
1. Introduction
An effective criterion is a key requirement at a stage
of fatigue design of rubber anti-vibration products in
the industry. Many researchers have developed dif-
ferent fatigue damage criteria with certain levels of
success. Bourchak and Aid [1] employed both the
maximum stress criterion and the strain energy den-
sity criterion to estimate the fatigue damage of the
polymer pipes. Their comparison showed different
results between the two criteria. Verron [2] proposed
a criterion using the minimum configurational stress,
and this concept was adopted by le Cam et al. [3] to
evaluate fatigue damage. Luo and coworkers [4, 5]
developed the effect stress idea, and several re-
searchers applied it to a number of industrial products

[6–9]. Saintier et al. [10] employed the equivalent
stress to calculate fatigue damage. Mars and cowork-
ers [11–13], Xu et al. [14] and Zarrin-Ghalami et al.
[15] used CED (Cracking Energy Density) to assess
the fatigue life of rubber components. Strain-based
failure criteria were utilised for fatigue prediction by
Zerrin-Ghalami and Fatemi [16], Belkhiria et al. [17]
and Zarrin-Ghalami [18]. Shangguan and coworkers
[19, 20] compared several damage criteria to an in-
dustrial rubber product and found that stress-based
parameters achieved higher accuracy than strain-
based and energy-based ones. Nyaaba et al. [21],
Zarrin-Ghalami et al. [15], Chung and Kim [22], Lu
et al. [23], used the critical plane method to obtain the
maximum damage from their criteria. This searching
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approach is effective in a proportional loading case.
However, there are much more complex issues in a
non-proportional loading case. To find the maximum
damage value in a non-proportional loading event, a
calculation procedure needs to be performed at dif-
ferent loading proportions with varying bases, which
may involve a significant additional amount of cal-
culation.
In this article, an effective strain criterion, unifying
multimode and multiaxial loadings to a single pa-
rameter and being expressed in analytical forms with
no need to rotate a plane to search the maximum
damage parameter, is proposed for fatigue design of
anti-vibration products in the industry. In addition,
this could be combined with the critical plane method
so that substantial CPU time could be saved. Unlike
the effective stress criterion, this proposed criterion
is based on strain. Compared with stress, strain can
be measured so that the comparison between the ex-
periments and the design simulation can be performed
directly in real engineering applications. The remain-
der of this article is organised in the following order:
the effective strain criterion is introduced, followed
by a discussion on the type of ring specimen and its
finite element models. All findings are summarised
after prediction and validation on 90 published fa-
tigue cases in both proportional and non-proportion-
al loading conditions are presented.

2. Effective strain criterion
We consider the following conditions: a cyclic loading
is running between state 1 (strain ε1) and state 2 (strain
ε2 ), its strain increment is ∆ε = ε2 – ε1. To calculate
the fatigue damage, we need to consider both the in-
crement ∆ε and the current strain ε2. Based on engi-
neering principles and applications, a damage param-
eter called effective strain εf ,was developed. It is
hypothesised that crack initiation occurs at a position
where εf reaches its maximum value during fatigue
loading. To be applicable for multimode and multiax-
ial loading conditions, the criterion includes its prin-
cipal components εfi (i = 1, 2, 3) (Equation (1)):

(1)

where A1 and A2 are weighting functions.
The geometrical meaning of Equa tion (1) is an ellip-
soidal failure envelope, illustrated in Figure 1.
In engineering applications, a higher strain generates
more damage than a lower strain does. An S–N curve

is a typical case where a higher cyclic number is cor-
responding to a lower strain and a lower cyclic num-
ber is corresponding to a higher strain. Hence, the
contribution to fatigue damage from εf2 (εf3) is less
or equal to the contribution from εf1. For safety, both
A1 and A2 are taken as integer 1 to maximise the ef-
fective strain and the fatigue damage. Therefore,
Equation (1) becomes Equation (2):

(2)

