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Abstract

Suppose A is a discrete infinite set of nonnegative real numbers. We say
that A is of type 1 if the series s(x) = D\ f(z+ ) satisfies a zero-one law.
This means that for any non-negative measurable f : R — [0, +00) either the
convergence set C(f,A) = {z : s(x) < +oo} = R modulo sets of Lebesgue
zero, or its complement the divergence set D(f,A) = {z : s(z) = o0} =R
modulo sets of measure zero. If A is not of type 1 we say that A is of type
2.

In this paper we show that there is a universal A with gaps monotone
decreasingly converging to zero such that for any open subset GCR one can
find a characteristic function fg such that GCD(fq,A) and C(fa, A) = R\G
modulo sets of measure zero.

We also consider the question whether C'(f, A) can contain non-degenerate
intervals for continuous functions when D(f, A) is of positive measure.

The above results answer some questions raised in a paper of Z. Buc-
zolich, J-P. Kahane, and D. Mauldin.

1 Introduction

This paper was written for the Kahane memorial volume of Analysis Mathematica.
We selected a topic related to Jean-Pierre Kahane’s work and decided to answer
some questions raised in paper [I] by Z. Buczolich, J-P. Kahane, and D. Mauldin.

This line of research was started in another joint paper with Dan Mauldin [3]. In
that paper we considered a problem from 1970, originating from the Diplomarbeit
of Heinrich von Weizséker [§].

Suppose f: (0,4+00) — R is a measurable function. Is it true that > - | f(nx)
either converges (Lebesgue) almost everywhere or diverges almost everywhere, i.e.
is there a zero-one law for > f(nx)?

This question also appeared in a paper of J. A. Haight [5].

In [5] it was proved that there exists a set HC(0,00) of infinite measure, for
which for all z,y € H, x # y the ratio z/y is not an integer, and furthermore

(1) for all x > 0 nx & H if n is sufficiently large.

This implies that if f(x) = xm(z), the characteristic function of H then
J” f(x)de = oo and Y7, f(nx) < oo everywhere.

Lekkerkerker in [7] started to study sets with property (7).
In [3] we answered the Haight—Weizsiker problem.

Theorem 1.1. There exists a measurable function f : (0,+o00) — {0,1} and two
nonempty intervals I, IOOC[%, 1) such that for every x € I, we have Y~ | f(nz) =
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+00 and for almost every x € Ir we have Y-, f(nz) < 4+o00. The function f is
the characteristic function of an open set E.

Jean-Pierre Kahane was interested in this problem and soon after our paper had
become available we started to receive faxes and emails from him. This cooperation
lead to papers [I] and [2].

We considered a more general, additive version of the Haight—Weizsaker prob-
lem. Since Y 07, f(nx) =307, f(e'°8=1°8™) that is using the function h = foexp
defined on R and A = {logn : n = 1,2, ...} we were interested in almost everywhere
convergence questions of the series D ., h(z 4+ A).

Taking more general sets than A = {logn : n = 1,2,...} was also motivated
by a paper, [6] of Haight. He proved, using the original multiplicative notation
of our problem that if AC[0,+0c0) is an arbitrary countable set such that its only
accumulation point is +o0o then there exists a measurable set EC(0, 400) of infinite
measure such that for all z,y € F, x # vy, x/y ¢ A, and for a fixed x there exist
only finitely many A € A for which Az € E. This implies that choosing f = xg
we have Y, f(Ax) < oo, but [, f(z)dz = oco.

Next we recall from [I] the definition of type 1 and type 2 sets. Given A
an unbounded, infinite discrete set of nonnegative numbers, and a measurable
f:R —[0,400), we consider the sum

(@) = 3 e+ ),

and the complementary subsets of R:
C=C(f,A) ={x:s(x) < o0}, D =D(f,A) ={z:s(x) = o0}.

Definition 1.2. The set A is of type 1 if, for every f, either C'(f,A) = R a.e.
or C(f,A) = 0 ae. (or equivalently D(f,A) = 0 a.e. or D(f,A) = R a.e.).
Otherwise, A has type 2.

That is for type 1 sets we have a ”zero-one” law for the almost everywhere con-
vergence properties of the series ) ., f(z + A), while for type 2 sets the situation
is more complicated.

Definition 1.3. The unbounded, infinite discrete set A = {A1, Ao, ...}, A} < Ay <
.. is asymptotically dense if d,, = A\, — A\,,_1 — 0, or equivalently:

Va >0, lim #(AN[z,z+a]) = occ.

