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1. INTRODUCTION

Let S = {p1,...,ps} be afinite, non-empty set of distinct prime num-
bers. For a non-zero integer m, write m = p{* ... p%b, where a4, ..., as
are non-negative integers and b is an integer relatively prime to p; - - - ps.
Then we define the S-part [m]s of m by

[mls == pi*...p%.

The motivation of the present paper was given by the following result,
established in 2013 by Gross and Vincent [10)].

Theorem A. Let f(X) be a polynomial with integral coefficients with
at least two distinct roots and S a finite, non-empty set of prime num-
bers. Then there exist effectively computable positive numbers ki and
Ko, depending only on f(X) and S, such that for every non-zero integer
x that is not a root of f(X) we have

[f(@)]s < mal f ()]~

Gross and Vincent’s proof of Theorem [Al depends on the theory of
linear forms in complex logarithms, Under the additional hypotheses
that f(X) has degree n > 2 and no multiple roots, we deduce an
ineffective analogue of Theorem [A], with instead of 1 — k; an exponent
%-'-6 for every € > 0 and instead of ks an ineffective number depending
on f(X), S and e. This is in fact an easy application of the p-adic Thue-
Siegel-Roth Theorem. We show that the exponent % is best possible.
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Lastly, we give an estimate for the density of the set of integers x for
which [f(z)]s is large, i.e., for every small € > 0 we estimate in terms
of B the number of integers = with |z| < B such that [f(x)]s > |f(z)|.

We considerably extend both Theorem [Al its ineffective analogue,
and the density result by proving similar results for the S-parts of
values of homogeneous binary forms and, more generally, of values of
decomposable forms at integer points, under suitable assumptions. In
addition, in the effective results we give an expression for x;, which is
explicit in terms of S. For our extensions to binary forms and decom-
posable forms, we use the p-adic Thue-Siegel-Roth Theorem and the
p-adic Subspace Theorem of Schmidt and Schlickewei for the ineffective
estimates for the S-part. The proof of the effective estimates is based
on an effective theorem of Gyéry and Yu [15] on decomposable form
equations whose proof depends on estimates for linear forms in com-
plex and in p-adic logarithms. Lastly, the proofs of our density results
on the number of integer points of norm at most B at which the value
of the binary form or decomposable form under consideration has large
S-value are based on a recent general lattice point counting result of
Barroero and Widmer [I] and on work in the PhD-thesis of Junjiang
Liu [16].

For simplicity, we have restricted ourselves to univariate polynomials,
binary forms and decomposable forms with coefficients in Z. With some
extra technical effort, analogous results could have been obtained over
arbitrary number fields.

In Section 2] we state our results, in Sections BHE we give the proofs,
in Sections [0 and [§l we present some applications, and in Section [9 we
give some additional comments on Theorem [Al

2. RESULTS

2.1. Results for univariate polynomials and binary forms. We
use notation <4, ., >4, to indicate that the constants implied by the
Vinogradov symbols depend only on the parameters a, b, ... . Further,
we use the notation A <,; . B to denote A <,y B and B <4y, A.
We prove the following ineffective analogue of Theorem [Al mentioned
in the previous section.
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Theorem 2.1. Let f(X) € Z[X] be a polynomial of degree n > 2
without multiple zeros.

(i) Let S = {p1,...,ps} be a non-empty set of primes. Then for
every € > 0 and for every x € Z with f(x) # 0,

[f(2)]s g5 1] ()] HF.

(ii) There are infinitely many primes p, and for every of these p,
there are infinitely many integers x, such that f(z) # 0 and

@)y > (@)

For completeness, we give here also a more precise effective version
of Theorem [A] which is a consequence of Theorem stated below on
the S-parts of values of binary forms.

Theorem 2.2. Let f(X) € Z[X] be a polynomial with at least two
distinct roots and suppose that its splitting field has degree d over Q.
Further, let S = {p1,...,ps} be a non-empty set of primes and put
P :=max(py,...,ps). Then for every integer x with f(x) # 0 we have

[F(@)]s < ol f )7,
where B
w1 = (ci(Plogpy) -+~ (logp,)")

and cy, ko are effectively computable positive numbers that depend only

on f(X).

For variations on this result, and related results, we refer to Section
{8

For polynomials X (X + 1) and X? + 7 and special sets S, Bennett,
Filaseta, and Trifonov [2] 3] have obtained stronger effective results.

As is to be expected, for most integers x, the S-part [f(z)]s is small
compared with | f(x)|. This is made more precise in the following result.
For any finite set of primes S and any ¢ > 0, B > 0, we denote by
N(f, S, €, B) the number of integers x such that

(2.1) [z < B, f(z)#0, [f(x)]s = [f(2)["

Denote by D(f) the discriminant of f and for a prime p, denote by g,
the largest integer ¢ such that p? divides D(f).
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Theorem 2.3. Let f(X) € Z[X] be a polynomial of degree n > 2
with non-zero discriminant. Further, let 0 < € < 1/n, and let S be a
finite set of primes. Denote by s’ the number of primes p € S such
that f(x) = 0 (mod p%™') is solvable and assume that this number is
positive. Then

N(f,S,e,B) <;s. B (log B)* ! as B — oc.

Remarks.
1. If & = 0 then [f(z)]s is bounded, and so the set of integers x with

[f(z)]s > |f(x)|¢ is finite.
2. In general, limg_,o, N(f, S, ¢, B)/Bl_”ﬁ(log B)s’—l does 1ot exist.

3. There are infinitely many primes p such that f(x) = 0 (modp) is
solvable. Removing from those the finitely many that divide D(f), there
remain infinitely many primes p such that g, = 0 and f(z) = 0 (modp)
is solvable.

We now formulate some analogues of the above mentioned results
for binary forms. Denote by Z2 . the set of pairs (z,y) € Z* with
ged(z,y) = 1.

Theorem 2.4. Let F(X,Y) € Z[X,Y] be a binary form of degree
n > 2 with non-zero discriminant.

(i) Let S = {p1,...,ps} be a non-empty set of primes. Then for
every € > 0 and every pair (z,y) € Z2,,. with F(x,y) # 0,

prim
[F(z,y)]s <rse |[F(z, y)|(2/n)+e.

(ii) There are finite sets of primes S with the smallest prime in S
arbitrarily large, and for every of these S infinitely many pairs
(z,y) € 72, such that F(x,y) #0 and

prim’
[F(z,y)]s >Frs. | F(z, Y™

Our next result is an effective analogue of Theorem for binary
forms. It is an easy consequence of Theorem 2.10] stated below on de-
composable forms. The splitting field of a binary form is the smallest
extension of Q over which it factors into linear forms.

Theorem 2.5. Let F(X,Y) be a binary form of degree n > 3 with
coefficients in Z and with splitting field K. Suppose that F' has at least
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three pairwise non-proportional linear factors over K. Let again S =
{p1,...,ps} be a finite set of primes and [K : Q] = d. Then

[F (2, y)]s < Kal F (2, )]~
for every (z,y) € Z2,,, with F(x,y) # 0, where

prim

ks = (3((P(logpr) -+~ (logp.))")

and Ky, Co are effectively computable positive numbers, depending only
on F'.

-1

We obtain Theorem on polynomials f(X) € Z[X] by applying
Theorem 2.5 to the binary form Y14/ f(X/Y) with (z,y) = (v,1) €
72 . .

prim
Let again F(X,Y) € Z[X,Y] be a binary form of degree n > 2 and
of non-zero discriminant. For any finite set of primes S and any ¢ > 0,
B > 0, we denote by N(F,S,¢, B) the number of pairs (z,y) € Z2

prim
such that
(2.2)  max(|z],|y]) < B, F(z,y)#0, [F(z,y)ls > |F(z,y)["

Denote by D(F') the discriminant of F' and for a prime p, denote by g,
the largest integer ¢ such that p? divides D(F).

Theorem 2.6. Let F(X,Y) € Z[X,Y] be a binary form of degree
n > 3 with non-zero discriminant. Further, let 0 < e < %, and let S be
a finite set of primes. Denote by s' the number of primes p € S such
that F(x,y) = 0 (mod p%*) has a solution (z,y) € Z2, and assume
that this number is positive. Then

N(F,S,e,B) <ps. B¥™(log B)* ! as B — oo.

Parts (i) of Theorems 2Tl and 2:4] are easy consequences of the p-adic
Thue-Siegel-Roth Theorem. Part (ii) of Theorem [Z1] is a consequence
of the fact that for a given non-constant polynomial f(X) € Z[X] there
are infinitely many primes p such that f(X) has a zero in Z,. The proof
of part (ii) of Theorem [2.4] uses some geometry of numbers.

There are two main tools in the proof of Theorem The first is
a result of Stewart [24, Thm. 2] on the number of congruence classes
2 modulo p* of f(z) = 0(modp*) for f(X) a polynomial and p* a
prime power. The second is a powerful lattice point counting result of
Barroero and Widmer [I, Thm. 1.3|. The proof of Theorem 2.3]is very
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similar, but instead of the result of Barroero and Widmer it uses a
much more elementary counting argument.

2.2. Ineffective results for decomposable forms. We will state
results on the S-parts of values of decomposable forms in m variables
at integral points, where m > 2.