If εf1, εf2 and εf3 are positive, for a given εf, Equa-
tion (2) describes a spherical envelope in the first
quadrant of a rectangular coordinate system, as il-
lustrated in Figure 2. Any point located on the sur-
face generates the same fatigue damage. When using
εf1 only, Equation (2) is simplified to a form of the
maximum strain criterion (Equation (3)):

(3)

From the above description, εf needs to be obtained
from its three principal components εf1, εf2 and εf3.
To obtain the principal components of the effective
strain εfi (i = 1, 2, 3), we denote ∆εi (i =1, 2, 3) as three
principal components of the increment ∆ε and the
direction of εfi is along the same direction of ∆εi. The
current strain ε2 is projected to ∆εi for εfi calculation,
as shown in Figure 3. If a projection of ε2 on ∆εi is
ε2i, two conditions need to be checked for obtaining
the magnitude of εfi. Firstly, both ∆εi and ε2i should
be in tension, in other words, fatigue damage may
not be generated if a point is entirely in compression
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Figure 1. Geometrical illustration of Equa tion (1).

Figure 2. Geometrical illustration of the effective strain Equa -
tion (2), (valid on εfi > 0).



during cyclic loading in anti-vibration applications.
This hypothesis can be justified as follows:
Rubber is a type of incompressible, or nearly incom-
pressible, material. Based on the principle of the anti-
vibration design, a reasonable free space needs to be
designed through which it may flow, providing the
required stiffness and energy absorption. Industrial
anti-vibration research on fatigue damage in a com-
pletely compressive zone, as opposed to other loca-
tions, was not found during a limited literature search.
Some researchers, e.g., Saintier et al. [10] indicated
that compressive stresses had no effect on fatigue
lifetime in the stress ranges that they considered.
Secondly, ∆εi and ε2i should be compared to calculate
εfi. For contribution to fatigue damage from εfi, the
compression portion of εfi should not be greater than
the tension portion of εfi. Hence, the magnitude of
εfi can be calculated based on the Equations (4), (5):

(4)

(5)

If the current strain ε2i = 0.2 and the increment strain
∆εi = 0.5, εfi = 0.4 (from Equation (5)). If the current
strain ε2i = 0.3 and the increment strain ∆εi = 0.5,
εfi = 0.5 (from Equation (4)).
The direction of the effective strain εf determines a
failure plane of a fatigue crack.
Let projections of εfi to three axes of a coordinate
system be Equation (6):

(6)

Then the direction is Equation (7)–(10):

(7)

(8)

(9)

(10)

where (Equation (11)):

The illustration for the direction of the effective
strain is shown in Figure 4.

3. Fatigue experiment and finite element
models of the ring specimen

A type of a ring specimen, made from natural rubber
and steel, was used for fatigue tests by Mars and
Fatemi [13, 24]. The specimen, a rubber layer
bounded by a top and a bottom metal plate, had ap-
proximately 76 mm in inner diameter and approxi-
mately 11 mm in height. Figure 5 shows the speci-
men with loading indication. The details of the
specimen can be found in reference [24]. 15 types of
fatigue loading paths (90 fatigue cases) with differ-
ent R ratios (ratio between the minimum and maxi-
mum load), preloads, and phase angles, named from
Path A to O, were applied in the experiments. R = 0
means that the minimum load is 0, and R = –1 means
that the minimum load is in the opposite direction
against the maximum load with the same magnitude.
For simplicity, all loading paths were classified into
four Groups:
Group A – tension
Group B – torsion
Group C – tension + torsion in phase
Group D – tension + torsion out of phase.
Three finite element models for the ring specimen
were created: two axisymmetric model with
CGAX4RH [25] elements and one solid three-di-
mensional model with C3D8RH elements. The
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Figure 3. The illustration for the determination of the effec-
tive strain.
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Figure 4. The illustration for the direction of the effective
strain.



