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ABSTRACT
The solid material of protoplanetary discs forms an asymmetric pattern around a low-mass
planet (Mp 6 10 M⊕) due to the combined effect of dust-gas interaction and the gravitational
attraction of the planet. Recently, it has been shown that although the total solid mass is
negligible compared to that of gas in protoplanetary discs, a positive torque can be emerged by
a certain size solid species. The torque magnitude can overcome that of gas which may result
in outward planetary migration. In this study, we show that the accretion of solid species by the
planet strengthens the magnitude of solid torque being either positive or negative. We run two-
dimensional, high-resolution (1.5K × 3K) global hydrodynamic simulations of an embedded
low-mass planet in a protoplanetary disc. The solid material is handled as a pressureless fluid.
Strong accretion of well-coupled solid species by a Mp . 0.3 M⊕ protoplanet results in the
formation of such a strongly asymmetric solid pattern close to the planet that the positive solid
torque can overcome that of gas by two times. However, the accretion of solids in the pebble
regime results in increased magnitude negative torque felt by protoplanets and strengthened
positive torque for Earth-mass planets. For Mp > 3 M⊕ planets the magnitude of the solid
torque is positive, however, independent of the accretion strength investigated. We conclude
that the migration of solid accreting planets can be substantially departed from the canonical
type-I prediction.

Key words: accretion, accretion discs — hydrodynamics — methods: numerical — proto-
planetary discs

1 INTRODUCTION

Planets gravitationally interacting with their natal gaseous discs
create two-armed spiral waves in the gas. The inner and outer spi-
ral wakes being stationary in the planetary reference frame exert
positive and negative torques on the planet, respectively (Ogilvie
& Lubow 2002). In an isothermal disc assuming that the surface
mass density distribution of gas follows a power law of r−1 the
total torque exerted by spiral waves is negative (Ward 1997). As a
result, the planet loses angular moment and migrates inwards in the
so-called type I regime. Since themigration speed is linearly propor-
tional to the planet-to-star mass ratio (Goldreich & Tremaine 1980),
migration of growing planetary embryos (about at Mars mass) are
negligibly slow (Tanaka, Takeuchi, & Ward 2002). However, type I
migration of grown low-mass planets (about an Earth-mass, M⊕)
can be fatal, i.e. they lost to the central star within a hundred thou-
sand years, within about 6Myr typical disc lifetime (Hernández et
al. 2007).

Overall, no mechanism has been found that globally reduce
the radial migration rate of low-mass planets (Morbidelli & Ray-
mond 2016). Thus, to reproduce the statistics of observed planetary
systems, planet synthesis models had to reduce the speed of type I
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migration by about an order of magnitude (see, e.g., Ida & Lin
2004a,b; Alibert et al. 2005; Miguel, Guilera, & Brunini 2011).

Masset et al. (2006) suggested that type I migration trap may
exist in places where the density gradients are positive, e.g., at disc
inner edge, the boundaries of MRI active and inactive regions so-
called dead zones or opacity transitions (Masset 2011). However,
two-dimensional hydrodynamic simulations showed that trapping of
low-mass planets at viscosity transitions occur only if the dead zone
edges are sharp enough to form a large-scale anticyclonic vortex
Regály et al. (2013). Nonetheless, the existence of such planetary
traps might explain the abundance of close-in super-Earths.

Another promising mechanism to slow down or even re-
verse the direction of type I migration in non-isothermal discs
is associated with sharp temperature gradients (Paardekooper &
Mellema 2006; Baruteau & Masset 2008; Paardekooper & Pa-
paloizou 2008). Two and three-dimensional numerical simulations
in non-isothermal radiative discs have shown that migration of low
mass planets (5−35 M⊕) can even reverse (Kley&Crida 2008;Kley,
Bitsch, & Klahr 2009; Lega et al. 2014). Type I torque depends on
various physical parameters of the disc, such as viscosity and opac-
ity, which are varying during the disc evolution. In an evolving disc
by applying non-isothermal type I torque formulae (see, e.g.,Masset
& Casoli 2010; Paardekooper et al. 2010; Paardekooper, Baruteau,
&Kley 2011) the outward migration of low-mass planets is found to
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be confined in a radial range of the disc at about 3-9 au (Hasegawa
& Pudritz 2011; Hellary & Nelson 2012; Bitsch et al. 2015).

Radiative effects of a solid accreting low-mass planet can sig-
nificantly modify the torque felt by the planet (Benítez-Llambay et
al. 2015). The so-called heating torque is positive and caused by the
formation of asymmetric gaseous density lobes in the vicinity of
the planet. The heat released by a vigorously accreting 3 M⊕ planet
with a mass doubling time less than about 5000 orbits results in mi-
gration reversal. Studies considered neglect the solid torque exerted
on low-mass planets. Since the dust-to-gas mass ratio is only about
one percent in canonical protoplanetary discs (see, e.g., Williams
& Cieza 2011), it is plausible to assume that its gravitational effect
dwarfed by that of gas. However, the asymmetric distribution of
solid matter in the vicinity of the planet might significantly modify
the torque felt by that planet, similarly to the heating torque caused
by the asymmetric gas distribution inside the planetary Hill sphere.
Indeed due to the combined effect of dust-gas interaction and the
gravitational attraction of the planet, highly asymmetric distribution
of solid material can form near low-mass planets. Benítez-Llambay
& Pessah (2018) reveald that the spatial distribution of solid mate-
rial can be extremely asymmetric such that it changes the speed or
even alters the direction of type I migration.

