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ABSTRACT

Mergers of binary black holes on eccentric orbits are among the targets for second-generation ground-based
gravitational-wave detectors. These sources may commonly form in galactic nuclei due to gravitational-wave
emission during close flyby events of single objects. We determine the distributions of initial orbital parameters
for a population of these gravitational-wave sources. Our results show that the initial dimensionless pericenter
distance systematically decreases with the binary component masses and the mass of the central supermassive
black hole, and its distribution depends sensitively on the highest possible black hole mass in the nuclear star
cluster. For a multi-mass black hole population with masses between 5 M, and 80M, we find that between
~43—-69% (68 —94%) of 30M - —30M (10My —10M) sources have an eccentricity greater than 0.1 when
the gravitational-wave signal reaches 10 Hz, but less than ~ 10% of the sources with binary component masses
less than 30 M, remain eccentric at this level near the last stable orbit (LSO). The eccentricity at LSO is
typically between 0.005—0.05 for the lower-mass BHs, and 0.1 —0.2 for the highest-mass BHs. Thus, due to
the limited low-frequency sensitivity, the six currently known quasi-circular LIGO/Virgo sources could still
be compatible with this originally highly eccentric source population. However, at the design sensitivity of
these instruments, the measurement of the eccentricity and mass distribution of merger events may be a useful
diagnostic to identify the fraction of GW sources formed in this channel.

Keywords: black-hole physics — gravitational waves — galaxies: kinetics and dynamics — galaxies: nuclei —

galaxies: clusters: general

1. INTRODUCTION

The Advanced Laser Interferometer Gravitational-wave
Observatory' (aLIGO; Aasi et al. 2015) and Advanced Virgo?
(AdV; Acernese et al. 2015 have made the first six detections
of gravitational waves (GWs) from approximately circular in-
spiraling binaries (Abbott et al. 2016c¢,d, 2017a,b,c,d) dur-
ing their first two observing runs, and opened a new window
through which the universe can be observed. Two additional
GW detectors are planned to join the network of alLIGO and
AdV: (i) the Japanese KAGRA? is under construction, with
baseline operations beginning in 2018 (Somiya 2012); while
(ii) the proposed LIGO-India” is expected to become opera-
tional in 2022 (Iyer et al. 2011; Abbott et al. 2016e). These
instruments are expected to continue to make detections of
GWs and to answer fundamental questions about their astro-
physical sources.

One of the most anticipated type of events to be detected
with ground-based GW detectors is the circular inspiral and
coalescence of compact binaries consisting of neutron stars
(NSs) and/or black holes (BHs). The current detections con-
strain the merger rate density of BH-BH mergers in the uni-
verse to 12—213Gpc_3yr‘1 (Abbott et al. 2017a). At a typi-
cal detection range of 2Gpc, for aLIGO’s design sensitivity,
this corresponds to a detection rate between 400—7.000yr!.
There are various theoretical studies to explain these rates; see
Abadie et al. (2010) for a partial list of historical compact bi-
nary coalescence rate predictions, and Dominik et al. 2013;
Kinugawa et al. 2014; Abbott et al. 2016a,b,f,g,h; Belczyn-
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ski et al. 2016; Rodriguez et al. 2016a; Sasaki et al. 2016;
Bartos et al. 2017; McKernan et al. 2018; Stone et al. 2017,
Hoang et al. 2018 and references therein for recent rate es-
timates. Because GW emission tends to circularize the or-
bit as it shrinks the binary separation (Peters 1964), many
of the GW sources are expected to have small orbital eccen-
tricity by the time they enter the frequency bands of ground-
based GW detectors. For instance, although the eccentricity
of the Hulse—Taylor pulsar is currently 0.6171 (Hulse & Tay-
lor 1975), it will have an eccentricity of ~ 10~* when it enters
the aLIGO band (see Section 5.2). However, not all binary
sources are circular.

There are multiple reasons to expect a non-negligible ec-
centricity for some binary sources emitting GWs in the
aLLIGO band. One mechanism leading to eccentric mergers
is the Kozai-Lidov oscillation in hierarchical triple systems
(Wen 2003), in which the binary is perturbed by a distant
third object. Indeed, high-mass stars, the progenitors of BHs,
are commonly found in triples in the galactic field (i.e. more
than 25% of massive stars are in triples; see Sana et al. 2014).
Further, BH binaries can capture triple companions via dy-
namical encounters in dense stellar systems such as globu-
lar clusters (GCs; Wen 2003; Thompson 2011; Aarseth 2012;
Antonini et al. 2014, 2016; Breivik et al. 2016; Rodriguez
et al. 2016a,b) and in isolated triples in the field (Silsbee &
Tremaine 2017). BH binaries in orbit around a supermassive
BH (SMBH) in galactic nuclei (GNs) also represent hierar-
chical triples (Antonini & Perets 2012; VanLandingham et al.
2016; Petrovich & Antonini 2017; Hoang et al. 2018; Randall
& Xianyu 2018a,b). In these systems, eccentricity may be
increased to a value close to unity during Kozai-Lidov oscil-
lations while the semi-major axis is fixed, and GW emission
may then quickly reduce the binary separation and lead to a
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merger before the orbits can fully circularize. A related chan-
nel to form eccentric mergers is through dynamical multi-
body interactions in dense stellar systems, which can drive
the low-eccentricity inner binary to high eccentricity (Giil-
tekin et al. 2006; O’Leary et al. 2006; Kushnir et al. 2013;
Antonini & Rasio 2016; Rodriguez et al. 2018). If primordial
BHs comprise dark matter halos, they may form BH binaries
in single—single interactions through GW emission and retain
some of their initial eccentricity as they enter the frequency
bands of ground-based GW detectors (Cholis et al. 2016). Fi-
nally, binary BHs forming in clusters through binary—single
interactions may also produce LIGO/VIRGO sources with
non-negligible eccentricities (Samsing et al. 2014; Samsing
& Ramirez-Ruiz 2017; Samsing 2018; Samsing et al. 2018b).

