wy, ..., w, € R, we obtain

E(Cn(0>m)1{M7m,f1§ane} | Xo > ane)

— E((l — exp{— Z f(euf;lYo, Zj)}) l{max{ym7,,,7yl}<1}) as n — oo,

j=0
since the absolute continuity of Y, and the independence of Yy and K imply
P((Y_ms s Y, Zoy -, Z) € Dy) = P(max{Y_,,,...,Y 1} =1)

= P(Yomax{py"Lixzm), - pa Lz} = 1) =0,
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where D; denotes the set of discontinuities of h. Consequently, by the dominated convergence
theorem, the second term on the right hand side of (3.11) as n — oo and then as m — oo,
converges to

E[(l — exp { — i_o: f e, Yo, Zj)})]l{supj<oyj§1}]
~E[(1-exn { - i FlerYo, Z3) } ) Lisemoy | = 0E[ 1 —exp { — i CTAGY A

where the last step follows by the fact that K is independent of Yy and (Z;);>o and since
P(K = 0) = 0 (see (3.4)). Altogether, using the fact that Yj is Pareto distributed such that
P(Yy > y) =y~ %, y > 1, and independent of (Z;);>o,

lim M = lim lim E[C”(_m7m>]l{M7m,71§ane<X0}]
n—0o0 TnP(XO > an) M—>00 N—00 P(XO > an)
= €—a9/ E[l — exp{ — Z f(ey/ﬁip Zj)Hay—a—l dy
1 ‘=
= 9/ E[l — exp{ — flydy, Zj)}]ay—a—l dy
€ =0

= 9/000 [1 —eXP{ Zf A }]ay‘“‘ldy,

where the last line follows since f(x,y) =0if x <¢,y € R, and ps € (0, 1), and this concludes
the proof of (ii) yielding the statement. O

4 From point processes to sums

The key idea in handling the sums > " | X7 and Y77 X; M, (the building blocks of ™ —
fta) is to apply usual truncation argument and then summation to obtain the following result,
cf. Davis and Hsing [11, Theorem 3.1].

Theorem 4.1. We have

(VO v@) ( Z 2. 3/22)( Mm) L (v, @) (4.1)

Jj=1

as n — 0o with

1 2) 4 1 2 1 3/2
(V()’VU)_( 2ZPZ.,WZPZ. Z) (4.2)
— -



where Y2, dp, is a Poisson point process on (0,00) with intensity 0d(—y~*) such that P, >
Py > ... almost surely, (Z;)i>o is an i.i.d. sequence of N'(0,02%)-distributed random variables
independent of Y 2, 0p, with 6 giwven in (3.4), and the series on the right hand side of (4.2)
are convergent almost surely.

The characteristic function of the vector (V) V®) has the form

e ] e [ (e 2 - g1 oy
0 L—pd™ 201 = p)

for s,t € R. For the marginals, we have

E[eisv(l)} = exp{—01|s|a/2 (1 — itan(%) sgn(s)) }, E[eitv(z)} = oGl

for s, t € R with

ay cos{ a % o/3
CI:HF(l__)# crimor(1-9) (52 )

2/ (1= p)/? 3 L=y

thus V) is an a/2-stable positive random variable and V?) is a symmetric 2a/3-stable random
variable.

Proof. We divide the proof into four steps.

Step 1. Applying continuous mapping theorem to the convergence in (3.5) we show that

VY, v2) = (Z(Xj/an)%l{xj/anm}, Z Xij+1/ai/2]1{Xj/an>y}>

j=1 j=1

M v @) )3/2
s ) = (S oy D i)

=1 j=0 i=1 7=0

as n — oo for all v > 0, where Z; ;, i € N, j > 0, are given in Theorem 3.2. Fix v > 0, and
consider the mapping T, : M, (S) — R?

T’y("{) = </S x2]1{x>'y} K(dzady)a[gxg/2y1{x>v} I{(dl’,dy))

3/2
= (Z ffill{wmbsz/ ykl{wm})
k k

for kK = 3 O@pm) € Mp(S). Note that the sums in the definition of T (x) are sums with
finitely many terms, since the set (v, 00) X R is bounded and & is a locally finite measure on S.
By Lemma 3.1, T, is continuous on C,, := {x € M,(5) : k({7} x R) =0}, i.e., for any s € C,
and any sequence (K, )nen in M, (S) such that k, — K as n — oo, we have T (k,) — T,(k) as
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n — oo. Indeed, by Lemma 3.1, k, — k as n — oo yields that there exist integers ng, M > 0
and a labeling of the points of k and k,, n > ng, in (7, 00) X R such that

M M
Finl(y00)xR = D :5@,@7@,@)7 n>no, Kook = Y O
k=1 —

and (xk ),y,(g Y = (w,yx) as n— oo for all k= 1,..., M. Hence
M M
T, (1) = (Z@é"h?,Z(x; ), >> n = n,
k=1 k=1

yielding that T (k,) — T,(k) as n — oo, as desired. Finally, (Vrfly),vn(%y)) N (Vy(l),Vy(z)) as
n — oo follows by an application of the continuous mapping theorem (see, e.g., Resnick [30]).
Indeed, M,,(S) is a complete separable metric space with a metric inducing the vague topology
(see Kallenberg [21, Lemma 4.6]), (Vi vy = T,(N,), n e N, T,(N) = (VA V), and we
check that P(N € C,) = 1. At the beginning of the proof of Theorem 3.2, we already checked
that N is a locally finite measure almost surely, so it remains to verify that P(N({7y} x R) =
0) = 1. We have

NP *R) =D D Lipy = (Z 51%-) {72ty iy, }) =0 as.,
i=1 j=0 i=1
since the intensity measure of the point process > ;- 0p, is absolutely continuous.

Step 2. We check that (VA" Vi) -5 (V) V@) as y | 0, where

v(l L ( . MZ)—I ZPE’ V(2) L —1/2 ZP3/2
i=1

with N
Zi=(1— )" (W) Zi;,  i€N,
=0

j
where (P;);eny and {Z;; : i € N, j > 0} are given in Theorem 3.2.

By monotonicity of V«,(l) iny >0,
Vy(l) (1—p?)” ZPz 148 asv40

almost surely. By Campbell’s theorem (see, e.g., Kingman [23, Section 3.2]), we have P(>"°, P’ <

o) = 1 for any B € (o, 00), and hence the series Y -, P? is (absolutely) convergent almost
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surely, since a € (1,2). Indeed, condition (3.16) in Kingman [23] is satisfied, since

/ (yﬁ/\l)ed(_y—a)zgaf ( 5/\1) —a— ldy_ea/ B—a— ldy+9a/ y—a—ldy
0 0 . !

=0 ! +l <
= v ﬁ—Oz o Q.

Next, we show that the series > > ()32 Z;, i € N, and Y2, PY?Z; are convergent
almost surely. Kolmogorov’s one series theorem yields that Z;‘;O(,ui;)?’/ 27, ; converges almost

surely for each i € N, and hence (Z;)ey is an i.i.d. sequence of N(0, c%)-distributed random
variables independent of (F);en. Let £}, j € N, be i.i.d. random variables with an exponential
distribution with parameter 1, independent of Z;, + € N. Put I'; := 23:1 E;, 1 € N. By

the mapping theorem for Poisson random measures, >~ 1/o is a Poisson random mea-

i=1 el/aI‘
sure on (0, oo) with intensity 6d(—y~), hence we have (P,)eny = (0/°T;*);cn, and hence,
(Py, Zi)ien = (07°T71, Z;)jens. Consequently,

- Pf’/zZi) d ( - gi/ar- 1/ 3/2Z,~) _ (93/(200 . r; /) Zi) ,
(; neN Z( ) neN Z neN

=1 =1

thus the almost sure convergence of > °, Pig/ *Z; will follow from the almost sure convergence
of 322 T;7% 7. Indeed, if 322°, T; /%% 7, is convergent almost surely, then for cach € €
(0, 00), by the continuity of probability, we have

n+m n+m

[S;é% Z P3/2 Z F 3/(2a) Z

implying the almost sure convergence of » -7, Pf/ *Z;, see, e.g., Shiryaev [41, Chapter II, Section
3, Theorem 1]. The almost sure convergence of "2, I, 3/(2)

> €

} = IP’[H?’/ (29) sup

meN

— 0 as n — 0o,

Z; follows from Theorem 1.4.5 in

Samorodnitsky and Taqqu [37], since 2 € (0,2), E[|Z1]**/?] < oo, E[|Z;1og(|Z1])]] < oo,
E[Zi] = 0 and E[Z; flzzl‘l/lz Y- Zsin(z )dx} =0 for all i € N, where |Z;]/(i—1) == o0 fori =1

(due to the fact that Z; is symmetric). Hence the series > ., PZ-?’/ ®Z; converges almost surely
and V' is well-defined.

Next, we show that V,Y(Q) LV @ as v 1 0. For every v, € € (0,00) define

2) . 3 2
Vﬁf(vﬁ : ZZ PMA ZZ]]l{P1>E PlUA>'Y}

i=1 7=0

Since for every e € (0,00) there are almost surely only finitely many P;’s greater that e, for
every fixed € € (0, c0),

VD = Vi = (L= )Y P Zpeg asy L0
=1
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almost surely. Indeed, by the dominated convergence theorem, for every ¢ € N, we have

Z;’OOM%QZHI{PM oy (1 p3) V% Z; as v | 0 almost surely, since |M?X/2Z”]l

3j/z\Z”| j >0, yielding that

{Pipy >v}|

SJ/QZ 1 < ZM3]/2|ZM|,

Y] {PZNA>'Y}

where E| 327, i’:f/ﬂz”@ = E[|Z01)/(1 — %) < oo (especially, S0 o 1%/% Z, ;| converges

almost surely).

Now we check that Vo(i) — V@ as e | 0 almost surely. For each ¢ € (0,00), we can write
K
Vol = (L= )2 3 P2,

with K, := max{i € N: P, > ¢}. We have K. — oo as € | 0 almost surely, since P, | 0 as
i — oo almost surely, thus the almost sure convergence of > %, Pi?’/ 7 yields that Vb(i) - V@
as € | 0 almost surely.

For every v,¢,n € (0,00), we have
PV — V| > ) <P(VP V| > 5/3) + BV — V2| > 0/3) + (V2 — V| > 5/3).