T—00

If d,, tends to zero monotone decreasingly, we speak about decreasing gap asymp-
totically dense sets.
If A is not asymptotically dense we say that it is asymptotically lacunary.
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We denote the non-negative continuous functions on R by C*(R), and if, in
addition these functions tend to zero in +oo they belong to Cy (R).

In [I] we gave some necessary and some sufficient conditions for a set A being of
type 2. A complete characterization of type 2 sets is still unknown. We recall here
from [I] the theorem concerning the Haight—Weizsiker problem. This contains the
additive version of the result of Theorem [[.1] with some additional information.

Theorem 1.4. The set A = {logn : n =1,2,...} has type 2. Moreover, for some
f € CH(R), C(f,A) has full measure on the half-line (0,00) and D(f,\) contains
the half-line (—o0,0). If for each c, fc+°o eYg(y)dy < o0, then C(g,A\) =R a.e. If
g € Cy (R) and C(g,A) is not of the first (Baire) category, then C(g,A) =R a.e.
Finally, there is some g € Cf (R) such that C(g,A) =R a.e. and [, e¥g(y)dy =
~+00.

As A used in the above theorem is a decreasing gap asymptotically dense set
and quite often it is much easier to construct examples with lacunary As, in our
paper we try to give examples with a decreasing gap asymptotically dense A.

One might believe that for type 2 As C(f, A), or D(f, A) are always half-lines
if they differ from R. Indeed in [I] we obtained results in this direction. A number
t > 0 is called a translator of A if (A + ¢)\A is finite. Condition (x) is said to be
satisfied if T'(A), the countable additive semigroup of translators of A, is dense in
R*. We showed that condition (x) implies that C'(f, A) is either (), R, or a right
half-line modulo sets of measure zero.

In [4] we showed that this is not always the case. For a given a € &O, 1) and
a sequence of natural numbers n; < ny, < ... we put A = U AL, Agk =
a*Z N [ng, nig1)-

If a = % for some ¢ € {2,3,...}, then a slight modification of the proof of

Theorem 1 of [I] shows that AW s of type 1 and condition (x) is satisfied.
If & ¢ Q, then one can apply Theorem 5 of [I] to show that A" is of type 2.
The difficult case is when a = £ with (p,q) =1, p,q > 1, p < q. In this case

we showed that A®" is of type 2. In the cases A(s)k, (p > 1) condition (%) is
not satisfied and we also showed in [4] that there exists a characteristic function f
such that C(f, A) does not equal (), R, or a right half-line modulo sets of measure
zero. This structure of C'(f, A) had not been seen before our paper [4].

From the point of view of our current paper the following question (QUESTION
2 in [1]) is the most relevant:

Question 1.5. Given open sets G; and Gy when is it possible to find A and f
such that C(f,A) contains Gy and D(f, A) contains Go?

It was remarked in [I] that if the counting function of A, n(x) = #{ANJ0,z]}



satisfies a condition of the type

VI <0VaeR limsupn(x+£+a)_n<x+a) < 40

T—300 n(x 4+ 0) — n(zx)
(as is the case for A = {logn}) then either C(f, A) has full measure on R or C(f, A)
does not contain any interval.

It was also mentioned in [I] that if A is asymptotically lacunary then it is
possible to construct f € Cy (R) such that both C(f, A) and D(f, A) have interior
points.

In this paper we give an almost complete answer to Question [L3l In Section
we prove Theorem 2.1l This theorem states that there is a universal decreasing
gap asymptotically dense A such that for any open subset GCR one can find a
characteristic function fg such that GCD(fg, A) and C(fg,A) = R\G modulo
sets of measure zero. We also show that one can also select a g € Cff (R) with
similar properties.

In Section [B] we consider the question of subintervals in C(f, A) when f €
Cy(R). In Theorem B we prove that there exists a universal asymptotically
dense infinite discrete set A such that for any open set GCR one can select an
fo € Cf(R) such that D(fg,A) = G. In this case there is no exceptional set
of measure zero, D(fg,A) equals G exactly. On the other hand, A is not of
decreasing gap. As Theorem [3.4] shows it is impossible to find such a universal
A with decreasing gaps. In Theorem [B.4] we prove that if A is a decreasing gap
asymptotically dense set, f € C*t(R) and x is an interior point of C'(f,A) then
[z, +00) N D(f, A) is of zero Lebesgue measure.

The example provided in Theorem [B.3] demonstrates that there is a decreasing
gap asymptotically dense A and an f € Cf(R) such that D(f,A) and C(f,A)
both contain interior points. Of course, as Theorem [3.4] shows the interior points

of D(f,A) are to the left of those of C(f, A).