To study the dynamics of solid material Benítez-Llambay &
Pessah (2018) have taken into account the gravitational forces of the
central star and the planet, and the aerodynamical drag force between
gas and solid species. Planetary accretion, however, modifies the
spatial distribution of solids by the removal of solid material from
the vicinity of the planet. In this study, we present an investigation of
how planetary accretion of solids modifies the spatial distribution of
various size solid species and solid torque felt by low-mass planets.
We present hydrodynamical simulations of planet-disc interactions
assuming that the solid content of the disc is a pressureless fluid.We
investigate the effect of planet mass in the range of 0.1−10 M⊕ , size
of solid species, the initial slope of gas profile, accretion strength
on the solid torque.

The paper is organised as follows: In Section 2, the applied
hydrodynamical model and the initial conditions of gas and solids
are presented. Section 3 presenting our results show a numerical
convergence study and the effect of accretion strength on the total
torque felt by low-mass planets. Section 4 discusses the torque
profiles of different solid specie, the effect of solid accretion and the
smoothing strength of planetary potential on the spatial distribution
of solid material in the proximity of the planet. The paper closes
with our summary and conclusions in Section 5. In Appendix A,
test simulations on the dust solver is presented.

2 HYDRODYNAMICAL MODEL

2.1 Governing equations

We investigate the effect of protoplanetary discs’ solid material
on the torque felt by an embedded low-mass planet using two-
dimensional hydrodynamical simulations. The solid material is as-
sumed to be a pressureless fluid whose dynamic is affected by
the aerodynamic drag force arising due to the velocity difference
between the gas and solid parcels. We use GFARGO2 for this in-
vestigation, which is our extension to GFARGO, a GPU supported
version of the FARGO code (Masset 2000).

The dynamics of gas and solid fluids perturbed by the embed-

ded planet is described by the following equations:
∂Σg
∂t
+ ∇ · (Σgv) = 0, (1)

∂v

∂t
+ (v · ∇)v = − 1

Σg
∇P + ∇ · T − ∇Φ, (2)

∂Σd
∂t
+ ∇ · (Σdu) = −ÛΣacc, (3)

∂u

∂t
+ (u · ∇)u = −∇Φ + fdrag, (4)

where Σg, Σd and v, u are the surface mass density and velocity of
gas and solid (being either dust particles or pebbles), respectively.
The gas pressure is given by assuming a locally isothemral equation
of state, for which case P = c2

s Σ, where cs is the local sound speed.
A flat disc approximation is used for which case the disc pressure
scale-height is defined as H = hR, where the aspect ratio is set to
h = 0.05.

In Equation (2) T is the viscous stress tensor calculated as

T = ν

(
∇v + ∇vT − 2

3
∇ · vI

)
, (5)

where ν is the disc viscosity and I is the two-dimensional unit
tensor, see details in Masset (2002) for calculating T in cylindrical
coordinate system.We use the α prescription of Shakura & Sunyaev
(1973) for the disc viscosity in which case ν = αcsH. α = 10−4 is
applied which is in the order of the smallest effective viscosity pre-
sumably present in protoplanetary discs, e.g. arising due to vertical
shear instability (Stoll & Kley 2016). Note that the diffusion of solid
species is neglected, which can only be done in a low-viscosity limit
applied in this study (see, e.g., Youdin & Lithwick 2007).

The gravitational potential of the system, Φ, is calculated as

Φ = −G
M∗
R
− G

Mp√
R2 + R2

p − 2RRp cos(φ − φp) + (εH)2
+ Φind,

(6)

where G is the gravitational constant, R, φ and Rp, φp are the ra-
dial and azimuthal coordinates of a given numerical grid cell and
the planet, respectively. M∗ and Mp is the star and planet mass,
respectively. The indirect potential, Φind, is taken into account as a
non-inertial frame, which co-rotates with the planet is used for the
simulation. Note, however, that the effect ofΦind presumably negli-
gible in our case as the investigated planet-to-starmass ratio is small,
Mp/M∗ 6 10−5 and no significant large-scale asymmetries develop
in the disc (see more details in Regály & Vorobyov 2017). Both the
gas and solid self-gravity are neglected. The planetary potential is
smoothed by a factor of εH assuming ε = 0.6, which is found to
be appropriate for two-dimensional simulations (Kley et al. 2012;
Müller, Kley, & Meru 2012). Note that the vertical scale-height of
solids may differ from that of gas due to size-dependent speed of
sedimentation to the disc midplane (Dullemond & Dominik 2004).
However, applying a planetary potential that depends on the Stokes
number of solids has no solid ground and requires further three-
dimensional investigations. Thus, both solids and gas experience
the same smoothing of planetary potential in our simulations. To
shed light on the effect of smoothing strength on the solid torques
we run additional simulations with ε = 0.3 and 0.9, see details in
Section 4.4.

In Equation (4) the drag force exerted by the gas on the solid
is

fdrag =
v − u
St/Ω , (7)
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where St is the Stokes number of the given solid species and Ω =
(GM∗)1/2R−3/2 is the local Keplerian angular velocity. Note that
diffusion of solid material and the back-reaction of the solid onto
the gas are neglected.