The almost sure convergences ny(ze) = Vo(i) as v | 0 for all € € (0,00) and Vo(i) 2% V@ as
€ } 0 imply the corresponding convergences in probability, hence

limsup P([V.® — VO > 1) < limsup P(|V® — V.O| > 1/3) + P(|[Vy2 — VP > 5/3)
~v40 740

for every €,1 € (0,00), and hence

lim sup IP’(|V — V| > p) < limsup lim sup IP’(|V,Y(2€) - V,Y(2)| >n/3)
740 €l0 740

for every n € (0,00). Consequently, if we show that for all n € (0, c0),

lim sup lim sup P(|V.%) — V.| > ) =0, (4.3)
€l0 ~10

then we obtain VV@) Ly @ as ~v 1 0, as desired. In order to check (4.3), observe

9 2) 3 2
VD =V =33 (PP ZigLp e, pys oy
=1 j=0

since the sums defining V«,(i) and V,Y@) are sums with finitely many terms almost surely (see Step
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1). Since E[V:? — V%] = 0 for all v, € € (0, 00), we have
Var(V2 — Vi) = B[V — Vi) = BIE(VS2 — V) | (P)ien])

v,€ ¥ Y€ Y Y
N E[ (Piuil)go’i]l{PiSE,PW{q>’Y} sE |:Z Z(P,,uix)g(f%]l{ﬂge}
i=1 '

3—«a

2 o0 2 € 2
94 3 b 3 —a-1 fosac
< E Pi]lpi<€:|: /:Eazz dor = ;
) [Z R T T (1= 13)B~a)
where the last but one step follows by Campbell’s theorem (see, e.g., Kingman [23, Section
3.2]). For all n € (0,00), Chebyshev’s inequality implies that
Oo e’
lim sup lim sup P(|V.% — V.| > 5) < limsup A
o 410 e o ML= p3)(3 —a)

hence we conclude (4.3), as desired. Altogether,

=0,

(VI V@) = (v V@) asy o,
and hence in distribution as well.

Step 3. By Billingsley [8, Theorem 4.2] and Steps 1 and 2, using also that ||(21, 22)| <
|21 + |22], (21, 22) € R?, to show (4.1), it suffices to prove that for all € > 0,
lim lim sup P(|[V,®) — Vn(]fy)| >¢€) =0, kE=1,2.

MO nooco

In case of k = 1, by Markov’s inequality, (3.1) and Karamata’s theorem (see, Lemma E.1), we
have

lim li P(lv® -y = lim | P X21x /a 2
iy BV~ V31> O = ligimsu P | 3 X1y > o

2 2
.. Y E[Xl]]-{X1<an’y}] P(Xl > CLMY)
< liml — = P(X, > a,
- ig)l lgl_igp € V2a2P(Xy > ayy) P(Xy > ay) P& > an)

«
=lim——*" =0
71%16(2—04)7 ’

as desired. In case of k = 2, we have to prove that

> XM aLix, ja, <y

MO0 n—oo -
J=1

lim lim sup P (

> ai/2e> =0 (4.4)

for all e > 0. Using the definition of M, ,, we have

'

D XMyl fan<)

j=1

n X;
~(iaq
> af/%) S P ZX]- ZAZ(]—I— )]].{Xj/angﬁ/} > ai/2e/2
j=1

i—1

> XX, fan<ny By

Jj=1

+P

> af/ze/2> :
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Recall that for each j =1,...,n, {A§j+1),i € N} are i.i.d. random variables with E[Agjﬂ)] =0
and Var[flgjﬂ)] = 0%, and independent of {flgk),i € NNk =2,...,5} and Xy,...,X;. This
implies that the random variables X Z;X:’l [153' +1)]l{ X;/an<v}, J € {1,...,n}, are uncorrelated
and have zero expectation. Hence, using Markov’s inequality and the law of total variance, we

get for all € > 0,

n X

1
P ZX ZA 'Lix, jansny| > @€ S Sl Z JZA(] Lix;/an<my

=

2 -

n X; Xo 2
1 2 - T(+1) n 2 (1)
= 5ok DX (DAY Lixfansa | = 5l | Ko S AV Lixosancod
n j=1 i=1 n i=1

Xo (1)
n Var [XO (Zz:ol A; ) ]l{Xo/anS’Y}] nO‘AE[X L{xo<an ﬁ/}]
a3 e? a3 e?

By Karamata’s theorem (see, Lemma E.1) and (3.1), since o < 3,

noAE[X5 L {xo<ann}] — o272 E[X3 1L {xo<ann}] 7?,IP)(XO > an7)
a3 e? AT BYP(Xy > any) | P(Xo > ap)

nIP’(XO > an)

_ 04 _
2 e as n — 0o,
3—«

— ohe

which further goes to 0 as v | 0. Hence, (4.4) will follow if we show that

> XL faney B

HO n—oco -
Jj=1

lim lim sup P (

> af’/Qe) =0 (4.5)

for all € > 0. With the notation cp, = E[Bj+l]l{|éj+1\/an§1}] = E[Bl{\évangl}]a where B :=
B — pp, we can write

ZXj]l{Xj/angv} ZX l{Xg/al<v} (B]+1]1{\BJ+1|/an<1} CB n) + CBnZX I{Xj/an@}

Jj=1 Jj=1 j=1

+ ZX X, fan <t Bier L5, a1y =5 Ja0y I+ T2,
J=1
Since
P(|J8 + I8+ JP| > ade)
) 3/2 @) 3/2 3/2
SP(\JM/\ > a,/7e/3) + P(|J 2] > a; €/3) 4+ P(|.J¢ | > a;/%e/3), e>0,

to prove (4.5), it is enough to check that lim. limsup, . P(|JS}| > ai/?¢) = 0, i =1,2,3, for
all e > 0.
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In case of ¢ = 1, using the independence of X; and BjH, Markov’s inequality, and the facts
that the summands in J\" are uncorrelated and Var[B1y g1<ay) < E[B*15/<,,); we have

n ~
P (|J¢(:»)y| > ai/ze) < mE[Xg]l{XO/anS"/}]E[B21{|B|§an}]

_ 1 B xyjans)] BB pican] P(Xo > an)
€2 a272P(Xo > a,7) Q%P(|B| >a,)  P(Xo>an)

nP(X, > a,)a,P(|B| > a,).

Indeed, the summands in Jr(f«), are uncorrelated, since for all 7 < j, 4,7 € {1,...,n}, we have

E [Xi]l{Xi/angv} <Bi+1]‘{\éi+1|/an§1} - CB,n) Xi1ix; fan<} (Bj+1]]'{\éj+1\/an§1} - CB,n)}
=E [Xinl{Xi/anS'Y}]]'{Xj/anS'Y} (Bi+11{|éi+1|/an§1} - CB,n)] E [(Bj+1]l{|éj+1\/ang1} - CB,n)}
=E [Xinl{Xi/anS’Y}l{Xj/anS’Y} (Bi+11{|Bi+1|/an§1} - CBm)] 0=0.
Note that, since B is bounded from below and B is regularly varying with tail index o, we have
P(|B| > ) ~P(B > z) ~ P(B > x) as r — 00,

where we used that for all ¢ > 0, P(B > x(1 +¢)) <P(B > z) < P(B > ) for large enough z.
In particular, | B| is regularly varying with tail index «, and moreover, by (1.4),

P(|B| > z) ~ (1 — u3)P(X, > z) as & — 00. (4.6)

Consequently, by Karamata’s theorem (see, Lemma E.1), Bingham et al. [9, Proposition 1.3.6.
(v)], (4.6) and (3.1), for all v > 0,

2.2—«a ~
h?—igpp (|J7(112y| > ai/%) < 62(2‘27_ E lilrrlnﬁsotip(anIP’(|B| > ap))
01— ) | PP
= epoap (P> ) = Tan e e,
22—« 1 — o
¢ ZQ(2 (_ a)éLA) li;n_)solip(ni_llz(n)) -0 as n — oo.
In case of i = 2, since E[B] = 0, by Markov’s inequality, for all € > 0,
E[B1, ; ]
n ~ n {IBl/an>1} ~
P (|72 > a*%) < E[Xo] |E[BL; 510 <i1]| = — 5 E[Xo] = P(|B| > a,)
( 7 ) cas? {IBl/an <1} cal/? a,P(|B| > a,)

E[Xo] E[|B|]l{\é\>an}]

- nP(|B| > a,) — 0 as n — 00,
- ea,ll/2 CLnP(‘B‘ >an) (‘ | )
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since, by Karamata’s theorem (see, Lemma E.1),

E[|B|1{|B\>an}] _ @
=0 a,P(|B| > a,) -1

and, by (4.6) and (3.1), nP(|B| > a,) — 1 — u% € (0,1) as n — oo.

In case of 7 = 3, similarly as in case of i = 2, using Markov’s inequality and the independence
of Xy and By, for all €,y > 0, we have

(179 > a¥/%) < nE(Xol(xo/an <} | B1lLy 5, >a,})

3/2
an/ €

E[|B|1, ; -
< —_E[X,] “ |~{|B|>“"}]IP’(|B\ >a,) >0 asn— oo,
ean/ anIP)(\B| > an)

hence we conclude (4.1).

Step 4. Finally, we determine the characteristic function of the random vector (V1 V(2)).
Using the continuity theorem, conditioning on (F;);eny and applying the portmanteau lemma,
we have for s,t € R

| = t oy
E[eV"+V®)) — g [exp{i< S PPt Pig/zZZ) H
[ ] 112 ; (1 — )2 ;
. [ 3/2
S B )}
. [ 3/2
ool 2 et £ o]
I ait? <
= lim E exp{ 2 A Z H

el S i ol

1 —

since the series Y°°°, PP and 3.7, PZ-?’/ ®Z; are convergent almost surely for any 3 € (o, 00) (see
Step 2). As in the proof of Campbell’s theorem (see, e.g., Kingman [23, Section 3.2]), one can
prove that

[exp{ Z P21 Z P3H = exp{ /0 oo(e“y2+vy3 —1)fay=! dy} (4.7)

for any u, v € C with R(u) < 0 and R(v) < 0, where R(z) denotes the real part of z € C. Indeed,
(4.7) holds for u, v € (—oo, 0] by Campbell’s theorem with the function (0,00) > y — uy?+ vy?
satisfying [~ (Juy® + vy®| A1) fay=*"tdy < co. Since for any given u € C with R(u) < 0,
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both sides of (4.7) as functions of v are analytic functions on {v € C : R(v) < 0}, and for
any given v € C with (v) < 0, both sides of (4.7) as functions of u are analytic functions on
{u € C: R(u) < 0}, Hartogs’s theorem yields that both sides of (4.7) are analytic functions on
{(u,v) € C*: R(u) < 0, R(v) < 0}. So, by the identity theorem for analytic functions, (4.7)
holds on {(u,v) € C*: R(u) < 0, R(v) < 0}. Both sides of (4.7) are continuous functions on
{(u,v) € C* : R(u) < 0, R(v) < 0}, so (4.7) holds on {(u,v) € C*: R(u) < 0, R(v) < 0}.
Applying (4.7) for v = is/(1 — p%4) and v = —0%t*/(2(1 — 1%)), we obtain the formula for
E[ei(sv(l)“‘/m)] , s, t,€R.