We start with some notation and definitions. Let K be a finite, nor-
mal extension of Q. For a linear form ¢ = an X7 + - -+ + o, X,,, with
coefficients in K and for an element o of the Galois group Gal(K/Q)
we define o(¢) := o(o) X1 + -+ - + 0(,) X, and then for a set of lin-
ear forms £ = {{y,...,(,} with coefficients in K we write o(L) :=
{o(l1),...,0(l.)}. A set of linear forms £ with coefficients in K is
called Gal(K/Q)-symmetric if (L) = L for each 0 € Gal(K/Q),
and Gal(K/Q)-proper if for each ¢ € L we have either o(£) = L
or o(£L)NL = (). We denote by [£] the K-vector space generated by L,
and define rank £ to be the dimension of [£] over K. Finally, we define
the sum of two vector spaces V;, Vo over K by Vi + Vo :={x+y: x €

Vi, y € Va}.
Recall that a decomposable form in Z[ X}, ..., X,,] is a homogeneous
polynomial that factors into linear forms in X3, ..., X,, over some ex-

tension of Q. The smallest extension over which such a factorization is
possible is called the splitting field of the decomposable form. This is
a finite, normal extension of Q.

Let F € Z[Xy,..., X be a decomposable form of degree n > 3
with splitting field K. Then we can express F' as

(

F= cﬁi(zl) ) with

¢ a non-zero rational,

(2.3) 4 Lp=A{l,..., 0} aGal(K/Q)-symmetric set of pairwise
non-proportional linear forms with coefficients in K,
e(ty),...,e(l,) positive integers, with e(¢;) = e(¢;)
whenever ¢; = o(¢;) for some o € Gal(K/Q).

\

Lastly, define Z];, to be the set of x = (z1,...,2,) € Z™ with
ged(xy,...,2,) = 1 and define ||x|| to be the maximum norm of

x e Zm

prim*
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Let S ={p1,...,ps} be afinite set of primes, and F' € Z[ X7, ..., X,,]
a decomposable form. For x € Z7. =~ with F(x) # 0, we can write

prim
(2.4) F(x) =pi*---pe - b,
where aq, ..., as are non-negative integers and b is an integer coprime

with p; - - - ps. Then the S-part [F(x)]s is pi* - - - p2. We may view (2.4)
as a Diophantine equation in x € Zg,; and ay,...,as € Z>o, a so-
called decomposable form equation. Schlickewei [23] considered (2.4 in
the case that F' is a norm form (i.e., a decomposable form that is ir-
reducible over Q) and formulated a criterion in terms of F' implying
that (2.4) has only finitely many solutions. Evertse and Gyéry [7] gave
another finiteness criterion in terms of F', valid for arbitrary decom-
posable forms. Recently [8, Chap. 9, Thm. 9.1.1], they refined this as
follows. Call an integer S-free if it is non-zero, and coprime with the

primes in S.

Theorem B. Let F € Z[X,...,X,,] be a decomposable form with
splitting field K, given in the form (23)), and let L be a finite set of
linear forms in K[Xy,...,X,], containing Lr. Then the following two
assertions are equivalent:
(i) rank Lp = m, and for every Gal(K/Q)-proper subset M of Lp
with () g./\/l < Lr, we have

(2.5) LN ( S eMIN LR\ a(/\/l)]) £0;

oeGal(K/Q)

(ii) for every finite set of primes S = {p1,...,ps} and every S-

[free integer b, there are only finitely many x € Zg;,, and non-
negative integers ay, . ..,as such that
(2.6) F(x)=p{*---p&b, €(x)#0 forlelL.

This theorem was deduced from a finiteness theorem of Evertse [5]
and van der Poorten and Schlickewei [20, 2I] on S-unit equations over
number fields.

The following result gives an improvement of (ii). We denote by |- |
the standard archimedean absolute value on @, and for a prime p by
| - |, the standard p-adic absolute value, with |p|, = p~'. Further, ||x||

denotes the maximum norm of x € Z7}; .
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Theorem 2.7. Let F' € Z[ Xy, ..., X be a decomposable form in m >
2 variables with splitting field K and L O Lg a finite set of linear forms
in K[Xy,..., X, satisfying condition (i) of Theorem [B. Further, let
S be a finite set of primes and let € > 0. Then there are only finitely

many X € L, with

H |F(x)], < ||x]|/m=1)=e,
(2.7) peSU{oc}

l(x) #0 forl e L.

Chen and Ru [4] proved a similar result with £ = Lp the set of
linear factors of F' and with a stronger condition instead of (i), on the
other hand they considered decomposable forms with coefficients in an
arbitrary number field.

From Theorem 2.7 and Theorem [Blwe deduce the following corollary.

Corollary 2.8. Let F € Z[Xy,..., X, be a decomposable form in
m > 2 variables with splitting field K and £ O Lg a finite set of linear
forms in K[Xq,..., Xl
(i) Assume that F' and L satisfy condition (i) of Theorem[B. Sup-
pose F' has degree n. Let S be a finite set of primes and let
€ > 0. Then for every x € Zy,, with ((x) # 0 for { € L we
have

(2.8) [F(x)]s <pr.se | F(x)|m/nm=1)+e,

(ii) Assume that F' and L do not satisfy condition (i) of Theorem
[B. Then there are a finite set of primes S and a constant v > 0
such that

[F(x)]s > 7| F(x)]
holds for infinitely many x € Z7% . with £(x) # 0 for all ¢ € L.

prim

Indeed, if F', L satisfy condition (i) of Theorem [Bl S is a finite set of
primes and € > 0 then

[F(x)] 1)) e o
= [ 1F®I, > x|V > |p(x)| /=D
[F'(x)]s
peSU{oo}
for all x € Z7,,, with £(x) # 0 for all £ € £, where the implied constants

depend on F', S and e. This implies part (i) of Corollary 2.8 If on the
other hand F and £ do not satisfy condition (i) of Theorem [Bl then
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there are a finite set of primes S and an S-free integer b such that (2.6))

m

has infinitely many solutions. This yields infinitely many x € Zg;

such that ¢(x) # 0 for all £ € £ and
[F(x)]s = [F'(x)]/[b]
Thus, part (ii) of Corollary 2.8 follows.

We can improve on Corollary 2.8 if we assume condition (i) of The-
orem Bl with £ = Lp, i.e.,

(2.9) rank Lp = m, and for every Gal(K/Q)-proper subset
M of L with @g/\/l gﬁp we have

Len (Y eMINLe\a(M)]) £0

o€Gal(K/Q)

and in addition to this,
(2.10) F(x) # 0 for every non-zero x € Q™.

Let D be a Q-linear subspace of Q™. We say that a non-empty sub-
set M of Lp is linearly dependent on D if there is a non-trivial K-
linear combination of the forms in M that vanishes identically on D;
otherwise, M is said to be linearly independent on D. Further, for a
non-empty subset M of Lr we define rankp M to be the cardinality
of a maximal subset of M that is linearly independent on D, and then

> _pem €10)

ap(M) := rankp M

For instance, rankp Lr = dim D, so qp(Lr) = deg F'/ dim D. Then put
qp(F) = max{qp(M) : 0 C M C Lp, rankp M < dim D}.

Finally, put

dp F ) dim D

F = _ = F -

AF) " qp(Lr) mgqu( ) deg I’
where the maximum is taken over all Q-linear subspaces D of Q™ with
dim D > 2. Lemma [5.2], which is stated and proved in Section [ below,
implies that if I satisfies both (2.9) and (2.I0), then ¢(F) < 1. We

will not consider the problem how to compute ¢(F), that is, how to
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determine a subspace D for which gp(F)/qp(LF) is maximal; this may
involve some linear algebra that is beyond the scope of this paper.

Given a decomposable form F' € Z[ X7, ..., X,,], a finite set of primes
S, and reals € > 0, B > 0, we define N(F,S,¢, B) to be the set of
x € Z7. . with [F(x)]s > |F(x)|€ and ||x|| < B.

prim
Theorem 2.9. Let m > 2 and let F' € Z[ Xy, ..., Xu] be a decompos-

able form as in [23)) satisfying [229) and (2.10).

(i) For every finite set of primes S, every e > 0 and everyx € 7

m
prim

we have
[F(x)]s <pse [F(x)[T

(ii) There are infinitely many primes p, and for every of these primes
p infinitely many x € Z7. . such that

prim’
[F))y > rp [F ()|

(iii) For every finite set of primes S and every € with 0 < e < 1 we
have

N(F,S,€e,B) <pgs. B™179 45 B — .

Assertions (i) and (iii) follow without too much effort from work in
Liu’s thesis [16], while (ii) is an application of Minkowski’s Convex
Body Theorem.

The constants implied by the Vinogradov symbols in Theorems 2.7]
and part (i) of Theorem cannot be computed effectively from our
method of proof. In fact, these constants can be expressed in terms
of the heights of the subspaces occurring in certain instances of the
p-adic Subspace Theorem, but for these we can as yet not compute an
upper bound. The constant in (ii) can be computed once one knows a
subspace D for which the quotient ¢p(F')/qp(LrF) is equal to ¢(F'). The
work of Liu from which part (iii) is derived uses a quantitative version
of the p-adic Subspace Theorem, giving an explicit upper bound for
the number of subspaces. This enable one to compute effectively the
constant in part (iii).

We mention that part (iii) of Theorem can be proved by a similar
method as Theorem 2.5 using the lattice point counting result of Bar-
roero and Widmer, thereby avoiding Liu’s work and the quantitative
Subspace Theorem. But this approach would have been much lengthier.
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2.3. Effective results for decomposable forms. We consider again
S-parts of values F'(x), where F'is a decomposable form in Z[ X1, . .., X,,]
and x € Zp;,. Under certain stronger conditions on F', we shall give
an estimate of the form [F(x)]s < kg|F(x)|'™"5, with effectively com-
putable positive k5, kg that depend only on F' and S. For applications,
we make the dependence of k5 and kg explicit in terms of S. The decom-
posable forms with the said stronger conditions include binary forms,
and discriminant forms of an arbitrary number of variables.