Equation (4) is solved by a two-step numerical method. First,
the source term, i.e., the right-hand side of Equation (4) is calculated
then it is followed by the conventional advection calculation. For
the source term we use a fully implicit scheme (see details in Stoy-
anovskaya, Snytnikov, & Vorobyov 2017, 2018). The solid velocity
is updated at every step as

un+1 = vn + ∆tan
g −
(vn − un) + ∆t(an

g − an
d )

1 + ∆t/τs
, (8)

where τs = St/Ω is the stopping time of the solid species, ∆t is the
time-step applied, and an

g and an
d are the acceleration of gas and

solid parcels due to the pressure gradient and gravitational forces:

an
g = −

1
Σng
∇Pn − ∇Φn, (9)

an
d = −∇Φ

n . (10)

The above expressions of solid velocity are equivalent to Equa-
tions (23)-(25) in Stoyanovskaya, Snytnikov, & Vorobyov (2018) by
assuming that ε = 0, which corresponds to vanishing solid-to-gas
mass ratio, i.e. Σd/Σg ' 0. This assumption is valid as long as there
is no significant solid enhancement. In this case the back-reaction
of solid onto the gas (a term −(Σd/Σg)fdrag in the right-hand-side
of equation (2)) can be neglected. With the above scheme, the effect
of aerodynamic drag can be modelled for solid species that have
stopping time that is much smaller than the time-step (∆t � τs).
For pebbles that have large stopping time (∆t � τs), the method
described above is only applicable if the orbit of solids are not
crossing.

The accretion of solid material onto the planet represented by
ÛΣacc) in Equation (3) is modelled by a reduction of the solid density
inside the planetary Hill sphere. We use a scheme similar to the
prescription of gas accretion given in Kley (1999). At each time
step the solid density reduced by 1 − η∆t inside the planet’s Hill
sphere with the radius of RHill = a(Mp/3M∗)(1/3), where η is the
strength of accretion.With the above prescription the half-emptying
time is log(2)/η, i.e. about 2/3 orbital time for η = 1. Two accreting
scenarios are investigated η = 1 and 0.1 referred to as strong and
weak accreting scenarios. The solid density reduction is done in
two steps: first, one-third of the density is removed from the inner
part of the Hill sphere (∆R 6 0.75RHill), then in the second step,
two-third of the density is removed from the innermost part of the
Hill sphere (∆R 6 0.45RHill). For simplicity, the planet mass is
kept constant, i.e., the removed mass (and the momentum) is not
added to the planet. As a result, the total solid mass and moment
are strictly not conserved in the system. Note that strong accretion
results in an accretion rate in the same order ofmagnitude applied by
Benítez-Llambay et al. (2015) to model the effect of heating torque.
The total mass accreted by the planet is negligible compared to the
planet mass for all solid species.

2.2 Initial and boundary conditions

We handled solid material with fix Stokes number throughout the
simulation domain. We modelled multiple solid species in nine
bins: St = 0.01, 0.1, 1, 2, 3, 4, 5, and 30. The back-reaction of the
solids to the gas is neglected, thus multiple species of solids can be
modelled in one simulation. According to Supulver & Lin (2000)

R=0.1au
R=1au
R=10au

p=0.5
p=1.5

Figure 1. Solid size as a function of Stokes number at three distances:
R = 0.1, 1 and 10au. Solid and dashed lines represent same mass discs with
initial density profile of p = 0.5 and p = 1.5, respectively. Shaded regions
correspond for regions where the solutions are for 0.5 < p < 1.5.

the Stokes number of a solid species having a physical size of s can
be given as

St =
ρi
ρg

s

(1 − f )
√

8/πcs + f CD/2vrel
Ω, (11)

where ρi is the volume density of the solid material. Parameter
f describes the transition between Epstein and Stokes regimes as
f = s/(s + λ). Assuming that protoplanetary discs are dominated
by hydrogen molecule, the mean free path is λ = 3.3458910−9/ρg.
In the Stokes regime CD − 0.44 according to (Whipple 1972). By
assuming a vertical pressure balance, the gas density in the disc
midplane can be given as ρg = (1/2π)(Σ/H). The relative velocity
between the gas and solid, vrel can be given as

vrel =
√
(vR − uR)2 +

(
vφ − uφ

)2
. (12)

Taking into account Equations,(13)-(14), the relative velocity be-
tween the gas and dust is vrel 6 0.01 in a Minimum Solar Mass
Nebula (MMSN) model (Hayashi 1981). The solid physical size as
a function of the Stokes number, s(St), is shown in Fig. 1 at three
distances (0.1, 1, and 10 au) from the star. The solid bins investi-
gated roughly represent the following regimes in the planet forming
region at about several astronomical units distance from the star:
St0.01 is the mm-sized dust regime, St = 0.1 − 1 is the cm-sized
pebble regime, St = 1 − 10 is the m-sized boulder regime, and
St > 10 is the asteroid regime.

The mass of planets in our models are in the range of q =
3 × 10−7 − 3 × 10−5, which correspond to 0.1M⊕ − 10M⊕ . We
investigate five models in which planet mass in logarithmic bins is
Mp = 0.1, 0.3, 1, 3 and 10 M⊕ . The orbital distance of the planet
is set to unity, and the planet is kept on a circular orbit, i.e., no
migration is allowed.

InitiallyΣg = Σ0R−p andΣd = εΣg assumingΣ0 = 6.45×10−4

and solid-to-gas mass ratio ξ = 10−2. We investigate three different
initial gas and solid density profile steepness: p = 0.5, 1.0 and 1.5
assuming fixed Σ0. Emphasise that the absolute value of Σg does
not affect our results for the following reasons: 1) disc self-gravity
is neglected; 2) the amount of solid contained by the disc is scaled
with the gas mass; 3) the dust back-reaction is neglected.