2 A universal decreasing gap asymptotically dense
A set

Let p denote the one-dimensional Lebesgue measure.

We denote by N := {n € Z : n > 1} the set of natural numbers. For every
A BCRweput A+ B:={a+b:ac Aandbe Bland A—B:={a—b:ac
A and b € B}.

The integer, and fractional parts of x € R are denoted by |z] and {z}, respec-
tively.



Theorem 2.1. There is a strictly monotone increasing unbounded sequence (Ag, A1, - . .

A in R such that N\, — \,_1 tends to 0 monotone decreasingly, that is A is a de-
creasing gap asymptotically dense set, such that for every open set G C R there is
a function fg: R — [0,400) for which

M({xgéG:ZfG(ij)\n):oo}) =0, and (1)

Z fa(x + A\,) = oo for every x € G, (2)
n=0

moreover fo = xu, for a closed set Us C R. By () and ([2) we have D(fg,A) D
G, and C(fq,A) = R\G modulo sets of measure zero.
One can also select a go € Cy (R) satisfying (@) and @) instead of fq.

Remark 2.2. Observe that in the above theorem we construct a universal A and
for this set, depending on our choice of G we can select a suitable fs such that
D(fa,A) = G modulo sets of measure zero.

Proof. Let
Z:={(j,k):jeNand keZn0,25-27)}

with the following lexicographical ordering: if (j, k), (7, E) € 7 then

(7,k) <z G,E) & (j <3or (j :jand k <E))

~

Given (j,k) € Z we define its immediate successor (j, k) the following way: let
ji=jandk:=k+1ifk<2j-27—1,andlet j:=j+1land k:=0if k = 25-29 —1.
It is clear that starting with (1,0) by repeated application of taking the immediate
successor we can enumerate Z and hence we will be able to do induction on Z. We
will also introduce the operation of taking the predecessor of (j, k) # (1,0) which

will be denoted by (}, k) and which is defined by the property (7, k) = (j, k).
For every (j,k) € Z let

Ly = [j — (k+ 1)2_j>j - k2_j] = [aIM, bfj,k]'
In (€) a set U;, will be defined such that with a properly selected A we have
Ly CUjr—A={r eR:3n € NU{0} such that x + A\, € U;;} and (3)

p({z € [—7,7] : 3 infinitely many (j*,k*) € Z
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for which z € (Uj*,k* — A) \ []*,k*}) =0. ( )



—J 0 ar, br, J bjr = ajr+ Ejp
(I I N S |
T T T T T T .
Lie T sk
Uj i
aj"k — bj’k
Efk H
E}s
Figure 1: Definition of I;; and Uj
Let G be an arbitrary open subset of R and let
Ug = U {Ujs = (j*, k") € T and I« 4~ C G}.
Put
1 if x € Ug
fa(x) == (5)
0 else.

We will prove that A and fg satisfy the conditions of the theorem.
Now we define the sets U;;. Before doing this we recall and introduce some

notation. For every (j,k) € Z let
e ay, =j— (k+1)-277 (that is ay,, is the left endpoint of ),
® by, =j—k-277 (that is by, is the right endpoint of I;),
o B =27k
® aj = 22j'2j+k,
® bjpi=aji+ FEj.

See Figure[ll This and the other figure in this paper are to illustrate concepts and
they are not drawn to illustrate a certain step, for example with a fixed j of our

construction.
Let

E7 -1
Uj,k = UZ:J: [am + ’L.E]%k, Qj k + 'LEik + Ef,k] C [aj7k, bj,k]- (6)

Next we prove a useful lemma:



Lemma 2.3. For every (j,k) € Z we have

a.
ajr < % and Ejj, > 2E;, (7)

moreover,
Ej /2 is an integer multiple of E, ;. (8)

Proof. 1t is enough to prove (7)) for a;; as Ejj = a;,i.
First suppose that k < 25 -2/ — 1, then j = j, k=k+1and

o 92§27 +(k+1) a.:

o2tk _ 27 ik 9
@j K 5 9 (9)

Ifk=2j-2" —1then j=j+1, k=0 and

i£1).20+D) )
P 92520 +k _ 92j2042j21-1 _ o4j27—1 _ 22(J+%) 2y _ %,k . (10)
7> 92-2i+141 22-20F1 41

Using L, = aj_é from (@) and (I0) it follows that (8) holds. O

Next we turn to the definition of A.

During the definition of A we will use the notation d, := A\, — \,_1, in fact,
often we will define d,, and that will provide the value of ), given the already
defined A, 1. Let Ao :=ayp —bp, and ng 19 = 0.