For each § € (0,1) and z € R, we have

/Ow(em 1) B = T(—f) cos(§) \z|ﬁ(1 . itan(?) sgn(z)), (4.8)

see, e.g., the proof of Theorem 14.10 in Sato [38]. Applying (4.8) for 8 = /2 and z = s/(1—pu?),
we obtain for s € R

) ool [ of )}
ool [ oo} -]
—ow{05r(-5) oo (Pl (it sen(=27) }
— et (1= 5 Y eos(T )i (1 stan (%) sente)

hence we obtain the characteristic function of VO,

For each 5 € (0,1) and z € [0, 00), we have

/OOO(1 —e ) Br P dr =T(1 - B)2°, (4.9)

see, e.g., Example 1.4 in Li [28] or the method of the proof of Example 8.11 in Sato [38].
Applying (4.9) for 8 = a/3 and z = o4t*/(2(1 — %)), we obtain for t € R

E[eiﬂ/m} = ex {G/Oo(ex {—i 3} —1)a —a—lg }
“o P T s
o o t? a _a
= 6 Ayt —1)=r 571
olo [ (ool gy} 1) 5 o}
242 a/3
_ B AV
—eo{-r(1-9) (525) |

hence we obtain the characteristic function of V) and this finishes the proof. 0J
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Remark 4.2. Note that the law of (V) V) in (4.1) does not depend on the choice of the
scaling sequence of (a, ),en satisfying (3.1), which can be seen from the form of the characteristic
function of (V1 V) given in Theorem 4.1. O

Remark 4.3. One can check that if o € (1,3/2), then the series in the definition of V® in
Theorem 4.1 is absolutely convergent almost surely. By the mapping and marking theorems

(see, e.g., Kingman [23, Sections 2.3 and 5.2]), we have >~ 0 is a Poisson random

(P}, 2i])
measure on (0, 00) x (0, 00) with intensity measure d(—y~2%/3) x fiz,/(z) dz, where f|z,| denotes

the density function of |Z;|. Using again the mapping theorem, > > is a Poisson

i=1 P3/2\Z \
random measure on (0, 00) with intensity measure 0E[| Z;|?*/3]d(—y~2*/3), since for any t > 0,

2a

—2x o e 20{9 u _T_l
/ ef‘zﬂ(z) d(—y 2 /3) dz :/ / - <_> f\Zl\( ) dudz
{(y,2)€(0,00)2 1 y2>t} . Jo 3 \z

= 202 [ du = 0] [ ),
t t

Hence, by Campbell’s theorem, we have Y 7, Pf’/ 2|Zi| is convergent almost surely, since now
0 < 2a/3 < 1 and then

00 1 o0
vz ey = 2w ([ Ray s [Ty tay) <o
0 0 1

Further, since [;° ybE[|Z1]**/3] d(—y~2*/*) = oo, by Kingman [23, formula (3.18)], we have
B[S, P12 = oo, =

5 On the limit behavior of the CLS estimator

Now we can formulate our main result.

Theorem 5.1. We have

2)

Var(7a™ = ) BN asmn — oo,

EE

where the sequence (a,)nen and the joint characteristic function of (VM V®) is given in (3.1)
and in Theorem /.1, respectively.

Proof. By Theorem 4.1, V! is an a/2-stable positive random variable, thus it is absolutely
continuous and P(V1) > 0) = P(V() £ 0) = 1. For each n € N, by the strong stationarity of
(X,)iez, we have

3/2
—(n) d Z] | XM/ an
VvV an(:uA - MA)
Zj=1(Xj/an)2

Consequently, by Theorem 4.1 and the continuous mapping theorem (see, e.g., Billingsley [%,
Theorem 5.1]), we conclude the statement. O

29



Remark 5.2. The limit law V® /V(1) in Theorem 5.1 can be written in the form

>_(P):Z,
14 d (1— M,24)UA i=1
N e RN

where %, 65 is a Poisson random measure on (0, 00) with intensity measure d(—y~*) being
independent of an i.i.d. sequence of A/(0, 1)-distributed random variables (Z)ieN. Indeed, using
the mapping theorem for Poisson random measures, one can check that Y >~ d - p is a Poisson
random measure on (0, co) with intensity measure d(—y~). Consequently, we have

d 1 2 1 1 5~ 1.3
(V(l)’V(2)) — < 5 ea Z(e « i)2’ﬁ92a (9 « 2)2Z2>

[
7
-
|
=
o[ =2
Qv
NE
o
S
—| =
=
|
| &
=l Q
b
o
[S]I9Y)
X
N——

yielding the statement.
Note that 221(132)32@/ Zfil(é)Q does not depend on the parameter 4 to be estimated
nor on o,4. This gives the possibility for formulating a version of Theorem 5.1 with a random

normalization such that the limit law does not depend on p4 and o4. O

In what follows, we collect several interesting properties of (V) V) and V® V(). The
characteristic function of a random vector X will be denoted by ¢ x.

Proposition 5.3. The distribution of (V1),V?)) is operator stable, and the matriz diag, (%, %)
is an exponent of it. Particularly, the distribution of (V) V) is full and infinitely divisible,
and has an infinitely differentiable density function, and the partial derivatives of this density

function tend to 0 at infinity.
Proof. First, observe that for each a € (0,00) and s,t € R, by the substitution a'/®y = z, we

obtain
Pa2/ay (1), q3/(2a)(2) (s,t)

00 ia2/as o2 (a3/(2a)t)2
= expy 0 ex 2_ -4 3}—1)@ —e-lq }
p{ /0 ( p{l—uiy 21— 1) 7 Y Y

o0 is o2 t?
= expy ab ex = A x?’} — 1) ar~ ! dx}
p{ /0 ( p{l—ui 2(1 — i)

= (v, ve (s,1))",

(5.1)

hence Equation (7.8) in Meerschaert and Scheffler [33] is satisfied with exponent diag, (2, 5>)
and without shifts.
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Particularly, with a = n=!, n € N, we get

vy v (5,t) = (n-2/av) p-scave (s, t)"

for all s,# € R and n € N, hence the distribution of (V1 V®) is infinitely divisible.

In order to prove that the distribution of (V) V) is full, we have to show that for each
(v1,v2) € R2\{(0,0)}, the random variable v, V™" +v,? is nondegenerate. If we suppose that,
on the contrary, there exist (vy,v5) € R?\ {(0,0)} and z¢ € R such that v,V + 0,V =
almost surely, then for each t € R, we would have

itwo _ Do) 4o (t) = Py v (v1t, vat)

> it o, oh(vat)? 3} ) 1 }
=e 0 e - —1)ay ™ "dy ;.
Xp{ /0 (Xp{l—uiy 21— %)Y Y Y

We have @) ye (vit, vat) # 0 for any ¢ € R, since the distribution of (V") V®) is infinitely
divisible. Applying Lemma 7.6 in Sato [38], we would obtain

. o it oiuit? ol
itx :9/ (exp{ 2 _ — 1 )ay " dy, teR.
R =" a0 )’ ! !

Taking the real parts of both sides, we would get

o o2 v2t? vt
0= «9/ (exp{—A72y3} cos (7y2) - 1) ay* tdy, teR.
0 2(1 — %) 1—p

Since the integrand is continuous and nonpositive, we would conclude that it is identically zero,
yielding that

(S

2,242
cos (%gf) = exp{%ii)y?’}, y € [0, 00), teR,
which is a contradiction due to (v, vs) # (0,0), hence the distribution of (V) V) is full. By
Theorem 7.2.1 in Meerschaert and Scheffler [33], taking into account (5.1), we obtain that the
distribution of (VM) V) is operator stable and the matrix diagQ(%, %) is an exponent of it.
For the facts that (V) V?) has an infinitely differentiable density function, and the partial
derivatives of this density function tend to 0 at infinity, see Luczak [32, Corollary 2.1] and Kern

and Wedrich [22, page 387]. O

Proposition 5.4. The random variables V) and V@ are dependent.

Proof. If we suppose that, on the contrary, V() and V® are independent, then we would have
Yy v (5, 1) = pyo (s)pye (t) for all s,t € R, hence

o0 is o%t?
expy 0 ex 2_ A 3}—1)04 —a-ly }
p{ /0 < p{l—uiy 2(1— %" Y Y
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:exp{e/ (exp{ 1 5 yz} — 1)ay_°‘_l dy}
0 L= piy
(o) U2t2
cexplo [ (expd =T _ 3}_1) d}
Xp{/o <Xp{ a0’ S
o0 is o4 t?
=e 0 ex 2Vt e {—Ai 3}—2)@ _a_ld}
Xp{/o ( p{l—uay} BT v

for all s, € R. We have ¢y.0) v (s,t) # 0, oya(s) # 0 and oy (t) # 0 for any s,t € R, since

the distributions of (VM V) V() and V) are infinitely divisible. Applying Lemma 7.6 in
Sato [38], we would obtain

o0 is o t?
9/ (ex { 2 A 3}—1)@ —e-lq
o P T2 T2t Y Y

9/00 (e { Is 2} +e { U‘%‘t2 3} 2)a —a-lq
- X X - = _
o \ Ty Pl ! !

for all s, € R, hence

0 : 242
18 9 O'At 3} ) —a—1
ex —1||expd —————— — 1| dy =0
/0 ( p{l—uiy} )( p{ 2(1— 13" Y Y

for all s,t € R. Taking the real parts of both sides, we would get

& S 2 0-1241:2 3 —a—1
; COS 1—[“124y —1 exp —my —1 ay dy:O

for all s,¢ € R. Since the integrand is continuous and nonnegative, we would conclude that it

is identically zero, yielding a contradiction unless s = t = 0, hence the random variables V()
and V® are dependent. O

Note that, by Theorem 4.1, E[VM] = oo for all a € (1,2), and E[V®)] does not exist if

a € (1,2] and EV®] = 0 if & € (£,2). In what follows we show that all the exponential

moments of V) /V (1) are finite.

