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GRAPHICAL FROBENIUS REPRESENTATIONS OF NON-ABELIAN
GROUPS

GABOR KORCHMAROS AND GABOR P. NAGY

ABSTRACT. A group G has a Frobenius graphical representation (GFR) if there is
a simple graph I" whose full automorphism group is isomorphic to G and it acts on
vertices as a Frobenius group. In particular, any group G with GFR is a Frobenius
group and I is a Cayley graph. The existence of an infinite family of groups with
GFR whose Frobenius kernel is a non-abelian 2-group has been an open question. In
this paper, we give a positive answer by showing that the Higman group A(f, qo) has
a GFR for an infinite sequence of f and qg.

1. INTRODUCTION

Graphs and their automorphism groups have intensively been investigated especially
for vertex-transitive (and hence regular) graphs. Many contributions have concerned
vertex-transitive graphs with large automorphism groups compared to the degree of the
graph, and have in several cases relied upon deep results from Group theory, such as
the classification of primitive permutation groups.

On the other end, the smallest vertex-transitive automorphism groups of graphs occur
when the group is regular on the vertex-set. A group is said to have a graphical regular
representation (GRR) problem if there exists a graph whose (full) automorphism group
is isomorphic to G and acts regularly on the vertex-set. Actually, almost all finite
groups have (GRR). In fact, all the few exceptions were found in the 1970-80s by a
common effort of G. Sabidussi, W. Imrich, M.E. Watkins, L.A. Nowitz, D. Hetzel,
C.D. Godsil, and L. Babai, see [2], Section 1]. Since regular automorphism groups of a
graph are those which are vertex transitive but contain no non-trivial automorphism
fixing a vertex, a natural next choice as a small vertex-transitive automorphism group
of a graph may be a Frobenius group on the vertex-set: an automorphism group of a
graph that is vertex-transitive but not regular and only the identity fixes more than
one vertex. It is well known that every group may be a Frobenius group in at most
one way. Furthermore, each graph I' with a (sub)group G of automorphisms acting
regularly on the vertex-set is a Cayley graph Cay(I'(G, S)).

All these give a motivation for the study of Frobenius groups G which have a graphical
Frobenius representation (GFR), that is, there exists a graph whose (full) automorphism
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group is isomorphic to G and acts on the vertex-set as a Frobenius group. The sys-
tematic study of the GFR problem was initiated by J.K. Doyle, T.W. Tucker and M.E.
Watskin in their recent paper [2]. As it was pointed out by those authors, the GFR
problem is largely not analogous to the GRR problem since all groups have a regular
representation whereas Frobenius groups have highly restricted algebraic structures,
and many large classes of abstract groups are not Frobenius groups. It is apparent
from the results, examples and classification of smaller groups with GFR in [2], see in
particular [2, Theorem 5.3 and Remark 5.4], that an interesting open question is the
existence of a (possible infinite) family of Frobenius groups with GFR whose kernel is
a non-abelian 2-group.

In this paper we give an affirmative answer to that question. Our choice of Frobenius
groups is influenced by Higman’s classification of Suzuki 2-groups [6], as we take for G
the group A(f,qo) from Higman’s list where gy and ¢ = 2/ are 2-powers. A(f,q) is a
subgroup of G of GL(3,F,) whose main properties are recalled in Section 2l We build
a Cayley graph ', on the Frobenius kernel K of G, with a certain inverse closed subset
S of K as generating set, constructed from an element u € [F,. We show that G has
GFR on I, provided that ¢ = 2/, gy and w are carefully chosen.

Our notation and terminology are standard. For the definitions and known results
on Frobenius groups which play a role in the present paper, the reader is referred to [2].