The initial velocity components of gas (vR and vφ) are defined
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as

vR = −3αh2(1 − p)ΩR, (13)

vφ =

√
1 − h2(1 + p)ΩR. (14)

The above equations satisfy the steady-state solution to the viscous
evolution of the surface mass density in α discs for p = 0.5 and
p = 1. The initial velocity components of solid material (uR and
uφ) are given by the analytic solution of an unperturbed disc, which
reads

uR =
vRSt−1 − h2(1 + p)

St + St−1 ΩR, (15)

uφ =
√

1 − h2(1 + p)ΩR − 1
2

uRSt, (16)

(see, e.g., Nakagawa, Sekiya & Hayashi 1986; Takeuchi & Lin
2002).

We use a computational domain whose extension is 0.48 6
R 6 2.08 in code units, which contains 1536 logarithmically dis-
tributed radial and 3072 equidistant azimuthal grid cells. With these
settings, the numerical resolution is about 0.02H at all distances.
We confirmed that simulations with that resolution are in the nu-
merically convergent regime (see Section 3.1).

At the inner and outer boundaries a wave damping boundary
condition is applied for the gas (see, e.g., de Val-Borro et al. 2006).
An open inner boundary condition is applied for the solid material.
However, solids are replenishing at the outer boundary due to the
applied damping boundary condition there. As a result, the solid
disc is not depleted.

We assume 1 au for the unit of length, and the stellar mass for
the unit of mass and the gravitational constant, G, is defined 1. With
these assumptions, the orbital period is 2π at 1 au.

3 RESULTS

3.1 Resolution required for numerical convergency

First, we test that the hydrodynamical solutions are in the numeri-
cally convergent regime. We run non-accreting and strong accreting
models assuming q = 3 × 10−6 with different numerical resolu-
tions: NR × Nφ = [512 × 1024 , 768 × 1536 , 1024 × 2048 , 1536 ×
3072 , 1920 × 3820 , 2048 × 4096].

Both the solid and gas torques are calculated as

Γ = Γ0

Nr,Nφ∑
i, j=1

©«xp
Σi, j

∆R3
i, j

− yp
Σi, j

∆R3
i, j

ª®¬ , (17)

where

∆Ri, j =

√
∆x2

i, j
+ ∆y2

i, j
, (18)

∆xi, j = Ri, j cos(φi, j ) − xp, (19)
∆yi, j = Ri, j sin(φi, j ) − yp, (20)

where Ri, j and φi, j are the cylindrical coordinates of cell i, j, Σi, j is
the surface mass density of gas or the given solid species inside that
cell. xp, yp are the Cartesian coordinate of the planet. To compare
torques felt by different mass planets it is useful to normalise the
torques. The change in the semi-major axis, a, of a planet due to
the torque, Γ, exerted by the gas and solid species can be given
as da/dt = 2Γ/(qaΩ(a)). Thus, Γ0 = 2/(qaΩ(a)) is used as a
normalisation factor throughout this paper. Since a = 1 in our
models, the normalisation constant is Γ0 = 2/q.

-0.5

 0

 0.5

 1

 1.5

Γ
/Γ

0

512x1024 768x1536 1024x2048 1535x3042 1920x2840 2048x4096

St=0.01 St=0.1

St=1

St=2

St=3

St=4

St=5

St=10 St=30

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 1.6

 1.8

 2

 0  50  100  150  200

Γ
/Γ

0

time (number of orbits)

St=5

St=4

St=3

St=0.1 St=30

St=10

St=0.01

η = 0

η = 1

Figure 2. Numerical convergence test using six different numerical reso-
lutions indicated in the top of the panel with different symbols. The figure
shows the evolution of solid torques, Γ/Γ0, felt by 1 M⊕ planet of solid
species indicated in different colours. Upper and lower panels show the
non-accreting and strong accreting models, respectively.

The evolution of normalised torque of solid species, Γd/Γ0,
is shown in Figure 2. The torque exerted by the gas saturates at
Γg/Γ0 ' −0.8 within 10 orbits. The gas torque is found to be
independent of the numerical resolution therefore it is not shown in
the Figure. However, the saturation value of the solid torque depends
on the Stokes number and the numerical resolution too. In non-
accreting models, torque magnitudes are significant and sensitive
to the numerical resolution for 1 6 St 6 10. However, in the strong
accreting models solid torques become sensitive to the numerical
resolution for the well-coupled species (St 6 0.01 ) too. Although
the effect of solid accretion (see details in the next section) can
be identified in model that uses the lowest numerical resolution, a
relatively high numerical resolution is required for proper torque
values.

We found that the magnitude of solid torques is converged in
models that use numerical resolution above 1024×2048. Therefore,
a relatively fine resolution NR × Nφ = 1536 × 3072 is used in this
study. With this numerical resolution the planetary Hill sphere is
resolved by about 72 cells for the smallest mass planet modelled.

3.2 Effect of solid accretion

In this section, the effect of solid accretion on the torque felt by
the planet is investigated. Fig. 3 shows the total torques measured
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Figure 3. Effect of accretion strength, η, on the total torque normalised with
absolute torque value of gas, (Γg + Γd)/ |Γg |, felt by a planet with a mass in
the range of 0.1 M⊕ 6 Mp 6 10 M⊕ for different solid species indicated
on the legend. Top to bottom panels show three set of models assuming
p = 0.5, 1.0 and 1.5, respectively. For each planet mass three accretion
strength are investigated: η = 0, 0.1 and 1. Green, blue and red shaded
regions correspond to strengthened negative, reduced negative, and positive
torques, respectively. Emphasise that the range of Y axis is decreasing with
increasing p.

at the end of simulation, after 200 orbits of the planet. Torques
are normalised with the absolute value of the gas torque, (Γg +
Γd)/|Γg |. Five different planet mass (0.1, 0.3, 1, 3 and 10 M⊕) are
investigated with three different strength of accretion, η = 0, 0.1
and 1. The three panels show our results assuming three different
steepness (p = 0.5, 1.0 and 1.5) of the initial gas profile.