Proposition 5.5. For each t € R, we have

V(2
E [exp {tm}] < 00.

Proof. Let ¢t € R be fixed. Using that the series > .-, P’ and Yoy Pf/ *Z; are convergent
almost surely for any 5 € (a,00) (see Step 2 of the proof of Theorem 4.1), conditioning on
(P;)ien, by the continuity theorem, we have

(2) 252 (1 — 12)2 % p3
]E [exp {tv - }:| — E exp 13 UA( gA) 27,21 7 .
v 2(1 — p) (o PP
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So we need to check that all the exponential moments of
3
U = 91/0623271]32 (5.2)
(o, Py

are finite. Then P(U € (0,00)) = 1, since the series > >, P? and Y - P? are absolutely
convergent with positive sums almost surely. Recall that the Poisson point process (F;);en in
Theorem 4.1 can be represented as

(P)ien < (6Y/°T;7%)

€N

with I'; = By +...+ E;, © € N, where £}, j € N, are i.i.d. random variables with an exponential
distribution with parameter 1 independent of (Z;);cn. Hence

U g 22021 Fi_j/a .
(2, 177

Since )
<Z Pz_2/a> > Z Fi_4/a + Fl—z/a Z Fi_2/a7
i=1 i=1 i=2

we see that U > x with x > 0, implies that

I3 > oy or F-_?’/a>(f‘ A o 2/OT z/a)x for some i > 2.

(2

In both cases we have I'y > z®. Indeed, if I'; e (F 4/O‘+F_2/OT z/a)x with some i > 2, then
r; Se s 1y 2/OTZ. 2/% 2 vielding that F2/OT i/o > , and then, since I'; < Iy, we have 2 < I'}//*,

as desired. Summarizing, we have shown that

@

PU>z) <Py >z% =", x>0,

which yields the statement. Indeed, if s < 0, then E[e*V] < 1 < oo, since P(U € (0,0)) = 1,
and if s > 0, then

s

E[esU]:/O P(e*V > 1) dx:/o P(U > In(z)/s) dxg/o 1dx+/ o~ @)/ J

£

:es+/ eV~ W/ dy < oo,

since a € (1,2), and y — (y/s)* < —1/(2s*)y for large enough y > s. O

Proposition 5.6. The random variable V) /VY) has a continuously differentiable density
function.

Proof. Using that the series ) °, P’ and pra Pis/ *7Z; are convergent almost surely for any

2

B € (a,00) (see Step 2 of the proof of Theorem 4.1), conditioning on (P;);en, by the continuity

252(1 — 12)2 >~ p3
exp { — al /;A) Z;O_l .
201—1%) (S, )

theorem, for any ¢t € R, we have

V@
E {exp{ltm}] =K
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To prove the existence of a uniformly continuous and continuously differentiable density func-
tion, it is enough to check that

h tE[e~CvPUR) 4t = O h tE[e U/ dt < oo,
U

where U is given in (5.2) and
gt/ 2(1 _:UA)

1— 4

see, e.g., Sato [38, Proposition 28.1]. Here, using Fubini’s theorem,

CU =

)

o 2 _ 1 2
/_Oo tE[e=tY/?]dt = V27K [U 1/2/ |t\W #/eUT gy

= V2rE[UR[UY?|Z]| | U]]
= V2rE[U~!|Z]] = V2rE[U'|E[ Z]],

where Z is a standard normally distributed random variable independent of U. Thus we only
have to show that E[U '] < oo, i.e., by (5.2),

() 2
Dl P

In what follows we will use the following facts:

° (FZ)Z>2 (I'y + I )i>2, where (I);>; has the same distribution as (I';);ey and indepen-
dent of it,

e by Campbell’s theorem,

E Z h(I;) (Z 5) (h)] = / T hiy) dy

for any Borel measurable function h : (0,00) — R in the sense that the expectations exist
on the left hand side if and only if the integral on the right hand side converges and then

they are equal,

o if [°h(x)dx converges, then

(Zh(m)z zfoooh2(y>dy+ (/Oooh(y)dy)Q,

where the right hand side can be finite or infinite as well.

34



So, by conditioning on I'; having an exponential distribution with parameter 1, we obtain

2
(Zil Fi_Z/a) > ’
< E Z Fi—2/a Fi{)/a
=1

ST

i=1

00 2
= / 2¥/e R (:ﬂ/a +) (v + F;)—W) dx
0

o0

> (z+ Ty

i=1

/ x3/ae—m x—4/a + 2LU_2/QE
0

+E (i(x+r;)—2/a> da

i=1

00 e 0 e 2
= / /e (x_4/a + 2x_2/a/ y~Hdy +/ y~ Y dy + </ y e dy) ) dx
0 T T T

o0 200 a o?
— —x -1/« 1-1/a 2—1/« dr <
/0 e (:c +<2—a+4—a>x +7(2_a)2x ) T < 00,

as desired, since [;° g aemdr=T(n+1-1)< oo, n>0. O

«

Proposition 5.7. For each x € R, we have

1742 1 1 o —ur,u
. (V(i)‘ < x) =gy [ Bereinty,

2 2m ) u

where @y v denotes the joint characteristic function of (VW V®) given in Theorem 4.1,

and [ is meant in the sense of Cauchy principal value, i.e., [°° = limyp_q limy_o (ff + f__Th) .

Proof. By Proposition 5.6, V) /V() is absolutely continuous, so the inversion formula for
characteristic functions due to Gurland [16] yields that for each x € R,

1 [ 0 Pve_avom(u
e iu0 ¥V zV ( )du
. u

Y

Va2
P (W < x) =P(V® -2V <0) =

yielding the statement, where ¢y 2_,y-1) denotes the characteristic function of Ve v, O

A On topological properties of S

Lemma A.1. The set S = (0,00) x R furnished with the metric d given in (3.3) is a complete
separable metric space, and B C S is bounded with respect to the metric d if and only if B
is separated from the vertical line {(0,y) : y € R}, i.e., there exists € > 0 such that B C
{(z,y) € S:x > €}. Moreover, the topology and the Borel o-algebra B(S) on S induced by the
metric d coincides with the topology and the Borel o-algebra on S induced by the usual metric

p((z,2'),(y,y) = /(e = 2)2+ (y — /)%, (z,2), (y,y') € S, respectively.
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Proof. First, we check that S is a complete separable metric space. If (x,, y,)nen is a Cauchy
sequence in S, then for all € € (0, 1), there exists an N, € N such that d((z,, ¥n), (Tm, Ym)) < €
for n,m > N.. Hence p((zpn, Yn), (Tm, Ym)) < € and ’i — i‘ < eforn,m > N, ie., (Tn, Yn)nen
and (1/x,)nen are Cauchy sequences in R? and in R, respectively. Consequently, there exists
an (x,y) € [0,00) x R such that lim, (2, y,) = (z,y) and ﬁ being convergent as n — oo,
yielding that x > 0, and so (z,y) € (0,00) x R. By continuity, lim, . d((z,, yn), (z,y)) = 0,
as desired. The separability of S readily follows, since S N Q? is a countable everywhere dense
subset of S.

Next, we check that B C S is bounded with respect to the metric d if and only if there exists
€ > 0 such that B C {(z,y) € S :x > €}. If B C S is bounded, then there exists » > 0 such
that d((z,y),(1,0)) <, (z,y) € B, yielding that |X — 1| < r, (z,y) € B, and then z > =

1477
(z,y) € B, so one can choose € = ﬁ If there exists € > 0 such that B C {(x,y) € S : z > €},
then d((z,y), (1,0)) = min(y/(z — 1)24+ ¢, 1) + |1 = 1| <1+ 1 +1, (z,y) € B. O

Since S is locally compact, second countable and Hausdorff, one could choose a metric such
that the relatively compact sets are precisely the bounded ones, see Kallenberg [21, page 18].
The metric d does not have this property, but we do not need it. For historical fidelity, we note
that originally the vague convergence of point measures in M,,(5) is defined by the convergence
of integrals of some compactly supported functions (see, e.g., Resnick [36, Section 3.3.5]), but
recently instead of compactly supported functions one uses functions with bounded support
(see, e.g., Kallenberg [21]). We also follow the latter approach.

B Vague convergence of point measures

Proof of Lemma 3.1. First, let us suppose that p,, — p as n — 0o, and let € > 0 be such
that p({e} x R) = 0. Since p is locally finite and (e,00) x R is bounded, there exist integers
K >0and cq,...,cx € N such that

K
1 (00 xR = Z Cj0(ujv;)s
j=1
where (uq,v1),..., (ug,vk) are the atoms of p in (€,00) x R and ¢y, ..., cx are their multi-

plicities. Let s := 0, s; ;= c1+---+¢; for j € {1,..., K} and M := sk, and let us label
the points of ji|()xr such that for each j € {1,..., K} we have (uj,v;) = (z,y;) for all
ke {sj-1+1,...,5;}, yielding that pf(coc)xr = Zf\il O(zi,y)- Since (e,00) x R is open in S (see
Lemma A.1), one can choose pairwise disjoint open sets Gy,...,Gx C (€,00) X R such that
(uj,vj) € G4, 7 =1,... K. Especially, we have u(0G;) =0, j € {1,..., K}, where 0G; denotes
the boundary of G in S (since f](c,00)xr Puts zero mass outside the points (u1,v1), . . ., (uk, vk)).
Hence, since j1, — p1 as n — oo, using the equivalence of (i) and (iv) in Lemma 4.1 in Kallen-
berg [21], we have 1, (G;) = u(G;) = ¢; as n — oo for each j € {1,..., K'}. Similarly,

pn(((€,00) X R)\ (G1U---UGK)) = p(((6,00) x R)\ (G1U---UGK)) =0 as n— oo,
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since ((€,00) xR)\ (G U---UG[) is a bounded (with respect to metric d given in (3.3)) Borel
subset of S and p(9(((e,00) xR)\ (G1U---UGk))) = 0 (using also the assumption p({e} xR) =
0). Consequently, since p,, n € N, and u are integer-valued measures, there exists an integer
no > 0 such that p,(G;) =¢;, j € {1,..., K}, and p,(((¢,00) x R)\ (G1 U---UGk)) =0 for
all n > ng, yielding that p,((e,00) x R) = u((e,00) x R) =¢; + -+ -+ cx = M for all n > ny.
So for each n > ng, one can label the points of fi,|(c.00)xr such that for each j € {1,..., K} we

have (xl(‘C ),yk )€ Gjforall ke {sj_1+1,...,s;}, ylelding that ji,](cc)xr = M 5(x£n)7yl(n)).