2. THE GROUP A(f,q)

Let F, be the finite field of order ¢ = 2 with f > 4, and let gy = 2/ be another
power of 2 smaller than ¢. For a,c € F, we write

1 0 0 1 0 0
Dpe=la 1 0], U,=10 X 0
¢ a® 1 0 0 )\otl

We define the groups
K={®,.|a,celF,}
H={\| e}

Then, K is a 2-group of order ¢? and H is a cyclic group of order ¢ — 1. Moreover, H
normalizes K, and its action fixes no nontrivial element in K. Their closure group is
HK, and denoted by A(f,qo) in Higman’s paper [6]. For brevity, we write G in place
of A(f,qo). With this change G = HK. Since H N HY =1 holds for any g € G\ H, G
is a Frobenius group in its action on the set G/H of right cosets. The point stabilizer
is H and K is a regular normal subgroup. It may be noticed that when ¢ = 2¢? then
G is similar to the 1-point stabilizer of the Suzuki group Sz(g) in its double transitive
action on ¢ + 1 points. A straightforward computation shows that the H-orbits in K
are

(1) Qu = {@a,uaq0+1 | ac FZ}? u < an

and
Qoo ={Po. | c € FZ}
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3. A CAYLEY GRAPH ARISING FROM G

For every u € F;, we may build a Cayley graph in the usual way:
Iy = Cay(K,Q, UQ41).

Since 2, U2, 1 is H-invariant, the group G induces automorphisms of I',. This allows
us to look at (the matrix group) G as a Frobenius group on K = V(I',). Our aim is
to show that if ¢, ¢o and u € F, are carefully chosen then Aut(I',) coincides with G.
Define the set %, 4, of elements u € F, which satisfy both conditions:

(Ul) w=(1+n%)/(n+n%®) for some primitive element 7 of F;
(U2) the polynomial X% + 4 X% + (u+ 1)X + 1 has no roots in F,.

Then such an appropriate choice of the triple (g, qo, ) is given in the following the-
orem.

Theorem 3.1. Assume that ¢ — 1 and g3 — 1 are relatively prime. Then
(i) T, is connected Cayley graph.
If, in addition, uw € U ,, then
(ii) Aut(I',) = G, that is, G has a graphical Frobenius representation on T,,.

The question whether Theorem B.1] provides an infinite family is also answered posi-
tively.

Theorem 3.2. For infinitely many 2-powers q it is true that whenever the 2-power qq
satisfies ged(q — 1,q2 — 1) = 1, the set U, 4, is not empty.

4. SOME MORE PROPERTIES OF THE ABSTRACT STRUCTURE OF THE GROUP (G

Lemma 4.1. The following hold in K:
(Z) ¢Z7C = @0’aq0+1 and ¢a7c = ¢a,c+aq0+1-
(ii) By i@y 1Pa,cDo.g = Doat0b4apio-
(i1i) Qoo consists of central involutions of K.
(iv) For each u € Fy, we have ;1 = Q1.

Proof. Straightforward matrix computation. O

Lemma 4.2. Assume that ged(q2 — 1,q — 1) = 1. Then the following hold:
(1) K'=Z(K) ={1} UQw.
(i) K’ and K/K' are elementary Abelian 2-groups of order q.
(i1i) Foru € F,, the set Q, generates K.
(iv) H acts transitively (hence irreducibly) on K' and K/K'.
(v) The subgroup H is maximal in HK', which is maximal in G.

Proof. By the assumption, the map a — a + a% has kernel Fy, and, a — a®*! is a
bijection of ;. Hence, any element of I, can be written in the form a?b + ab®, which
implies (i). For a € F}, we have @zvuaqoﬂ = D qao+1. Thus, Qo C (,) and (iii) follows.
The rest is straightforward computation. O

Notice that Lemma [£2(iii) yields Theorem B.IIi),



4 GABOR KORCHMAROS AND GABOR P. NAGY

5. ON ConbpITIONS (U1l) AND (U2)

A natural key question regarding the applicability of Theorem [B.1] is the existence
of some ¢ such that %, is not empty, that is, IF, contains an element u satisfying
both Conditions U(1) and U(2). Theorem states that infinitely many such ¢ exist
and we are going to show how to prove it using Euler’s phi function and the Mobius
function. For this purpose, we need some algebraic preparatory results stated in the
next lemmas.