Suppose that for a (j, k) € Z we have already defined ng j , and A, for n < ng ; 4,

o ) _ 2 . o . . . _
nosx = @ik — by, and dno’j’k/EM is a positive integer (or ngj, = 0). Now we

A
need to do our next step to define these objects for (j, k).

~

Step (J,k). Let nyjr = nojr + 2_jE;,f + QEJ’kl For every integer n €
nojr+ 1,n1 k] let d,, = Efk — Efk Thus we have

A = Mgy + (Q*jEjj,f + 2E;,§)(E]?,k — Ej’,k)
=a;— by, +277 —277E; x4+ 2E;, — 2E3,
=k — alm + 2Ej,k — 2_jEj7k — 2E32,k

. 9. _ 2 o
=bjp —ag, + Ejx— 27 Ejp — 285, > bjx — ay

ni ik
(11)
k
and (from the second row of (1))
)\nl,j,k = Qjk — b[].yk + 277 — 27jEj,k + 2Ej,k — 2Ej2,k < ajr — b[j’k + 1. (12)

Since a;; —ar;, = 2224k _ (j — . 277) and 277 E; . are both integer multiples
of £}, = (27%%~%)? from the third row of (II)) we obtain that

A is an integer multiple of Efk (13)

1,5,k
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By Lemma 2.3 and ([I2]) we have

Qs — blj,fc > 2(]%]C — (] + 1) > Qaj k +7+1> Qjf — b[j’k +1> )\nl,j,k'

We set ) )
a.; —br . — A,
]7k Ij k n1,5,k
Mo 0 = Mgk T = (14)
0., J 9 lEf,k
and
d, = Efk/Q for every integer n € (n1x, 1 ;1- (15)

We obtain by (I4)

(g3 — Mgk B
2

Ang . p = )\nl,j,k +

0,5,k = Ay T Gk — bl*fc = Any e = 5% — blj,fc’

s

and by @), dn, , = E?,/2 is an integer multiple of Efk, hence (I3) implies that
An, is an integer multiple of Ejzk for n € (n1k, ng ;1)- (16)

Thus we can proceed to the next step. By repeating this procedure we can
carry out the above steps for all (4, k) € Z and hence we can define A.

Now we prove (B). We fix (j, k) and choose an arbitrary point  from ;5. Let
n, denote the smallest integer for which

r+ A, > Qg (17)
Put n), :=n, + {7“)\"”_%"“

We have = € [, ,C[—j,j]. From x + )\nOM =x+a;,— blj’k it follows that

T+ Mg, — @Gip =2 — b, <0. (18)

Therefore, n, > ng j, and hence
dy < dpy, 1 = B2 — B3, for every n € [n,, 00). (19)

By minimality of n, we have
T+ Ay — g, < dn, < B — B (20)

Next we will show that x + A, € U; . Using (19)

. E? — E3
0 < T+ )\nx Qjk S dr;x S 7.k - J,k _ E;k} _ 1. (21)
Ejk Ej,k ’



We also infer

T+ Ay, — G
T+ ANy =2+ A, + Z dp <2+ Ay + {E—?’MJ (Efk_Efk)
nE (1] 3.k

Zam+($+%u—am)+{

T4+ My — Gk | o 3 )T+ A, —ajp
—_a',k+ P a— A4 E‘,k+ E'k - T he ThE
J \‘ Efk J s a E;’k

using (21))
S aj,k + (E]Tkl — l)E]2,k + Eik S aj,k + Ej,k = bj,k-

From (II]) and (22)) we obtain

)\ngc S bJ"k — X S bj,k — a[jyk <\

— TGk

T+ A, — aMJ (

hence n,,n!, < nyjx, which means that d,, = Efk — Efk for every n € (ng,nl].
This implies that the first inequality in ([22) is, in fact an equality, that is

T+ Ay, —a T+ Ny, —
T4 A, = a5 + {—Eg J”“J B}, + B, {—E3 J”f}. (23)
J:k gk
Using (2I) and (23) we can see that there exists an integer ¢ = L%{W“J €
s
[0, E]_k1 — 1] such that

am —+ ZE;QJC S T + )\n; S aj,k + ZEBQJC + E]?’Jﬁ

that is  + A\, € Uj, which implies ().
We continue with the proof of [@). Suppose (J, k), (j, k), (. k) € Z. Then they

are strictly monotone increasing in this order and are adjacent in the lexicograph-

ical ordering of Z. We have by Lemma 23] and the third row of (1)
JHay =4 agp—ar, +2E; —27E; ; — 2B
<a;j+ 274+1< 2aﬂC < aj,