Let again S = {p1,...,ps} be a finite set of primes and b an integer
coprime with p; ---p,, and consider equation (24 in x € Ly and
non-negative integers aq, ..., as. Under the stronger conditions for the
decomposable form F' mentioned above, explicit upper bounds were
given in Gy6ry [11, 12| for the solutions of (2.4]), from which upper
bounds can be deduced for [F(x)]s. Later, more general and stronger
explicit results were obtained by Gyéry and Yu [15] on another version
of (2.4). These explicit results provided some information on the arith-
metical properties of F'(x) at points x € ZJ; . In this paper, we deduce
from the results of Gy6ry and Yu [15] a better bound for [F(x)]s; see
Theorem 2100 This will give more precise information on the arith-
metical structure of those non-zero integers F that can be represented
by F(x) at integral points x; see Corollary [.1l

To state our results, we introduce some notation and assumptions.
Let F' € Z[Xy,..., X be a non-zero decomposable form. Denote by
K its splitting field. We choose a factorization of F' into linear forms
with coefficients in K as in (2.3)), with Lr a Gal(K/Q)-symmetric set
of pairwise non-propertional linear forms. Denote by G(Lr) the graph
with vertex set Lz in which distinct ¢, ¢ in Lr are connected by an
edge if M+ N0+ \'0" =0 for some ¢ € L and some non-zero \, X,
N'in K. Let Ly, ..., L, be the vertex sets of the connected components
of G(Lr). When k = 1 and L has at least three elements, L is said
to be triangularly connected; see Gy6ry and Papp [14].

In what follows, we assume that F' in (2.4]) satisfies the following
conditions:

(2.11)  Lp has rank m;

(2.12) either k =1; or k > 1 and X,, can be expressed as a
linear combination of the forms from L;, fori=1,... k.
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We note that these conditions are satisfied by binary forms with at
least three pairwise non-proportional linear factors, and also discrim-
inant forms, index forms and a restricted class of norm forms in an
arbitrary number of variables. As has been explained in [8, Chap. 9|,
conditions (Z.I1)), (2-I12) imply condition (i) of Theorem [Bl

As before, let S = {p1,...,ps} be a finite set of primes, and put
P := max p;. Further, let K denote the splitting field of F', and put
d:

1<i<s

= [K : Q]. Then we have
Theorem 2.10. Under assumptions (2.11)), (212), we have
(2.13) [F()]s < kel F ()]

for every x = (w1,...,2m) € L7, with F(x) # 0, and with x,, # 0 if
k > 1, where

ks = (¢5((P(logpy) - - (log p.)) )

and kg, c3 are effectively computable positive numbers, depending only
on F'.

> (¢3(2P(log P)*)%) !

It is easy to check that if F' € Z[X,Y] is a binary form with at least
three pairwise non-proportional linear factors over its splitting field,
then it satisfies (2I0), (212]) with m = 2 and k = 1. Thus, Theorem
follows at once from Theorem 210

We shall deduce Theorem 210 from a special case of Theorem 3 of
Gyo6ry and Yu [I5]. The constants ks, kg, ¢z could have been made
explicit by using the explicit version of this theorem of Gy&ry and
Yu [15]. Further, Theorem 2.10] could be proved more generally, over
number fields and for a larger class of decomposable forms.

Weaker versions of Theorem [2.10] can be deduced from the results of
Gyéry [111, [12].

3. PROOFSs OoF THEOREMS 2.1], 2.3] 2.4 2.6l

Let again S = {p1,...,ps} be a finite, non-empty set of primes. We
denote by | - | the ordinary absolute value, and by | - |, the p-adic
absolute value with |p|, = p~' for a prime number p. Further, we set

Qs =R, Qy :=C.
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The following result is a very well-known consequence of the p-adic
Thue-Siegel-Roth Theorem. The only reference we could find for it is
[18, Chap.IX, Thm.3|. For convenience of the reader we recall the proof.

Proposition 3.1. Let F(X,Y) € Z[X,Y] be a binary form of degree
n > 2 and of non-zero discriminant. Then

|F'(2, )]

1 > g max(|z], |y[)
[F(x,yﬂs F.,S, (| ‘ ‘y‘)
for all e >0 and all (x,y) € 72, with F(z,y) # 0.

Proof. We assume that F'(1,0) # 0. This is no loss of generality. For if
this is not the case, there is an integer b of absolute value at most n
with F'(1,b) # 0 and we may proceed with the binary form F'(X,bX +
Y). Our assumption implies that for each p € S U {oo} we have a
factorization F(X,Y) = a[[_,(X — B;,Y) with a € Z and 3, € Q,
algebraic over Q fori = 1,...,n. For every (z,y) € Z2 5, with F(x,y) #
0 we have

|F(x,y) =( II 1F@wly)/max(la], lyl)"

[F(x,y)]s - (max(|z|, |y|)" a peSU{oo}

' |z — Biylp
>F,s Hgf%lzlgnn maX(|x‘p7 ‘y‘p)

>>F,S H min <1>|§ _ﬁlp|p>"'a|§ _ﬁnp|10)‘
peSU{oo}
The latter is >pg. max(|z], |y|)">7¢ for every ¢ > 0 by the p-adic
Thue-Siegel-Roth Theorem. Proposition B.1] follows. O

Proof of Theorem[21. Let f(X) € Z[X] be the polynomial from The-
orem 2.1

(i). The binary form F(X,Y) := Y™™ f(X/Y) has degree n + 1 and
non-zero discriminant. Now by Proposition 3.1l we have for every € > 0
and every sufficiently large integer x,

|f(z)|
[f(2)]s

implying [f(2)]s <y.s.e | f ()T,
(ii). There are infinitely many primes p such that f(x) = 0 (mod p)

> s 2T > g | f () [T/

is solvable. Excluding the finitely many primes dividing the leading
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coefficient or the discriminant of f(X), there remain infinitely many
primes. Take such a prime p. By Hensel’s Lemma, there is for every
positive integer k an integer x;, such that f(z;) = 0 (mod p¥). We may
choose such an integer with p* < x;, < 2p*. Then clearly, z; < x5 <

- and for k sufficiently large, f(zx) # 0 and f(zx) = 0 (modp").
Consequently;,

(@)l = 0 > §lawl > |f (@)
This proves Theorem 2.1 O

Proof of Theorem[27) Let FI(X,Y) € Z[X,Y] be the binary from The-
orem [2.4
(1) By Proposition 311 we have for every € > 0 and every pair (z,y) €
22 i With F(x,y) # 0 and max(|z|, |y|) sufficiently large,
|F(z,y)]
[F(:L’, y)]S
(ii) We assume that F(1,0) # 0 which, similarly as in the proof
of Proposition Bl is no loss of generality. By Chebotarev’s Density

>F,S.e max(|x|, |y|)n_2_n6 > RS |F(x, y)|1_(2/n)—e.

Theorem, there are infinitely many primes p such that F' splits into
linear factors over ,. From these, we exclude the finitely many primes
that divide D(F') or F(1,0). Let P be the infinite set of remaining
primes. Then for every p € P, we can express F'(X,Y) as

FXY) = a[[(X = 6,Y)

with a € Z with |a|, =1, B;, € Z, for i =1,...,n and |8, — Bjplp =1
fori,j=1,...,n with i # j.

We distinguish two cases. First assume that F' does not split into
linear factors over Q. Take p € P. Then without loss of generality,
Bip & Q. Let k be a positive integer. By Minkowski’s Convex Body
Theorem, there is a non-zero pair (z,y) € Z? such that

| — Bipyly < p7F, max(lz],y]) < p*2.

We may assume without loss of generality that ged(x, y) is not divisible
by any prime other than p. Assume that ged(x,y) = p* with u > 0,

2
prim and

and let zy := p~"x, yx := p~"y. Then (zy,yx) € Z

|xk - ﬁlpyk|p S pu_k, max(|xk|, |yk|) S p(k/2)_u
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This clearly implies u < k/2. We observe that if we let k& — oo then

2

(g, yx) runs through an infinite subset of Zsyim- Indeed, otherwise we

would have a pair (zo,%0) € Z3,
infinitely many k which is impossible since £, ¢ Q. Next we have
F(xy,yx) # 0 for all k. Indeed, suppose that F(zy,yx) # 0 for some k.
Then xy/yr = B for some i > 2. Since f;, € Z, we necessarily have
lykl, = 1. But then |z — Biykl, = |8ip — Biplp, = 1, which is again
impossible. Finally, since clearly |z — Bipyrl, < 1 for i =2,... n, we

with |zg — Bipv0l, < p*/? for

derive that for each positive integer k,

[F (2, yi)lpy = |F(zeye), " = 05 > max(|al, [ye])
>Fp |F(xkayk)|2/n'

Next, we assume that F'(X,Y) splits into linear factors over Q. Then
FX)Y)=al[ (X =3Y) witha € Z, |a], =1forp e P, 5; € Q
and |3, < 1lforpe P, i=1,...,n, and |5; — G|, = 1 for p € P,
i,j=1,...,n,1 # j. Pick distinct p,q € P and let S = {p, ¢}. Then
there is an integer u, coprime with pq, such that uf;, uf5y and u/(By—p1)
are all integers. Choose positive integers k,[. Then

v u(Bap” — f14) Y= u(p* —¢')

Bo—=01 T 7 Bi— P

are integers satisfying  — B1y = up®, * — By = uq'. By our choice of
p,q € P and by direct substitution, it follows that the numbers x — S,y
(1 =3,...,n) have p-adic and g-adic absolute values equal to 1. Thus,
|F(z,y)|, =p~", [F(z,9)|; = ¢~ and so [F(z,y)]s = p"q".