CGAX4RH elements are a type of twist elements
with 4-node bilinear, reduced integration with hour-
glass control, and hybrid with constant pressure. The
C3D8RH elements are a type of solid elements with
8-node linear brick, reduced integration with hour-
glass control, and hybrid with constant pressure. A
reference point was set up to control the top sur-
face/edge. The bottom surface/edge was fixed. An
external loading was applied to the reference point
directly. To test mesh sensitivity, one axisymmetric
model with mesh size 0.3 mm, shown in Figure 6a,
and one axisymmetric model with mesh size 0.6 mm,

shown in Figure 6b, were utilised. The maximum
tensile displacement 9.9 mm in Group A was taken
as the benchmark loading case. Figure 6c and 6d il-
lustrate the maximum strain results for both the mod-
els where the strain 99.99% was for the model with
0.3 mm mesh and the strain 98.34% was for the model
with 0.6 mm mesh. The difference was 1.68% be-
tween the two models. Hence, the model with 0.3 mm
mesh was used to calculate the fatigue damage. A
solid three-dimensional model with a mesh size
0.6 mm was generated and used for the failure plane
calculations, as shown in Figure 6e. The total degrees
of freedom were approximately 2800 for the axisym-
metric model with a mesh size 0.3 mm and approx-
imately 510 000 for the solid model.

4. Verification of fatigue criterion and
discussions

4.1. Constitutive material model and its
validation

A general form of classic hyperelastic models [25–28]
can be written as Equation (12):

(12)IW W W JI J= +rQ QV V
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Figure 5. The ring specimen: Red for metal and blue for
rubber.

Figure 6. The finite element models of the ring specimen and the maximum strain comparison between the two models under
the axial loading. (a) Finite element model with mesh size 0.3 mm: the bottom edge was fixed, and the loadings
were applied on the top edge via a control point. (b) Finite element model with mesh size 0.6 mm: the bottom edge
was fixed, and the loadings were applied on the top edge via a control point. (c) The maximum principal strain in
the Finite element model with mesh size 0.3 mm, the axial loading 0–9.9 mm. (d) The maximum principal strain
in the Finite element model with mesh size 0.6 mm, the axial loading 0–9.9mm. (e) Three-dimensional finite ele-
ment model: the bottom surface was fixed, and the loadings were applied on the top surface through a control
point.



where WI(I
–) is the deviatoric part of the strain energy

density of the primary material response; WJ(J) is the
volumetric part of the strain energy density.
I– can be further expanded to I–1 and I–2, which are an
alternative set of the invariants of the Left Cauchy-
Green deformation tensor b (Equations (13)–(16):

(13)

(14)

(15)

(16)

The left Cauchy-green deformation tensor b can be
expressed using the deformation gradient tensor F
(Equation (17)–(19)):

(17)

or

(18)

, (19)

J is the Jacobian of the deformation gradient and a
measure of the volume change caused by a deforma-
tion (Equation (20)): 

(20)

The stress-strain law can be obtained by differenti-
ating the strain energy density and the results are
given below (Equation (21), (22)):

where Cij and Di are constants.
The constitutive model used is a strain rate inde-
pendent phenomenological model. The response of
a real rubber depends strongly on the strain rate, the
excitation frequency, and the temperature. From ref-
erence [24], the test frequencies ranged between 0.5
and 4 Hz (except for one test at 6 Hz), with the high-
er frequencies at smaller amplitudes (longer lives),
to avoid any significant cyclic heating. Hence, in
such quasi-static conditions, it would be suitable to
use Equation (22) for the fatigue evaluation.
The material constants were obtained from the ex-
perimental data in compression, tension, plane shear,
and volumetric tests. The constants were then used
to test industrial products to validate their accuracy.
Finally, the verified constants were input into the
company’s database. The parameters of the material
model are listed in Table 1. D1 and D2 represent the
compressibility of rubber materials. These constants
have been verified through the load-deflection re-
sponse from an uncontained condition to a nearly
contained condition using industrial products. A typ-
ical engineering case is presented in [29] using this
value. We suggest that the compressibility should be
included in the model to avoid a small but not neg-
ligible effect in uncontained loading cases. The value
given could provide a reference for the readers.
The stability of the material model (Drucker-stabil-
ity) was performed for nominal strain values (change
in length per unit of original length). The results
were: unstable at a nominal strain larger than 200%
for uniaxial tension; unstable at a nominal strain less
than –79% for uniaxial compression; unstable at a
nominal strain larger than 116% for biaxial tension;
unstable at a nominal strain less than –42% for bi-
axial compression; stable for all strains for planar ten-
sion, planar compression, volumetric tension, volu-
metric compression, and all volume ratios.
To verify the suitability of the material model, two re-
sponse curves, one in tension and the other in torsion,
were calculated. The predicted results were plotted in
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(21)

where δij is the Kronecker delta.
A form of polynomial (N = 2) was used to model this ring specimen and to predict the fatigue damage:

(22)

b b b
J
J

I
W

I
W

I
W

I
W

J I
W

J
W2 1 2

3
1ij

1
1

2
1

1
2

2 2
ij ij ik kj ij

3
2

3
4

2
2

2
2

2
2

2
2

2
2

2
2v

d
d= +--I I I+ +r

r
r

r
r

r
r rT TY Y# &

W C I C I C I C I I C I
D J D J3 3 3 3 3 3 1

1
1

110 1 01 2 20 1

2

11 1 2 02 2

2

1

2

2

4
= - + - + - + - - + - + - + -r r r r r rR R R R R R Q QW W W W W W V V



Figure 7. The coefficient of determination was R2 =
0.88 for Figure 7a and R2 = 0.95 for Figure 7b,
which seemed to be consistent with the test data.
Since the exact strain rate was not available, these val-
ues can only be taken as a good indication. Hence,
the selected model fitted the load-deflection re-
sponse (even if the exact strain rate is unknown).
This form of the strain energy density was utilised
to verify the fatigue damage criterion.

4.2. Fatigue damage prediction
The proposed damage criterion was applied to the
four groups. Detailed calculation is described below.

Group A:
It contained 14 tension cases under R = 0 condition
in reference [24] Path A: loading range from 0~1.27
to 0.01~9.90 mm). The maximum effective strain
occurred in the middle of the outside surface on
which the fatigue cracks were observed. Figure 8a
illustrates the effective strain profile in one case:
0~7.44 mm along the vertical direction.

Group B:
It consisted of 31 torsion cases in reference [24]:
R = 0 and R = –1, with and without preload (Path B:
loading ranges from 0~6 to 0~23.2°; Path C: load-
ing ranges from –5.4~5.4 to –15~15°; Path J pre-
loads in compression: -9~9 to –14.8~14.6°; Path K
preloads in tension: –8~8 to –12~12°; Path M with-
out preloads: –7~7 to –15~15°). Figure 8b shows
an effective strain profile in a typical case: 0~10°
torsion. The locations of the maximum effective

strain were also consistent with the experimental
observations.

Group C:
It comprised 26 combined axial displacement and
torsion cases in phase with R = 0 and R = –1 in ref-
erence [24]: (Path D: from 0~0.76 to 0~5.01 mm in
displacement and 0~3 to 0~20° in angle; Path E:
from –0.74~0.76 to –2.03~2.03 mm in displacement
and –3~3 to –8~8° in angle; Path F: from –0.01~1,51
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Table 1. Hyperelastic constants: N = 2.
C10

[MPa]
C01

[MPa]
C20

[MPa]
C11

[MPa]
C02

[MPa]
D1 = D2
[MPa–1]

0.439 0.212 0.097 -0.0907 0.0372 0.008

Figure 7. The comparison of the load-deflection curves. (a) Load-deflection curve under tension. (b) Load-deflection curve
under torsion.

Figure 8. Sample cases for proportional loading cases. (a) Ef-
fective strain at displacement range 0–7.44 mm in
Group A. (b) Effective strain at torsion angle range
0–10° in Group B. (c) Effective strain at displace-
ment 2.54 mm and torsion angle 10° in Group C.



to 0~1.52 mm in displacement and 0~12 to 0~20° in
angle; Path N: from –0.08~1.36 to –0.09~3.13 mm
in displacement and 0~5.9 to 0~13.6° in angle).
Figure 8c displays a profile of the effective strain at
tension 2.54 mm and torsion 10°. The fatigue cracks
appeared around the places where the maximum ef-
fective strain was located.