Shrinking the open sets G, ..., Gk onto (ul, v1),. .., (ug, Vi), respectively, we have :EE") —

and ™ — y; asn — oo for all i = 1,..., M.

Now, let us prove the reverse direction. Let us suppose that f : .S — [0,00) is a bounded,
continuous function with bounded support. Then, using Lemma A.1, there exists ¢y € (0, 00)
such that f(z,y) = 0 for all (x,y) € (0, €] x R. Since the function (0,€) > € — u((e,00) xR) €
[0, 00) is decreasing, there exists € € (0, ¢y) such that u({e} x R) = 0. Due to our assumptions,
there exist integers ng, M > 0 and a labeling of the points of u and p,, n > ng, in (¢,00) x R
such that

M M
Pinl(e,00) xR = Z UNCINOIS I (e,00) xR = Z Oziyi) »
i—1

i=1

and a:l(") — x; and yf") —y;asn — oo foralli=1,..., M. Consequently,
M
/ /( f(x,y) p(da, dy) = / /( Fl@y) palda, dy) =3 fa™, y™)
€0,00) €,00) i=1
%foz,yz // F(w,y) plde, dy) = //( ) ulda, dy) = ()
(€,00) €0,00)
as n — 00, hence we have j, — 1 as n — 0o, as desired. 0

C Approximation of Laplace functionals

First, we recall an auxiliary lemma stating that (X;);>¢ is strongly mixing with a geometric
rate from Basrak et al. [5, Remark 3.1] and Barczy et al. [3, Lemma F.1].

A strongly stationary sequence (Y})r>o is called strongly mixing with a rate function (ay,)pen
if its strongly stationary extensions (Y )rez admit this property, namely,

ap = sup IP(ANB) —P(A)P(B)| — 0 as h — oo, (C.1)
Ae]—‘fooyw Be]—‘};w

where ]:Xoop =o(...,Y_1,Y)), ]-_,’:OO =0(Yn, Yii1,...), heN.

Lemma C.1. The strongly stationary Markov chain (X;);>o is strongly mizing with a geometric
rate, i.e., there exists a constant q € (0,1) such that oy = O(q") as { — oo.
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Note that in this paper we need only that (X;);>o is strongly mixing, and we will not use
that the mixing rate is geometric, however, for completeness, we decided to recall it in Lemma
C.1 as well.

Next, we show that the process (X;lix,>0}, %]1{ X,>0})i>0 satisfies a certain mixing con-

dition (for the definition of M; 1, i > 0, see the Introduction).

Lemma C.2. There exists a sequence of positive integers (ry,)nen with r, — oo and r,/n — 0
as n — oo such that for each bounded, continuous function f :S — [0,00) having the property
f(x,y) =0 for all (z,y) € (0,€] x R for some € > 0, we have

ol (5 2] - Gl (B2

as n — oo with ky, := |n/r,], where we recall that S = (0,00) x R and

m

Z*: Z ) m € N.

=1 {je{l,...m}:X;>0}

Proof. We follow the proof of Proposition 1.34 in Krizmanié¢ [25] (see also Basrak [1, Lemma
2.3.9]). Let (£,)nen be a sequence of positive integers with ¢, — oo and /,,/n'/® — 0 as n — co.
We will show that the sequence

= |max{ny/ag,, n*3}| + 1, n €N,

is a good choice with ay, ¢ € N, given in (C.1). Clearly, r, — oo as n — oo. By Lemma
C.1, the strongly stationary Markov chain (X;);>o is strongly mixing, i.e., oy, — 0 as n — o0,
yielding r,/n — 0 as n — oo and

knly
n

k, — oo, ko, — 0, — 0 (C.2)

as n — o0.

Fix a bounded, continuous function f : S — [0, 00) having the property f(z,y) = 0 for all
(z,y) € (0,¢] x R for some € > 0. Put M := sup, ,)es [(z,y) < co. We have to show that
I(n) — 0 as n — oo with

ol (5 5] - ol (2]

We have

[(TL) §Il(n)+[2(n)—|—13(n)+[4(n), REN,
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with

o =[5 (2 ) ] o550 (2 ) )

o= oS5 (2 2] -sle{ -3 S (22|
o =[eloof-£ 5 (B2 - (el S (2 2)))']
o= el () - (el (2 250 )]

where, by (C.2), kr, —{, — 0o as n — oo for each k € N. By the strong stationarity of (X )r>o
and using the inequality 1 —e™* < z for any x € (0,00), we obtain

knrn n
ool LS55
¢ i=knrn+1 n ?
[ - XZ Mi-i—l o LA XZ Mi-i—l
<e| 3 (G- X G R e

“i=knrn+1 i=knrn+1

< Z MP(X; > ea,) = (n — k,ry) MP(X, > €a,).

1=knrn+1

In a similar manner we obtain

exp {

- kn krn

> X

“k=1i=kr,—lnr+1

kn krn
<2 2

k=1 i=krn—{n+1

kn krp— Zn

> X

X, M
k=1i=(k—1)rp+1 k=1 1i=kr,—{,+1

G- X G )

MP(X; > ea,) = kb, MP(Xy > €ay,).

krn

>y

X Mz—i—l
VX,

/(G

X M2+1

r-oof-

krn

>y

k=1i=krn,—lr+1

/(G

{Zi>e}

an

i

X Mz—l—l
VX,

We have

I3(n) < Is(n) + Is(n), neN,
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with
sy 5 0GR
-sleo{ -G el 52_:7 /&)
o =[elenl S G- E S N

({5 N

Since (X;);>0 is strongly mixing, we have

)

[E[gn] — EE]ED]| < 4C1Caan,

for any f(fj—measurable random variable £ and any ffim ~-measurable random variable  with
Jym e N, [¢| < C) and |n| < Cy (see, e.g., Lemma 1.2.1 in Lin and Lu [30]). Hence, using that
the random variables

Tn—n X MZ kn krn—fn X MZ
So(ae) e X X (Gh )

k=2i=(k—1)rn+1

X ' -
are Fg.. _, ,-measurable and F> ; -measurable, respectively, we have
I5(n) < day,, n € N.

It is easy to obtain that

or=sfonf E B2
et 5 5 AN Gl A5

k=2 i=(k—1)rn+1

P55 A(E BN -Clel S )

k=2i=(k—1)rp+1

)

hence we recursively obtain (we repeat the same procedure for the above estimation of I(n)

as we did for I3(n) and so on)
Ig(n) S 4]€n()égn.
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Strong stationarity of (X;);>o and Lemma 4.3 in Chapter 2 in Durrett [14] imply

G ()

r o —An Tn
X, M; * X; M;
<nefon{- XG0V ool 2 V)]
i=rp—fn+1 " i
[ O X; M, X; M,
ool § AR e (e

“i=rp—fn+1 i=rp—4fn+1

<k, Y. MP(X; > eay) = knl, MP(Xo > eay).
i=rp—ln+1

Since X is regularly varying with tail index «, by (3.1) and (C.2), we obtain

I(n) < (n — kpry + 2k 0,) MP( X > €ay,) + 4knoy,

(= Ky 2k, 0,) M P(Xy > eay)
= ” TLIP)(XO > CLn) P(XO > an)

+ 4]{3n0égn — 0

as n — 00, since

as desired. n

D Conditional Slutsky’s lemma, conditional continuous

mapping theorem

First, we prove the analogues of parts (iv) and (v) of Theorem 2.7 in van der Vaart [12] for
probability measures instead of random vectors.

Lemma D.1. Let ji,, n € N, be probability measures on (R* B(R?*)) with some k € N. For
each n € N, consider the marginal probability measures ,us) and ,ug) on (R, B(R¥)) defined by
p(B) = pin(B x R¥) and p$P (B) := pin(R* x B) for B € BR®). If ut =% 1™ as n — oo
with some probability measure 1M on (R*, B(R*)) and p,({(x,y) € RExRF : ||z —y|| > €}) = 0
asn — oo for all e € (0,00), then 1 s 1™ as n— oo,

Proof. For each bounded Lipschitz function ¢ : R¥ — R and for each n € N, we have

[ o) = [ atw) ()

41
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where

19 = [ s - [ ol ae),
50 = | [ at@) @)= [ gfa)n(da)|

By the portmanteau lemma (see, e.g., van der Vaart [12, Lemma 2.2]), the convergence ,u%l) -

pu asn — oo implies @ 5 0asn — oo. Moreover, for each € € (0, 00), by Fubini’s theorem,

we have

[r(Lg) —

/R%g(y) pn(d, dy) — /R%g(w) un(dw,dy)'

< [ o) = g(@)] . dy

= /” e |9(x) — 9(y)| pn(d, dy) +/” . lg(x) — g(y)| ptn(dez, dy)
<c s I (@) € RO o -y > o) sup ()

x,yceRF xAy ||i13 - y” xRk

By the assumptions, for each € € (0, 0), we get

limsup Il¥) < e sup lg(x) — 9(y)|
nros syert oty |1 Yl

thus limsup,, , 19 = 0, and hence lim,,_, « 119 =o. Consequently, for each bounded Lipschitz
function ¢ : R¥ — R, we obtain AY 5 0asn — . By the portmanteau lemma (see, e.g.,
van der Vaart [12, Lemma 2.2]), we conclude p? = 1D as n — oo, O

Lemma D.2. Let u,, n € N, be probability measures on (RF¢, B(R¥)) with some k,{ € N.
For each n € N, consider the marginal probability measures ,u%l) and ug) on (R¥, B(R¥)) and
(R, B(RY)), respectively, defined by ,u%l)(Bl) = pn(B; x RY) for By € B(R¥) and ug)(Bg) =
(1 (RF X By) for By € B(RY). If i) 25 1™ as n — oo with some probability measure uV on
(R*, B(R¥)) and 1 2 5. as n — oo with some ¢ € RY, then pi, — pV X 8¢ as n — oc.