Clearly, ¢ := ged(x, y) is coprime with pq. Let x; := /g, yr1 = y/g
so that (2ry, Ykg) € Zim. Then clearly, [F(zk, yra)]s = p"¢'. We now
choose k, [ such that p*, ¢! are approximately equal, say p* < ¢' < ¢-p*.
Then max(|zy|, [yri|) < max(|z], |y|]) <rs (p"¢")/? and thus,

[F (k0 k)]s > rs max (o, [yea])? >rs | F (e, ye) 7™

0
In the proofs of Theorems 2.3l and 2.6l we need a few auxiliary results.

Lemma 3.2. Let f(X) € Z[X] be a polynomial of non-zero discrim-
inant and a an integer and p a prime. Denote by g, the largest non-
negative integer g such that p9 divides the discriminant D(f) of f.
For k > 0 denote by r(f,a,p*) the number of congruence classes x
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modulo p* with f(z) = 0(modp*), * = a (modp). Then r(f,a,p*) =
r(f,a,p%*h) for k= gy + 1.

Proof. This is a consequence of [24] Thm. 2. O

Given a positive integer h, we say that two pairs (x1,y1), (z2,92) €
221, are congruent modulo h if z1y; = 25y1 (mod k). With this notion,
for a given binary form F\(X,Y) € Z[X, Y] we can divide the solutions
(z,y) € Z2,,, of F(x,y) = 0 (modh) into congruence classes modulo h.

prim

Lemma 3.3. Let F(X,Y) € Z[X,Y] be a binary form of degree n > 2
and of non-zero discriminant and p a prime. Denote by g, the largest
non-negative integer g such that p? divides the discriminant D(F') of
F. For k > 0 denote by r(F,p*) the number of congruence classes
modulo p* of (x,y) € Z2 4, with F(z,y)) = 0 (modp*). Then r(F,p*) =

T(Fapgpﬂ) for k> g, + 1.

Proof. Neither the number of congruence classes under consideration,
nor the discriminant of F', changes if we replace FI(X,Y) by F(aX +
bY,cX + dY') for some matrix (2%) € GLy(Z). After such a replace-
ment, we can achieve that F'(1,0)F(0,1) # 0, so we assume this hence-
forth. Let f(X):= F(X,1) and f*(X) := F(1,X). The map (z,y) —
x -y~ ! (mod p*) gives a bijection between the congruence classes mod-
ulo p* of pairs (z,y) € Z2, with F(z,y) = 0(modp*) and y #
0 (modp) and the congruence classes modulo p* of integers z with
f(2) = 0(modp). Likewise, the map (z,y) — y - 7% (mod p*) estab-
lishes a bijection between the congruence classes modulo p* of (z,y) €
22 with F(z,y) = 0(modp*) and y = 0(modp) and the congru-
ence classes modulo p* of integers 2z with f*(z) = 0(modp*) and
z = 0 (mod p). Further, our assumption F'(1,0)F (0, 1) # 0 implies that
D(F) = D(f) = D(f*). Now an application of Lemma [B.2] yields that
r(F,p*) = z;ér(f,a,pk) +r(f*,0,p") is constant for k > g, +1. O

For a binary form F/(X,Y) € R[X, Y] and for positive reals B, M, we
denote by Vr(B, M) the set of pairs (z,y) € R? with max(|z|, |y|) <
B and |F(z,y)| < M, and by pup(B, M) the area (two-dimensional
Lebesgue measure) of this set.

Our next lemma is a consequence of a general lattice point counting
result of Barroero and Widmer [1I, Thm. 1.3].
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Lemma 3.4. let n be an integer > 2. Then there is a constant ¢(n) > 0
such that for every non-zero binary form F(X,Y) € R[X,Y] of degree
n, every lattice A C Z* and all positive reals B, M,

:uF(B>M)

#(Vr(B,M)NA) — Tt A

< ¢(n) max(1, B/m(A)),

where m(A) is the length of the shortest non-zero vector of A.

Proof. We write points in R"*3 x R? as (2o, ..., 2n, %, v, 2,y). The set
Z C R*"3 x R? given by the inequalities

|z02™ + Z1£L’n_ly ooty <v, 2 <yl <w

is a definable family in the sense of [I], parametrized by the tuple
T = (20, .-, %n,u,v). By substituting for this tuple the coefficients of
F, respectively B and M, we obtain the set Vi (B, M) as defined above.
The sum of the one-dimensional volumes of the orthogonal projections
of Vp(B, M) on the z-axis and y-axis is at most 4B, and the first
minimum of A is m(A). Now Lemma [B.4] follows directly from [I, Thm.
3.1]. O

2
prim*

A lattice A C Z? is called primitive if it contains points (z,y) € Z

Lemma 3.5. Let again n be an integer > 2. Then there is a constant
d(n) > 0 such that for every binary form F € Z[X,Y] of degree n,
every primitive lattice A C 72, and all reals B, M > 1,

6 L B, M
#(VF(B>M) mAﬁZf)rim) - <_2p]d;!A(1 +p 1) 1) : %

< d(n)Blog3B.

Proof. In the proof below, p, p; denote primes.

Let F(X,Y) € Z[X,Y] be a binary form, A C Z? a primitive lattice,
and B, M reals > 1. Put d := det A. For a positive integer h, define the
lattice Ay := A N hZ2. Since A is primitive, there is a basis {a,b} of
7?2 such that {a,db} is a basis of A. Hence {ha,lecm(h,d)b} is a basis
of Ay, and so

h2

1 Ay =h-1 R
(3.1) det Ay, = h-lem(h,d) =d eed(hd)
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Further, the shortest non-zero vector of A;, has length
(3.2) m(Ay) > h.
We define p(h) := #(Vr(B, M) N A,). Then by the rule of inclusion

and exclusion,

#(v (B,M)NANZ2. )

- Z p(p) + Z p(p1p2) —
= 3 ulhthy

h<B

where p(h) denotes the Mobius function. The previous lemma together

with (31)), (8.2) implies

’#(VF(B M)NANZE,,) - peB ) 5 80dldR)

prim

h
o

h<B

hence

prim

#(Ve(B M) NANTZE,,) - M-iu(h)-w

< MrBAD S iy EIE oy 32 1
h>B h<B
d(n)Blog 3B,

where we have used ), |u(h )|ng d.}) < 2d/B, ur(B,M) < 4B?

and Zh< B M <log 3B. Now the proof is finished by observing that

2wl ng d et =[Ja-») - JJO-p) = % JJa+p 7

h=1 pld ptd pld
O

Lemma 3.6. Let oy, ..., o be positive reals. Denote by N(A) the num-
ber of tuples of non-negative integers (uq, ..., u;) with

(3.3) A<aqug+ -+ oy A+ 2(ar + -+ ).
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Then
N(A) =tay...ou AT s A — oo

Proof. Constants implied by the Vinogradov symbols <, > will depend
ont,a,...,0.

For u = (uq,...,u;) € Z', denote by C, the cube in R* consisting of
the points y = (y1,...,¥:) with u; <y; <wu;+1fori=1,...,¢t. Let C
be the union of the cubes C, over all points u with non-negative integer
coordinates satisfying ([B.3]). Put v := a3+ -+ -+ 4. Then C; C C C C,
where Cy,Cy are the subsets of R® given by

A+a<ogyp+-+oy <A+2a, y1 >0,...,y >0,
A<ay+-+oy <A+30, 11 2>20,...,y. >0,

respectively. Clearly N(A) is estimated from below and above by the
measures of C; and Cy, the first being > (A + 2a)" — (A +a)t > A1
the second being < A1, The lemma follows. U

We first give the complete proof of Theorem The proof of The-
orem is then obtained by making a few modifications.

Proof of Theorem[2.8. Let F(X,Y) € Z[X,Y] be a binary form of de-
gree n > 3 with non-zero discriminant, € a real with 0 < € < % and
S = {p1,...,ps} a finite set of primes. Let S’ = {p1,...,py} be the
set of p € S such that F(z,y) = 0 (modp%*") has a solution in Z2
and let S” = {pg41,...,ps} be the set of remaining primes. In what
follows, constants implied by Vinogradov symbols <, > and by the
Landau O-symbol will depend only on F', S and e.

We first prove that
N(F,S,e,B) <5 B> ™(log B)* ! as B — co.

The set of pairs (x,y) under consideration can be partitioned into sets
Ny, where h runs through the set of positive integers composed of
primes from S, and N, is the set of pairs (z,y) € Z2. with

prim
max(|z], [y|) < B, [F(z,9)]s =h, |F(z,y)] <AV
We first estimate #A, from above by means of Lemma where h
is any positive integer composed of primes from S. Notice that for

(x,y) € N we have F(z,y) = 0(mod h). By Lemma B.3] and the Chi-

nese Remainder Theorem, the set of these (x,y) lies in < 1 congruence
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classes modulo h. Each of these congruence classes is contained in a set
of the shape

{(z,y) € Z* : yoxr = zoy (mod h)}

with (zg, o) € Zgrim, which is a primitive lattice of determinant h. So

N, is contained in < 1 primitive lattices of determinant h.
We next estimate the area pp(B, hY/€) of V/(B, h'/€). There is a con-
stant ¢ > 0 such that

(3.4) |F(z,y)| < cp(max(|z], [y)" for (z,y) € R”.
If h > (cpB™) then the condition |F(z,y)| < h'/€ is already implied
by max(|z|, |y|) < B, and so pp(B,h'/) = 4B2%. On the other hand, if
h < (cpB™)¢, we have, denoting by u the area,

pr(B, ) < p({(ny) € R+ [F(a,y)| < bV}

= W u({(ey) € R |F@y) < 1) < B
since the set of (z,y) € R? with |F(z,y)| < 1 has finite area (see for
instance [17]). Now invoking Lemma [B.5] we infer
B?/h + O(Blog B) if h > (cpB")",

(35) #Nh < { h(2/ne)—1 + O(Blog B) if h < (CFBn)E-
Finally, from (B84) it is clear that A}, = 0 if h > cpB™.

