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Abstract. In this article, we study the following degenerated Schrédinger equations:

—Ayu+AV(x)u = f(x,u) inRN,
ue E/\ ,

where A > 0 is a parameter, A, is a degenerate elliptic operator, the potential V(x)
has a potential well with bottom and the nonlinearity f(x,u) is either super-linear or
sub-linear at infinity in u. The existence of ground state solution be obtained by using
the variational methods.
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1 Introduction

This article is concerned with a class of nonlinear Schrodinger equations:

—Au+AV(x)u = f(x,u) inRY,
uec EA ,

where A > 0 is a parameter, A, is a degenerate elliptic operator of the form

N
D= Y00 (D), Ay = = () m) . w ().
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Here, the functions 7; : RN — R are assumed to be continuous, different from zero and of
class C! in RN \ IT, where

N
Il:= {x = (x1,x2,...,%N) € ]RN:Hx]- :0}.
=1

]

Moreover, the function v; satisfy the following properties:

(i) There exists a semigroup of dilations {d; };~ such that
5 RN 5 R, O¢(x1, ..., xn) = (%1, ..., Nxy),
where 1 = ¢ <&, < ... < gy, such that vi is é;-homogeneous of degree € — 1,ie.
'y]-(cSt(x)) :tgf_lfy]-(x), Vx e RN, vt >0, j=1,...,N.

The number

N:=

M-

Il
—_

€j
j

is called the homogeneous dimension of RN with respect to {d¢ }~o.
(i) y1 =1, 7j(x) = vj(x1,%2,...,%j-1), j=2,...,N.
(iif) There exists a constant p > 0 such that
0 < x30y,7j(x) < pj(x), Vke{1,2,...,j—1}, Vj=2,...,N,
and for every x € ﬁf ={(x,x2,...,.xn) €eRN : x; >0, Vj=1,2,...,N}.
(iv) Equalities y;(x) = 7;(x*)(j = 1,2,..., N) are satisfied for every x € RY, where
x* = (|xa], ..., xn]),  ifx = (x1,x2,...,XN).

The A, -operator contains the following operator of Grusin-type
Gu := Ax + [x[*8y,  a >0,

where (x,y) denotes the point of RN x R™N2. This operator was studied by Grusin in [8] when
« is an integer, and by Franchi and Lanconeli in [6,7], Loiudice in [11], Monti and Morbidelli
in [13] when a is not an integer. The A,-operator also contains following semi-linear strongly
degenerate operator

Pa,ﬁ =AMy + Ay + |X|2“’y|2ﬁA2, (x,y,z) € RM « RN % IRN3,

where a, B are nonnegative real numbers. The P, g-operator was studied in [1]. For more
information about the operator A,, please see [10].

In this paper, we study the existence of ground state solutions for the equation (1.1) under
the assumptions that V is neither radially symmetric nor coercive. Precisely, we make the
following assumptions.
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(V1) V(x) € C(RN,R) satisfying inf,cgn V(x) > 0.

(V2) There exists b > 0 such that the set {x € RN : V(x) < b} is nonempty and has finite
measure.

The conditions (V1) ~ (V2) are special cases of steep potential well which were first intro-
duced by Bartsch and Wang in [2]. In recent years, steep potential well are widely used in
various equation, such as Schrédinger equations, Schrodinger—Poisson equations and Klein-
Gordon-Maxwell system and so on (see [2-4,9,14,15]).

Nextly, wee will require that the nonlinear term satisfies either the assumptions:

(f1) f € C(RN x R,R) and there are constants 0 < a1 < a; < a3 -+ - < a,, < 1 and functions
2
bi(x) € L™ (RN, (0, +0)) such that

m

fo2)] < Y (a+ D))z, ¥(x,z) e RV x R;

i=1

(f2)' There exist constants 17,5 > 0,49 € (1,2), Q) C RN such that meas(Q)) # 0 and

F(x,z) = x, t)dt > nl|z|%, Vxe QandV|z| <,
0 1

or the assumptions:

(f1) Lim, f(é"‘z) = 0 uniformly for x € RN.