1,5,k

(24)

that is Uy, — Ay, 1s to the right of j. By (I6), An/EZ), is an integer for every
n € (ny Mo,k Therefore, (24) implies that

Bj,k L= [ijk - )\nO,j,k’j] N (Uj,k - A)

=ik — Mg d] N (Uje —{An:n € (7157 1ok }) (25)
Clbjk = Ang o 31 N JUES 4, B + B3],
iez
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Similarly, by using ()

—j+ )\no,j,fc = —j+a;; - bfj,;; > a;; — (25 +1) (26)
> 2aj — (2 +1) > aji + Ejp = bjg,

that is Ujy — Ay, I8 to the left of —j. Since by ([I3) and (IB) A,/ (E?,/2) is an
integer for every n € [ny 1y ;1), 26) implies that

Ajr = [=Jyajr — Ay, ) NV (Ujr — A)
[—j, ajr — )\nl,j,k] N (Uj,k - {)\n ne [nl,j,kano,j,]}]}) (27)
Cl=j, ajk — Any,] N Uiez[z’Eik [2,0iE%, /2 + E3,).

We want to estimate the following expression from above:

w (=4, 310 (U — M)\ Lik)

(28)
< H (Aj,k U [aj,k - )‘nl,j,m afj,k] U [bfj,k’ bj,k - )\nO,j,lc] U Bj,k) :
By (25) and (27) we have
p(Ajx U Bjp)
27 .
=E? =47 - Ej,
],k‘ E]2’k/2 75

and using the third row of (1)

¥ ([aj,k‘ - )‘m,j,kv alj,k]) =ar;, — (aJ}k - (aJ}k — A, + QEJ}’? - 27jEJ'J€ - 2E_]2,k>)
= 2B, — 27 Ejp — 2E3, < 2Ej;.

(30)
Moreover,
bz, 5 Ok — Ang i) = bjk — (@je — br,) — br,, = bjg — aje = Ejp. (31)
Writing (29), (30) and (31) into (28) yields
(=5, 510 (Uje = M)\ Lig) < (45 +3) - Ejpe. (32)
Thus
Y w50 Up e = M)\ L o) (33)

(5*,k*)€T

11



< D (=N g = M\ Lo ge)

(5> k*)el’
Jr<j

+ > w570 U e = M)\ Lo i)
(5*,k*)eL

< ZQJ+Z (45" +3) -

(j*,k*)ez (5*,k*)eZT
j <J
0o 2j*297—1
<2227 LA D)+ D) D (45 4+ 3) B
J*=1 k*=0

< 45720 4 3 250 20 (45" 4 3)27H Y

=1
220 4 Z 24657) 275 T < oo,
7*=1

which by the Borel-Cantelli lemma implies ().
Let G be a fixed open subset of R. If v € G, then {(j,k) € Z: 2 € I;;, C G}
is an infinite set, hence according to ([B]) and (5

Z falz+ A,) = 0
n=0

If 2 €e R\G and ) ", fa(z + \,) = o0, then {n € N: 2+ X, € Ug} is an infinite
set, which implies that {(j*,k*) € Z : [;«}» C G and x € (Uj«- — A)} is also
infinite, thus (4)) implies ().

Next we see how one can modify fg to obtain a go € Cff (R) still satisfying
(@ and ([@). In [I] there is Proposition 1, which says that one can modify fg to
obtain a gg € Cf (R) such that C'(fg, A) = C(gg, A) a.e. and D(fg, A) = D(gg, \)
a.e. Since we want to preserve (2) we cannot change D(fg, \) by an arbitrary set
of measure zero. Hence in the next construction a little extra care is needed.

Put AN:{)\GA)\S 1ON} and LN:#AN- (34)

Observe that UgN(—o00, 0] = 0, Ug does not contain a half-line, and Ug N[0, N]
is the union of finitely many disjoint closed intervals for any N € N.
Choose an open Ug D Ug such that it does not contain a half-line, and
-N

W(T\Ue) A [N =1, N]) < QL—N for any N € . (35)

12



Select a continuous function gg such that go(z) = fo(x) for z € Ug, ga(z) =0
if v ¢ Ug and |gg| < 1. Hence gg > fo on R, and D(gq,A) D D(fe,A) D G.
It is also clear that 0 < g5 — fo < Xig\vg = ha, and

Z(@,@H) foJr)\) 3 hole+ ). (36)
AEA AEA

Next we prove that

Z ha(z + A) is finite almost everywhere, (37)
AEA
yielding that C'(gg, A) equals C(fg, A) modulo a set of measure zero.
Put Hggoo = {2 € [-K, K] : Y o) ha(z + X) = oo}. We will show that
for any K > 1 we have u(Hg k.00) = 0. (38)

This clearly implies (37).