Based on the value of the normalised total torque three different
regimes can be defined: (Γg + Γd)/|Γg | > 0 shaded with red, −1 <
(Γg+Γd)/|Γg | < 0 shadedwith blue, and (Γg+Γd)/|Γg | < −1 shaded

with green colours. It is appreciable that solid accretion increases
the magnitude of solid torque (for both positive or negative torque
values) independent of p.

Let’s investigate the model where Mp = 1 M⊕ and p = 0.5
, see upper panel of Fig. 3. In all cases, except St = 3, the solid
torques are positive. For 3 6 St 6 5, the solid torque is positive
and its magnitude exceeds that of gas, which results in positive
total torque. For St = 3, the solid torque is negative, therefore the
planet feels stringer negative total torque with increasing accretion
strength. For St > 5 and St < 0.1, the magnitude of solid torques are
positive and has a small amplitude (except cases of strong accretion),
therefore solid material slightly decreases themagnitude of negative
total torque.

For Mp > 3 M⊕ planets the total torque amplitude is nearly
independent of η, i.e., the effect of solid accretion is negligible.
However, for smaller planet mass (Mp 6 1 M⊕), solid accretion can
have a severe effect on planetary torque: planet can feel two times
larger magnitude torque compared to that of conventional type I
regime. For low-mass planet (Mp 6 0.3 M⊕) positive total torque
can be observed if it strongly accretes well-coupled St = 0.01 solid
species.

Two additional panels of Fig. 3 showmodels in which different
slopes for the gas density profile, p = 1 and 1.5 are used. The
steeper the initial density profile, the more negative the normalised
total torque. Emphasise that Mp 6 0.3 M⊕ planets that strongly
accrete St 6 0.1 solids experience positive torque. Another effect
of the steep initial gas profile is the moderate growth of negative
torque amplitude (about 1.5 times) due to solid accretion.

In summary, solid accretion generally increases the magnitude
(either positive or negative) of the total torque felt by the planet.
The total torque can be positive if the accretion of the well-coupled
solid species is strong. For about an Earth-mass planet, the pebble
accretion (3 6 St 6 5), independent of accretion strength, can also
lead to positive torque (for p = 0.5) or strongly reduced (for p = 1
or p = 1.5) negative torque. The effect of accretion strength on the
total torque felt by the planet weakens with steeper radial density
profile of gas.

4 DISCUSSION

4.1 Torque profiles

First, let’s investigate the radial profiles of torques exerted by the gas
and different solid species. Fig. 4 shows the azimuthally averaged
radial torque profiles in the three accretion regimes as a function
of the radial distance from the planet measured in units of the
radius of planetary Hill sphere. Two models assuming 0.1 M⊕ and
1 M⊕ planets are shown on the top and bottom panels of Fig. 4,
respectively. Note that the spatial region covered by the plots are the
same for all panels.

The gas torque arises from a region that has an extent of about
±10RHill and it is independent on the applied accretion strength.
The latter statement is valid as long as the solid back-reaction and
the self-gravity of the disc are neglected. The inner and outer gas
disc exerts exclusively positive and negative torques, respectively.
Since Γg profile is only slightly asymmetric a small non-negligible
negative gas torque is exerted on the planet as the theory predicts
(see, e.g., Ward 1997).

On the contrary, solid torque profiles are highly non-symmetric
and their shapes are sensitive to the Stokes number of the given
species and the accretion strength too. Torques of solid species gen-
erally vanish beyond ±6RHill. Independent of the planet mass, the
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Figure 4. Azimuthally averaged radial torque profiles of dust species in the vicinity of a 0.1M⊕ (upper panels) 1M⊕ planet (lower panels). The gas torque
profile is also shown with black symbols. The radial distance is measured in units of the Hill sphere of the given planet. Note that the spatial region displayed
for the upper and lower panels are the same. Emphasize that torques of St = 0.01 and 0.1 species are multiplied by 0.1 and 0.5 in case of Mo = 0.1 M⊕ planet.
Vertical red dashed lines mark the non-zero solid torque regions.

solid torques of the well-coupled solid species (St 6 0.1) arising
from a region of [−3∆RHill, 1∆RHill]. This means that the physi-
cal distance from within the well-coupled solid species can exert
torque on the planet is roughly bound to the planetary Hill sphere,
namely it depends on the planet mass. It is also appreciable that
the torque profile of St = 0.01 becomes positive as the strength of
solid accretion increases. This explains why the torque exerted by
the well-coupled solid species can even overcome that of gas.

Solid torques for St � 1 are non-vanishing up to a distance
of ±6∆RHill and ±3∆RHill in the case of 0.1 M⊕ and 1 M⊕ planets,
respectively. Thus, the extent of the influencing region of the less
coupled solid species is generally independent of the planet mass.