(f2) Forsome?2 < p < 2%, Cyp >0,

f(2)] < Co(lz] +12IP71),  V¥(x,z) e RN xR,

x . 2N -
where 27 := 5
(f3) F = [o f(x,t)dt > 0 for all x € RV, and
. F(x,z) N
lim ——5= = +oo, V(x,z) € RY X R;
jzj+oo 2]

(f4) There exista; > 0,Lp > 0 and T > g, such that
If(x,2)|" < a1.F(x,2)|z|%, forall x € RN and |z| > Lo,

where 1
F(x,z):= Ef(x,z)z—l—"(x,z) >0, V(x,z) € RN x R;

(f5) L x is an increasing function of z on R \ {0} for every x € RN.

Before stating our main results, we give several notations. For A > 0, let
S2(RN) := {u € L*(RY) : 905 € LA(RY), j = 1,...,N},

E):= {u € S%(]RN) :/

AV (x)utdx < +00} .
RN
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Then, by assumption (V'1), E, is a Hilbert space with the inner product and norm respectively
1
(1,0), = /R (VuVyo+ AV(uo)dx, [l = (wu)},

where
Vi = (71051, Y205, U, . .., YNOxy 1)

Obviously, the embedding E, — S3(RN) is continuous. It follows that E, — L¥(RN) is
continuous for each s € [2,2}] (see [12]). Thus for each 2 < s < 2%, there exists ds > 0 such
that

|u]s < dSHMH)\, Yu € E,, (12)

where L$(RN) denote a Lebesgue space, the norm in L*(RY) is denoted by | - |,.

We point out that there are Rellich-type compact embeddings hold on bounded domains
for subcritical exponents. By S,ZY(Q) we denote the set of all functions u € L?(Q) such that
')/]-axju IS LZ(Q) forall j =1,...,N, where () is a bounded domain with smooth boundary in
RN. The space S%/O(Q) is defined as the closure of Cj(Q)) in the space S7 (). We define the
norm on this space as

/(;(\V7u|2 + AV (x)u?)dx,

which is equivalent to [, [V, u|?dx, by (V1). Then, we have that the embedding 5,27,0(()) —
L*(Q)) is compact for every s € [1,25) (see Proposition 3.2. in [10]).
We can now state the main result:

Theorem 1.1. Assume (V1) and (f1)" ~ (f2)' are satisfied. Then VA > 0, problem (1.1) admits at
least a ground state solution in E,.

Remark 1.2. To the best of our knowledge, it seems that Theorem 1.1 is the first result about
the existence of ground state solutions for the semi-linear A, differential equation in RN. By
the way, we would like to point out that in [12] the authors study existence of infinitely many
solutions for semi-linear degenerate Schrodinger equations with the potential V(x) satisfying
the coercivity condition which implies E; << L*(R") for any s € [2,2%).

Theorem 1.3. Assume (V1), (V2) and (f1) ~ (f5) are satisfied. Then there exists A > 0 such that
problem (1.1) has at least a ground state solution in E,, for all A > A.

Remark 1.4. We point out that the Schrodinger equation with general steep potential well
is considered in reference [3,4], but they consider a special nonlinear term, where f(x,z) =
z|P72z(2 < p < 2*). At the same time, we also point out that although the Schrédinger
equation with general steep potential well and the general nonlinear term are considered in
reference [2,9], the nonlinear term there satisfies the following Ambrosetti-Rabinowitz type
condition:

(AR) There exist u > 2 and L > 0, such that

uF(x,z) <zf(x,z), Vx € RN, V|z| > L.

