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Abstract

We show that w(n) and ©(n), the number of distinct prime factors
of n and the number of distinct prime factors of n counted according
to multiplicity are good weighting functions for the pointwise ergodic
theorem in L'. That is, if g denotes one of these functions and Sy Kk =
> <k 9(n) then for every ergodic dynamical system (X, A, p,7) and
every f e L1(X)

K

lim — Zg(n)f(T”:E) = /X fdu for pae. x € X.

n=1

This answers a question raised by C. Cuny and M. Weber who
showed this result for LP, p > 1.
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1 Introduction

In [I] C. Cuny and M. Weber investigated whether some arthimetic weights
are good weights for the pointwise ergodic theorem in LP. In this paper we
show that the prime divisor functions w and €2 are both good weights for the
L' pointwise ergodic theorem. The same fact for the spaces LP, p > 1 was
proved in [I] and our paper answers a question raised in that paper. Recall
that if n = pi" -+ p* then w(n) = k and Q(n) = oy + ... + a;. We denote
by g one of these functions. Given K we put

Sy =Y g(n).

n<K

We suppose that (X, A, p) is a measure space and 7 : X — X is a measure
preserving ergodic transformation. Given f € L'(X) we consider the g-
weighted ergodic averages

Mg,Kf(x) =

Y g(n)f(r"). (1)
Sg.K

We show that for g = w, or €2 these averages i a.e. converge to fX fdu, that
is g is a good universal weight for the pointwise ergodic theorem in L'. See
Theorem

For some similar ergodic theorems with other weights like the Md&bius
function, or its absolute value, or the Liouville function we refer to the papers
of El Abdalaoui, Kutaga-Przymus, Lemariczyk and de la Rue, [3], and of
Rosenblatt and Wierdl [§].

2 Preliminary results

We recall Theorem 430 from p. 72 of [5]

Z w(n) = Kloglog K + B1K + o(K) and (2)
n<K
> Q(n) = Kloglog K + B K + o(K). (3)
n<K



Hence, for both cases we can assume that there exists a constant B (which
depends on whether g = w, or g = ) such that

B o(K) )
loglog K Kloglog K/

Z g(n) = KloglogK(l +

n<K

(4)

From this it follows that there exists C; > 0 such that for all K € N

|loglog K |
(3 otm) ™" = (5,) 15750 > €y (K [toglog K ]) 151 (5)

n<K

We need some information about the distribution of the functions w and
2. We use (3.9) from p. 689 of [6] by K. K. Norton which is based on a
result of Haldsz [4] which is cited as (3.8) Lemma in [6]. Next we state (3.9)
from [6] with § =0.1 and z =2 -9 =1.9.

Proposition 1. There exists a constant Cu such that for every K > 1

> 199 <3 " 1.9% < CpK exp(0.9 - E(K)), where (6)

n<K n<K

B(K) = Sy
Recall that by Theorem 427 in [5]
1
E(K)=Y_ - =loglogK + By +o(1). (7)
p<K

The constant Bj is the same which appears in ([2)). The way we will use this
is the following: there exists a constant C'p such that for K > 3

E(K)=>Y_ Leo log log K. (8)

p<K

Combining this with (6) we obtain that for ¢ = w, or Q we have for K >3

Z 1.990 < Cpy- K -exp(0.9-Cploglog K) < Cu-Kexp(0.9-Cplloglog K |),

n<K
(9)
with a suitable constant C'y not depending on K.
In [1] a result of Delange [2] was used to deduce Theorem 2.7 in [I]. The
result of Delange is the following



Theorem 2. For every m > 1 we have

Z g(n)™ = K(loglog K)™ + O(K (loglog K)™ ).

n<K

We were unable to use this result since the constant in O(K (loglog K)™!)
cannot be chosen not depending on m > 1.
Hence we use (@) in the proof of the following lemma.

Lemma 3. There exists a constant Cq ey Such that for all K > 16

Z w(n)UoglogKJ < Z Q(nﬂlogloglﬂ < K(CgmmxUOglOgKJ)UOglOgKJ.
n<K n<K

(10)

We remark that the assumption K > 16 implies that loglog K > 1.01 >
1.

Proof. Since w(n) < Q(n) the first inequality is obvious in (I0),
We assume that K > 16 is fixed and for ease of notation we put v =
|loglog K'|. Set

Nig ={n < K:2w <Qn) < 2} (11)
By @) Nk - 1.9%Y < Oy K exp(0.9 - Cpr). This implies that
Nk < CyK -exp((0.9-Cp — 2'1og 1.9)v). (12)
Since log 1.9 > 0.6 we can choose [y such that for [ > [,
0.9-Cp—210og1.9+ (I +1)log2 < —0.5-2 = 271, (13)
From (I2) and (I3) we infer

S Q) < K- ()" + f: N (2% < (14)

n<K =1

lo—1 o)
K- (21/)”—1—2 K(2l+lu)”+z CyKv” exp(((log2")4-0.9Cp—2"0og 1.9)v) <

=1 l=lo



(using (13 with a suitable constant Cq; > 2 we obtain)
Co KV + Z CyKv” exp(—271v) <
1=l

(recalling that v = |loglog K| > |loglog16] = 1, with a suitable constant
Cq.max We have)

Kv (C;M +Ci Y exp(_21_1>) o K
I=lp
K (Cq,maz|loglog K |) [loglog K]
O

We need the following (probably well-known) elementary inequality to
which we could not find a reference and hence provided the short proof.