Lemma 5.1. Let ¢ = 27 be a power of 2 with odd exponent f. There exist at least
2(q+1)/3 elements u € F, such that X®T + X% + (u+ 1)X + 1 has no roots in F,.

Proof. Define the rational function
st 4+ +1
Clearly, 0 and 1 are never roots of X%+ + 4 X% + (u + 1)X + 1. Moreover, X %! +

uX% + (u+1)X + 1 has a root in I, if and only if u = U(x) for some z € F, \ {0, 1}.
Since U(0) = U(1) = oo and

o= (1) 0 (1)

identically, we have |U(F, \ {0,1})|] < (¢ — 2)/3. Here we use the fact that F4 is not a
subfield of F, and z, (z + 1)/z, 1/(x + 1) are distinct elements of F,,. O

Lemma 5.2. For infinitely many odd integers n holds (2" —1)/(2" — 1) > 1/3.

U(z) =

Proof. The claim follows from the asymptotic formula of [§, Theorem 3]

1 ‘P(2m — 1) - —1
= 3 B i O(M g M),
1<m<M

with p is given by the absolute convergent series

pld)
p=> Fale 0.73192,
d odd
where t4 is the multiplicative order of 2 modulo d, and pu(d) is the Mobius function; see
[4, Theorem 4.1].

We give a second, elementary proof based on Fermat’s Little Theorem. We show
that for primes p, (2 —1)/(2? — 1) — 1. Let rq,..., 7 be the different prime factors
of 2 — 1. Fori = 1,...,k, let m; be the order of 2 modulo r;. Then m; | p and p = m;,.
Moreover, 2! =1 (mod r;) implies p | (r;—1). In fact, p | (r;—1)/2 and r; = 2s;p+1
holds for some integer s; > 1. This implies

k <log,, (2 —1) < b

log, p .

k P

p(2P — 1) 1 10 fos2r
1>—2 = 11— = 1—

=TI () ,

2p

Hence,
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where the latter term converges to 1. This proves our claim. O

Remark 5.3. As pointed out in [9], much more is true: [§] implies that given any
e > 0, there is a ¢ > 0 such that (2" —1)/(2" — 1) > ¢ apart from a set of n with
upper density < €.

We are in a position to prove Theorem [3.21 By Lemma/[5.2] it suffices to show that for
an arbitrary odd integer f with p(2/ —1)/(2f —1) > 1/3, ¢ = 2/ fulfills the conditions
of Theorem Fix such an f and choose an arbitrary integer fy, coprime to f. Then
qo = 2% satisfies ged(q — 1,¢2 — 1) = 1. By the choice of f, F, has more than (¢ —1)/3
primitive elements. In our case,  + z%~! is bijective in F,, hence the maps

1

— o Lan® u—u =1+ v\
T e B u+1

are well-defined inverses to each other. Now, the claim follows from Lemma [5.1]

6. INCIDENCES

Recall that T', denotes the Cayley graph Cay (K, €, U £,.1), where the vertices of
I', are the elements of K and €, is defined in (). The identity ®o of K will be also
denoted by . The group G = HK acts on K, the action is induced as follows: The
elements of K act in the right regular action and the elements of H act by conjugation.
In the sequel, we identify G with its permutation action on K, whereby some caution
is required since for a subset X of K, the point-wise stabilizer of X in G and the
centralizer of X in GG are in general different. As a permutation group, G is a subgroup
of the automorphism group Aut(I',), and H is its cyclic subgroup of order g — 1, fixing
e and preserving both €2, and Q,,;. Formally, ¢ is viewed as an element of Aut(I',);
nevertheless, we will also use the notation id to denote the trivial automorphism of
Aut(T,).

For any two elements @, ., P, q € K with ¢a70¢;3l € Q,, we introduce the directed

edge notation &, . LN &y qin I', and we refer to it as a u-edge. An obvious observation
is that the following are equivalent:

(1> @a,c L> @b,dv

(ii) Po, Py g € Qu,
(i) c+d = (a+b)®(ua + (u+ 1)d),
(iv) c+d=u(a+b)?t! + q®h + b+,

Now we collect some incidences in I', which play a role in our proof.