The torque profile can be significantly affected by the accretion
of less coupled solid species, ST > 1. The general trend is that
the positive part of the torque profile diminishes with increasing
η. As a result, solids tend to increase the magnitude of negative
torque. This phenomenon is prominent for Mp = 1 M⊕ planets up
to St = 10, while suppressed for larger mass planets. Consequently,

the accretion profiles are insensitive to the accretion of St > 1 solids
for larger mass planets (Mp > 1 M⊕), which explains the decreasing
amplitude of solid torques for larger mass planets (see Fig. 3). Note,
however, that the torque profile of pebbles (1 < St 6 5) is mainly
positive for larger mass planets.

4.2 Distribution of solids in the vicinity of planet

Based on the fact that the density of solids determines the torque
magnitude, see Equations (17), it is worth investigating its spatial
distribution. Fig. 5 shows the solid density distribution of all inves-
tigated solid species in the vicinity of 1 M⊕ planet in p = 0.5 disc at
the end of the simulation, when a quasi-steady state has been devel-
oped. It can be seen that solids form a spiral-like overdense pattern.
Emphasise that these patterns do not coincide with the gas spiral,
except for the well-coupled solid species, St = 0.01. The opening
angle of spiral patterns is increasing with the Stokes number of solid
species.
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assuming p = 0.5. White circles show the planetary Hill sphere. Black-
blue-red colours represent growing solids density. The orbital motion of the
planet is indicated on the first panel.

Another prominent feature of the solid distribution is the devel-
opment of a strong density depletion behind the planet (concerning
planetary orbital motion) for the non-coupled solid species (St > 1).
The size of the solid depleted region grows with both the Stokes
number and η. Emphasise that the solid depleted region can be de-
veloped for the well-coupled dust species (St 6 0.1) too in accreting
models (see panels η = 1, St = 0.01 and St = 0.1 of Fig. 5). Due
to the formation of these overdense and depleted solid patterns, the
solid distribution can become highly non-symmetric. As a result,
the disc region beyond and behind the planet can exert different
magnitude and sign torques.

Now, let’s investigate the change in the spatial distributions
of solid species due to their accretion by calculating the value of
[Σd(η = 1) − Σd(η = 0)]/Σd(η = 0) in the vicinity of the planet.
In Fig. 6 red colour corresponds to regions where the distribution
of solids is unaltered by the solid accretion, while blue coloured
regions reveal strong depletion due to solid accretion. In the strong
accreting model, the solid depleted region formed beyond the planet
is narrower than behind the planet for thewell-coupled solid species,
St 6 0.1. Therefore, in case of strong accretion the positive torque
arising from the disc region beyond the planet overcomes the nega-
tive torque exerted by the disc region behind the planet. The bright
vertical structures inside the planetary orbit appear due to a solid
depleted in-spiralling pattern present in the strong accreting model.
For St = 1, only a small depletion developed very close to the planet
as a result of solid accretion, which causes a negative net solid torque
(see panel St = 1 on Fig.4). Solid species with 2 6 St 6 5 gener-
ally form a depleted region behind the planet which is wider in the
strong accreting regime. As a result, a positive solid torque appears,
whose magnitude increases with accretion strength. For the decou-
pled solid species (St > 10) the accretion results in symmetric solid
removal inside the planetary Hill sphere. Hence the torque profiles
are damped and do not change significantly due to accretion (see
panels St = 10 and St = 30 on Fig.4)).

By examining the solid distribution in models where the initial
gas density profile is steeper, we found no significant departure to
that of p = 0.5 model. As a result, the solid torques have a similar
dependence on η and magnitudes independent of p. However, due
to the fact that the gas torque increases with p (Γg/Γ0 = 0.75, 0.95,
and 1.18 for p = 0.5, 1.0, and 1.5, respectively). solids exert lowered
torque on the planet in models that have steeper gas density slope.

4.3 Comparison to previous work

To date, only one work addressed the solid torque felt by low-mass
(0.3 M⊕ 6 Mp 6 10 M⊕) non-accreting plants. Benítez-Llambay
& Pessah (2018) investigated the effect of solids in a disc with
p = 0.5 and similar spatial extensions. They used a somewhat
more viscous disc, α = 3 × 10−3, however, the dust diffusion was
also neglected in their simulations. They stated that the majority of
simulations reach steady-state, which was confirmed by our runs.
Note, however, that to reach steady-state requires 200 orbits for the
well-coupled solid species, see Fig. 2.

According to Figure 2 of Benítez-Llambay & Pessah (2018)
planets generally feels positive total torque for St & 0.1 solid species
as log(Γd/|Γg |) > 0 for those cases. Some exceptions, however, can
be identified for 0.1 < St < 1 and Mp 6 1 M⊕ cases. These findings
are practically confirmed by our Mp > 0.3 M⊕ simulations as the
normalised total torques are in the blue or red shaded region for all
non-accreting models upper panel of Fig. 3. Note, however, that for
our Mp = 0.3 M⊕ model, solids in the pebble regime (2 6 St 6 4)
provide negative torque. The discrepancy can be attributed to the
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Figure 6. Comparison of solid density distributions in the vicinity of 1 M⊕
planet in non-accreting and strong accreting models. Comparison is cal-
culated as [Σd(η = 1) − Σd(η = 0)]/Σd(η = 0). Regions where the two
models are the same appear in red colour. In the strong accreting models,
blue regions are completely empty of solid species.

difference in torque calculation in the two studies or the difference
in the applied magnitude of viscosity. The latter requires further
study as diffusion of solids (especially with small Stokes number)
should be taken into account in non-inviscid disc.