Let o := log(py - - - py). For j € Z, let M, be the union of the sets
Nh with
(3.6) eX(cpB™) < h < P2 (cp BT,
We restrict ourselves to j with
(3.7) ¥ (cpB") < cpB", e@tD(cpBM)E > 1,

since for the remaining j the set M; is empty. Thus,

(3.8) N(F,S,e,B) <Y #M,,
J

where the summation is over j with (3.7]).

We estimate the number of h with ([B.6). Write h = h/p{*---pi
where h' is composed of primes from S”. Then A’ divides Hpe gn DIP, 50
we have < 1 possibilities for A’. By applying Lemma with ¢t = ¢/,
A =e*%cpB™)) /I, a; = logp; fori =1,..., s, we infer from Lemma
that for given A’ the number of possibilities for (ui,...,uy) is <
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(log B)*~!. Hence the number of h with (3.6) is < (log B)*~!. Now
from (B.3)) it follows that for j with (8.7,

e~2*B2(log B)* ™' + O(B(log B)*") if j >0,
e~ 2ile2/ne)=1) p2=ne(log B)¥' 1 + O(B(log B)*) if j < 0.
Finally, from these estimates and (B.8) we deduce, taking into con-
sideration that the number of j with ([B.7) is < log B, and also our
assumption 0 < € < %,

N(FS.eB) < (Y4 Y e tio@n-n). prone(iog gyt

520 <0

#M; < {

+0(B(log B)*)
< B*"(log B)* '
We next prove that
N(F,S,¢e,B) > Bz_"e(logB)s/_1 as B — oo.

Fori = s'+1,...,s,let a; be the largest integer u such that F(z,y) =
0 (mod p¥) is solvable in (z,y) € Z%,,. Let for the moment h be any

integer of the shape h = pi* - - - p¥ lzzvhere u > gy, +1lfori=1,...,¢
and u; = a; for i = s+ 1,...,s, and where h > (cpB™")¢. By Lemma
and the Chinese Remainder Theorem, the number of congruence
classes modulo h of (z,y) € Z2,;,, with F(x,y) =0 (modh) is

prim

s’ s

+1 .
r::Hr(F,p?pl ) - H r(F,pf),
=1 i=s'+41
which is independent of h. As mentioned above, each of these congru-
ence classes is contained in a primitive lattice of determinant h. Fur-

thermore, since these lattices arise from different residue classes modulo

2

rim» the intersection of any two of these lattices does
2

not contain points from Z2 ;= anymore. Since moreover by our assump-
tion h > (cpB™)¢ the set V (B, h'/¢) has area (4B)?, an application of
Lemma 3.3 yields that the set of (z,y) € Z2;,, with max(|z],|y|) < B,

|F(z,y)| < hY€ and F(x,y) = 0 (mod h) has cardinality

h of points in Z

2
er - (45) + O(Blog B),

where ¢ = (6/7%) [ ,cq,(1 +p~')~", with Sy the set obtained from S
by removing those primes p; from S” for which a; = 0. By the rule
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of inclusion and exclusion, the set A, i.e., the set of (z,y) € Zgrim

as above with F(z,y) divisible by h but not by hp for p € S’, has
cardinality

(3.9) cr-(4B)2—Zcr-@+ Z cr.(4B)2_...

h P pgh
+O(Blog B)

peS’ p,q€S’,p<q

B L By B
—crH(l—p ) - . +O(BlogB)>>7+O(BlogB).

peS’

We now consider the set of integers h of the shape p{*---p¥ with
w > gp, +1fori=1,...,s and u; = a; for i = s +1,..., s, and with
(cpB™)¢ < h < e**(cpB™)¢, where again a = log(p; - - - py). By Lemma
B.6, there are > (log B)* ' such integers. Using again 0 < € < %, it
follows that

N(F,8,¢,B) > > #N, > B> "(log B)"".
h

This completes the proof of Theorem O

Proof of Theorem[2Z.3. Let f € Z[X] be a polynomial of degree n >
2 with non-zero discriminant, ¢ a real with 0 < e < % and § =
{p1,...,ps} a finite set of primes. Similarly as above S’ = {p1,...,ps}
is the set of p € S such that f(x) = 0 (mod p%™!) is solvable in Z and
S = {ps’+17 s 7ps}'

The proof is the same as that of Theorem [2.3] except from a few
small modifications. The main difference is that instead of Lemma
we use the simple observation that if V¢(B, M) is the set of x € R with
|z| < B and |f(z)| < M and ps(B, M) is the one-dimensional measure
of this set, then for all a,h € Z with h > 0, the number of integers
x € Vy(B, M) with f(z) = a(modh) is

(3.10) pg(B, M)/h+ error term, with |error term| < ¢(n)

for some quantity ¢(n) depending only on n = deg f.
We first prove that

3.11 N(f,S,e,B) <5 B (log B)* ! as B — oo.
f? b

Let ¢ be a constant such that |f(x)| < ¢f|z|” for € R. Consider the
set \Vj, of integers z with |z| < B, [f(z)]s = h and |f(x)| < h'/€. Then if
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h > (c;B™)¢ we have s (B, hY/¢) = 2B, while otherwise, (B, h'/¢) <
hl/ne since |f(x)] > |z|™ if |#] > 1. Now a similar computation as
in the proof of Theorem 2.6, using Lemma instead of Lemma [3.3]
gives instead of (B.5l),

B/h+ O(1) if h > (cyB™)S,
#N < { R/m=1 L O(1) if h < (c;B"),

and then the proof of (B.I1]) is completed in exactly the same way as
in the proof of Theorem 2.6l
The proof of

(3.12) N(f,S,¢,B) >;5. B"(log B)*"' as B — o0

follows the same lines as that of Theorem 2.6l For i = s’ +1,...,s
let a; be the largest integer w such that f(z) = 0 (modp{’) is solvable.
Let h = pi*---p¥s with u; > ¢, + 1 fori =1,...,s" and u; = a; for
i=s+1,...,s and with A > (¢;B"). Then by combining (B.10)
with Lemma one obtains that the set of integers = with |z| < B,
f(z) =0 (modh) and |f(x)| < k'€ has cardinality

rB/h+ O(1)

with » > 0 depending only on f, and then an inclusion and exclusion
argument gives

#Ny > B/h+ O(1).
Again, an argument completely similar to that in the proof of Theorem

gives (B3.12). O
4. PROOF OF THEOREM [2.7]

The theorem can be proved by modifying the arguments from [4].
We prefer to follow [6l §8], which already contains the basic ideas. Let
F € Z[Xy,...,Xm] be a decomposable form of degree n with splitting
field K. We take a factorization of F' as in (2.3)). Assume that F' satisfies
condition (i) of Theorem [Bl

Let D be a linear subspace of Q™ of dimension > 2. Denote by D* the
K-vector space of linear forms in K[Xy, ..., X,,] that vanish identically
on D. Then a set of linear forms in K[X7,..., X,,] is linearly dependent
on D if some non-trivial K-linear combination of these forms belongs to
D* and linearly independent on D if no such linear combination exists.
The D-rank rankp M of a set of linear forms M C K[X;,..., X,,], is
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the maximal number of linear forms in M that are linearly independent
on D. We have rankp Lr = dim D.

We call a subset Z of L munimally linearly dependent on D, it T
itself is linearly dependent on D, but every proper, non-empty subset
of Z is linearly independent on D. We define a(n undirected) graph Gp
as follows. The set of vertices of Gp is Lg; and {¢, '} is an edge of Gp
if there is a subset of L that is minimally linearly dependent on D
and contains both ¢ and ¢'. Clearly, if {/, ¢} is an edge of Gp, then so
is {o(0),0(l")} for each o € Gal(K/Q), i.e., each o acts on Gp as an

automorphism.

Lemma 4.1. Let D be a linear subspace of Q™ of dimension > 2 such
that none of the linear forms in L vanishes identically on D. Then Gp
s connected.

Proof. Assume that Gp is not connected. Let M be the vertex set of
a connected component of Gp. Then @g/\/l gﬁp. Clearly, for each
o € Gal(K/Q), o(M) is also the vertex set of a connected component
of Gp, hence either o(M) = M, or o(M) N M = (. That is, M is
Gal(K/Q)-proper.

By assumption (i) of Theorem [Bl the K-vector space

Y loMIN[Le\ o(M)]

c€Gal(K/Q)

contains a linear form from £, which, by assumption, does not lie in
D*. Hence there is 0 € Gal(K/Q) such that [o(M)] N [Lr \ o(M)]
contains a linear form outside D*. But since D* is defined over Q, we
have o(D*) = D* and so [M] N [Lp \ M] contains a linear form not
in D* say {;. Take maximal subsets M;, My of M and Lp \ M,
respectively, that are both linearly independent on D. Then there are
M € K for ¢ € M; U Mj such that

Z Al = Z Al = Lo (mod D*).

e My e Mo
This implies that M; U M, is linearly dependent on D. We can take
a subset of M; U Mj that is minimally linearly dependent on D. This
set necessary must have elements with both M; and M in common.
But then there would be an edge connecting an element of M with one
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of Lz \ M, which contradicts that M is the vertex set of a connected
component of Gp. O

Lemma 4.2. Let D be a linear subspace of Q™ of dimension d > 2
and M a non-empty subset of Ly with rankp M < d. Then there is
a subset T of Lr that 1s minimally linearly dependent on D, such that
MNZT+#0 and rankp M UZ > rankp M.

Proof. Let M’ consist of all linear forms in L that are linear combi-
nations of the linear forms in M and of the linear forms in D*. Then
rankp M’ = rankp M < d, hence () g M’ g L. Take a maximal subset
M of M that is linearly independent on D; then it is also a maximal
subset of M’ that is linearly independent on D. Let My be a maximal
subset of L \ M’ that is linearly independent on D.