The expected merger rate densities in the Kozai-Lidov
channel are uncertain (as are all other rate estimates), but
expectations are 1—1.5 Gpc_3 yr~! for BH binaries forming
in nuclear star clusters through multibody interactions (An-
tonini & Rasio 2016) and 0.14—6.1Gpc > yr! in isolated
triple systems (Silsbee & Tremaine 2017). A merger rate den-
sity of order 1 -5Gpc ™ yr~! is expected for BH binaries form-
ing via the Kozai-Lidov mechanism in GCs (Antonini et al.
2014, 2016; Rodriguez et al. 2016a,b) and GNs (Antonini &
Perets 2012; Hoang et al. 2018), and non-spherical nuclear
star clusters may produce BH-BH binary merger rates of up
to 15Gpc > yr ! (Petrovich & Antonini 2017). Smaller-sized
GNs with intermediate-mass BHs (VanLandingham et al.
2016) and binary BHs forming in clusters through binary—
single interaction (Samsing et al. 2014; Samsing & Ramirez-
Ruiz 2017; Samsing 2018; Samsing et al. 2018a) may produce
higher rates. An attractive feature of these merger channels is
that they offer a solution to the so-called “final AU problem,”
i.e. on how the BHs or their progenitors shrink to a separa-
tion below which GW emission can drive the binary to merge
within a Hubble time (Stone et al. 2017).

Here, we focus on another channel, which also naturally
solves the final AU problem and leads to eccentric mergers.
These are close fly-bys between single objects in dense stellar
systems, which form binaries due to GW emission. If the ve-
locity dispersion is high in the host environment, as in GNs,
then the binary pericenter distance must be small for a binary
to form in this way. This implies that the source will form
in the LIGO frequency band and/or remain eccentric in the
LIGO band until the merger. Despite the required small im-
pact parameter, the merger rate in this channel may be high
due to the extremely high number density of BHs in the mass-
segregated cusps of GNs.” O’Leary et al. (2009) showed that
the expected aLIGO detection rate at design sensitivity for
eccentric mergers forming through GW capture in GNs is
higher than ~ 100yr~" if the BH mass function extends to
masses above 25 M, (see also Kocsis & Levin 2012). Since
that publication, such heavy BHs have been observed in sev-
eral LIGO/VIRGO detections (Abbott et al. 2016b, 2017a,c).
This also means that the aLIGO detection rate of highly ec-
centric binaries may be dominated by sources in GNs that
form through GW capture.

In this paper, we determine the region of initial orbital
parameters including eccentricity, pericenter distance, and
masses where eccentric binary black holes (EBBHs) may
form, the probability density function (PDF) of EBBH merg-
ers as a function of these parameters, and calculate the ex-

5 Formation rates for these scattering events are proportional to the square
of the BH number density.

pected PDF of initial orbital parameters. However, the ini-
tial eccentricity may be difficult to detect for eccentric bi-
naries that form outside of the aLIGO frequency band. In
Gondan et al. (2018), we have shown that the GW detector
network will be capable of measuring the final eccentricity of
the source to much higher accuracy at the LSO. Thus, we also
determine the distribution of eccentricity at the LSO. Addi-
tionally, we determine the distribution of eccentricity at the
time the GW signal enters the alLIGO band.

We also calculate the merger rate distribution as a function
of total mass and mass ratio in a single GN in this channel.
Recently, O’Leary et al. (2016) showed that, in GCs, inde-
pendent of the BH mass function, the likelihood of merger is
proportional to M*, where M is the total mass of the binary
and comparable component masses are most common. Fur-
thermore, Kocsis et al. (2018) found that a different univer-
sal relation holds for the likelihood of primordial BH binaries
formed in the early universe. Such universal results may be
valuable to statistically disentangle different source popula-
tions and to determine the BH mass function therein.

In a companion paper, Gondédn et al. (2018), we calcu-
late the expected parameter measurement errors of eccen-
tric mergers and show that the initial orbital eccentricity can
be measured to sub-percent accuracy with the aLIGO-AdV-
KAGRA GW detector network. Thus, the predicted merger
rate distributions as functions of source parameters (partic-
ularly eccentricity) may be used to confirm or rule out this
formation mechanism.

GW signals of EBBHs are very different from those of stan-
dard quasi-circular inspirals. At early times, these GW sig-
nals in the time domain consist of repeated bursts where the
separation between successive bursts shrinks, and their ampli-
tudes change as a function of time, and the waveform trans-
forms into an eccentric quasi-periodic chirp signal before the
merger. Eccentricity leads to multiple orbital frequency har-
monics in the waveform, pericenter precession causes each
harmonic to split into a frequency triplet, and eccentricity also
changes the evolution of GW phase. This makes them rich in
features and very unique among other signals. Furthermore,
these GW signals are more luminous in the aLIGO band than
circular sources, which makes them detectable at longer dis-
tances (O’Leary et al. 2009).

Recent studies (Brown & Zimmerman 2010; Huerta &
Brown 2013; Huerta et al. 2014, 2018) have shown that meth-
ods based on circular binary templates could miss eccentric
signals if the orbital eccentricity exceeds ~ 0.1 at the time
these GW signals enter the aLIGO band. As we will show in
this paper, a significant fraction of EBBHs forming through
GW capture in GN hosts have ¢ > 0.1 when their GW sig-
nals reach the aLIGO band. In such cases, search methods
using circular binary templates will be ineffective in finding
GW signals of these EBBHs.