Lemma 6.1. Assume ged(q —1,¢2 — 1) = 1 and define

1

1 u_\*T
77_+u+1
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foru e F,\ {0,1}. Then the following hold in T',, for a,b # 0:

(2&) @a,uaqOJrl — @b,ubqOJrl b= %7
(2b) @a7uaq0+1 u—+1> @b7ubq0+1 b= an,
(2c) Py (ut1)as0+1 — Dy (ut1)pao+1 b=a- %,
(2d) (pa,(u+1)aq0“ oL @b,(u+1)bq0+1 <~ b=a- Tn’
u a
(28) gpa,uaqOJrl — gpb,(u-}-l)bqo+1 — b= T 17’
(26) Pugant 3 Py gy <Z) +u (6) +(u+1) (Z) +1=0.

Proof. (24): Since I';, has no loops, we may assume a # b.

Dy uarott — Py paorr <= ua®tt + ub®t = (a+ b)®(ua + (u+ 1)b)
<= 0= (u+1)a®b+ uab® + p*!

— 0= (u+1) <g)qo+u<9>+1

b b
— 0= (u+1) <%+1>qo+u<%+1>
= () = e
=y

Since (u + 1)-edges are reversed u-edges, we obtain (2b]) by switching @ and b in the
computation above. To show (2dl), we replace u by v + 1 and use the computation
above to obtain

u+1 a o-1  u+1 I
¢a,(u+1)aq0+1 — ¢b,(u+1)bq0+1 <~ (g + 1) = » = (1 n 17)

(:)a— n
b 1+

This proves (2d) by switching a and b. For (2é)):

Py atort — Py upypiorr = ua® ™ + (u+ 1) = (a+ b)* (ua + (u+ 1)b)
<~ 0= (u+1)a®™b+ uab®
a\ %1 u
— (- = = 1)t
(b) u—+1 (n+1)

a
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Finally,

I AR Py (urypio+t == ua® !+ (u+ 16PN = (a + b)®((u+ 1)a + ub)

— ()= aqo+1 + ua®ob + (u + l)abq‘) + bqo+1
a\ 9o+1 a\ 90 a
which shows (2. O

Our next step is to describe the structure of the neighborhood of the vertex € in T',.
For this purpose, we recall the concept of generalized Petersen graphs [3]. Let n and
k be integers with 1 < k < n/2, the vertex set of GPG(n, k) is {c1,...,¢n, ¢}, ..., ¢,
and the edge set consists of all pairs of the form

CiCiy1, cict, CiCippes ied{l,...,n},
where all subscripts are to be read modulo n. In order to describe the automorphism
group of GPG(n, k), define the permutations
PG Cipr, G Gy,

. /
d:ici—c_y, Crc_y,

/

f
QG C;ﬂ-, C; — Cki
for all i € {1,...,n}. By [3, Theorem 1 and 2],

(p.0) < Aut(GPG(n, k) < (p,0,a)

provided that n & {4,5, 8,10, 12,24}. Moreover, the generators p, 4, satisfy the relations
p" = 0% =id, pd = p~1, hence, {p,d) is isomorphic to the dihedral group of order 2n.
Also, ad = da, o? € {id,d}, and most importantly a~*pa = pF. This implies the
following lemma:

Lemma 6.2. Let n be an odd integer, n # 5, and 1 < k <n. In Aut(GPG(n,k)), the
following properties hold:

(i) The elements of odd order form a unique cyclic normal subgroup of order n.
(i1) For k # £1, no involution commutes with the cyclic normal subgroup of order

n. O

Proposition 6.3. Assume ged(¢—1,¢3—1) =1 andu € %, ,. Then, the neighborhood
Q, U Qi1 of € in Ty is isomorphic to the generalized Petersen graph GPG(q — 1,k),
where u = (14 n%)/(n +n%) and the integer k is defined by 1 +n = n**L.