By Lemma [4.1] there is a set J C Lp that is minimally linearly
dependent on D and contains elements of both M and L\ M’. This
gives a linear combination ), , Al € D*, with ly := 3, ;000 Al &
D*. Writing the linear forms in J N M’ as linear combinations modulo
D* of the linear forms in My, and the linear forms in J N (Lp\ M’) as
linear combinations modulo D* of the linear forms in My, we obtain
a relation Y, v g, el € D*, with 37,0 pel = £y # 0 (mod D).
Hence M{UMa, is linearly dependent on D. Take a subset Z of M{;UM,
that is minimally linearly dependent on D. We have Z N M, # () and
ZN My # 0 since M; and My are linearly independent on D. This
implies ZN M # (). Further, My;N M’ = (), therefore each of the linear
forms in My is linearly independent on D of the linear forms in M.
Hence rankp M UZ > rankp M. O

Denote by M the set of places of K. We choose normalized absolute
values | - |, (v € Mk) in such a way that if v lies above p € {oo} U
{primes}, then |z|, = |z|" VU for 2 € Q. These absolute values
satisfy the product formula [[,c,, |zl = 1 for z € K*. For a vector

y=(y1,...,y,) € K", we define

Iyl := max |y, (v € Mx), H(y):= [] Iyl

1<i<r
vEME

By the product formula, H(A\y) = H(y) fory € K", A € K*.
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For x € Z. and a subset Z of Lp, we define

prim
Hz(x) = max 10(x)],-
vEMK
Lemma 4.3. Let x € Z;,, with {(x) # 0 for { € Ly and let T, J be

subsets of Ly with TN J # 0. Then
Hz,7(x) < Hz(x) - Hz(x).

Proof. Let £y € TN J. Then by the product formula,

Hiog(x) = ] max 1060/,
< (TT maxle /o)1) - ((TT maxetx)/o(x)1)

= Hz(x)  Hz(x).

Lemma 4.4. Let D be a linear subspace of Q™ of dimension > 2 on

which none of the linear forms in L vanishes identically. Then for every
X € Ly N D with ((x) # 0 for £ € Lr, there is a subset T of Lp that is

minimally linearly dependent on D such that Hz(x) >pp ||x||*/™m=Y.

Proof. Let x € Z7,,, N D with {(x) # 0 for £ € Lp. Start with a
linear form ¢y € Lr. By Lemma (.2 there is a subset Z; of L that
is minimally linearly dependent on D, that contains ¢, and for which
rankp Z; > 2. Using Lemma 4.2, we choose inductively subsets Z, Zs,

. of Lp that are minimally linearly dependent on D as follows: if
rankp Z; U+ - -UZ, < dim D, we choose Z; ;1 such that Z, ., N (Zy U---U
7;) # 0 and rankp Zy U- - -UZ; 1 > rankp ZyU- - -UZ,. Tt is clear that for
some s < dimD —1<m—1we get rankpZ; U---UZ; = dim D. Then
X1,...,X,, can be expressed as linear combinations modulo D* of the
linear forms in Z; U - - - UZ,, implying ||x|| = H(x) <pp Hru.uz, (X).
Now from Lemma 4.3 we infer

S

[[Hz(x) < (%) < (x)"
Il <rp | 1 Hz,(x) < max Hz,(x)* < max Hz,(x)

1=
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Proof of Theorem[2.7. Without loss of generality, we assume that the
linear forms in (2.3)) have their coefficients in the ring of integers O of
K. We prove by induction on d that if D is a linear subspace of Q™ of
dimension d on which none of the linear forms in £ vanishes identically,

then (2.7) has only finitely many solutions in Z. N D. For d = 1 this

prim
is clear.

Assume that d > 2 and that our assertion holds true for all linear
subspaces of Q™ of dimension smaller than d. Let D be a linear sub-
space of Q™ of dimension d on which none of the linear forms in £
vanishes identically and let 0 < € < ﬁ Take x € Z7;,, N D satisfy-
ing (27). Choose a subset Z of L that is minimally linearly dependent
on D such that

(4.1) Hz(x) >pp ||x][VY.

Let T be the set of places of K lying above the places in S U {oco}.
For v € T, choose ¢, € Z such that |(,(x)|, = maxsez |((x)],, and let
T, :==Z\ {l,}. We have |[(,(x)|, <p 1 for { € Lp, v € Mg\ T since
x € Z™. So by the product formula, [ ., [¢((x)l, >p 1 for £ € Lp.
Together with (4.]) this implies

[TIT1el <e J]IFG)L < [lx]|@/em=

veT Lel veT
<<F,D Hz(X)l_(m_l)e,

and subsequently, dividing both sides by [], o7 [€o(X) |0,

(4.2) IT I 1eeole <pp Hr(x)=tm0e.

veT VeTy
Write Z = {{y,...,0,}. Then ¢y = 5161 + -+ + Bul, (mod D*) with
Bi # 0for i = 1,...,u Put y; := {;(x) for i = 1,...,u, and y =
(Y1, .-, Yu). Then y € O%. We can express {(x) (¢ € Z,) as u linearly
independent linear forms in y, say ¢1,(y), ..., lus(y), taken from the
set {Y7,...,Y,, 511+ -+ B.Y.}. Now (42)) translates into

H H wz,v(y)‘v <<F,D H(y>_(m_1)€7 y S O?(

veT i=1
Thus, we can apply the p-adic Subspace Theorem [22], and conclude
that the vectors y lie in finitely many proper linear subspaces of K™.
It follows that the solutions x € Zm. N D of (1), corresponding to

prim
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the same sets Z, (v € T) in (4.2), lie in finitely many proper linear
subspaces of D. Since there are only finitely many possibilities for the
sets Z,, it follows that the solutions x € Zg};, N D altogether lie in only
finitely many proper linear subspaces of D. By applying the induction
hypothesis to each of these spaces, it follows that (2.7]) has only finitely

m
prim

many solutions in Z7'. N D. This completes our proof. O

5. PROOF OF THEOREM

Let F € Z[X;,...,X,,] be a decomposable form in m > 2 variables
with a factorization as in (2.3), satisfying (2.9) and (2I0). Our first
goal is to prove that ¢(F') < 1. We have used some arguments from |16,
§3.3|. We start with some preparations.

For a subset M of L we put |[M|:= 3", ,e(l). Let D be a linear
subspace of Q™ of dimension d > 2. A subset M of L is called D-
critical if gp(M) is maximal among all non-empty subsets of Lp. A
D-critical subset is called minimal if none of its proper subsets is D-
critical.

Lemma 5.1. Let My, My be two D-critical subsets of L.

(i) Assume that My, My are minimal and My # M.
Then My N My = 0.
(i1) Assume that M0 Mo = 0. Then My U M, is D-critical.

Proof. We use that for any two subsets N7, N of L we have

(5.1) rankp N7 N N5 + rankp N7 U N, < rankp N + rankp Ns,
INT NG| + INTUN;| = [N+ [N

(i) Let o := maxp gp(M), where the maximum is taken over all
non-empty subsets M of Lr. Assume M; N My # (. Then by (&1,

rankp M; N M,
< rankp M + rankp My — rankp M; U M,
= o M| + g5 M| — gp(My U M) H M,y U M|
< go (M| + [Ma| — My UM,|) = g3 My UM,

implying ¢p(M; N Ms) > qo. This is clearly impossible.
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(ii) Again by (I,
rankp M; UM, < rankp M; + rankp M,
= ¢y (IMu] + [My]) = g5 ' M1 UMy,

which implies ¢p(M; U My) > qo. Hence My U My is D-critical. [
Lemma 5.2. We have ¢(F) < 1.

Proof. We have to prove that for every Q-linear subspace D of Q™ of
dimension > 2 we have ¢p(F) < gp(Lr) = n/d, where d = dim D
and n = deg F'. Assume that for some of these subspaces D we have
qp(F) > n/d, i.e., there is a subset M, of Lp with rankp M; < d and
qp(My) > n/d. Without loss of generality, we take for M; a minimal
D-critical subset of Lp.

Let D* be the K-vector space of linear forms in K[X;, ..., X,,] that
vanish identically on D. Then for each o € Gal(K/Q), o(M,) is also a
minimal D-critical set since rankp o(M;) = rankp M; and |o(M;)| =
|Mi], and so by Lemma 5.1, we have either o(M;) = M; or (M) N
M; = 0. That is, M; is Gal(K/Q)-proper. Let My, ..., M; be the
distinct sets among the o(M,), o € Gal(K/Q). We first prove that

(5.2) Lr=MUMyU---UM,.

Suppose the contrary, i.e., Mg := M;U---U M, g Lr. By Lemma
Bl the set My is D-critical, hence ¢p(My) > d/n, which implies
rankp M, < d. This, together with the fact that M, is Gal(K/Q)-
symmetric, implies that there is a non-zero x € D with ¢(x) = 0 for
¢ € M. This clearly contradicts (2.10). So indeed, (5.2]) holds. By
Lemma [5.] (ii), any non-empty union M of some of the sets M, is
D-critical, implying gp(M) = qp(LFr) = d/n.

As observed above, the set M; is Gal(K/Q)-proper. So by assump-
tion (2.9]), the K-vector space

t

Y. loMOIN[Le\a(M)] =Y IMIN[Lr\ M)

ceGal(K/Q) i=1

contains a linear form from Lp. By assumption (2.I0), this form does
not lie in D*. Hence there is ¢ € {1,...,t} such that [M;] N [Lr \ M,]
contains a linear form not in D*. Moreover, qp(M;) = qp(Lr \ M;) =
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d/n. Hence

d =rankp L < rankp M; + rankp (Lp \ M;)
d
= (M| +|Lp\ Mi|) =4,

which is impossible. Thus, our assumption that ¢p(F) > n/d is false.
L]

We need a few other, much deeper auxiliary results, which are taken
from the literature. We keep the notation and assumptions from The-
orem 2.9 For each p € SU {c0}, we choose an extension of | - |, to the
splitting field K of F.