So far, three search methods have been developed to date to
find the signals of stellar-mass eccentric BH binaries in data
streams of GW detectors (Tai et al. 2014; Coughlin et al. 2015;
Tiwari et al. 2016). All three methods achieve substantially
better sensitivity for eccentric BH binary signals than existing
localized burst searches or chirp-like template-based search
methods. However, the complex nature of EBBH waveforms
makes it necessary to develop more efficient search algo-
rithms to detect these GW signals for moderately small signal-
to-noise ratios. Such algorithms would greatly benefit from
the detailed prior knowledge of source parameter distributions
in the parameter space, particularly the likely range of param-



eter values, which must be covered with the search pipeline.

Once a source is detected, different algorithms are used to
recover its physical parameters. For compact binary coales-
cence sources on circular inspiral orbits, several algorithms
have been developed for this purpose, e.g. BAYESTAR
(Singer & Price 2016), LALINFERENCE (Veitch et al. 2015),
GSTLAL (Cannon et al. 2012; Privitera et al. 2014), Co-
HERENT WAVEBURST (Klimenko et al. 2016), BAYESWAVE
(Cornish & Littenberg 2015), and LALINFERENCEBURST
(Veitch et al. 2015). The development of algorithms recover-
ing the parameters of compact binaries on eccentric orbits are
currently underway. These algorithms will play an important
role in the astrophysical interpretation of eccentric sources.

The paper is organized as follows. In Section 2, we in-
troduce the adopted models for the GN host environment and
stellar populations properties. In Section 3, we summarize the
phases of GW capture-induced binary evolution. In Section 4,
we describe Monte Carlo (MC) calculations of the parameter
distribution of merger rates. In Section 4.3, we present an
analytical derivation of the rates, which captures the leading-
order behavior. In Section 5, we present our results in two
parts. First, we present the distributions of orbital parameters
of EBBHs at different stages of their time evolution, then we
determine the merger rate distributions and the corresponding
aLLIGO detection rate distributions. We also identify charac-
teristics of GN host environments to which the results are sen-
sitive. Finally, we summarize the results of the paper and draw
conclusions in Section 6. Details of our analytic calculations
can be found in Appendices A—C.

We use G =1 = c units in this paper.

2. GALACTIC NUCLEI AND RELAXED STELLAR
POPULATIONS

Here, we describe the characteristics of GN host environ-
ments (Section 2.1) and stellar populations (Section 2.2) that
we adopt in this study.

2.1. Galactic Nuclei

GNs are assumed to be relaxed systems of spherically
symmetric stellar populations (e.g. white dwarfs or WDs,
main sequence stars or MSs, NSs, and BHs) gravitationally
bound to a central SMBH. The relaxation of multi-mass stel-
lar populations around an SMBH has been thoroughly in-
vestigated (Bahcall & Wolf 1977; Freitag et al. 2006; Hop-
man & Alexander 2006; Alexander & Hopman 2009; Keshet
et al. 2009; O’Leary et al. 2009; Bar-Or et al. 2013; Aharon
& Perets 2016; Bar-Or & Alexander 2016; Alexander 2017;
Baumgardt et al. 2018); these studies have found that, within
the GN’s radius of influence, objects segregate to the cen-
tral regions and form a power-law number density profile,
n(r) oc r*, in which the o exponent is higher for more mas-
sive objects. ® The radius of influence is given as

Fmax = GMsup /07, (1)

where Mgypy is the mass of the SMBH, o, is the velocity
dispersion of the underlying stellar populations in the nu-
cleus near the SMBH, and we use the Msypy—0o . relationship

% For SMBHs more massive than a few million solar masses, the GN clus-
ter does not have time to reach an equilibrium distribution because the two-
body relaxation timescale in that case is larger than a Hubble time (Merritt
2010; Antonini & Merritt 2012; Gualandris & Merritt 2012; Antonini 2014,
Dosopoulou & Antonini 2017). This might lead to number density profiles
different from that obtained for relaxed cusps.
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(Tremaine et al. 2002; Walcher et al. 2005; Misgeld & Hilker
2011; Norris et al. 2014):
Ox 4
) @)

MSMBH ~1.3x 108M@ (m

to estimate o in Equation (1). We choose the lower limit of the
SMBH mass range to be 10° M, (Barth et al. 2005; Greene &
Ho 2006). We conservatively set the upper limit of the SMBH
mass to 107 M, corresponding to relaxed stellar populations;
see Appendix A.l for details.

For spherically symmetric and relaxed GNs, we use the
Bahcall & Wolf (1976) one-body phase space distribution
f(r,v) generalized for a multi-mass system (O’Leary et al.
2009) to derive the distribution of the magnitude of relative
velocity between single objects (Appendices B.1 and B.2).
For objects with mass m, this has the form

Jin(®,¥) = CuE(r,v) 3)

if 7min < 7 < rmax and E(r,v) > 0, C,, is a normalization con-
stant,

M 2

SMBH % 4)
is the Keplerian binding energy in the field of the SMBH, and
the p,, exponent depends on mass due to mass segregation.
For the light stellar components, such as MSs, WDs, and NSs,
Pm ~ 0, and for the heavier components such as BHs,

m
pm = pO ) (5)
MBH, max

E(r,v)=

where mpH max 1S the highest possible BH mass in the popula-
tion and po =~ 0.5—-0.6 based on Fokker—Planck simulations
(O’Leary et al. 2009). We consider the standard value of pg
to be 0.5. Equation (4) is valid outside the loss cone (Shapiro
& Lightman 1976; Syer & Ulmer 1999). We assume it to be
valid between rpin < 7 < rmax if v is less than the escape veloc-
ity at radius r, where ry;, is an inner radius where the density
cusp exhibits a cutoff. We calculate r;, by requiring that (i)
the number density profile of these populations reaches steady
state and forms a power-law density cusp within the age of the
galaxy; and (ii) the inspiral timescale into the SMBH is larger
than the relaxation time (Appendix A).