Observe that if x € Hg g o0, then there are infinitely many As such that z+\ €
Uc\Ug, that is, z € (Us\Ug) —\)N[—K, K]. Thus, by the Borel-Cantelli lemma
to prove (38)) it is sufficient to show that

3 ,u(((ﬁG\UG) - )\) N[-K, K]) < 0. (39)

AEA

This is shown by the following estimate

S i ((F\ U - A-K.K)) = 33 (TN -1 N)-A) [ K. K1)

AEA AEA N=1

Z ((UG\UG [N —17N]>Q[A—K,>\+K])

M= fMg

u(((ﬁG\UG) AN -1, N]) A=K\ + K])

2
[
==

1Xe

+ Z > u(((T\Ua) NIV =1, N]) N ]A = K, A+ K])

N=K+1 XeA

(with a finite S;)

— S+ i - u((((?G\UG)m[N—LN])m[A—K,AJrK])

N=K+1 MeA,A<ION

13



(now using (34]) and (33]))

%) 9-N
< S|+ Z Ly — < o0.
N=K+1 Ly

So far we have shown that gg satisfies () and ([2)). Since gg € CT(R), but not
in Cf (R). We need to adjust it a little further.

Since G is open choose an increasing sequence of compact sets GxCGN[—K, K]
such that Jx_,Gx = G.

Put My = 0. Choose M; € R such that for any x € (G; we have

> go(r +A) > 1,

AEA, Mo+10<A A<My

and gg(M; +5) = 0. This latter property can be satisfied since by assumption (7@
does not contain a half-line.

In general, if we already have selected My 1 such that go(Mg_1+5(K—1)) =0
then choose Mg € R such that for any x € G we have

> Jalr+X) > K, (40)

AN, Mg _1+10K<A<Mp

and go(Mg + 5K) = 0.

For x < M; + 5 we put gg(z) = gg(x). For K > 1 and x € (Mg_1 + 5(K —
1), M +5K] we put go(z) = =ga().

It is clear that go € Cf (R).

Since go < ga we have C(gg, A) D C(gg, A). If we can show that GCD(gg, A)
then we are done. Suppose = € GG. Then there is a K, such that x € G for any

K > K,. Therefore, for these K we have z € [—-K,, K,]C|—K, K] and by using
&)

> ga(z +A) = > %@’G(HA) > 1,

AN, Mg 146 K<A<Mg+4K AEA, Mg 146K <A<Mg+4K

for any K > K, and hence = € D(gg, A). O

3 Subintervals in C(f,A\)

Theorem 3.1. There exists an asymptotically dense infinite discrete set A such
that for any open set GCR one can select an fo € CF(R) such that D(f,A) = G.

14



Remark 3.2. As Theorem [B.4]shows in the above theorem we cannot assume that
A is a decreasing gap set. On the other hand, in our claim we have D(f, A) = G,
that is, there is no exceptional set of measure zero where we do not know what
happens. This also implies that if the interior of R\G is non-empty then C'(f, A)
contains intervals.

_ 7,
1; o 7
[ ] [ e |
ar; by U
J
I/ CL]' = 2]Hbf = 2‘/ + 272J
9k

Figure 2: Definition of /;, U; and related sets

Proof. Denote by Zp = {[(k — 1)/2',k/2!] : k,l € Z, | > 0} the system of dyadic
intervals. It is clear that one can enumerate the elements of Zp in a sequence
{;}32, which satisfies the following properties

ki —1 k:j]

1
e i N—9ob > =
ST C[—y7,j] and p(l;) =279 > —. (41)

I =la;.,b;.| =
J [IJ I]] [ ]

We denote by I; the closed interval which is concentric with I; but is of length
three times the length of [;.
We put

Uj = lajby] = [2,2 + 27 and U = [a; — 272797 b, + 277771 = [a,,5)].