Proof. For each n € N, consider the probability measure f, on (R¥T¢ x R¥ B(RETE x RF+))
defined by

fin(H) = pn({(@,y) ER* xR": (z,y,x,¢) € H}),  H € BRM x RF).

For each n € N, consider the marginal probability measures jit’ and /i) on (R B(RF))
defined by fit(A) == fin(A x RF) and 2 (A) := i, (R¥ x A) for A € B(RF). Note that
for each n € N and A € B(R**), we have

i (A) = p({(z,y) € R xR : (z,9) € A}) = ua(A),
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hence fit) = 1, Moreover, for each n € N and A € B(R**), we have

A (A) = pa({(z,y) € R xR : (z,¢) € A})

= u({x € R*: (x,¢c) € A} x RY)

= [ (@ e R (@y) € 4} xR 8.y

~ [ i e B (@,y) € 4)) dulay)

- ( JRY ugﬂ(dw))ac(dy) — () x 5)(A),

= 1) x 6. Further, for each € € (0,00), we have

fin({((2,y), (u,v)) € R X R¥ (2, y) — (u,v)]| > })
= tn({(z,y) €ER" xR : [[(2,y) — (z,¢)]| > })
= tin({(z,y) ER" xR": [ly — ¢ > ¢})

=Py eR |ly—c||>€)—=0 as n— oo,

hence ,u(2)

since ,ug) —5 6. as n — oo. Thus, according to Lemma D.1, to prove the statement it suffices

to show that ,ug) X 0g — uM) x 8, as n — oo. For every continuous, bounded function
g : RFEx RFY — R by the portmanteau lemma (see, e.g., van der Vaart [12, Lemma 2.2]),
we have

[ 82 (0 x bo(dz.d2) = [ g(e,0) i) (d)

= [ @ n®i@) = [ gle.z) (10 60z dz)

Rk

. 1
as n — 00, slnce ,u,(q)

5 uM as n — oo, and the function R* > x +— g(x,¢) € Ris a
continuous, bounded function. Again by the portmanteau lemma, we conclude ,ug) X 0o —

pu x 5, as n — oo, as desired. O

We will use the following conditional continuous mapping theorem and a consequence of it.
Recall that for a random vector X and an event A € A such that P(A) > 0, the conditional
law of X with respect to A is denoted by L£(X|A).

Lemma D.3. For each n € N, let A, € A such that P(A,) > 0. Let X and X,, n € N,
be RF-valued random vectors and let h : R¥ — R’ be a Borel measurable function with some
k,¢ € N. Suppose that L(X,|A,) — L(X) asn — oo and P(X € D) = 0, where D), denotes
the set of discontinuities of h.

(i) Then L(MX,)|A,) — L(MX)) as n — oo.
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(ii) If, in addition, h is bounded, then E[h(X,)|A,] = E[h(X)] as n — oo.

Proof. (i). For each B € B(RF), let u(B) := P(X € B) and u,(B) := P(X, € B|A,),
n € N. By the assumption, p, — g as n — oo. By Billingsley [8, Lemma 5.1], we obtain
V, — v as n — oo, where the probability measures v,, n € N, and v on (R, B(RY)) are
defined by v,(B) = u,(h™'(B)) = P(X, € h"'(B)|A,) = P(h(X,) € B|A,), n € N, and
v(B) == p(h"Y(B)) = P(X € h"'(B)) = P(h(X) € B) for B € B(R"). Consequently, we
obtain L(h(X,)|A,) — L(h(X)) as n — 0o, as desired.

(ii). By Billingsley [8, part (iii) of Lemma 5.2], we obtain [o, h() p,(dx) = [o, h(zx) p(dx)
as n — o0o. Consequently, we obtain E[h(X,,)|A,] — E[h(X)] as n — oo, as desn"ed O

Next, we prove a conditional analogue of part (v) of Theorem 2.7 in van der Vaart [12]
together with one of its useful consequences.

Lemma D.4. For each n € N, let A, € A such that P(A,) > 0. Let X and X,, n € N, be
R¥-valued random vectors and let Y ,,, n € N, be Rf-valued random vectors with some k,{ € N.
Suppose that L(X ,|A,) — L(X) and L(Y 4|A,) — 6. as n — oo with some ¢ € R:.

(i) Then L0(Xn, Y )| An) 2 L(X) x 6, = L((X,€)) as n — oco.

(ii) If, in addition, h : R** — R™ is a Borel measurable function with some m € N such
that h is continuous at every (xo, c), o € R*, then L(W(X,,Y ,)|A,) — L(W(X,c)) as
n — oo.

Proof. (i). We apply Lemma D.2 for the probability measures p,, := E((Xn, Y,.)|A,),neN,
on (R¥ B(R¥+)). Then we have ) = £(X,, [A4n) s £(X) and 4 = L(Y o] An) -5 6. as
n — 0o, hence we obtain £((X,,,Y,)|A,) = pn — L(X) x 6. = L((X,¢)) as n — oo.

(ii). By the assumption, D, C R¥ x (R\ {c}), hence P((X,c) € D;,) = 0. Consequently,
part (i) of Lemma D.3 implies £(h(X,,Y,)|4,) — L(h(X,c)) as n — oo, O

Finally, we provide a conditional Slutsky’s lemma.

Lemma D.5. For each n € N, let A,, € A such that P(A,) > 0. Let X and X,, n € N, be
R _yalued random matrices such that £(X,|A,) — L(X) as n — oo with some k, ¢ € N.

(i) If Y,, n € N, are R**-valued random matrices such that L(Y ,|A,) — d¢ as n — 0o
with some C € R¥** then L(X, +Y,|A,) — L(X + C) asn — co.

(ii) If Y,, n € N, are R™*_yalued random matrices such that L(Y ,|A,) — 6c as n — oo
with some C € R™* and m € N, then L(Y , X ,|A,) — L(CX) asn — oc.

(iii) If Y,, n € N, are R**_yalued random matrices such that L(Y ,|A,) — ¢ as n — oo
with some invertible C € R¥** then L(Y ' X ,|A,) — L(C'X) asn — oo.
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Proof. Identifying R¥**, R™** and R™*¢ with R*, R™ and R™, respectively, in a natural

way, we can apply part (ii) of Lemma D.4 for the Borel measurable functions
RF*Cx R 5 (U, V) —» U+ V e R RFCXR™F 5 (U, V) = VU € R™,

VU e RF*¢, if U is invertible,

R x R¥F 5 (U, V) —
0 € R¥*¢, otherwise,

and we obtain the statements. O

E Regular variation of a related process

First, we recall Karamata’s theorem for truncated moments, see, e.g., Bingham et al. [9, pages
26-27] or Buraczewski et al. [10, Appendix B.4].

Lemma E.1 (Karamata’s theorem for truncated moments). Consider a non-negative regularly
varying random variable X with tail index o > 0. Then

P’P(X >2) -«

y _ .
oo B(XPLixegy) @ if B € o 00),

PPP(X >z2) a—p
I - ' 0, Q).
el E(XP1x54y) a if B €(=00,0)

Now, we give a representation of the strongly stationary Markov chain (X;);cz.

Lemma E.2. We have
(Xi)rez = (Bk +> 0 o000 0 Bk) , (E.1)
i=1 kez

where {By : k € Z} are independent random variables with the same distribution as B, and
e,ﬁf), k.0 €7, are given by

i ¢ Lo

H(Z) c ZjZl Al(c;? Zf (S N)
ko Ol= o

0, if 1=0,

where A,(:g., j €N, k0 € Z, have the same distribution as A, and {By : k € Z} and e,ﬁf),
k.0 € Z, are independent in the sense that the families {By : k € Z} and {Al(fz . j € N},

k,0 € 7, occurring in 6’,(f), k,0 € 7, are independent families of independent random variables,
and the series in the representation (E.1) converge with probability one.
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Proof. Due to Basrak et al. [5, Lemma 2.2.1], the series in the representation (E.1) converge
with probability one. Clearly, for each k € Z and ¢ € N, we have

(Bk + Z e(k k 1—21 0 By—i, - Brye + Z 9&:}[ 9&:}[ z+)1 © Bk+€—i)
(E.2)
(BO+ZQ( HBIOB—Z?“"BZ_I_ZHEZ_D Qéz 2+IOBé_i)'
i=1
Indeed, since {B; : i € Z} are identically distributed, independent of {QZ-U ) i, € Z}, and for
each N € N and iy,...,iy > 0, the distribution of the random vector (Hlik_l) Ol1y..., H,Sk_N) o
-0 9&;&21 oiy) is invariant with respect to a shift of k € Z, we have
(Bk + Z e(k k 1—21 0 Biiy. -, Brre + Z 9&:}[ ) el(flff 1—21 © Bk+é—z’)
neN
(BO + Z 6" 005 0B ... B+ 0 Vo000 o Bg_,.) :
i=1 neN
Thus using that for a sequence of random variables &;, i € N, the series >~ & is convergent
almost surely if and only if P(sup,,cy } Z"+m &| > ¢€) = 0 asn — oo for each € > 0, the almost

sure convergence of the series on the left and right hand sides of (E.2) yields (E.2) (for a similar
argument, see Step 2 of the proof of Theorem 4.1). Hence the right hand side of (E.1) defines
a strongly stationary process. Moreover, for each k € Z, we have

Bk—i-ZH,(gk_i)on- kz—i—lOBkZ

:Bk_'_e](fk_l)oBk—l—i_e](f:_mOel(gk 2) OBk 2—'—9k 3 O@k 3 o@k 3 OBk—2+"'

LBe+60F Vo (B +00 P 0B s+ 08V 008V 0By g+ ---)
= B, +6%Vo < b1 T Ze(’“ Do.ogl Vo Bk_l_,-),

since 9,(!6 , @ € N, are independent, and independent of {By_; : i > 0} U {9 (himl) .t e N}.
Consequently, the stochastic process given on the right hand side of (E.1) is a tlme homogeneous
Markov process with the same transition probabilities as the Galton—Watson process (X )rez
with immigration satisfying (1.3) such that the distribution of X, is the unique stationary
distribution of (Xj)gez. O

It turns out that the process (X; 52 X, iMii1)icz is regularly varying with tail index 2 with
an explicitly given forward tail process.