Lemma 4. Suppose K,v € N, by,...,bg are nonnegative numbers and we
have permutations ;1 {1,..., K} = {1,..., K}, j=1,...,v. Then

b1y bry ) oo A by (i) O () SO A4 D (15)

Proof. Without limiting generality we can suppose that 0 < b < ... < bgk.
First observe that if A > B > 0 and C > D > 0 then

from (A — B)(C' — D) > 0 it follows that AC + BD > AD + BC. (16)

Set mj1(k) = mj(k) for j =1,..,vand k = 1,..., K. If m;; is defined for an
[ € N then set
mi = m]?X bm,z(’f) o 'bﬂu,l(k)‘

We want to define a sequence of permutations such that for every [
b”l,lfl(l) o 'bﬂ'u,lfl(l) + .t bm,l—l(K) e bﬂ'u,lfl(K) < (17>

bry 1) bmyy1) + o A by (1) by ()

Suppose that 9 < b%. Select k* such that MM} = by (k=) - br, k+)- Then
we can select 7* such that bwj*yl(k*) < bg and k** such that bﬂj*’l(k**) = bg.
Set A = b = br. (k) B = bro o), € = bryyery - ny 00/ B = MG /B
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and D = by (k=) br,,()/A. Then A > B > 0 and C' > D > 0. Set
Tje a1 (K*) = mp (KY), mje g1 (K*) = 7+ 1 (K*), and for any other j and k set
mii+1(k) = mj(k). From (I6]) it follows that (I7) holds with I replaced by
[+ 1 and 9, > 9;. Hence in finitely many steps there is /; such that
My = b

After step [y arguing as above we can still define the permutations 7;; so
that (I7) holds at each step and can reach a step I such that 9}, = by and
the second largest term among br, , ) br, (1), K = 1,..., K equals by _;.
Repeating this procedure one can obtain (I3]). O

We will use the transference principle and hence we need to consider
functions on the integers. Suppose ¢ : Z — [0,+00) is a function on the
integers with compact/bounded support. Again g will denote w, or €2. Put

K
. 1 ‘ .
My.cp(j) = g— > g(n)e(j +n) for j € Z.
98 =1

First we prove a “localized” maximal inequality.

Lemma 5. There exists a constant Cymae > 0 such that for any ¢ : Z —
[0,400), K > 16 and k € Z

K 2K 2K

> (Mysciplkti) 11850 < (37 o(k+7)) (CQTm > elk+))) e

7=1 7j=2 =2

(18)

Proof. Without limiting generality we can suppose that £ = 0 and K > 16
is fixed. We use again the notation v = vi = |loglog K'|. We put

gn) if1<n<K

g(n) = gx(n) = { 0  otherwise. (19)
We need to estimate
1 & v
> > gn)e(i+n)) =
> (5r 2 )

K

DD D glm) gl (i + )l + ) =

]:l ni=1 ny=1

1
S;,K



SV ZZ Zwl ) GG + o — 1) G0’ + Gy — 1) =

n'=1j1=2 Jv=2

K
o) o) - S GONGO + o — 1) G0 + G — 1) <
,71 =2 ju—z n'=1

(using Lemma [ and (19)))

2K —1
> Gy =
31 =2 j,=2 n'=—K+2
K
K ji=2  j,=2 n/=1
(by using Lemma B])
1 2K .
K- Cé,maxl/y— ( Z @(])) <

(by @) y
K- Ogmﬁ(z o)) <

(with a suitable constant Cy ez > 0)

< (igo(j)) (Comarre iso(j))”‘l

3 Main result

Theorem 6. For every ergodic dynamical system (X, A, u, ) and every f €
LY(X)

hm /\/ngf /fd,uforuae r e X. (20)



Proof. By Theorem 2.5 and Remark 2.6 of [I] we know that w and Q are
good weights for the pointwise ergodic theorem in LP for p > 1. This means
that we have a dense set of functions in L' for which the pointwise ergodic
theorem holds. In Theorem 2.5 of [I] it is not stated explicitely that the limit
function of the averages M i f is [ « fdu, but from the proof of this theorem
it is clear that M, k f not only converges a.e., but its limit is indeed [ ~ fdu
(at least for f € L>(p)). Indeed, from (2.2) in [I] it follows that M, x f can
be written as the sum of an ordinary Birkhoff-average of f and an error term
which tends to zero as K — oo.