Lemma 5.3. Let D be a linear subspace of Q™ of dimension d > 2.
Then for every x € Z%... N D, there are subsets L, (p € S U {oo}) of

prim

Ly of cardinality d that are linearly independent on D, such that

(5.3) II II Kl

peSU{co} LEL,

<rso (O TI 1FGIL) - )~ -tae)

peSU{oo}

1/qp(F)

Proof. In the case D = Q™ this is a special case of [10, Lemma 2.2.4].
The case of arbitrary D can be reduced to this by choosing a Z-
basis {aj, ..., a4} of Z™ N D and working with the decomposable form
F(e(y)), where p(y) = Zle y;a;. Note that ¢ establishes a bijection
between Z4. and Z™. N D. U

prim prim

Lemma 5.4 (p-adic Minkowski). Let p be a prime number. Further,
let U1, ...,y be linearly independent linear forms in m variables with
real coefficients and (1 p, . .., Ly, (M < m) linearly independent linear
forms in m variables with coefficients in Q,. Then there are constants
M,%2 > 1, depending only on p, m, lv,... Ly, 1y, ... Ly p, Such that
if A1,..., A, B1, ..., By are any positive reals with

(54) AlAmBle/ Z’}/l, Bigyz_lforizl,...,m/
then there is a non-zero x € Z™ with

(5.5) |bi(x)| < A; fori=1,....m, |[lpp(x)], < B; fori=1,....,m"
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Proof. We augment ¢ ,,...,¢, , to a linearly independent set of m
linear forms ¢ , . . ., £,, , with coefficients in QQ,. Let C be the symmetric
convex body consisting of those x € R™ with

|6;(x)| < A;fori=1,...,m
and A the lattice consisting of those x = (x1,...,2,,) € Q™ such that
(%), < B fori=1,...,m,
i p(X)], <75t fori=m'+1,...,m,
|zil, <1fori=1,...,m and all primes g # p,

with 9 yet to be chosen. By choosing ~, sufficiently large, we can
guarantee that A C Z™ for all By,..., B,y < 75" and by choosing
v sufficiently large, we can guarantee that vol(C)/det A > 2™ for all
Ay, A, with Ay -+ A, By -+ - By > 1. Minkowski’s Theorem im-
plies that for such A;, B; there is a non-zero x € C N A. This x satisfies
(5X) and lies in Z™. O

Proposition 5.5. Let F' € Z[X1,..., X] be a decomposable form of
degree n with (Z9) and @2I0). Then the number of x € ZT. with
[esuony [FX)]p < M is < s M™"™ as M — oo.

Proof. Liu proved this in his thesis for all decomposable forms F' with
c¢(F) < 1 and with (2I0), see [16, Theorem 2.1.3]. As observed in
Lemma [5.2] the condition ¢(F') < 1 follows from (2.9) and (2.10]). Liu’s
theorem and its proof are a p-adic generalization of Thunder’s theorem
[26, Theorem 2] and its proof. O

Proof of Theorem[2.3. (i). Let 0 < € < 1—c¢(F'). We prove by induction
on d that if D is any d-dimensional Q-linear subspace of Q™, then
[F(x)]s <ps,p |F(x)[F for all x € Z, . ND. For d = 1 this is clear.
Let d > 2, and assume the assertion is true for all linear subspaces of
Q™ of dimension < d. Let D be a Q-linear subspace of Q™ of dimension

d. Take x € Z7;,, N D for which
(5.6) [F(x)]s > |F(x)).
Then

F(x
H ‘F(X)lp = [|F’((X)}IS’ S |}7’(X)|1_C(F)_6 <<F,S,D HXHTL(l_C(F)_E)-
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Take subsets £, (p € SU{oo}) of L as in Lemma [5.4] and insert the
above inequality into (5.3]). Then since ¢(F) > ¢p(F') - d/n,

1/qp(F)
I II/®l <rso <||X,|n(1—c(F>—e) _ ||XH—(n—qu(F>)) D

peSU{oo} LELy
<Fs.p ||X||_"5/QD(F).

By the p-adic Subspace Theorem, the points x € Z7;,, N D with (5%6)
lie in finitely many proper linear subspaces of D. By applying the in-
duction hypothesis with each of these subspaces, we infer that for the
points x € Z N D with (5.6) we have [F(x)]s <ps,p |F(x)[?)F.
This completes our induction step, and hence the proof of (i).

(ii). Let K = Q(#). By Chebotarev’s Density Theorem there are
infinitely many primes p such that the minimal polynomial of 8 over QQ
has all its roots in @,. Take such a prime p. Then in the factorization
(23) we may assume that the linear forms in £p have their coefficients
in Q,. Let D be a linear subspace of Q™ of dimension d > 2, and M a
subset of Lp with rankp M =: d’' < d for which gp(M) - d/n = c(F).
Choose a subset M’ of M of cardinality d’ that is linearly independent
over D. By Lemma [5. 4 there is for every sufficiently large ) a non-zero

point x € Z"™ N D such that
x| < Q, [((x)], < Q¥ forte M,

where here and below, the constants implies by < depend on F, D and
p and in fact only on F and p since D depends on F. Without loss
of generality, we may assume that the greatest common divisor of the
coordinates of x does not contain factors coprime with p. Let p* be the
greatest common divisor of the coordinates of x and put x' := p~*x
Then x' € Z". N D, p* < @, and

prim
x| < p~*Q,
(x|, < pPQ™H = (p7RQ)~Y (pk) =) for £ € M.

Now if we let Q — oo, then x’ runs through an infinite set. Indeed,
otherwise there were a non-zero x’ € Z7. N D such that (5.7) holds for

prim

arbitrarily large Q. But by letting Q — oo, we can make max(p~*Q, p*)

(5.7)

arbitrarily large and thus |¢(x)|, arbitrarily small for every ¢ € M.
But then it would follow that ¢(x") = 0 for ¢ € M’, which is however
excluded by assumption (2.10).
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From the above we conclude that there are infinitely many x’ €
7. N D such that

prim
()], < |14 for £ € M.

Since the other linear forms in M are linear combinations modulo D*
of the linear forms in M’ | these x’ satisfy

()], < X for £ € M,

and moreover, trivially, [((x’)|, < 1 for ¢ € L\ M. Using the decom-
position (2.3)), it follows that these x satisfy

|F(x/)‘p < ||X’H—(d/d')\M\ - HX/H—dIID(M) _ HX/H_M(F)v
hence
[F(x)] gy = |[F(X)], 1> |F(x)]“F).

This proves (ii).
(iii) Let 0 < e <1 and B > 1. Then every x € Z7; | with [F(x)]s >
|F(x)|¢ and ||x|| < B satisfies

F
I 7ol = 9L < e <, B0,
peSU{co}

where n := deg F'. Hence N(F, S, ¢, B) is at most the number of solu-

m
prim

tions in x € Z of this last inequality. Now Proposition implies

N(F,S,¢,B) LFSe (B"(l_e))m/" <Lrsie pBmi-e

as B — oo. This proves (iii). O

6. PROOF OF THEOREM [Z.10)]

Theorem will be deduced from Proposition below, which
is a special case of a non-explicit version of Theorem 3 of Gyéry and
Yu [15]. Its proof is based on effective results of Gydry and Yu [15]
for unit equations, and ultimately depends on Baker’s method, more
precisely on explicit estimates of Matveev [19] concerning linear forms
in complex logarithms of algebraic numbers and similar such estimates
by Yu [27| for p-adic logarithms.
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Let F € Z[Xy,...,X,,) be a decomposable form, S = {p1,...,ps}
a finite non-empty set of primes, and b a non-zero integer. Let Zg :=
Z[(p1 - - - ps)"'] be the ring of S-integers in @, and consider the equation

(6.1) Fx)=0b in x€Z?.

Let py,...,p; be the prime ideals in K that divide py,...,ps, and let

P = 1n;1a<>§N(p,~), where N(a) := #Ok/a denotes the absolute norm of

a non-zero ideal a of Og. Further, denote by h the absolute logarithmic
height.

Proposition 6.1. Let F' be a decomposable form as above with prop-
erties (210) and (ZI2). With the above notation, every solution x =
(X1, .. ) € ZY of (1) with x,, # 0 if k > 1 satisfies

6.2) ax h(z;) < c,(P'/log P") HlogN

(s + logN(pl S pe) + (D)),

where ¢4, c5 are effectively computable positive numbers that depend
only on F.

We mention that Theorem 3 of [I5] implies Proposition with
explicit expressions for ¢4, c5 in terms of the heights of the coefficients
of F' and the degree and regulator of the splitting field K of F.

We now prove Theorem 2.10] by means of Proposition [G.11
Proof of Theorem[2.10. Let x € Zg}lm with F(x) # 0, and put b :=
F(x)/[F(x)]s. Then F(x) = p{*---p%b for certain non-negative inte-

gers ay, ..., as. We can write a; = na, + a; with al, a; € Z>( such that
a < n for each i. Then (24) implies that

(6.3) Fx) =1,

where

(6.4) X =x/pit - p% and B =bpll - p¥.

Here x' = (4, ..., 2],) is a solution of (6.3)) in ZZ'.

We apply now Proposition [6.1] to the equation (6.3]). Let py,...,p;
and P’ as above. Then we get

max h(z}) < C,

1<j<m
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for every solution x = (2, ...,2),) € Z¥ of (6.3) with «/, # 0if k > 1,
where (' denotes the upper bound occuring in ([6.2]) but with b replaced
by b'.