The nonlinear term we consider here is not required to satisfy the Ambrosetti-Rabinowitz
type condition, for example we allow nonlinearities of the type

223

_ 2
f(x,Z) = 2Zln(1 +z ) + m,

Y(x,z) € R® x R.
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By a simple calculation, we have

274

F(x,z) = /Ozf(x,t)dt = 22In(1 + 2%), F(x,z) = Tt

and

2
zf(x,z) — uF(x,z) = 2 <(2— w)In(1+2%) + 1zjzz> :

Now, it is easy to verify that the function f satisfies our assumptions and does not satisfy the
Ambrosetti-Rabinowitz type condition.

To obtain our main results, we have to overcome some difficulties in our proof. The
main difficulty consists in the lack of compactness of the E, < L*(RN) with s € [2, 2x].
Since we assume that the potential is not radially symmetric, we cannot use the usual way to
recover compactness, for example, restricting in the subspace of radial functions of E,. We
also cannot borrow some ideas in [12] to recover compactness because the potential do not
satisfied the coercivity condition. To recover the compactness, we establish the parameter
dependent compactness conditions.

Now, we define the following energy functional

() = + [ (VP AV () — [ Fx s, (13)
2 RN RN
for any u € E,. It is well known that J, is a C! functional with derivative given by

(Ji(u),v) = /H{N(Vvuvyv—f—/\V(x)uv)dx—/IRNf(x,u)vdx, (1.4)

for any u,v € E,. We have that u is a weak solution of equation (1.1) if only if it is a critical
point of J(u) in E,.

2 The proof of main results for f sub-linear at infinity in u

Lemma 2.1 (see [17]). Let E be a real Banach space and | € C(E,R) satisfy the (PS) condition. If
| is bounded from below, then ¢ = infg | is critical value of J.

Lemma 2.2. Assume that (V1) and (f1)’ hold, then ], is bounded from below.

Proof. It follows from (f1)’ that we can get

3

IF(x,z)] < Y b;(x)|z)%",  V(x,z) € RN xR, (2.1)

1

I
—_

The above inequality combined with the Holder inequality and (1.2) shows that

F(x, dx </ bi(x i 1dx
/N| ( Z)’ = N; z( )|Z‘
1-a; 1+a;

| /R e 1“fdx) ( /R ) |z|2dx> (2.2)

< Yo dy M bi(x)] 2 2]
; i

IA

N
Il
_
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Thus
1
In(u) = E/}RN(WWIZ—FAV(XWZ)EZX_/RN F(x,u)dx

1 meo Lia
> S ullz - Y dy b ()| 2 [l
i=1 !

2
Inview of 0 < ay < ay < az < -+ < a, < 1and b;(x) € LT% (RV, (0, +00)), it is clearly shows
that J, is coercive, then ], is bounded from below. O

Lemma 2.3. Assume that (V1) and (f1)" are satisfied, then ], satisfies the (PS) condition for each
A>0.

Proof. We suppose that {u,} is a Palais-Smale sequence of J,, that is for some ¢, € R,
Ja(un) — cx, Jy(uy) — 0, as n — oo. According to lemma 2.2, {u,} is bounded in E,.
Therefore, up to a subsequence, there are u € E,, we have

Uy, = u, inkE,;

, N (2.3)
u, —u, inlL; (RY), 2§s<2,’;.

loc

By (f1)’, for any fixed &€ > 0, we can choose R, > 0 such that

1-a;

2
(/N |bz-(x)|1*2“i dx> <, i=1,2,...,m. (2.4)
RN —Bpg,

It follows that (2.3), we obtain that

lim lu, — ul*dx = 0.
n—oo BRg

Hence, there exists Ny € IN such that we have

/ lup — ul?dx < €2, Vn > Np. (2.5)
Bre
Combing this with the Holder inequality and (f1)’, for any n > Ny we have that

‘/BRS ’f(x/un) —f(x, u)||un — I/l|dx

< (f, oo -siswra) ([,
< (/BR |f(x,un) —f(x,u)lde)% € (2.6)

£

: {/ 2 [i<ai+1>2b%<x>|un|2ﬂf " i(ai+1>2b%<x>ru\”"] dx} ’