Theorem E.3. As x — oo,

1
L ( (;(X}:)/z’ XkMk—l—l))

fi.di.

(Xg/2 V Xo|M|) > :c) == L((p 3k/2?,M3Ak/2?2k)k20)7

k>0
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where Zk, k €N, is an i.i.d. sequence of N'(0,0%)-distributed random variables, the distribution
of (Y, Zy) is given by

E((yV (1V1Z0))™) " Lig e (Z0))

E((1V]Zo])273)

P(Y >y, Zo > vy) = (E.3)

for y,vo € R, where Zy < N(0,02), and the random vector (Y, Zy) is independent from the
variables Zk, k € N. Consequently, the strongly stationary process (X, 5/2 y XMy 1) ez is jointly
reqularly varying with tail mdex < d.e., all its finite dimensional distributions are reqularly

varying with tail index 2¢. The pmcess

?.
(,ui)lka, Zk/2i‘}2k)

k>0

is the forward tail process of (X,fﬂ,XkMkH)keZ. Moreover, there exists a (whole) tail process
of (X2, Xy My ez as well.

Proof. By Lemma E.2, we may and do suppose that (Xj)g>o is the right hand side of (E.1).

First, we give a useful representation of the random vectors (Xo, Xy, ..., Xy, My, ..., Myiq),
n € N. For each k£ € N, we obtain

X Bt 300 0o, o B
i=1

s S oo
+9](€0)o...09§0)030+ Z@,(Ck_i) Hl(ngloBkl
i=k+1

iﬁk_l_eg))o...oﬁo)o <BO_|_ZQ((]—J')O...OQ(__J.QloB_j)
j=1

:/{k+9](€0)o"'09§0)oX07

where Kk = By + Zk ! Q(k ngk it1 © Bi_j, since for each k € N, 9(0 e 9 (0) 9(_j
0" ]H o B_;, j > 1, has the same dlstrlbution as Q(k_l) -0 9,2 1421 0By, 1 >k+1, and
9,(60 e 9%0) o By, 9,20) 0---0 9%0) o 6’((]_]) -0 9( 7 (1 oB_j, 7 > 1, and k; are independent.

Note also that ry, 91(;)) 0---0 (9%0) and X, are mdependent for any £ € N (in the sense given in
Lemma E.2). In the same way, we get

(Xo, X1, Xe) £ (Xo ki + 607 0 X, . ke + 0P 02060 0 X). (E.4)
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Moreover, for each k € N, using (E.4) for (Xo, X1, ..., Xky1), we obtain
M1 = Xpy1 — paXy — B

glﬁk+1+‘9](£310"'09§0)OXO_NA(Kk+9](€O)O"'OH§O)OXO)_

= Bi Z 91:;1 ) Hi’le 2o B+ 91(321 008" 0 X,

k—1
—,uA<Bk+ZQ£k_Z)o-- 091(4+1)ZOB/€ )—/LA(QIEO)O---09§O)OX0)—,[LB
i=1

= Byy1 — pp + 9k+1 o By — paDBy,

k—1

+Zﬁi’ff Vool o B —pa) 00 o080 0 By

=1
+91§?10"'09§0)OX0_,UA(HI(CO)O"'Oeg))OX0>

= Bt — s + Zek—i-l o b o 91(!11 i © Br—i + 9k+1 06y o060 0 X
=0

= Kpy1 + 51(321 © ei(co) ©r--0 950) o X,
where 5126), k,l € 7, are given by

J4 . . 7 4 .
A 0y 0i —ipa =3 (AL, — pa), for i €N,
' 0, for i =0,

and Ky41 := Byy1 — g + Zk ) 912111 ezgk_i) 00 91(e+1 )z o By_;. Note that
k—1
Riy1 = Bk+1—,u3+9k+103k+29k+1 Q(k x 09,(%1)@03,g ;
i=1

p -
= Bry1— pB + 9;@1 O Ky,

since 5,(£_1’) oj,1 € {0,...,k =1}, j > 0, are independent having the same distribution as
5,(!1)1 07,7 >0, and 5,2’21 is independent of By 1. Further, ki 1, 5,2221 o@,go) o-- -09§0) and X, are
independent (in the sense given in Lemma E.2 ). Moreover, we have M; = 5%0) oXo+DB1—up =
K1+ 5%0) o Xy with k1 := By — up. In the same way, we get

(Xo, X1,y X, My, .o Myys)
L (Xo, k1 + 0P 0 Xo, .. kn+ 090060 0 Xy, (E.5)
R4 0 0 Xo, . R 409,000 0- 060" 0 X)), n>0.
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Step 1. First, we check that
3/2

L XO/

x

For each z,y € (0, 00), we have

(X3 v Xo|My|) > :c) My L(Y)  as x— oo (E.6)

x3/2 p
P<L>y)(X§/2vXO|M1|)>x) _ hiy)
v Q1(z)
with
P(X3? > zy, (X2 v Xo|My|) > o P((X2? v Xo|My|) > o
Pi(z,y) = (Xo Y, (Xo o/ M) )’ Qi(z) == ((Xg ol Mi]) )

P(XJ? > 1) P(X2? > z)

For each z € (0,00) and ¢ € (0, 1), we can write Q1(z) = Q1.1(z, ¢) + Q12(, ¢) with

P((X3? v Xo|My|) > z, XJ* > cx)
P(X)? > )

Y

QLl(SL’, C) =

P((XS7? v Xo|My|) > 2, X2 < cx)
P(X)? > )

QLQ(SL’, C) =

Y

where Q1 1(z,¢) = Q111(x, ¢)Q112(x, ¢) with

P((X?V Xo|My|) > 2, X2 > cx)
IP’(XS’/2 > cx)

IP)(XS’/2 > cx)
P(X)? > z)

Ql,l,l(xv C) = s QLLQ(SL’, C) =

For each ¢ € (0, 1), we have

. L P(Xo > B
gch—{{olo Q1,172(x> C) - gch—{{olo ]P)(XO > xz/g) =cC ) (E7)

since X is regularly varying with tail index «. For each ¢ € (0,1), using Xg’/2 V Xo| M| =
X§/2(1 v %(_1!), if Xo > 0, and that (2.2) yields £(z' X, \/J\% | Xo > ) — L(Yy, Zy) as
x — 00 (since Xy V 1= Xqif Xy > 1), by Lemma D.3, we obtain

Quii(z,c) =PUXE?V Xo|My)) > 2 | XJ* > ca)

() (v )

—>IP’(YO3/2(1\/|ZO|) >c ) as r — 00,

X, > (cx)2/3)

where Yj is a Pareto distributed random variable such that P(Yy > y) = y~%, y > 1. Conse-
quently, for each ¢ € (0, 1), we have

Qri(x,c) = c_zo‘/?’IP’(ng/z(l V| Zo|) > eh as & — 00.

49



For each ¢ € (0,1), by the tower rule and using P(Yy > y) =y * A1, y € (0,00), we have
T2BPYVER(V | Z|) > ¢
= PERY (V| Z]) > ¢ | Z))
= ¢ PEP(Yy > 1V Z0)) | Z0) (E-8)
= BE((cB(LV | Z) 73 T AT
=E((1V |Zo])*/® A c2/3),

hence we have limeo lim, o Q11 (z,¢) = E((1V |Z])**/3). Moreover, for each z € (0,00) and
€ (0,1), we have Q1 2(z,¢) = Q121(x, ¢)Q1,12(x, ¢) with
Qran(z.c) - IP’((XS’/2 V Xo| M) > =, Xg’/2 <cx) P(Xo|M|> =z, X§/2 < cx)
121(%,¢) == -
IP)(Xg/2 > cx) IP)(XS’/2 > cx)
]P)(|M1|X01{X3/2§cx}

IP’(X?’/2 > cx)

> )

By (E.5), we have (Xq, M;) < (Xo, k1 + 5%0) o Xg). Hence, for each = € (0,00), ¢ € (0,1) and
o€ (0, %), by Markov’s inequality and the independence of k; and Xj,

]P)(|M1|X() 3/2 > ZL’)

cr}

~ T ~0 Xz
< ]P)(|'%1|X0]1{Xg/2§cm} > 5) +P<|9§ ) o XO|XO]1{XS/2§090} > 5)

2\ - 2\ =0
S(E) E([%:[*7°)E(XF 1{X§/2Scm})+<;) E((0" 0 Xo)" XL o2 c,)-

We have E(|#;|*°) = E(|B — up|*~°) < oo, since |B — up| is regularly varying with tail index
a, see (4.6). Moreover, E(Xg‘_‘s]l
tail index a.. Further,

(X¥2<0 }) < E(X$™°) < o0, since X is regularly varying with

E((6)” 0 Xo)’X31 yo2.,y) = E(B((0 0 X0) X51 oy | X0)) = AE(XEL o ,1).

Consequently, for each x € (0,00), c € (0,1) and § € (0, %),

BB — ol VBT | e B o)

Qiz1(z,c) < o4
1218 ) xo 5IP(X3/2 > cx) xQIP’(XO > cx)

The random variable Xg is regularly varying with tail index 2 5, since Xy is regularly varying
with tail index a. Hence v — 0 > 2 yields 2~ 5IED(XS’/2 > cx) — 00 as & — 00 (see, e.g.,
Bingham et al. [9, Proposition 1.3.6. (V)]) Applying Karamata’s theorem (see, Lemma FE.1),
we obtain .

=c
x2IP’(X3/2 > ca:) (ca:)zlP’(Xg’/2 > cr) 2-% S-a

3/2 ==
xg/ Scw}) 23 ca
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as x — 0o. Consequently, by (E.7), for each ¢ € (0,1), we obtain

2 4o
lim s 6) < Ae—20/3 52 co A 2(3-a)/3
lm—mg_p ng(m, ) B UA?) — 33—« ’
hence
lim lim inf Q4 2(2, ¢) = lim lim sup Q1 »(x, ¢) = 0. (E.9)
cl0 xz—o0 a T—00

Summarizing, we get
Q1(z) > E((1V |Zo|)2“/3) as r — 00. (E.10)

Now we consider the term Py (x,y), z,y € (0,00). For each =,y € (0, 00), we have P (z,y) =
Pi1(z,y)Pro(z,y), where

P(Xy” > xy)

Pia(z,y) = — o,
P(X2? > 1)

P(X)? > zy, (X¥? v Xo|My]) > )

P172(1',y) =
IP’(XS’/2 > 1y)

Since Xy is regularly varying with tail index «, for each y € (0, 00), we have lim,_,o Py 1(x,y) =
y~22/3. Further, for each y € (0,00), using that (2.2) yields £(z~"X,, \/J‘g{—lo | Xo > 2) -5
LYy, Zy) as x — oo (since XV 1 = X if Xy > 1), by Lemma D.3, we have

Pio(,y) = P((X5"?V Xo|My]) > 2| X572 > ay)

~#((erm) (v ) =3 e )

—>IP’(Y03/2(1\/|ZO|) >y ) as T — 00.