Since t < sd, P’ < P? where d = [K : Q], and h(V) < nslog P +
log |b], we infer that
(6.5) max h(x);) < Cy(cs + log [b]),
where Cy = c¢5(P(logp1) - - - (logps))? and cg, c7 are effectively com-
putable positive numbers that depend only on F'. It is easy to deduce

from (G.5]) and (64]) that
Pt pl < CylbmC,
where O3 = ™% This gives
P By < (o p) B p)" < Cafpl ™

with Cy = Ps"C%. Multiplying both sides by (p{* - - - p2)™"¢2 and then
raising to the power 1/(mnCy + 1), we infer that

[F(x)]s < (P°Cy) 73 | F(x)[' 72w,

But (Png)ﬁ% < kg, while mnCy + 1 < ¢§(P(logp1) - - - (log ps))¢ with
effectively computable kg, c3 depending only on F'. This gives (2.13]).
O

7. LOWER BOUND FOR THE GREATEST PRIME FACTORS OF
DECOMPOSABLE FORMS AT INTEGRAL POINTS

We now deduce over Z an improved and more explicit version of
Corollary 5 of Gyéry and Yu [I5] on the greatest prime factors of de-
composable forms at integral points. We note that in Gyéry and Yu
[15] it was more complicated to deduce Corollary 5 from Theorem 3
of that paper. The next corollary gives some useful information about
those non-zero integers that can be represented by decomposable forms
of the above type.

For a positive integer a we denote by P(a) and w(a) the greatest
prime factor and the number of distinct prime factors of a with the
convention that P(1) = 1, w(1) = 0. Further, we denote by log; the
1-th iterated logarithm.
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Corollary 7.1. Let F'(Xy,...,X,,) € Z[ Xy, ..., X be a decomposable
form as in Theorem [2.10, and let Fy be a non-zero integer that can be
represented by F'(x) with some x = (21,...,Tm) € Zi,, with 1, # 0
if k> 1. Then

(7.1) (P(log P)*)" > log | Fy|

and

(7.2) P> {

provided that |Fy| > Cg, where P = P(Fy), w = w(Fy). Here Cs, Cy
are effectively computable positive numbers that depend only on F'.

(log [ Fy|)'/3 if w < log P/ log, P,
C5log, | Fo| - logs | Fol/ log, | Fo| otherwise,

Proof. Let Fy be a non-zero integer such that Fy = F(x) for some
X = (T1,. . Tm) € Ll With @, # 0/if k > 1. Write

F(x) =pi"' - pg
with distinct primes py,...,ps. Then P = P(Fy) = max p; and w =
w(Fy) = s. Put S := {py,...,ps}. In this case [F(x)]s = |F(x)|. Now
(2Z13) immediately gives

|Fo| < kgl Fo|' "
with ks, kg specified in Theorem 210, This implies that

|Fol < kg™,
whence
log | Fy| < ¢5(2P(log P)*)?

with an effectively computable positive cg that depends only on F.

We know from prime number theory that s < %. Hence, if |Fy| >

C; with a large and effectively computable C; = C7(F) > 0, then P
must be also large and so (cg(log P)?)* < (log P)?* and (7)) follows.

If s < 11(?52]; then it follows from ([I]) that

log, |Fy| < dlog P + 2dslog, P < 3dlog P,

which gives the first inequality in (Z.2)), provided that C is sufficiently
large. Otherwise, we deduce from (7.1]) that

P
log, |Fy| < dlog P + 4d@ log, P,
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which gives the second inequality in (7.2), provided that C7 is suffi-
ciently large. U

8. APPLICATIONS TO DISCRIMINANTS OF ALGEBRAIC INTEGERS

As was mentioned above, Theorem [2.10] and its corollaries can be
applied to discriminant forms, index forms and a large class of norm
forms. We now present some applications to discriminants of algebraic
integers. Similar consequences can be obtained for indices of algebraic
integers.

Let L be a number field of degree n > 3 with ring of integers Oy,
and suppose that K is the normal closure of L over Q. Further, let
S = {p1,...,ps} be a finite, non-empty set of primes. We define the
discriminant of an algebraic integer to be the discriminant of its monic
minimal polynomial over Z. Consider the discriminant equation

(8.1) Dpjgla) =pi* -+ p-bina€ O, ai,...,as € L,

where b is an S-free integer, i.e., coprime with pq, ..., ps. Clearly, a and
o+ a with a € Z have the same discriminant. Such elements of Oy, are
called equivalent. Denote by . the set of positive integers composed of
primes from S. We claim that any solution of (8.1]) can be derived from
one which is not equivalent to any element of Oy that is divisible in
Op by any n > 1 from .. Indeed, if « satisfies (81]) then, by Theorem
3 of Gyéry [13], a can be written in the form

a=nd+a

with some a € Z, n € . and o/ € Op. This representation is not
necessarily unique. For fixed «, choose 1, o, a such that 7 is maximal.
Since Dy () = "™V D g(a’), o is also a solution of (81 with
other ay,...,as. Further, by the choice of 7, the number o’ cannot be
equivalent to any n'a” in Op with o/ € Op and ' € &% with ¥/ > 1,
since otherwise a would be equivalent to nn'a” with nn’ > n. This
proves our claim.

Note that in the representation (81), the S-part of the discriminant
of v is

[Drg(a)ls = pi* - - pf
As a consequence of Theorem 2.10, we want to estimate [Dy g(c)]s
from above in terms of |Dyg(a)|'™" for some constant x7; > 0. In
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view of the above we require that o not be equivalent to any element
of the form na/ where o’ € O and 7 is an integer from . with n > 1.

Corollary 8.1. Assume that o in (1)) is not equivalent to any element
of O that is divisible in Op, by an n € . greater than 1. Then

(8.2) [Drjg(a)ls < ks - | Drjgla)'™,

where

K7 = (Cgs)((P(Ingl) e (logps))d)—l 2 (c§(2P(10g P)s)d)—l’

and kg, cg are effectively computable positive numbers depending only
on L.

Proof. If L is effectively given in the sense of e.g., Evertse and Gydry
[9, §3.7], an integral basis of Oy of the form {1,ws,...,w,} can be
effectively determined. Then we can write a = a + Towy + + -+ + T, Wy,
with appropriate integers a, s, ..., x,. Using the fact that Dy g(a) =
Dpjg(a — a) we get

DL/Q(CV) = DL/@(1'2W2 + -t Twy).

By the assumption made on « we infer that p;,...,ps do not divide
ged(za, ..., z,). Moreover, we may assume without loss of generality
that ged(wo,...,2,) = 1. The discriminant form Dy g(wsXs + -+ +
wnXy) satisfies (210) and ([2.12) with & = 1, see e.g. Gyéry and Yu
[15], so we can apply Theorem 2.10] with this discriminant form. By
observing that the dependence of the constants in Theorem can
be replaced by a dependence on L, Corollary B.1] follows. U

Corollary Rl has similar consequences as Theorem 2.I0] for arith-
metical properties of non-zero integers Dy that are discriminants of
some a € Op, but are not the discriminants of any k8 with g € Op
and rational integer k£ > 1. Then it follows from Theorem 2.10] that

(P(log P)**)" > | Dy|
provided that |Dy| > C(L), where P = P(Dy), w = w(Dy) and C(L)

is effectively computable in terms of L. We can get also inequalities
similar to (.2]). We note that more general but weaker results of this
type can be found in Gyéry [13] and Evertse and Gyéry [9].
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9. ADDITIONAL COMMENTS

Let f(X) be an integer polynomial with at least two distinct roots,
and S = {p1,...,ps} a finite set of primes. According to the result of
Gross and Vincent [I0] quoted as Theorem [Alin the Introduction, we
have

[f(2)]s < Ka|f(x)]*™" for every x € Z with f(x) # 0,

where k1, ko are positive numbers, effectively computable in terms of
f and S. As mentioned in Theorem [2.2] in this estimate we can take

k1 = (¢ ((maxpi)(logpy) - - - (logps))) ™,

where d is the degree of the splitting field of f and ¢; depends only
on f. The factor max; p; comes from the use of linear forms in p-adic
logarithms in our argument. If we follow instead the proof of [10], by
applying a result of Matveev [19] replacing the older and less sharp
estimate for linear forms in logarithms due to Alan Baker that was
used by Gross and Vincent, we would have obtained an estimate of the
above type with
f1 = (¢3((logpr) -~ - (logp.) ™)

where ¢y, c3 (as well as the other constants ¢4, cs,...,cs below) are
effectively computable in terms of f. Taking for pi,...,ps the first s
prime numbers, an easy computation using the Prime Number Theorem
shows that, for every positive €, we have

P(f(x)) > (1 —¢) logyw - logz z/ log, x,

for v € Z with f(x) # 0 and |z| sufficiently large in terms of e.

For a positive integer a we denote by (Q(a) its greatest square-free
factor. Let again x be an integer with f(x) # 0 and py, ..., ps the prime
divisors of f(z). Proceeding as in [10], but applying a result of Matveev
[19] instead of one of Baker, we get

log |z] < cj((logpl) e (logps))cs.

Using the arithmetico-geometric inequality as in Stewart’s paper [25],
we deduce that

log log || < (1 N 10g<10gQ(f($))) n log, Q(f(:c)))

S S S
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We then conclude that

log Q(f(x)) = 7 log, || - logy |x[/log, |-

With the approach followed in the present paper, we would only get
that

log Q(f(x)) = cs logy [z],

that was already known.

Let F € Z[ X, ..., X,,] be a decomposable form as in Theorem 210,
and let Fy be a non-zero integer that can be represented by F'(x) with
some X = (21, ...,Ty,) € Z7 with 2, # 0if £ > 1. We are not able to
prove the existence of effectively computable positive numbers ¢y, ¢y,
which depend only on F', such that

lOgQ(FO) > Cg 10g2 |F0| . 10g3 |F0|/10g4 |F0|,
provided that |Fy| > ¢0.
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