Because the binding energy is positive for objects bound
to the SMBH, E(r,v) > 0, the velocity at distance r from the
SMBH must be less than the escape velocity

Vmax(r) = \) % . (6)

The 3D number density distribution of mass m objects at
radius » may be obtained from Equation (3) as

(1) = /fm(l',V)d3V = Ning < . > ; (7
Tmax
where 3
Qpy = E +DPm; (8)

and njyr is the number density of objects at the radius of in-
fluence. For MSs of m = 1 M, this follows from the M—o
relation (Equation 2), assuming that the enclosed stellar mass
within the radius of influence ryax is 2Mgsmpy (e.g. O’Leary
et al. 2009)

[ 100M
RintMs = Mms(Fmax) =~ 1.38 x 10%pe™ [T — ©
SMBH



4

We define the normalization constants nj,r and the exponent
of the number density distribution «, separately for the dif-
ferent stellar species in Section 2.2.

2.2. Stellar Populations in Galactic Nuclei

The initial mass functions (IMF), which extend from the
brown dwarf boundary ~ 0.1My to ~ 100M (e.g. the
(Salpeter 1955) IMF and its subsequent refinements, the
(Miller & Scalo 1979) and (Kroupa 2001) IMFs), result in
evolved populations that naturally separate into two mass
scales: the ~ 1M, scale of low-mass MSs, WDs, and NSs;
and the ~ 10 M, scale of stellar-mass BHs, Wolf—Rayet, O-,
and B-stars. In case of a GN, the shape of the present-day
mass function (PMF) varies significantly above the scale of
~ 10M (Alexander & Hopman 2009). The typical PMF in
GNss is not well-understood due to the fact that star formation
deep in the potential well of a SMBH can be very different
from that of the field. Bartko et al. (2010) find evidence that
the stellar disks in the GN of the Galaxy are extremely top-
heavy. Lu et al. (2013) infer that the mass function of these
young stars is proportional to m~'7*%2 which implies that
the number of massive stars is currently higher than that for a
standard Salpeter mass function.

We follow Alexander & Hopman (2009) and assume single-
mass MS, WD, and NS populations in GNs with component
masses 1 Mg, 0.6 M, and 1.4 M, respectively.

We normalize the number density distribution for WD, MS,
and NS populations in Equations (7) as

Ninf,i = RingMSCi 5 (10)

where i labels {WD,MS, NS}, and set the number density ex-
ponents to

aMs=OéWD=1.4 and astl.S (11)

(Hopman & Alexander 2006). Here, C; represents the number
fraction ratios of MSs, WDs, and NSs as 1:0.1:0.01 for con-
tinuous star-forming populations (Alexander 2005), implying
that

3_
Cus = 0.01 2_4NS

Cus=1, CGyp=0.1, 12)

3— amMs
We carry out calculations for three types of BH PMF mod-
els: a simple single-component mass distribution, a power-
law multi-mass distribution, and a multi-mass distribution
given by a population synthesis method, as follows.

1. In the single-mass BH population model, we assume
that all BHs have mpy = 10M following Morris
(1993), Miralda-Escudé & Gould (2000), and Alexan-
der & Hopman (2009) for a 10Gyr old coeval popu-
lation, implying that the number density exponent in
equation (9) is apus = 2 and to determine Cgys We
account for BHs segregated into the nucleus. For the
Milky Way, as many as ~ 20,000 BHs with 10M,
each are expected to have segregated into the nucleus
(Morris 1993; Miralda-Escudé & Gould 2000; Freitag
et al. 2006; Hopman & Alexander 2006). The num-
ber of BHs segregated into the GN is proportional to
the mass of the SMBH through the infall rate of BHs
(see Equation (9) in Miralda-Escudé & Gould (2000)),
therefore it can be approximated as

Nt & 20,000 x ISMBH (13)
MSgrA*

Here, Msgra+ =4.3 x 10°M is the mass of the SMBH,
Sgr A*, in the Milky Way-size nucleus (Gillessen et al.
2009)”. The number density distribution of BHs in this
single-mass model is of the form

r —QBH,s
nBH,s = CBH sMinf,MS ( ) , (14)

rmax

where Cgy s can be determined using Equation (10) to-
gether with Equation (13), which gives

3_ S
Ciys = 0.023 2Bl (15)

3- aMs

2. In this multi-mass BH population model, we assume a
power-law PMF mgf{ following Alexander & Hopman
(2009) for 10Gyr of continuous star formation. The
probability distribution function of BH mass is then

(1-B)mg;
Flmpn) = ——F5———5— ]13_}}3 :
BH,max mBH,min

(16)

We consider 3 in the range [1,3] and arbitrarily choose
its standard value to be 5 = 2.35, although the exponent
for BHs need not be related to the Salpeter IMF of mas-
sive stars (Salpeter 1955). This range is consistent with
the currently announced GW detections (Abbott et al.
2017a). We set mpy min = S M, based on the observa-
tions of X-ray binaries (Bailyn et al. 1998; Ozel et al.
2010; Farr et al. 2011; Belczynski et al. 2012), and we
set the fiducial value for the highest possible BH mass
to be mpy max = 30 M, but also explore cases between
10M¢ and 80 M, (Belczynski et al. 2010). Taking into
account the mass distribution of BHs, the number den-
sity normalization at the radius of influence in Equation
(7) for BHs in a multi-mass BH population is

ngH,m(mpH) = nvs F (M) CeHm » (17)

where Cgum is set numerically by the total number of
BHs inside the GN as

TNBH,max
Npn = / dmpy npH,m (MBH)
MBH,min

Fmax —QBH,m
></ 47rr2( ! ) dr. (18)
0 Fmax

Here, agpm 18 given by combining Equations (5) and

(8).