See Figure _
We suppose that f;(z) = 0 if 2 ¢ U;, f;(z) = 277 if € Uj, the function f; is
continuous on R and is linear on the connected components of U;\U;. We define

Ayj={k-2727  keZ}yn[2 —k275, 2 +27% — (k; —1)274]  (42)
={k-27%7 ke Z}Na; — by, b — az)]

and put Ay = Uj=1A1’j'
Observe that if x € I; then

T+ min Alvj S b]j + min AL]‘ = b[j + a; — b[j = a;

and
r +maxA;,; > ar;, + max Ay ; = ar; +b; —ar; = by,

15



hence .
diamU; _ . 2” iy
S filz+A) > 2 =gt =1 (43)
AEAL;

On the other hand, by ({1

Uj—Ai ;= [mm Uj —max Ay ;,maxU; — mmALj]

— [a] — bj‘i‘(l[]., b] — aj + b[],] e |:an _ 2—2j _ 2—2j—j—1’ b[]. _'_ 2_2j _'_ 2_2j_j_1
1 1 —1; 1. —=
< aff‘}vbfj+3 C lag, =275 by, +275] =1

thus

Y filw+N)=0ifzel—jj ¢, (44)

)\EAL]'

Suppose GCR is a given open set and put Jo = {j : I;CG}. Let fo(z) =
> jege Ji(x). Then fg is continuous and non-negative on R and clearly lim, o f(7) =

We claim that

> folw+X) =400 (45)

AEA1

exactly on G. -
Indeed, if € G then there are infinitely many js such that z € I,CI;CG.
This means that (43) holds for infinitely many j € Js and hence ([43)) is true when
z €.
Next we need to verify that (43]) does not hold for z ¢ G. Suppose that jo > 10,
jo € Jon © ¢ G and @ € [~jo, jo]. Then @ & T, and by (@) we have

> file+ A =0. (46)

)\EAL]'O
Next assume that j < jo. Then by using (41]) and (42)
max{z +A: A€ Ay} <jo+2+277 — (ki — 127 <o+ 2 +277 4

<o+ 20 41 <20 1 <o 9 F0dl_g.

Hence,

> fiulz+A)=0. (47)

AEAL;

If jo < 7 then

min{r +A: NEA;} > —jo+2 — 5> =25 — 14277 41> 20 41> by,

16



and hence in this case we also have (4T]).
Therefore, from (@8] and ([47) it follows that

> fulz+X) =0for jo € Ta. jo > 10, |z] < jo. (48)
AEA1
This implies
dfelw+N < > filw+ ) < 4o
AEA )\GAl,j

j<max{10,|z|}

Since A; is not asymptotically dense we need to choose an asymptotically dense
A5 such that

Z Z fi(z 4+ X) < 400 holds for any = € R. (49)

A€A2 j=1

Then for any open GCR

> falz+A) < ZZf]x+)\ ) < 400

AEA2 AEAs j=1

holds and if we let A = A; U A, then A is asymptotically dense and D(fq, A) = G.
To complete the proof of this theorem we need to verify (49) for a suitable As,.
For 7 > 10 put

Aoy ={k 279 k€ Z}n (2 +2(j — 1),20 +2j], and A, = U:‘;IOAQJ,

Suppose = € [—Jjo, jo] and jo > 10. Then for j > jo from x + X € U it follows
that 2/ — 1 < a+ A < j + ), and hence

A>2 —j—1>271 4235 -1).
Similarly, z + A € U; implies 2/ +1 >z + A > —j + A, and hence
A< +5+1<2 +25

Thus from z + A € U; it follows that A € Ay ;. Since the length of U, is less than
2-27% < 277 there is at most one A € Ay for which f;(z + \) # 0 and for this A
we have fj(z +\) =27,

Put M, = max{10, |z|}. Then

Zifj($+A ZZLJHA Zijer)\

A€EA2 j=1 AEA2 j=1 j=Mz+1 A€o

17



<Zijx+)\ Z2J<+oo

A€Az j=1 j=Ma+1
U

In Theorem 2.1l we verified that for decreasing gap asymptotically dense sets
D(f,A) can contain an open set, while C'(f, A) equals the complement of this open
set only almost everywhere.

The next example shows that one can define decreasing gap asymptotically
dense As for which one can find nonnegative continuous fs such that both C'(f, A)
and D(f, A) have interior points.

Theorem 3.3. There exists a decreasing gap asymptotically dense A and an f €
Ci (R) such that I, = [0,1]CD(f,A) and I, = [4,5]CC(f, \).

Proof. Put f(z) = 272" if x € [104,10j + 1] for a j € N. Set f(z) = 0 if
x € {10j — 1/4,105 4+ 5/4} for a j € N, and also put f(x) = 0 for x < 0. We
suppose that f is linear on the intervals where we have not defined it so far. Put
AL]‘ = {k? 27k € Z} N [10] — 10, ].0] — 2) and AQJ‘ = {k’ . 272J+1 ke
Z} N[105 —2,105). Let A = J;Z,(A1; U Ay ;). Observe that A is a decreasing gap
asymptotically dense set.