Benítez-Llambay & Pessah (2018) completely neglect torques
arising from the inner half of the planetaryHill sphere, whilewe take
in to account the entire planetary Hill sphere. Note that the idea of
torque cut-offwas introduced byCrida, et al. (2009) to calculate disc
torques exerted on massive planets to account their circumplanetary
discs in non-self-gravitating models. Crida, et al. (2009) conclude
that removing the half of the material of the planetary Hill sphere is
appropriate. Since the circumplanetary disc does not form around
low mass (Mp . 30 M⊕) planets (Masset et al. 2006), the exclusion
of material in the planetary Hill sphere has no physical argument.

4.4 Effect of smoothing of planetary potential

Due to numerical issues and for approximating three-dimensional
effects it is necessary to smooth the planetary potential in two-
dimensional simulations. In this study, we use a conventional
method of potential smoothing with ε = 0.6, see Equation (6).
In this method, the smoothing length, εH, is proportional to the
local pressure scale-height. However, solids are subject to sediment
to the disk midplane. As a result, the vertical scale-height of solids
differs from that of gas (see, e.g., Dullemond & Dominik 2004). In
a simple approach, the solid scale height can be given as

Hd = H
√

α

St + α
, (21)
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Figure 7. Effect of smoothing strength, ε, on the total torque normalised
with absolute torque value of gas, (Γg + Γd)/ |Γg |, felt by 1 M⊕ planet
for different solid species. Result are shown for three different smoothing
strength, ε = 0.3, 0.6, 0.9 and accretion strength, η = 0, 0.1, 1. The slope
of initial gas density is set to p = 1.0. Shaded regions are the same as in
Figure 3.

in which case the well-coupled solid species have the same scale-
height as the gas, while decoupled solid particles sink to the disk
midplane (Birnstiel, Fang & Johansen 2016). This process is af-
fected by the vertical turbulent mixing, which depends on the mag-
nitude of viscosity via α. The appropriate method of smoothing the
planetary potential for solid species in two-dimensional simulations
is unknown yet. However, the importance of smoothing strength can
be revealed by changing the strength of smoothing.

We investigated the effect of smoothing strength by applying
ε = 0.3 and 0.9 for a Mp = 1 M⊕ planet embedded in a disc
having p = 1.0 slope of initial density profiles in the three accretion
regimes, see Fig. 7. It is found that the gas torque depends on
ε: Γg/Γ0 = 1.82 and 0.7 for ε = 0.3 and 0.9, respectively. A
similar trend can be observed for solid torques. For the well-coupled
solids (St = 0.01 and 0.1). the change in smoothing strength has a
week effect. However, themagnitude of solid torques decreases with
increasing ε relative to the gas torque for St > 1. Interestingly, the
effect of accretion strength on solid torques becomes very strong in
models that use ε = 0.9. For weak smoothing (ε = 0.3), the effect
of solids is so strong that even torque reversal can be observed for
the less coupled solid species ( St > 4).

Fig. 8 compares the density distribution of St = 1 solid in
the vicinity of 1 M⊕ planet in non-accreting and strong accreting
models assuming ε = 0.3 and 0.9. It is appreciable that the dust
depletion beyond the planet is prominent in ε = 0.3 and completely
missing in ε = 0.9 model. Note that this solid depletion is also
missing in our standard ε = 0.6 models, see Fig. 6 for comparison.
The same can be observed for St > 1 species. Generally, the strength
of solid asymmetry weakens with increasing strength of planetary
potential smoothing. Therefore the total torques exerted by solids
also decreasing with ε.

5 SUMMARY AND CONCLUSION

We investigated the effect of solid accretion on the torque felt by a
low-mass planet with the mass in the range 0.1M⊕ −10M⊕ , embed-
ded in a protoplanetary disc using two-dimensional grid-based lo-
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cally isothermal hydrodynamic simulations.We usedα-prescription
for the disc viscosity in a low-viscosity regime α = 10−4. The disc
self-gravity and solid back-reaction are neglected. For simplicity,
we modelled solids assuming constant Stokes numbers in the range
0.01 − 30. The gas-to-solid mass ratio assumed to be the canonical
value of 0.01.We found that the accretion of solids can be important
with regards to the magnitude or even the sign of the torque felt by
the low-mass planet. Our key findings are the followings:

(i) As a result of solid accretion, the spatial asymmetry devel-
oped in the solid distribution in the vicinity of the planet strengthens.
The magnitude of asymmetry depends on the mass of the accreting
planet, the Stokes number of solids, and the accretion strength. We
found that the magnitude of solid torques (either being positive or
negative) increases with accretion strength.

(ii) The effect of solid accretion on the total torque is significant
for low-mass, Mp . 1 M⊕ , planets. The solid torque magnitude
can overcome that of gas for vigorously accreting low-mass planets,
which can cause either total torque reversal or strengthened negative
total torque. Planets with Mp1 M⊕ generally experience reduced
negative total torque independent of solid accretion strength.

(iii) The steepness of radial profiles of gas, p, affects the total
torque felt by the planet. Planets generally feel more negative total
torque in case of steeper profiles due to the larger magnitude of the
negative gas torque.

(iv) Accretion of well-coupled solids (St 6 0.1) can cause
a very strong positive solid torque for a Mp < 1 M⊕ planet in-
dependent of p. In contrast, accretion of larger solids (St > 0.1)
generally causes increased magnitude negative total torque. For an
Earth-mass planet, accretion of 2 6 St 6 5 solid material causes
large positive solid torque, which results in positive total torque in

p = 0.5 discs. However, in p > 1.0 discs, the accretion of same
sized solid species results in weaker but negative total torque for
an Earth-mass planet. Solid torques are found to be insensitive to
accretion strength for several Earth-mass, Mp > 3 M⊕ , planets. As
a result of positive solid torque, those planets feel weaker negative
total torque compared to the analytical prediction of the canonical
type-I approximation.