3. To check the dependence of the result for a qualita-
tively different mass distribution, we also carried out
the calculations for a PMF obtained in a population syn-
thesis study, Belczynski et al. (2004), for single low-
metallicity stars (see Figure 4 therein). In this case,
the PMF ranges between ~ 3M, and ~ 26M, and has
three peaks in its distribution, near 7M), 14M, and
24M,.

We show in Appendix A.2 that the region in single GN
where EBBHs are expected to form through GW capture is
weakly sensitive to the assumptions on the mass distribution
of stellar populations.

7 We choose Msyph = Msgra+ in our fiducial numerical calculations, but
also explore other values.



3. PHASES OF BINARY EVOLUTION

In this section, we introduce the GW capture binary forma-
tion mechanism and calculate resulting distribution of initial
orbital parameters. Next, we examine the evolution through
the eccentric inspiral and the long-term interaction between
the formed binary and a third object in simulations.

In the following, we denote the masses of BHs forming the
binary as my4 and mp, the symmetric mass ratio of the binary
as 1 = (mamg)/(ma +mp)?, the total mass as My = ms +mg,
and the mass ratio as g = my4 /mg. The reduced mass and sym-
metric mass ratio satisfy p = nMo and 7= q/(g+1)>. Similar
to O’Leary et al. (2009), we define the dimensionless pericen-
ter distance as pp = rp /Mo, where rp is the pericenter distance
changing with each orbit.

3.1. Formation of Binaries through GW Capture and the
Eccentric Inspiral

Two BHs form a binary if they undergo a close encounter
and they emit enough energy, in form of GWs, to become
bound. Due to the relativistic nature of such events and the
low velocity dispersion compared to ¢ = 1 in GN hosts, the
encounters are almost always nearly parabolic (Quinlan &
Shapiro 1987; Lee & Bradley 1993). Thus, the initial orbit
of the formed binary is typically highly eccentric with e ~ 1.
In this limit, the amount of energy emitted in GWs during the
encounter is o2

2
SEgw =~ M (19)
12v2r))

(Peters & Mathews 1963; Turner 1977), where ry is the dis-
tance of closest approach (we use O in the lower index to
denote initial values of parameters throughout the paper, i.e.
their values at the time of EBBH formation):

-1
1 M2, My
Tpo = < ﬁ"’ i + b2w2> (20)
(O’Leary et al. 2009), where b is the impact parameter of the
encounter, and w is the magnitude of relative velocity between
the BHs forming the EBBH.

The initial properties of the EBBH are determined by the
encountering system’s final energy, Ejy,, and final angular mo-
mentum, Lg,, after the first encounter, where

Efin = Exin+0Egw , 21
Lﬁn = Mloth]W + 6L N (22)

where Eyj, = uw? /2 is the kinetic energy in the center of mass
system, and JL is the amount of angular momentum lost dur-
ing an encounter (Peters 1964). O’Leary et al. (2009) found
that 0L is negligible for nearly all first encounters; therefore,
we set 0L ~ 0. If the final energy of the system after the en-
counter is negative, Eg, < 0, then the system remains bound
with an initial semi-major axis of

77M120t
ap = , (23)
2|Egn|
and with an initial eccentricity of
2|En|w2b?
eo=4/1- 2|Egin|w?b? ) (24)

3
M tot
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Note that the initial pericenter distance of the EBBH system
rpo can be expressed in terms of eg and ag as

rpo = aop(l —ep). (25)

The criterion Ej5, < 0 for the two BHs to form a bound bi-
nary sets an upper limit on the impact parameter of the ap-
proach (O’Leary et al. 2009). Additionally, a lower limit on b
is set by the fact that we require the BHs to avoid direct coa-
lescence during the first close approach. Therefore, to leading
order, a bound EBBH system can form if b satisfies

340m\ " M
<b<< : ) 57 =bu. (26)

_ AMyy

bmin =

Here, the upper limit corresponds to Equations (19) and (21),
and the lower limit is valid in the test-particle limit around
a Schwarzschild BH (e.g., Kocsis et al. 2006; O’Leary et al.
2009). The leading-order approximation in the allowed range
of b values expressed by Equation (26) is in a good match
with 2.5 and 3.5 order post-Newtonian (PN) simulations for
relative velocity w < 0.01 (see Figure 1. in Kocsis & Levin
2012)). Relativistic corrections modify the capture cross sec-
tion by less than 10% (Kocsis & Levin 2012)

Due to the escape velocity v,y at radius r from the SMBH
(Equation 6), the initial relative velocity is bounded by

0 < w < 2Vnax(r) = /8MsmpH /7 (27

The allowed range of initial binary parameters p,o and eo may
be calculated from the bounds on b and w given by Equations
(26) and (27) using Equations (23) and (25).

After the binary is formed with initial parameters ey and
ppo, it evolves due to GW radiation reaction. We use the
leading-order orbital evolution equation (Peters 1964)

12/19 121 3%
coy € 2
= 1+ — 28
Pr(e) Mtol(1+e)< 304e> ’ (28)

where ¢o/M,, may be expressed with ey and ppo» by solving
Equation (28) for p, = py0 and e = ey.