Consequently, for each y € (0, 00), by the tower rule and using P(Yy > y) =y~ *A1l, y € (0,00),
we have

Pi(x,y) = y PRV | Z)) >y =y PR(Yy > (y(1 V| Z)) )
=y PEP(Yo > (y(1V [ Z)™>? | Zo)] = y B[y (1 V | Zo])**%) A 1]
=E[(1V|Z|)*2 Ay 2B =E[(y vV (1V|Z|) )23  asz — oco.
By (E.10), for each y € (0, 00), we obtain

E((y Vv (1V]Z))~") ")
E((1V]Z])?7%)

X3 3/2
P — > (XO \/XQ|M1|)>ZL’ —
x
as x — 00, thus we conclude (E.6).
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Step 2. We check that for each k € N,

(%)

For each k € N, z,y € (0,00), we have

P((%)g/z > ' (X5 v XolMa) > x) _ Péﬁﬂz;zj)

(Xg’/2 V Xo| M) > :)3) — 5H?4k/2 as r — 00. (E.11)

with
P((22)%% >y, (X3 v Xo|M,y]) > )

Xo

P(X? > z)
For each k € N, 2,y € (0,00), and ¢ € (0,1), we can write Pa(z,y) = Pa1(x,y,c) + Pas(x,y, )
with

Py(z,y) =

P((2)Y2 >y, (X2 v Xo|My|) > 2, X3* > cx)

. X

Pl )= O IP(X3/2 > 1) ;
0

P((f(_ﬁ)gﬂ > Y, (Xg,/z V Xo| M) >z, Xg,/z < cx)

Pys(x,y,c) = |

P(X)? > z)
where Py 1(z,y,¢) = Pa11(x,y, ¢)Q112(x, ¢) with

P((%)g/z > Y, (Xg/2 V Xo|My]) >z, X§/2 > cx)
P(X2? > cx) ’

P2,1,1(x7 Y, C) =

For each k € N, y € (0,00) \ {,uik/z} and ¢ € (0,1), using (2.1), (2.2) and Lemma D.3, we
obtain

X\ *? 3/2
Pyia(x,y,c) = P((y) >y, (Xo/ V Xo|M]) > x
0

()" () ()

%P(uik/z >y, Y03/2(1\/|Zo|) >c ) as r — 00.

Xg’/2 > cx)

Xy > (cx)2/3)

Consequently, by (E.7) and (E.8), for each k € N, y € (0,00) \ {1/} and ¢ € (0,1), we have

Poa(,y,¢) = ¢ o0 (uy VPG (1 | Zo]) > )
— ]l(yvoo)(uik/z)E((l V | Zo|)?3 A 0_2‘1/3) as r — 00,
hence, for each k € N and y € (0,00) \ {uikp}, we have

lim lim Py (2,9, ¢) = Ly (3 VE((1V [ Z])2%).

cl0 z—o0
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Moreover, for each z,y € (0,00) and ¢ € (0,1), we have Pss(z,y,c) < Q12(x,c), hence, by
(E.9), lim.jo liminf, . P (2, y, ¢) = lim.jo limsup,_, ., P 2(z,y, c) = 0. Summarizing, for each
ke Nandy e (0,00)\ {uik/z}, we get

Po(x,y) = Liyoo) (A E((A1V [ Z)%)  as z — oo,

By (E.10), for each k € N and y € (0,00) \ {uikﬂ}, we obtain

X\ /2
P((Yk) >y‘(Xg’/2\/Xo|M1|) >:C) — ]l(ypo)(ugAkp) as T — 00,
0
thus we conclude (E.11).
Step 3. We check that for each n > 0,

T \/XO \/XO
as x — 0o. For each n >0, z,y € (0,00) and vy, ..., v, € R, we have
2 M, My Py o .. 0)
P20 sy L Sy, 2 S (X XM >x>: Y, 00, - -5 Un
( PEREIVS PRV, ¢ - ol M) 01 (x)

with

3/2
Py R s v AR > (XY X[ M) > )
Py(x,y,v0,...,0,) = 3/2 '
P(Xy" > x)

For each n > 0, z,y € (0,00), and vy,...,v, € R, we can write Ps(z,y,vq,...,0,) =
P3,1(557%U07 s 7/UTL)P3,2(:1:7y) with

3/2
P<X(:)E >ya\/M7LO>UOa"'7]\\4/% > Un, (Xg/2VX0|M1|)>$>

IP’(XS’/2 > yx)

Ps(z,y,v0,...,0,) i=

M, M1 3/2
:IP’<X3/2\/X M) >z, —L > v, ... >, | X322 > x>
( 0 0| 1|) \/YO 0 \/YO | 0 Yy

IP’(XS’/2 > yx)

Pyala,y) = ——5——.
P(X2? > 1)

Since Xg’/ ? is regularly varying with tail index 2a/3, we have for each y € (0, ),
lim Pyo(z,y) =y 23
T—00

Further, using that (2.2) holds with W/ replaced by W; (see the proof of Proposition 2.1), by
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Lemma D.3, we have

P371(11§',y,'U(), s avn)

=P((<yii°w)w<1v 'é‘f%l) > 5

%>vo M, > v M, 4y (yx)2/3)
v Xo "V Xopa \/XoﬂA

= P(Y)2(1V | Zo|) >y, Zo > w0, Z1 > MZl/ V1yenoy dn > ,U_n/2 n)
=PV |Z|) >y, Zo > vo)P(Zy > u/gl/%l, o T > )
as z — oo. Consequently, for each n > 0, y € (0,00) and vy, ..., v, € R, we get
lim Ps(z,y,v0,...,0,)
Pyl
=y PRSPV | Z0l) >y Zo > w0)B(Zy > iy P Zo > i )

y PPRPY PV Zo]) >yt Zo > vo | Z0)|P(Z1 > iy Pors oy Z > iy P0,)
=y PR 1205001 P(Yo > (y(1V | Z0]) 7> | Z0)]P(Z1 > uZl/zvl, 2y > " ,)
=y PE[ Lz (Y(1V [ Zo) 2P ADP(ZL > 13 P01, Zo > 1" 0n)
= E[L (500} (1 V [Z0))23 Ay 2N P(Z1 > 5y P,y Zy > iy P 0,)

—2a/3

=E((yV (V| Z)) ™) " L oe) (Z0)) P> Z0 > w1, 1P 2 > 0).

By (E.10), for each n > 0, y € (0,00) and vy, ..., v, € R, we obtain

X372 M, M, 3/2
Pl =2 >y, > g, ..., — L S | (X \/X0|M1|)>:)3)
( i \/XQ \/XO 0
1\ —2a/3
E((yV (VIZ)™") ™ Lo (Z0)

IP’(,u/Z1>vl,...,uA/Z > Uy)

E((1V [Zy])?/3)
:IP)(}7 > 1, Zo > UO)P(MZ/zgl > Ul,...,,LLA 27 > Un)

:P(?>y, Zo > vy, M}L{QZ >v1,...,,uA/2Z > y,)

as x — 00, thus we conclude (E.12).

Step 4. For all n > 0, we have

1
£(<—(X2/2,XkMk+1))
2 ke{0,1,....n}

() )
x Xo T Xo v Xo ke{0,1,...,n}

o4

(X532 Xo| M) > x)

(X372 v Xo|My|) > a:)



J ~ _
— £((Yu?4k/2, Yu]j‘ui/sz)ke{oJ ,,,,, n}) as T — 00.

Indeed, (E.11), Lemmas D.3 and D.4 yield

X
(%)
Xo ke{0,1,...,n}

and then, identifying R@n+2x2n+2) with RCn+2” iy a natural way, we can use again Lemma
D.3 to obtain

. X\ X, X\ X, 3/
£<d1ag2n+2 <17 17 (yo) 7?07’ c YO 770 (XO/ \/X0|M1|) > x

w
Oy 3/2 3n/2 n as x — 0.
dlag2n+2(1717/JA Ay M A “U‘A)

(Xg’/2\/X0|M1|) >x) = S(tpans un) as r — 00,

Next, (E.12) and the conditional version of the continuous mapping theorem (see Lemma D.3)

imply
((( 0)3/2 ( 0)3/2 k 1))
x2/3 T\ 223 V XO ke{0,1,....,n}

— ﬁ((?g/zj 573/2#2/2201@6{0,1 ..... n}) as r — 00.

(X532 v Xo| M) > x)

Finally, identifying R"** x R**! and R2"+t) in a natural way and applying Lemma D.5, we
obtain the convergence statement of the theorem.

The jointly regularly varying property of (X,Z’/ 2,XkMk+1)k€Z follows by Theorem 2.1 in
Basrak and Segers [7]. The existence of a (whole) tail process of (X,‘j/ % XMy )iez follows by
Basrak and Segers [7, Theorem 2.1]. O

In the next remark we point out that Y given in Theorem E.3 is not a Pareto-distributed
random variable.

Remark E.4. Note that (E.3) readily yields that

E((yV (1V|Z))) ")

P(Y > y) = , eR.
S TRV 2P '
Consequently, P(Y € (0,00)) = 1 and
~ 1
PY >y) < y=2/3  for y € (0, 00),

T E((1V|Zo])7)

and equality holds for y € [1,00). Indeed, for each y € (0, 00), we have yV (1V|Zy|) ™' > y almost
surely, thus (y V (1V |Z0|)_1)_2a/3 < y~2*/3 almost surely, hence E((yV (1V |Z0|)_1)_2a/3) <

y~22/3 and for y € [1,00), we have y V (1 V | Z|)~! = y almost surely. O
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