Proof. By the choice of u, n is a primitive element of F,. Define
€ = Py ooty = Do) a1 /(1m0

From Lemma[G1], ¢;c;41, ¢;¢; are edges and there are no more edges in 2, and between
Q, and Q1. In Q,44, ¢; and c;» are connected with an u-edge if and only if

oo n l+n
1+n 1+n Ui
This finishes the proof. O

n]_2+1:1+n:nk+1<:>jzz+k (modq_l)
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Notice that & = 41 would imply = 0 or 1 + 1 + n* = 0, which is not possible if
ged(q — 1,45 — 1) = 1 and 7 generates ;.

Corollary 6.4. Assume ged(q—1,¢5—1) =1 and u € %, ,,. Let A be the permutation
group induced by the stabilizer Aut(I'y). on Q, U Qyui1. Then A is solvable, its order
is either (¢ — 1), 2(¢q — 1) or 4(q — 1), and it has a unique cyclic normal subgroup of
odd order ¢ — 1. Moreover, Aut(L',). either preserves €, and Q,.1, or it interchanges
them.

Proof. A contains the cyclic subgroup of order ¢ — 1 that is induced by H on €, U, .
Proposition and Lemma apply. O

We finish this section with another property of the stabilizer of € in Aut(I',).

Lemma 6.5. Assume ged(q —1,¢3 —1) =1 and u € %4,

(i) Let A be the centralizer of the commutator subgroup K' in Aut(l',). Then K < A
and |A : K| < 2. Moreover, any element of A\ K interchanges the sets ), and
Quit.

(i1) Let o € Aut(T") be an involution which centralizes H. Then « fizes €, U Qi1
point-wise.

Proof. (i) Obvoiusly, K < A and A is transitive. From the last sentence of Corollary
6.4 an element o € A, either preserves €2, and €2, 1, or it interchanges them. We show
that if o preserves €, then o = id. This will imply |A.| < 2 and |A] < 2¢*. Since
o commutes with K’ and fixes ¢, it fixes all points in the orbit e = {e} U Q. The
elements @, ,,0+1 € Q, and @y 4 € K’ satisfy both relations

u
¢a7uaqo+1 — @07(1 — d=0,
+1
By it — Poq = d = a®t.

This means that each element in €2, is connected with a unique element in €).,. Hence,
a fixes all elements in ,. As each K’-orbit contains a unique element in §2,, we see
that each K'-orbit is preserved. Once again, o commutes with K’ and fixes an element
in each K’-orbit. Therefore, « fixes all points in each K’-orbit.

(ii) As € is the unique fixed point of H, ¢ = ¢ and « leaves the neighborhood
Q, U Q4 of € invariant. By Lemma [6.2](ii), the restriction of o to €, U 2,41 cannot
have order 2, therefore, it must be trivial. O

7. IMPRIMITIVITY

In this section we show that an appropriate choice of u € F, ensures that Aut(I',)
cannot act primitively on the set of vertices of I',. We recall that a primitive permu-
tation group G is of affine type if it has an abelian regular normal subgroup, which is
necessarily elementary abelian of order r™ for some prime 7. In this case G is embed-
ded in the affine group AGL(n,r) with the socle being the translation subgroup. Its
stabiliser of 0 € F? is a subgroup of GL(n,r) which acts irreducibly on F?. For our
purpuse, a useful tool is the following result by Guralnick and Saxl.
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Proposition 7.1 (Guralnick and Saxl [B]). Let G be a primitive permutation group of
degree 2. Then either G is of affine type, or G has a unique minimal normal subgroup
N=Sx---x8=8"t>1,5 is a non-abelian simple group, and one of the following
holds:
(i) S = A, m =2¢> 8, n=te, and the 1-point stabilizer in N is Ny = A1 X
coe X Aplq, or
(ii)) S = PSL(2,p), p = 2¢° — 1 > 7 is a Mersenne prime, n = te, and the 1-
point stabilizer in N s the direct product of maximal parabolic subgroups each
stabilizing a 1-space.