Group D:
It comprised 19 combined tension(compression)-tor-
sion cases out of phase in reference [24] (Path G in
a phase angle 45°: from –0.01~1.51 to 0~1.52 mm
in displacement and 0~12 to 0~20° in angle; Path H
in a phase angle 90°: from 0~0.76 to –0.01~3.52 mm
in displacement and 0~3 to 0~14.1° in angle; Path I
in a phase angle 180°: from 0~0.76 to –0.01~
3.52 mm in displacement and 0~3 to 0~14.1° in
angle; Path L in a phase angle 180°: from 0~–0.76
to 0~–1.52 mm in displacement and 0~10 to 0~20°
in angle; Path O in a phase angle 90°: from –0.05~
1.33 to 0.2~4.27 mm in displacement and 0~5.4 to
0~13.2° in angle.). Unlike a proportional loading, it
is much more complex in a non-proportional load-
ing. To find the critical effective strain in a loading
cycle, a calculation procedure needs to be performed
at different loading proportions with varying bases
over one complete loading cycle to obtain effective
strain histories. A base is a starting point to calculate
the fatigue loading range. Since the base is changed,
the corresponding loading proportion in the total
loading range is also changed. This procedure can
be called moving base method, i.e., the starting base
is not fixed. For example, a cyclic loading procedure
is in a range from 1 to 10 kN, a moving base can be
started from 2, 3, and 4 kN et al. and corresponding
ranges are 8, 7, and 6 kN et al. The critical plane
method is effective under a fixed loading range.
Under a non-proportional loading procedure, a range
that generates the maximum damage is unknown.
Hence, substantial calculation time is needed to find
different damage values over different loading ranges
using the critical plane method.
Figure 9a illustrates two events with the same max-
imum loading value 1 and a phase angle 90°. One
completed loading cycle was divided into 4 sectors.
For safety, it is suggested to include more sectors to
calculate the maximum damage. One sector is fur-
ther divided into 10 portions, as shown in Figure 9b.
Applying the moving base method, the maximum
damage in each loading range can be found. It is

important to calculate the effective strain over at
least one loading cycle. Finally, the highest values
in each loading range were compared, and the criti-
cal loading range was determined. For the critical
plane method, this process would involve a great
amount of calculation work to obtain the fatigue
damage values for each rotated potential failure
plane over every calculated range. Therefore, the
proposed effective strain method would reduce the
significant calculation time compared with the crit-
ical plane method.
A fatigue loading case with displacement range
0–2.54 mm and torsion range from 0–10° at a phase
angle 45° was taken for demonstration. Figure 10 il-
lustrates an effective strain history against the axial
displacement from 0–2.54 mm and against the tor-
sion angle from 0–10°, respectively, where the high-
est value of the effective strain was 46% based on
counting from the displacement 0. Figure 11 shows
the same loading range, where the highest value of
the effective strain was 57% based on counting from
the torsion angle 0. A comparison was made from
the values of Figure 10 and 11 as well as the others
in different loading ranges. It was found that 57%
was the maximum effective strain over this load
range, i.e., starting from torsion angle 0. Figure 12
shows the profile of the maximum effective strain
that matched the experimental observation. In fact,
from Figure 10 and 11, the response between the
points in each sector varied monodirectionally and
smoothly. This observation indicated that the maxi-
mum value could be located at a range between both
ends of the sectors.
Furthermore, a more severe out-of-phase case with
a phase angle 90° was investigated based on the
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Figure 9. The sectors and the portions in a loading proce-
dure. (a) One complete cycle is divided into 4 sec-
tors. (b) One sector is divided in 10 equal portions.