1
2
|ty — u|2dx>

NI—

i=1 i=1

m 2

< Vam [zwi 120b ) (24 )

. —
i=1 '
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Again by (f1)’, the Holder inequality and (2.4), we obtain that

/]RN Br, ’f(x/un) _f<X,u)Hun — M|dx

m
< o @ B (™ | o]+ ]
RN —Bg, i
. L (2.7)
<Y+ ([ \biw-ﬂidx) (el 5 o2+ a5l + )
i=1 ]RN_BRE
m

< e Yo+ 1) (Junlg ™l oo+ il o+ ™)

i=

Since ¢ is arbitrary, by (2.6) and (2.7), we known that
/]RN |f(x, un) — f(x,u)||uy, —uldx — 0, asn — oo. (2.8)
Thus, from (1.4) and (2.3), it holds
llun —ull3 = Ji(un) — Ji(u), uy —u +/ (x,uy) — f(x,u)||up —uldx -0, asn — oo.

So, u, — uin E,. O

Proof of Theorem 1.1. By Lemmas 2.1, 2.2 and 2.3, we known that ¢y = infg, J)(u) is critical
value of J,. Next, we will prove ¢y # 0. Let u € E; and ||u||, =1, by (f2)’, we can get

2

_t 2
(tn) = S uld = [ Fxtwyax
t2
< —— t“o/ ul®dx.
<5 =it [ Jul

Since 1 < ag < 2, as t > 0 small enough, J,(tu) < 0. Hence c, = infg, Jy(u) < 0, equation
(1.1) possesses at least a nontrivial ground state solution u, for every A > 0. Then the proof
of Theorem 1.1 is completed. O

3 The proof of main results for f super-linear at infinity in u

To complete the proof of our theorem, we need the following definition of Cerami condition
and critical point theorem(see [16]).

If any sequence {u,} C H such that J(u,) — ¢ and J'(u,)(1 + ||un||) — 0, then this
sequence is called a (C). sequence. If any (C). sequence {u,} C H of | has a convergent
subsequence, then this C! functional | satisfies (C), condition.

Theorem 3.1 (Mountain Pass Theorem). Let H be a real Banach space and | € C'(H,R). Assume
that there exist vg € H,v1 € H, and a bounded open neighborhood Q) of vy such that vi ¢ Q) and

inf J(u) > max{J(vo),J(v1)}.

ueaQ)

Let
I':={y € C([0,1]),H) : 7(0) = vo, (1) = v1 }
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and

— inf ).
c %rgﬁﬁﬂv(»

If ] satisfies the (C). condition, then c is a critical value of | and ¢ > max{J(v), J(v1)}.

We choose H = E,, ] = J5,vp = 0 and define Q) = B(0, p) is a ball with radius p and origin

at 0 € H, where radius p is given in following lemma.

Lemma 3.2. Assume (V1) and (f1),(f2) are satisfied, then for each A > 0, there exist p > 0 such

that
inf Jy(u) > 0.
ulla=p
Proof. According to (f1), for any € > 0, there exist § = () > 0, such that
|f(x,2)| < ez, Vx € RN and |z] < 4.

By (f2) we can obtain that

op=2

1
1f(x,2)] < Collz| + |z|P7) < |z|P~? (CO + 1) = Celz|P 71, vx € RV, |z| > 6.

Combining this with (3.1), (3.2) and F(x, z) fo x, tz)zdt, we get
1f(x,2)] < Celz|P~t +¢)z], V(x,z) € RN x R,

and c
|F(x,z)| < ?€|Z\” + %\z|2, V(x,z) € RN x R.

Then, from (3.4) and (1.2), we have that

Ja(u) = ;/ (|V7u]2—|—/\V(x)u2)dx—/]RN F(x,u)dx

z Eutae— [ Cepup
> gl = [ Sl = [ el

1 Ce
%WH—*fHH—44WH
=9 A A P A

1 Ce
> 2 lullf — = dpllull},
AT A

where2 < p <2} and0<£<2dz

Choosing p = ||u]|, small enough concludes the proof.