Lemma 7.2. Let G be a group acting transitively on the set X. For x € X and let
H = G, be the stabilizer of x in G.
(i) Fory € X, choose g € G such that y = x9. Then the subgroup of H, fixing the
H-orbit of y point-wise, coincides with Npey HI".
(ii) If G is 2-transitive on X then Npe H" is either H or {1}, depending upon whether
geEHorg¢ H.

Proof. If y' € yM, then ¢/ = y" = 29" for some h € H. Hence, for the stabilizer we have
G, = G9" = H9. Therefore, the point-wise stabilizer of y is Nyeyu Gy = Nherr H".
This proves (i). Clearly, if g € H then NyegH9" = H. If g € G\ H then = # y = 29
and Npeg H" fixes all points in {z} Uy, The latter set is X if G is 2-transitive. O

Lemma 7.3. Assume ged(q—1,¢3 —1) =1 and u € %, 4, If Aut(T,) acts primitively
on I'y, then its action is of affine type.

Proof. Let us assume on the contrary that Aut(I',) is not of affine type. Let N be
its unique minimal normal subgroup. With the notation in Proposition [ we have
N = S' where either S = A,,, m > 8, or S = PSL(2,p), with a Mersenne prime
p=m —12>7. In both cases, S has a 2-transitive action on m points. Moreover, if B
is the 1-point stabilizer in .S, then the point stabilizer of e = @ in N is N. = B*. For
(g1,...,g:) € S* take a generic vertex y = £9~9) of T',. Let Y be the B'-orbit of .
By Lemma [[.2[(i) the point-wise stabilizer of YV is
(ﬂbeBBglb) X X (ﬂbeBBgtb).

By Lemma [7.2(ii), each factor is either {1} or B, depending upon whether g; € B or
not. Thus, the point-wise stabilizer of Y in B! is B%, where 0 < tq < t, and ty = ¢
occurs if and only if Y = {e}. Therefore, the B induces a permutation group on Y
which is isomorphic to B", where t; = t — tg. Furthermore, t; = 0 if and only if
Y = {e}.

The stabilizer N, acts on 2, U €. Let Y be a nontrivial N.-orbit contained in
Q,UQu. IfS = A, then N, induces a nonsolvable group of automorphisms of
QuUQyuq. If S=PSL(2,p), then |B| = p(p—1)/2, and N, induces a noncyclic group
of odd order on €2, U€2,,;. Both possibilities are inconsistent with Corollary [6.4.  [J

We are now able to prove the imprimitivity of Aut(I',).

Proposition 7.4. Assume ged(q — 1,2 —1) = 1 and w € %, 4,- Then, Aut(T,) acts
imprimatively on [',.
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Proof. As before, GG is identified with its permutation action on I',. In particular, we
consider H, K as subgroups of Aut(I',). At the same time, K is the set of vertices of
Iy

Assume on the contrary that Aut(l',) is primitive, hence of affine type by Lemma
[[3l Let N be the unique minimal normal subgroup of Aut(I',). Then N is a regular
elementary abelian 2-group. Since H has odd order, N decomposes into the direct
product of H-invariant subgroups. For any 1 # h € H and 1 # n € N, h has a unique
fixed point, while n has no fixed point. Hence nh # hn. Therefore N = A; x Ay where
A; is an elementary abelian group of order ¢ and H acts regularly on A; \ {1},7=1,2.
Consider the subgroup M = Nyg(K). Since NK is nilpotent, we have K < M and
K'<aM. The latter implies K'NZ(M) # {1}. Since both K" and Z(M) are H-invariant
while H acts regularly on K’ \ {1}, we have K/ < Z(M). By Lemmal[6.5, |M : K| = 2.
On the one hand, M = (M N N)K. On the other hand, N N K is an H-submodule of
M N N. By Maschke’s Theorem [I, (10.8)] applied to M N N, viewed as a Fy-vector
space, there is an H-invariant subgroup B in M N N such that M NN = B x (NN K).
Therefore,