One can see that for x € I; we have

> fl@+N >z:22’+1 277" — 4o

AEA

and for x € I
> fl@+) <22 22 .27 ¥" ~ 4o
AEA

It is also clear from the construction that lim, .. f(x) = 0. ]

Observe that in the above construction I; CD(f, A) was to the left of I,CC(f, A).
The next theorem shows that for decreasing gap asymptotically dense As and con-
tinuous functions this situation cannot be improved. If z is an interior point of
C(f,A) then the half-line [x,00) intersects D(f,A) in a set of measure zero. As
Theorem B.1] shows if we do not assume that A is of decreasing gap then it is pos-
sible that D(f, A) has a part of positive measure, even to the right of the interior
points of C(f, A).

Theorem 3.4. Let A be a decreasing gap and asymptotically dense set, and let
f:R —[0,400) be continuous. Then if x is an interior point of C'(f, A) then

u([az, +oo) N D(F, A)) —0. (50)
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Proof. Proceeding towards a contradiction assume the existence of a non-degenerate
closed interval I C C(f, A). Suppose that there is a bounded subset Dy (f, A)CD(f,A)
with positive measure to the right of 7. Choose an interval J = [ay, bs] to the right
of I such that

w(J) = u(I)/10, and p(JND(f,A)) =a > 0. (51)

We put Dy(f,A) = JN D(f,A). We suppose that A = {A;, Ay, ...} is indexed in
an increasing order. Select N such that

I
A — At <% forn > N. (52)

We clearly have that Y"°° \ f(z+ ;) diverges on Dy (f, A). Moreover, if n € N,
which is to be fixed later, for large enough M we have Zf‘iN flx4+X) >nina
set Da(f,A) C Di(f,A) of measure larger than §. Hence we have

/l)(fA)fo+A d:c>— (53)

Assume that ¢ € {N, N + 1, ..., M'}. We choose (i) such that
(IJ*|>)\Z'—)\7(Z GI butaJ+)\—)\ +1€I (54)

Since a; is to the right of I it is clear that A,;) > A;, therefore v(i) > i > N
and hence (B2]) implies that (i) is well-defined, that is (54) can be satisfied.

It is also clear that there exists M such that v(i) < M holds for i € {N, N +
1. M}.
By (1), (52), and (54) we have

J 4+ Xi — M) CI and hence Do(f,A) + N; — Ay CI. (55)
Next we verify that
if 4" £ i then (i) # (7). (56)

Indeed, we can suppose that i < i, and proceeding towards a contradiction
we also suppose that v(i') = v(i). We know that ay + A\; — A\y; € I, moreover
ay+ Ay — Ay € I holds as well. Since (i) = (i) we have

aJ—l—)\i/ _)\’y(i’) :CLJ—F)\Z‘ —)\fy(l) —)\Z—l—)\zl el
Using the first half of (54]) and Ay < \;_; < A; we also obtain

aJ+)\i—)\q/(i)—)\,‘+)\i/§aJ+)\i—)\v(i)—)\i+)\i_1€I.
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Since A is of decreasing gap and (i) > ¢ we have A1 — Ay < A — A1,
and hence

ajy+ A\ — )\7(2) — Nt i <aj+ X — )\’Y(l) — )\»Y(Z')Jrl + )\7(2) c [,

which contradicts (54)).
By using (55) and (56]) we infer

/Dg(ﬁ fo+)\ dx—Z/ fl@+Xi— Ao+ Na)de (57)

Da(f,A)
M M
= Z/ ft+ Ayy)dt < /Z ft+N))dt
i=N Y D2(fA)+Ai=Ay ) Ii—N

Thus by (53]) we obtain

/fo+>\ dx>%,

as the left-handside by (57) gives an upper bound for the integral in (53). However,

Zf‘i ~ f(x+ ;) is continuous, which yields that this integrand is at least u( 7 ina
non-degenerate closed subinterval I; C I. Thus we have s(z) = >\, f(z + ) >
4u I in I;. Hence, if we choose n to be large enough, we find that s(z) > 1 in ;.
:)Now by applying the very same argument to I; instead of I, we might obtain
that s(z) > 4;‘(1?;) in a non-degenerate closed subinterval I, C I;. Thus if we
choose n; to be large enough, we find that s(x) > 2 in I,. Proceeding recursively
we obtain a nested sequence of closed intervals Iy, I5, ... such that s(z) > k for
x € I;. As this system of intervals has a nonempty intersection, we find that there

is a point in I with s(z) = oo, a contradiction. O
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