(3.1)

(3.2)

(3.3)

(3.4)

O

Lemma 3.3. Under assumption (V1) and (f3), there exist v1 € E,, such that ||v1]|, > p and

])L(vl) < 0.

Proof. Let u € E, satistied u # 0, then meas({x € RN : u(x) # 0}) > 0. If there exists My > 0

such that ], (tu) > — My, then by (f3) and the Fatou lemma, we have that
Ja(tu)
t2

_ < lim su
totoo 12 PN +OOP

2
= limsup %H“H%\ _/ F(x,tu) i
=00 12 RN 2
*HUH;\ —hmmf/ M

= —O00,

udx
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Obviously, this is a contradiction. So J) (tu) — —oo, as t — +oc0. Let v; = tu, for large enough
t, we have ||v1||, > p and J)(v1) < 0. The proof is complete. O

It is clear that

inf Jx(u)= inf Jy(u) >0=max{J,(0),]r(v1)} = max{Jx(vo), Jr(v1)}.

u€o) l[ullr=p

That is, the geometric conditions of mountain pass theorem are satisfied. Thus, the mountain
pass value

= inf £)).
ca {Yrérgen[oaih(’r( )

exists.

Lemma 3.4. Let (V1),(V2) and (f1) ~ (f4) be satisfied. For any M > c,, the (C)., sequence of J)
is bounded in E, for enough large A.

Proof. Let {u,} C E) be a (C)., sequence of J,, that is
Ta(un) = cn,  Ji(un) (14 |Junlly) — 0, asn — co. (3.5)

Arguing by contradiction, up to subsequence, we assume that [|u,|[y — o0 as n — co. Let
w, = ﬁ, then ||wy|[y = 1, {w,} is bounded. Going if necessary to a subsequence, there
exists a w € E) such that we have

w, — W, in Lloc(]RN), for2 <s <2%; (3:6)
w,(x) — w(x), ae xcRY, '
Firstly, we consider the case w = 0. By (1.4) and (3.5), we obtain that
!/
fCoudin g - Dl i) g oo o (3.7)
RN [Junl} (a5
From (f1), there exist 6 > 0, such that
‘f(’:f)z _ ‘ﬂ’;'z) <1, VxeRN, 0<|z| <. (3.8)
By (f2), there exist C > 0 satisfy
2 p
‘f(xlzz) < ‘CO(|Z‘ :_ |Z’ ) < C, vx c RN, (5 S ‘Z| S LO' (39)
z z
Hence, from (3.8) and (3.9), we have that
|f(x,2)z] < (C+1)2% Vx € RN, 0 < |z| < L. (3.10)
By (V2), (3.6) and ||wy|[, = 1, we get that
/ widx = / w3dx +/ w3dx
)>b )<b
< ) / W2
< Ab / 2dx + wldx
(3.11)
< = AV widx + w2dx
- /\b (x) Vix)<b
1

< —+ widx —0, asn — 0o, A — +oo.
Ab V(x)<b
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In view of (3.10) and (3.11), we obtain that

2

|f (2, 1) | Uy
/|ungL0 WX )tnl 50 < (c 4 1)/

13 junl<to [[unl3
—(CH+1) [ wldx (3.12)

‘un|§LO

S(C+1)/Nw%dx—>0, asn — 00, A — +oo.
R

Combing the Holder inequality, (1.2), [|w,|y = 1 and (3.11), for any s € (2,2%) we have that

: %
</ ]wn\sdx> :(/ \wny%\wny(“’)mx)
RN RN
2 5 2y % s
S(/ |wn]95'9sdx) </ |wn|(19)S-(1a)sdx> v
RN RN