B (MNN)/(NNK)2(MNNK/K 2= M/K = F,,

that is, the nontrivial element of B < N commutes with H, a contradiction. O

8. PROOF OF THE MAIN RESULT THEOREM [B.T](11)

In this section, we complete the proof of Theorem [3.1l As before, GG is identified with
its permutation action on I',. From Proposition [[.4] we know that A = Aut(T",) acts
imprimitively on I',. We claim that the only nontrivial blocks of imprimitivity of A
are the cosets of the commutator subgroup K’ of K. Or equivalently, K’ is the only
nontrivial block containing €. Let B be an arbitrary nontrivial block of imprimitivity
of A which contains €. Then the stabilizer of the set B in GG is a subgroup Gpg of G,
lying properly between H and G. By Lemma [4.2(v), Gg = HK’ and B = K', which
proves the claim. The next two lemmas describe the point-wise stabilizer of K in A.

Lemma 8.1. Let E be the point-wise stabilizer of K' = {e} UQy in Aut(I',). Then E
is either trivial or it is an elementary abelian 2-group which fizes all pairs {Pq,., @;i :

Proof. By the observations made prior to Lemma show
By — Ppg = d = c+ua®!

for all a,c,d € F,. Thus, any vertex ®,., a # 0, is u-connected to a unique element
P4, of K’ and (u+1)-connected to a unique element @, 4, of K, where d; = c+ua® ™!
and dy = ¢+ (u+ 1)a® ™. If d; and dy are distinct nonzero elements, then @ 4,, P 4,
are distinct vertices in (), whose common neighbors are @, . and @;ﬁ = Dy g+,
where

1
a=(d +dy)© and c€ {d; +ua®"" dy+ua®}.
This shows that any automorphism of I',, which fixes ()., point-wise, must leave the

pair {Dqc, P, L} invariant. It follows that E either trivial or has exponent 2 and in the
latter case E is elementary abelian. 0



GRAPHICAL FROBENIUS REPRESENTATIONS 11

Actually, F is trivial by the following lemma.
Lemma 8.2. The only automorphism that fizes {e} U Q. point-wise is the identity.

Proof. Let E be defined as in Lemma Rl Since H K’ preserves the set of vertices in
K', HK' normalizes E. Assume on the contrary that E # {1}, then Cg(K') # {1} is
H-invariant. Since K’ acts regularly on itself, ENK" = {1}. We apply Lemma [6.5(i) to
conclude that |Cg(K”’)| = 2. This means that there is a unique involutory automorphism
a € A which centralizes both K’ and H. Now, Lemma [6.5(ii) implies that « fixes
Q, U Q41 point-wise. Finally, Lemma [65(i) yields o € K, a contradiction. O

Let us now focus on the point stabilizer A, of ¢ in A = Aut(I',). Clearly, A. leaves
Q. U Q41 invariant. Moreover, by the imprimitivity of A, A. preserves {2, as well.
Since any element of €, is connected with a unique element of €2, each automorphism
fixing all points in {e} U, U, ; fixes all points in Q.. Hence by Lemma B2 the
action of A, on Q, U, is faithful and the possibilities for |A.| are ¢ — 1, 2(¢ — 1) or
4(q — 1) by Corollary

Let S denote the stabilizer of the set K’ in A. On the one hand, HK’ < S, hence
S is transitive on K’. On the other hand, A, < S since K’ is a block of imprimitivity.
Therefore, A, = S., and

5] = alAc| € {ala —1),2¢(¢ — 1),4q(q — 1)}
This implies that S induces a 2-transitive solvable permutation group S on K’. Since

the order of K’ is a power of 2, Huppert’s Theorem [7, Theorem XII.7.3] yields that S
is similar to a subgroup of the group AI'L(1, q) of all semilinear mappings

z = az® + b, a,b€F,a+#0,ac Aut(F,)

on F,. Here, |[ATL(1,q)| = fq(qg— 1) for ¢ = 2¢. Since ged(q —1,¢3 — 1) = 1, f is odd,
and the only possibility for the cardinality of S is ¢(¢ — 1). We apply Lemma once
more to conclude that |S| = ¢(¢ — 1), which implies A. = H and A = HK = G. This
finishes the proof of Theorem B.II(ii).
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