same procedure in the case with the phase angle of
45°. This loading case had a displacement range 0–
0.76 mm and torsion angle range from 0–3°. An ef-
fective strain history against the axial displacement
from 0–0.76 mm and against the torsion angle from
0–3°, respectively, as shown in Figure 13 where the
highest value of the effective strain was 13% based
on the range counting from the displacement 0.
Figure 14 shows the same loading range, where the
highest value of the effective strain was 17% based on
the counting from the torsion angle 0. A comparison

was made from other moving bases, and it was
found that 17% was the maximum value under this
loading case, as shown in Figure 15. The failure
places were located on the outer surface of the spec-
imen, where the crack was found from the experi-
mental observation.
A direct comparison was made for the two non-pro-
portional cases. For the case with the phase angle
45°, there was 24% difference between the maxi-
mum damage and the damage generated from the
load range starting from displacement 0. For the case
with the phase angle of 90°, the difference reached
31%. In the critical plane method, the maximum dam-
age is obtained by rotating a predefined plane at a
fixed angle and comparing the damage value in each
plane. If a typical 15° angle is used for a three-dimen-
sional case, it would need 1728 calculations for each
integration point in all of the elements. The signifi-
cant CPU time would be needed to obtain the same
accuracy as that from this effective strain approach
since the maximum damage can be obtained directly
using Equation (2). However, this proposed ap-
proach is not intended to replace the critical plane
method. Instead, it would be possible to combine the
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Figure 10. Effective strain history from a displacement range 0–2.54 mm and a torsion angle range from 0–10° at a phase
angle 45° in group D, starting from 0 displacement. (a) Effective strain against loading displacement. (b) Effective
strain against loading angle.

Figure 11. Effective strain history from a displacement range 0–2.54 mm and a torsion angle range from 0–10° at a phase
angle 45° in group D, starting from 0 torsion. (a) Effective strain against loading displacement. (b) Effective strain
against loading angle.

Figure 12. A sample case for non-proportional loading: the
maximum effective strain profile at a displace-
ment range 0–2.54 mm and a torsion angle range
from 0–10° at a phase angle 45° in group D.



two approaches together, i.e., finding the critical
loading range using the proposed approach first and
then applying the critical plane method for this load-
ing range to obtain the maximum damage.

4.3. Failure plane prediction 
The magnitude (Equations (2)) of the effective strain
is associated with fatigue damage, whereas its direc-
tion (Equations (6)–(11)) is related to the failure plane.
Instead of using the critical plane method, the ana-
lytical Equations (6)–(11) can be directly employed
to calculate the orientation of the effective strain,
from which the direction of the failure plane can be

obtained. The following outcomes were compared
with the experimental results available to verify the
failure plane calculated from the proposed effective
strain criterion.

For Group A:
The calculated direction of all the cracks was all in
the horizontal plane, i.e., the angles of the cracks
were 0°, as indicated in Figure 16a. The actual ori-
entation of the cracks observed was the same as the
calculated ones.

For Group B:
Calculations of the failure planes were performed on
the cases R = –1 without preloading. The calculated
direction was in the range of –43.1 to –47.2°, as
shown in Figure 16b. The observed angles of these
cases were –45°. By reversing the torsion direction,
the calculated angles were between 43.1 to 47.2°,
which were against the observed angle of 45°.
There is a correlation between the crack angle and
the loading angle. Figure 16c illustrates the relation-
ship between the crack angle in the deformed states
and the loading angles. The regression analysis in-
dicated nearly a linear correlation with the statistical
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Figure 13. Effective strain history from displacement range 0–0.76 mm and torsion angle range from 0–3° at a phase angle
90° in group D, starting from 0 displacement. (a) Effective strain against loading displacement. (b) Effective strain
against loading angle.

Figure 14. Effective strain history from displacement range 0–0.76 mm and torsion angle range from 0–3° at a phase angle
90° in group D, starting from 0 torsion. (a) Effective strain against loading displacement. (b) Effective strain
against loading angle. (a) Effective strain against loading displacement. (b) Effective strain against loading angle.

Figure 15. A further non-proportional case: the maximum
effective strain profile under the loading case: the
displacement range 0–0.76 mm and the torsion
angle range 0–3° at a phase angle 90° in group D.



measure R2 = 0.9917. Hence, from the effective strain
criterion, the larger the loading angle, the smaller the
crack angle in a deformed state.