Hence by standard application of Banach’s principle (see for example [7]
p. 91) the following weak L!'-maximal inequality proves Theorem [

Proposition 7. There exists a constant C,q.. such that for every ergodic
dynamical system (X, A, u,7) for every f € L*(u) and A > 0

plx iuﬁ./\/lg;(f(x) > A} < C’mamHj;\Hl. (21)
U

Proof of Proposition[7. By standard transference arguments, see for example
[8] Chapter III, it is sufficient to establish a corresponding weak maximal
inequality on the integers with A = 1 for nonnegative functions with compact
support. Hence, this proof will be completed by Proposition [§ below. O

Thus we need to state and prove the following maximal inequality:

Proposition 8. There exists a constant Cya,e Such that for every ¢ : 7Z —
[0, 00) with compact support

#{j - sup My gp(5) > 1} < Crazl|ller-
KeN

Proposition [§ can also be reduced further to the following Claim. Set
Ml - Mg72l.

Claim 9. There exists a constant C), ... such that for every ¢ : Z — [0, +00)

with compact support

#{j: sup Mp(j) > 1} < G llelle- (22)
S



Proof of Proposition[8 based on Claim[9. Given K € N choose I € N such
that 21 < K < 2%, By @), or (@) there exists a constant Cr > 0 not
depending on K such that S, 5 < CrSy . We have

1 <:A4é](@ ,S Kszjg] ] +—n
9,

S o 1 2K
22 > g(n)e(i +n) < CrMy g o(j)-

Sg’K Sg72lK n=1

Hence, 1 < My xp(j) implies g~ < M, g 0(j) = My, 0(j).-
For any ¢ : Z — [0,+oo) “Wwith compact support taking ¢ = Cgrp by
Claim [0 we obtain

#47 sup My c(j) > 1 < #4457 : sup Mig(j) > 1} <

Craall®lley = CraawCrIIP e, -
]

Proof of Claim[d. If 1 <1 < 4 then consider the set F; = {j : Myp(j) > 1}
and the system of intervals 7, = {[j + 1,7+ 2'|NZ:j € E;}. Then E;+1 C
Urez, I and hence #E; < # Ujez, I. We can select a subsystem Z] C Z; such
that no point of Z is covered by more than two intervals belonging to Z; and
Urez;l = Ureg, 1.

Suppose I = [j+ 1,7+ 2|NZ € Z] C Z;. Then Mjp(j) > 1 implies that

g2ln:1
that is
2l
Seat <Y gm)p(i+n) = gk — j)e(k)
n=1 kel
Thus

eSS
man<2lg el



If [ <4 then we have #1/16 <1<}, _; ¢(k). Since no point is covered
by more than two intervals I € Zj, that is, ZIEI{ x1(j) <2, (j € Z) we
obtain that for [ <4

#E < # Urer; I < 32[|¢lle,

and hence
#{j : sup Myp(j) > 1} < 128]|e|]e,. (23)

1<i<4

Next suppose that [ > 4. We consider the dyadic intervals (r2!, (r+1)2/]N
Z,r € Z. We say that r € R;  if

r2t42.2 1
= (j) > (24)
2L j:%;l 100 - Cy ma

Otherwise, if r € R; + we say that r € R _.
For r € R;_ we use Lemma [0l and the negation of (24) to deduce that for
[ >4

2! 2.9

1 [loglog 2! |—1
l A\ [log log 2! | ( 2l ; ) . (_> < 2
> (Mip(r2 + ) < (2etr2+5) - (155 < (%)
Jj=1 J=2
2:2!
1 log log 2!
| 2( ol 4 i ) : (_> <
00°( 2 er2' +)) - (155 =
7j=2
2.2
100*( D 92" + 7)) - exp((log 100) - loglog 2') <
=2
2:2! 6
1002<Z o(r2! +j)> &t where we used that
=2

4.61 > log 100 > 4.60517 and loglog 2 > —0.37 implies that

exp(—(log 100) - loglog 2') = exp(—(log 100)((log!) + loglog 2)) =
6
exp(—(log 100) loglog 2) - exp(—(log 100) log!) < 'k

Set M7 ={j: Myp(j) > 1} and M* = UM;.

10



If » € R, _ then by (25)

2l
#(M; N (r2!, (r + 1)2l]) < Z(Mlﬁp(TQl +j))|_loglog2lj <
j=1

6-1002-%2<Zg0(r2l+j)).
j=2
Hence
#Min | 2 (r+1)2]) <
reR; _
o1
12100 i, |
and

2
™
#(UM 0 Uer_ (02 (r+1)21)) 1210025 e[ (26)
l
On the other hand,

Uisa Urer,, (r25, (r + D2 NZ C Uy Urer,, [r2', (r+2)2'NZ. (27)

We can again select a subsystem Z* of the intervals 7, = {[r2', (r + 2)2'] :
[ >4, r € R4} such that

Z x1(j) <2forall j € Z and Urer, I = Ujer: I (28)
ezt

From (24)) it follows that if [r2', (r + 2)2!] = I € I then
Comaz - 400> (j) > 4-2' > #(IN7Z).

jel

Thus, by (28)
#(Urez, I NZ) = #(Urez: I N Z) < Cymaz - 800][p| |, -

Hence, by (271)

#( Ut Uner (02, + D21 0Z) < Cpan - 8000
From this, ([23]) and (20]) it follows that

2
#M? < (128 412 100 + 8000 mac)lelle, = Chraeliler
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