. - (3.13)
= (ot ) ([ i)
RN RN
3
< d;?g </ ]wnlzdx> —0, asn— 00, A = 400,
v RN
where 6 = 5((;‘? :;; By (3.5) and (f4), we get that for n large enough
1
M > () = 5 U (un)ma) = [ F x> 0. (3.14)

From T > g, we easily obtain 25 € (2,2%). So, by the Holder inequality, (f4), (3.14) and
(3.13) with s = 2%, we get that

-1’/

/ f(x, ”n2”n| dx — / f(x, un) wﬁdx
|un|>Lo HunH/\ |un|>Lo Up
1 =1
< (/ fx,1n) dx) (/ |wn|2'rTldx)
|un‘2LO Un |un|ZLO

-1

1
< </ alf(x,un)dx) (/ \wn]Tz—Tldx>
|un\2L0 ]RN
1 -1\ 2
1 T o 27
<af (/ ]-"(x,un)dx> ((/ \wnyrldx> >
RN RN
oy 2

- 2T

< (alM)% ((/N \wn]rz—ldx> ) —0, asn— +o0o, A = +o0.
R
Thus, combining with (3.12), we obtain that

f(x'uﬂ>u”d f(x/ un)un

‘— fOxun)un fOoun)ttn g

—_ asn — 0o, A — 400
RN H”nH% [un|<Lo Hunl\i [un|>Lo H”nH% ' '

which is a contradiction with (3.7).
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Secondly, we consider the case w # 0. Evidently, meas({x € RN : w(x) # 0}) > 0 and
|un(x)| — 0 asn — oo, for a.e. x € {x € RN : w(x) # 0}. Thus, from (f3) and Fatou’s
lemma, we can get

F(x,uy,)d
lim inf M > lim inf/ F(x,zun) wAdx
oo a3 e Ju(xAo Uy
> / liminfww%dx (315
w(x)#0 "o Uy
= —|—OO
By (3.5), we have
F(x,up)d F(x,u,)d
lim inf fIRN (x thn) * < lim sup f]RN S Zln) :
oo [ |13 n-so0 [ I
T Ja(un)
= limsup | = —
vy (2 a3
_1
which is contradiction with (3.15).
So {uy} is bounded. O

Lemma 3.5. Assume (V1),(V2) and (f1) ~ (f4) be satisfied, then for any M > c,, there exist
A = A(M) > 0 such that ], satisfies (C), condition for all A > A.

Proof. Let {u,} C E, satisfies (3.5). By Lemma 3.4, we known that {u,} is bounded in E,.
Thus, up to a subsequence, we have that

Uy — U, in E,; (3.16)
Uy — U, in L}, (RY), for2 <'s < 2%; (3.17)
uy(x) = u(x), ae xecRVN, (3.18)

Let v, := u,; — u, then v, — 0 in E, by (3.16), which implies that
[unll3 = (0n + 1,00 +u)r = [loall§ + [[u]]3 +0(1). (3.19)

Next, by using the similar proof method of Proposition A.1 in the literature [5], we can get
that

/ F(x,un)dx:/ F(x,vn)dx+/ F(x,u)dx +o0(1), (3.20)
RN RN RN

and

/]RN fx,uy)pdx = /]RN f(x,vn)pdx + /]RN f(x,u)pdx+0(1), (3.21)
for any ¢ € E,. By (3.19) and (3.20), we can obtain that

Ja(un) = Ja(vn) + Ja(u) +o(1). (3.22)

Combing with (3.21) and u,, = v, + u, for any ¢ € E, we have that

(I (un), @) = (Ja(on), @) + (Ja(u), @) + 0(1). (3.23)
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From (3.3), (3.18) and the dominated convergence theorem, for any ¢ € CF(RY), we obtain
that

/}RN(f(x,un) — f(x,u))pdx :/ (f(x,uy) — f(x,u))pdx — 0, asn — oo, (3.24)

0,
here (), is the support set of ¢. For each ¢ € CP(RY), by (3.16) we have
(uy —u, )y — 0, asn — oco. (3.25)
By (3.25), (3.24), (3.5) and the dense of Cg"(]RN ) in E,, it shows that
Tim (J4 (), 9) = (J4(0), ¢) =0, Vo € Ey. (3.26)