For Group C:
The cases with R = –1 were investigated. The calcu-
lated directions of the cracks were in the range of -
22.7 to –32.7°, as illustrated in Figure 16d. The an-
gles of the cracks from the experimental observation
were in the range of -25 to -30°.

For Group D:
Calculations on the cases with phase angle 45° were
carried out. The calculated directions of the cracks
were in the range of –48.9 to –56.1°, as displayed in
Figure 16e. The range of –40 to –55° was observed
experimentally.
The above angle comparisons are summarised in
Table 2.

4.4. A unified for all fatigue load cases
From Section 4.2, it was demonstrated that real fa-
tigue cracks appeared at the locations where the ef-
fective strain reached its maximum. From Sec-
tion 4.3, it was verified that the failure planes pre-
dicted were consistent with the experimental obser-
vations. Hence, a unified for all fatigue loading cases
was generated so that the final verification could be

established and the fatigue damage of similar rubber
material could be evaluated. Figure 17 illustrates an
S–N curve for all 90 fatigue loading cases investi-
gated. The coefficient of determination R2 was 0.71,

R. K. Luo – Express Polymer Letters Vol.16, No.2 (2022) 131–141

139

Figure 16. Predicted crack orientation. (a) Crack indication in Group A: tension loading. (b) Crack indication in Group B:
torsion loading – R = –1 with axial displacement = 0. (c) The relationship between the applied loading angles
and the crack angles under the deformed states. (d) Crack indication in Group C: tension + torsion loading in
phase with R = –1. (e) Crack indication in Group D: tension + torsion loading with a phase angle = 45°.

Table 2. Crack orientation comparison between the observa-
tion and the prediction on selected fatigue cases.

Group
Experimental
observation

[°]

Prediction
[°] Note

A 0 0 All fatigue cases.

B –45
45

–43.1 to –47.2
43.1 to 47.2

R = –1 without pre-
loading.

C –25 to –30 –22.7 to –32.7 R = –1.

D –40 to –55 –48.9 to –56.1 R = 0, 
phase angle = 45°.

Figure 17. The S–N curve with a scatter factor of 1.6 for all
90 fatigue loading cases: A – tension; B – torsion;
C– tension + torsion in phase; D – tension + tor-
sion out of phase.



and the scatter band of 1.6 was achieved for the ef-
fective strain εf against the cycle numbers. The ex-
pression of the S–N curve was (Equation (23)):

(23)

5. Conclusions
The effective strain criterion was proposed and ap-
plied to the rubber ring specimens utilised in the fa-
tigue experiments in multimode and multiaxial load-
ing conditions [13, 24]. These test data consisted of
4 groups with 90 fatigue cases. The validation pro-
cedure was performed in two aspects: fatigue dam-
age and crack orientation.
The main findings from the investigation are listed
below:
1. All predicted fatigue cracks were on the outer

surface of the ring where the effective strain
reached its maximum and was consistent with ex-
perimental observation.

2. It was demonstrated that the failure planes pre-
dicted correlated well with the experimental meas-
urements in each group.

3. The obtained S-N curve, generated from 90 fa-
tigue cases and covered over 102 to 2.4·106 cy-
cles, achieved high accuracy with a scatter-band
of 1.6.

4. The CPU time, compared with the critical plane
method, would be reduced significantly for fa-
tigue evaluation as both the damage and the crack
orientation can be calculated using analytical ex-
pressions.

5. The proposed approach was applied to two non-
proportional loading cases (one in phase angle
45° and the other in phase angle 90°). The results
seemed to indicate the suitability of the approach
for the non-proportional loading calculations. It
would be possible to combine the proposed ap-
proach with the critical plane method in non-pro-
portional loadings: using the proposed approach
to find the critical loading range and then using
the critical plane method to find the maximum
values of the required damage variables. Both the
proposed concept and the obtained S–N curve
would be beneficial in rubber fatigue design in
the industry.

6. It would be difficult to calculate fatigue damage
in all possible conditions in one investigation.

Further research may be needed to study more
cases and to compare the results with the litera-
tures available, e.g., reference [30–32]. The author
would like to report the progress in due course.
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