This evolution equation is valid when the two BHs are rel-
atively far from each other’s horizon, for p, > 2, up until the
binary reaches the LSO. After that, the evolution is no longer
quasi-periodic and the BHs quickly coalesce. In the leading-
order approximation for infinite mass ratio and zero spins, the
eccentricity of the LSO, e 5o, can be calculated by numeri-

cally solving the following equation (Cutler et al. 1994)
6+2ers0
= — 2
ppleLso) [Terso (29)

for e so using Equation (28). The initial pericenter distance
is set uniquely by e so and e according to

12/19 R
_ 6+2ers0 €, 1+(121/304)60 (30)
M ey o270 | 1412173040,

In the limit ¢g ~ 1, which we find to be the relevant case (Sec-
tion 5.2),

- 3+erso (1

870
121, \
Ppo N~ \ 1 ) . (€20
eLso

meLSO

We invert Equation (31) numerically to obtain e so(ppo). The
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result is well-fitted® by

eLso = 6.3096 p5 . 32)
This shows that ppo generally is a monotonically decreasing
function of e so, where pyo 2 10 corresponds to epso < 0.19.

3.2. Interaction with a Third Object

Although the stellar number density is the highest in GNs,
O’Leary et al. (2009) have shown that the binaries, which
form by GW capture, are so tight that they typically merge be-
fore encountering a third object that would alter their orbital
parameters. We conservatively ignore the rare EBBHs in our
Monte Carlo (MC) sample that have an encounter with a third
object before the merger of the EBBH (Section 4.2), i.e. if the
encounter timescale is shorter than the merger timescale,

tmerge > tenc . (33)

The typical timescale for a close encounter between a binary
and a single object can be approximated as

3

w
tenc N 34
127TM120tnt0[ ( )
(O’Leary et al. 2009), where
ot = nwp (1) +nvs(r) +nns(r) + npu(r) (35)

is the combined number density of all types of stellar objects
at distance r from the SMBH. By substituting Equation (28)
into Equation (5.7) in Peters (1964), the time remaining until
coalescence is

15 c§(eo, ppo)

Fleiso.e0), (36
30402, (eLso,€0) (36)

tmerge(pp07 ma,mg,ep) =

where
919 (1412822 255
( _e2)3/2

Note that F(erso,e0) ~ F(0,e9) within 0.1% for
erso < eyg~ 1, and thus fpeee can practically be ap-
proximated as

B
]:(A,B)E/ de 37)
A

15 ci(eo, o)
304M130t77

Because the fraction of binaries that satisfy Equation (33)
represents a small fraction of all objects (Section 5.2), ignor-
ing this population does not bias the initial binary orbital pa-
rameter distributions.

F(0,ep). (38)

tmerge(pp07 ma,ms, E()) ~

4. DISTRIBUTIONS OF INITIAL ORBITAL
PARAMETERS AND EBBH MERGERS

In this section, we derive the distributions of the masses and
the initial orbital parameters of EBBHs in GNs.

We parameterize the formation of an EBBH through GW
capture via four parameters: the two masses of the BHs in-
volved (my4 and mg), the magnitude of the relative velocity
between the two BHs (w), and the impact parameter of the
approach (b). Here, we first treat m4 and mp as being fixed,
while w and b as free parameters. We use the phase space

8 We use the method of least squares to fit the prefactor and exponent.
The fit error is 0.001 for both parameters for the 95% confidence bounds in
the range ppo € [8,1000]. Most EBBHs form within this range in GNs; see
Section 5.2.

distribution function f4(r4,v4) and fz(rp, vp), given by Equa-
tion (3). The distributions depend on the masses m,4 and mp
through the exponents p4 and pp in Equations (3) and (5) as
heavier components form steeper density cusps due to mass
segregation.

The differential rate of EBBH mergers involving BHs A and
B can be given in the twelve-dimensional phase space of these
two objects as

d"Tap=owfa(ra,va)fs(rs, vp)

X drad’rgd®va dvg, (39)
where 0 = o(w) = wbzmax(w)—ﬂ'bfnin(w) is the cross section

for two BHs to form an EBBH during their encounter; see
Equation (26) for bpip and by .

4.1. Analytic Estimates

The total merger rates may be obtained from integrating
Equation (39) over phase space. The partial merger rate dis-
tribution as a function of parameters (e.g. radius in the GN,
mass, initial eccentricity, and pericenter distance) may be
obtained by integrating only over the complementary phase
space dimensions. We refer the reader to Appendix B for de-
tails, and present the results of the calculations in Section 5.

4.2. The Monte Carlo Code

To generate a random sample of EBBHs with component
masses my and mp, we first generate ~ 10 random ra-
dius values from the galactic center over the radius range
re [rg’iﬁ,rmax] using Equations (55) and (56). We then ran-
domly draw a pair of w and b for each r from Pyp(w, b), using
Equations (B30) and (B31) in Appendix B.

EBBHs can form with w as high as w ~ 0.05 near rﬁl’iﬁ.
The region of validity of Equation (26) for by, oc w™! and
Dmax X w7 is as follows. For high w, the condition

bmax(W) > bpin(w) may be violated over

1 /857
Wmax,b = E Tn . (40)

These systems cannot form an eccentric binary system, but
may only suffer a direct head-on collision. We discard all such
(w,b) pairs in our MC sample that do not satisfy w < Wiax p.
We find numerically that only < 0.01% (< 1%) of EBBHs
form with w 2 0.05 (W 2 Wmax») Over the considered ranges
of BH mass, SMBH mass, and BH population parameters;
thus, direct head-on collisions represent a negligible fraction
of sources.

Furthermore, we keep only those (w,b) pairs that avoid in-
teraction with a third object satisfying Equation (33).

For each random sample of (w,b), we calculate the corre-
sponding initial pericenter distance and eccentricity of the bi-
nary (ppo, €o), using formulae introduced in Section 3.1.

Given that most of these binaries have ej ~ 1 (Section 5.2),
we introduce the new variable

c0=1-¢} 41)
in order to accurately represent the PDF of ej in the vicinity
of unity; see Section 5.