Hence, J) (1) = 0 and from (f4) we can obtain that

) = Ja(w) — 3 Uh(@)w) = [ Flou)dx >0

RN
So, by (3.22), (3.23), (3.26) and the boundedness of {v, }, we get that

/]RN F(x,vn)dx = Jx(vn) — %(]}l(vn),v@

= Jalitn) = Ja ) = 3 (s (at) = T3 (), 0) + 0(1)
S ])\(un) + 0(1)'

Thus, for enough large n, we have that
/ F(x,v,)dx < M. (3.27)
RN
Now, we will show that v, — 0 in E,. By (V2) and (3.17) that
1
24 :/ 24 / 20x < o2 + o(1). 3.28
/IRNU” T Nz o vy " ap 0wl o) (3.25)

Thus, combing with the Holder inequality and (1.2), for any s € (2,2) we have

: !
(/ ]vn|sdx> :(/ |vn]95|vn|(1_9)5dx>
RN RN
53 2y i
S(/ |vn!95'925dx> </ |vn\(1_9)5'<19>5dx> !
RN RN (3.29)

1—

0 0
2 " 2%
= ( L \vnrzdx> ( I8 rvn\%dx) '

< dy. *(Ab) 2 [oulla + 0(1),

where 6 = 3((27:;; According to (3.28) and (3.10), we obtain that

/ F(x, 0n)ondx < (c+1)/ P2dx
v, <Lg v, <Lg
<(C+1) / P2dx (3.30)
RN

<C+l

> Tb“@m”%\ + 0(1)



Ground state solutions for degenerate Schrodinger equations 13

By T > 2 , it is easy obtained that 271 € (2, 2*) Thus, from the Holder inequality, (3.27), (3.29)

with s = 2% and the boundedness of {v,}, we can see that

[ s [ L)
v >Lo |lln‘2L0
-1

On
et =
(L) (] e
vy >Lo vn>Lo

f(x,0n)
< (/ alf(x,vn)dx>T < !Un\r 1dx) (3.31)
vy >Lo

< al% </IRN]-"(x,vn)dx>1 (( \Unlf 1dx>21>

< (aM)d5{ =" (AB) |fou 1} + 0(1)

v2dx

Therefore, by (3.30) and (3.31), we have

o(1) = {J4(01),7)
= llonllf = [ fxon)oudx

= ||Un||%—/ - f(van)vndx—/ . f(x,v,)vpdx
Un<Lo Un=Lo

C+1 1 .2(1-6 _
1— == — (@M)*d " (Ab) | w13 +0(1).
Ab 0
So, there exist A = A(M) > 0 such that v, — 0in E, as n — oo for any A > A. The proof is
complete. O

Proof of Theorem 1.3. By Lemma 3.2, 3.3, 3.4 and 3.5, all condition of Theorem 3.1 are satisfied.
Thus equation (1.1) possesses at least a nontrivial solution u, € E, and J)(u,) = c, is a critical
value, as A > A. Set S = {u € Ey — {0} : J; (u) = 0}. Evidently, by u, € S we have that

inf J) (1) < Ja(up) = cx.

ues
For any u € S, let v, (t) = ttou,t € [0,1], then 7 € T for enough large ty by Lemma 3.3. Thus,
according to the definition of ¢, for any u € S we have

< = — .
cA_ggﬁ]A(vu(t)) tm[a>1<]h(ttou) trer[lg;;}h(tu) rpZaOXh(tu)

It is easy obtained that ] (1) = max>o JA(tu) by (f5) for any u € S. So, from the arbitrariness
of u, we obtain

inf ]A( ) > Cx-
ues

Thus,

= inf
o = jathw),

and we can conclude that u, is the ground state solution, then the proof of Theorem 1.3 is
completed. O
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