(v) Care must be taken in two-dimensional simulations as the
effect of the smoothing of planetary potential can be significant on
the gas and solid torques felt by the planet. We found that the weaker
the smoothing (i.e., the smaller the value of ε) is, the stronger is the
effect of solid on the planetary torque.

Let us consider a scenario, in which the accretion of solids is
strong, i.e., η = 1 and the protoplanetary disc has a shallow initial
radial profile (p = 0.5). At the beginning of planet formation, it
is plausible to assume that the growing planet is in the low-mass
regime (e.g. Mp . 0.1 M⊕), while the majority of solid material
is well-coupled to the gas (i.e, St ' 0.01) at the planet-forming
region (see Fig.1). As we have shown, a solid accreting low-mass
planet feels positive total torque (see the upper panel of Fig.3). As
a result, a small mass planet migrates outward, which continues as
long as Mp ' 0.3 M⊕ and solids are not grown above St ' 0.1.
Meanwhile, both the planet and solid material grow. Assuming that
the planet has grown to Earth-mass and solids are in the pebble
regime (St ' 1), the migration is still directed outward. By the
time the planet has grown above several Earth-mass and solids size
reaches the boulder regime (2 6 St 6 5), its migration reverses.
Emphasise that the rate of inward migration is under the prediction
of the canonical type I regime duo to the positive solid torque. By
assuming a steeper initial radial density profile for the disc, p > 1.0,
the migration reversal can only occur below Earth-mass.

An important effect of the solid accretion is that low-mass
protoplanets (< 1 M⊕) migrate faster if the solid material is in
the pebble-sized regime. Thus, the survival of a solid accreting
migrating protoplanet might be uncertain in an evolved disc, in
which the majority of solids are in the pebble-sized regime. In other
words, plant formation might be compromised in evolved discs due
to solid accretion. Finally, we emphasise that we used a canonical
value of for the solid-to-gas mass ratio epsilon = 0.01. Since the
solid torque magnitudes are linearly scaled with ε , low-mass planets
outward or the fast inwardmigration is slower in solid depleted discs.
In contrast, if the solid content of the disc is above the canonical
value (by only several times, e.g. ε = 0.05) the migration speed
increases significantly.

The above-mentioned hypothetical migration history, however,
can be altered by the disc model applied being two-, or three-
dimensional and the details of solid accretion phenomenon. In this
study, the solid accretion was prescribed in a simplistic approach.
By analysing the flow pattern around a low-mass planet, Ormel
(2013) has shown that the planetary atmosphere is asymmetric and
the accretion rate of well-coupled dust can be reduced. Thus, to
better understand the effect of solid accretion on the torque felt
by low-mass planets, it is worth reproducing our simulations by
handling solid material as Lagrangian particles like in Morbidelli
& Nesvorny (2012).

Due to the necessity of high numerical resolution, our investi-
gation has been done in two-dimensional thin disc approximation.
Although some of the three-dimensional effects are taken into ac-
count (e.g., by applying gravity softening), the gas and dust flow
around the planet is a three-dimensional phenomenon (see, e.g.,
D’Angelo, Kley, & Henning 2003; Bitsch & Kley 2011; Lega et al.
2014; Fung, Artymowicz, & Wu 2015). Moreover, as the appro-
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priate magnitude of smoothing of the gravitational potential of the
planet for solid species is unknown yet, it would be important to
investigate the dynamics of solids and accretion in three-dimension.

For simplicity, we applied a simple disc thermodynamics, i.e.
locally isothermal approximation. Since the effect of negative en-
tropy gradients in adiabatic disc or the accretion heating may result
in outward migration (see, e.g., Paardekooper & Mellema 2006;
Paardekooper et al. 2010; Masset & Casoli 2010; Benítez-Llambay
et al. 2015) it is worth study the effect of solid accretion in adiabatic
discs too.

Diffusion of solid species was neglected in this study. There-
fore, we used nearly inviscid models, for which case it is plausible
to assume that diffusion is negligible. Since diffusion may smear
out the asymmetric distribution of solids, it is worth investigating
the effect of viscosity and solid diffusion on the total torque felt by
solid accreting planets.

Finally, we note that the inclusion of the solid feed-back might
also be important. However, its effect can be minor as the maximum
of the solid-to-gas mass ratio measured in the our simulations is
about ε ' 0.04.
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APPENDIX A: DUST SOLVER TEST

In order to test the numerical solver for the solid species (see Equa-
tions (8)-(10), the analytical solutions of velocity component of
solids (see Equations (15)-(16)) are compared to the numerical so-
lutions. In these simulations there is no embedded planet in the disc,
i.e. the disc is unperturbed. Initially solid species have zero radial
velocity and Keplerian azimuthal velocities.

Top and bottom panels on FigureA1 compare the radial and
azimuthal velocity (Keplerian velocity is subtracted) components
resulted after 50 orbits of the planet and the analytical solution,
respectively. One can see that the numerical solution perfectly fits
the analytical one independent of the solid’s Stokes number.
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components are shown in the upper and lower panel, respectively. Markers
and solid lines represent the numerical and analytical solutions for the given
Stokes number, respectively.
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