4.3. Bounds on the Initial Orbital Parameters

Figure 1 shows a 2.5 x 10° MC sample of EBBHs
in the eg—ppo plane for a Milky Way-sized nucleus with
MSMBH =]WSgrA>.< and for EBBHs having my = mpg = 30M@
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Figure 1. A Monte Carlo realization of the EBBH parameters in the
space of initial eccentricity e and initial dimensionless pericenter distance
Pp0 = r/Mior showing the allowed parameter values of EBBHs. The initial
eccentricity is typically very close to unity, so we show log(1 —e, ) to re-
solve the deviation from ej = 1. The allowed region is bounded by curves
that represent physical constraints on the binary formation and evolution,
as indicated and explained in the text. We assume a Milky Way-sized nu-
cleus with Mggras = 4.3 X 10% M and show mergers with my =mg = 10M,

within a BH population with a power-law present-day mass function (PMF)
dN/dmpy mB%_I“, a maximum BH mass of mpy max = 30M), and a mass
segregation parameter py = 0.5 (Equation 5). We find that 99% of EBBHs
(represented here by green dots) merge before a dynamical encounter may
happen with a third object (i.e. fenc > fmerge holds), shown by a solid red line.

The distribution is bounded by five curves, where one of the
conditions of a stable EBBH formation is violated as labeled.
We will next discuss these conditions next and derive analytic
approximations for each of them.

Stable EBBH formation from two single objects bound to
the central SMBH requires the following.

(D They must avoid direct collision without forming a sta-
ble EBBH, b > byin.

(IT) They must also avoid escape to infinity, b < bpax.

(IIT) The initial kinetic energy must be positive Eki, = 0.
The two BHs radiate more GW energy during
their encounter than the total initial kinetic energy,
0Egw < Eyin, which 1mp11es that Eq, > 0Egw.

(IV) EBBHs should not interact with a third object through-
out their evolutions, fyerge < fenc-

(V) BHs bound to the central SMBH have an initial velocity
less than the escape velocity vy (), which sets a bound
on the maximum relative speed, w < Wiax (7) = 2vpax ()
(Equation 27). Objects exist in the GN within the
radius of influence of the SMBH, but sufficiently far
to avoid infall into the SMBH due to GW emission,
8 < r < rmax. This sets a bound on w.

The above five criteria define sharp boundaries in the ey —
ppo Plane as follows.

(I) From Equation (20), the leading-order approximation
for ppo = rpo /Mot in terms of w is
b*w?
2ME,
Using Equation (42) and the definition of by, given in
Equation (26), the criterion b > by, can be translated

Ppo = (42)

7

into the constraint p,o > 8, to leading post-Newtonian
order.

(IT) The criterion b < by means that the two encountering
BHs must pass each other closely enough to become
bound following GW emission, and thus Es, must sat-
isfy E, < 0. Using Equation (21) and the definition of
€p given in (41), this can be translated into a constraint
eo < 1, or equivalently ¢y > 0. Moreover, this criterion
must be satisfied for the possible range of w values in
the GN, 0 < w < wax. Here, wiay is the highest w oc-
curring in the GN below wax 5. Combining Equations
(21) and (46) together with Equation (19), w may be
expressed in Equation (34) in terms of €y and py as

1/2
W~ 85mn -9 (43)
62 p7/ . 2pp0

Combining Equation (42) with Equation (43), b can be
expressed in terms of p,0 and € as

1/4
857 €0

b=\/2ppoMior | —=7 (44)
P\ evapl? 2

Conversely, solving for ppo and ¢g, gives Equation (42)
and

3407 nM, tm p*w?
3w M2,

The constraint on b in Equation (26) gives a boundary
curve in the €y — ppo plane.

€o(b,w) =

(45)

(IIT) Using Equations (21) and (42), Eg, can be expressed in
terms of € and pyo as
M
Egn ~ ——:’”760 . (46)
Ppo
Finally, using Equation (19) together with Equation
(46), the criterion d Egw < Egy, defines the following up-
per limit on €p:

857T77 _3
€ < 2 47
0 3\/— p() ( )

Note that the §Egw = Eg, case corresponds to the w =0
limit; see Equation (21).

(IV) The boundary curve in the €y — ppo plane defined by
fmerge = fenc €an only be constructed numerically by ex-
pressing all terms in Equations (34) and (36) as func-
tions of ¢ and po. Here, ap and c( can be expressed in
terms of g and ppp using Equations (25) and (28). This
boundary must be calculated at each radius in the GN
because ny, depends on r (Equation 35). However, an
upper boundary can be constructed for the whole EBBH
population merging in the GN by choosing r = ryax,
which we use to identify that region of the ey~ pyo plane
in which EBBHs surely interact with a third object be-
fore the merger phase of the EBBH evolution.

(V) BHs A and B should have a relative speed, w, lower
than 2v.(r) at distance r from the center of the nu-
cleus, i.e. W < Wiax(r) = 2Vmax(r) < wmax. Using Equa-
tion (43), the criterion w < wpax can be expressed as

851 s
3\/2 pO/ 2ppowmax( mm) (48)

€ > ——



in the €o—ppo plane.

These bounds on €y and py lead to the following scaling re-
lations. The expressions of by, and by, defined by Equation
(26) may be expressed in the form Mwn®, where h = -9 /7
and —1 and o =0 and 1/7, respectively. Thus, the impact pa-
rameter lies in the range

9/7<h<-1, 0<a<l1/7. (49)

These relations, together with Equation (42), describe ppo.
They may be written as

ppo Wi, —4/7< <0, (50)
To get a similar expression for ¢(, we first examine Eg,. Com-

bining Equations (19) and (21) together with Equations (49)
and (50), Eg, can be given as

Egin = CinMiow? = CoMigow™ 027 (51

where C; and C, are constants. Because w < 1 for encounters
over the considered ranges of BH mass, SMBH mass, and BH
population parameters (Section 4.2), therefore Ef, is domi-
nated by its second term, and thereby scales as

b X Mlotwhna )

Eﬁn o _thw—7(h+l)772—7a . (52)
Finally, using Equations (21), (49), and (52) together yields
eooxwin®, 0<~y<10/7, 2/7<rk<I1. (53)

These relations help interpret the results for MC simulations
given next.

5. RESULTS

We now present the PDF of initial binary parameters de-
scribing EBBH events.

5.1. Radial Distribution of EBBH Mergers in Galactic
Nuclei

Let us now determine the relative encounter rate as a func-
tion of the radius from the center of the GN, P4p(r), for objects
with masses m, and mgp.

In Appendix B, we show that the distribution of merger
rates as a function of radius from the center of the GN has
the form

o’r ) s i
Ordmpdmg 471 Ny, (1) Moy (7) Nigg F (mg) F (mp)

X CrACrB (C(/;apl(r) _Ccl:oll(r)) ) (54)

where n,,(r) and Ngy are given by Equations (7) and (13),
respectively, C,4 and C,p are constants defined by Equation
(B8), and Cca () and ¢/ ,(r) are terms that follow from the
cross section for GW capture and direct collisions, b2, and
ﬂ'bfnm, respectively, defined by Equations (B19) and (B20) in
Appendix B.

For a multi-mass BH population, the probability distribu-
tion of the EBBH events among events with fixed BH masses
my and mp as a function of r may be obtained by normalizing
Equation (54) over the radius range [7, ,7max], where BHs
exist in the GN; see Appendix A. We get

2 —po _mptmp _,_p _mptmp
3 407.”7 7 4 MBH,max 16r /MBH, max
Pyp(r)=Cy - )
3 M“ /14 M /2
SMBH SMBH
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Figure 2. Probability density loglo(PAB(loglo(r))) of an EBBH formed by
BHs with masses ms and mp merging at r from the central SMBH of a
Mllky Way-size nucleus. In this example, the mass of the central SMBH
is Msgras =4.3 X 10° M), and stellar populations surrounding the SMBH
are assumed to form spherically symmetric and relaxed populations within
the radius of influence of the SMBH, rmax. We give Pag(r), using Equations
(55) and (56), for various combinations of ma and mp values indicated in the
figure leggnd and for r € [rA B ,rmax] as defined by Equations (A8) and (1).
Here, r defines the inner radlus at which BHs A and B can still form an
EBBH (see Appendix A). Solid lines corre: 5pond to a fiducial multi-mass BH
populatlon with a PMF dN /dmpy o mggp>”s MBHmax = 30M@), and pp = 0.5
in Equation (5). The dashed-dotted lme corresponds to a single-mass BH
population of 10M .

where 7 = ¢q/(1+q)*, ¢ = ma/mp, and C; is a normaliza-
tion constant set by the requirement f ™ Pag(r)dr =1. For a
single-mass distribution, pg = 0.5, and my = mp = max(mgy) =
10Mg (ie. g=1,n= 1/4) thus we get

2 1
85w\ 7 ru  16r7°/72
Pap(r) =G, l(T) W_MIT] . (56)
smBH  MsmBH

The distribution P4p(log,,(r)) is displayed in Figure 2 for
various component masses. For a single-mass BH popula-
tion, the profile is identical to that of the most massive BHs
in a multi-mass BH population when py = 0.5; see Equation
5. We find that P4p(r) is steeper for more massive EBBHs
as a function of radius, which is due to the steeper density
gradient for higher masses (Equation 55). The profile of
PAB(r) is weakly sensitive to the mass ratio for fixed M,
i.e. proportional to >, which is due to the fact that Pyg(r)
is dominated by its first term in Equation (55). Note that
the merger rate distribution on a logarithmic radial scale is
dTp/dInr = rdTpg/dr < rPsg(r). By using Equation (56)
for Pyg(r) we find that Psg(Inr) o< r —3/14 for the most massive
BHs in the BH population, showing that the merger rate is ap-
proximately uniform on a logarithmic scale between 10~ and
3pc. In fact, roughly 50% of the most massive EBBHs are
formed in the innermost 4 x 1073 pc, and 97% of the events
are within 1.2pc. However, the least massive EBBHs with
ma=mp=5SMg, (70 =0.5, and my p < mpH max are distributed
as P(Inr) oc r''/14 Thus, only ~ 2% of them are within
4 x 1073 pc, and only roughly 50% of them are within 1.2pc.
These low-mass binaries form preferentially further out, near
the radius of influence.

Figure 2 shows that P4p(r) drops off quickly near rﬁnﬁ
Thus, for fixed component-mass EBBHs, the distributions of
orbltal parameters do not depend 51gn1ﬁcantly on the exact
value of rmln For EBBHs with fixed component masses, rilﬁ
is approximately 2x lower for the Belczynski et al. (2004)
PMF than for the same BH mass range with a power-law PMF



(Appendix A). As a consequence, P4p(r) and the distributions
of orbital parameters are very similar for the Belczynski et al.
(2004) and for a power-law PMF.

5.2. Distributions of Initial Orbital Parameters

In Appendix B, we determine the EBBH merger rate distri-
bution as a function of relative velocity and impact parameter.
The initial orbital parameters ey and ppp may be calculated
from these parameters using Equations (20) and (21).

Figure 3 shows the merger rate distribution as a func-
tion of the initial eccentricity and dimensionless pericenter
distance. Two-dimensional histograms’ are shown in the
log,y(€0)-log;(ppo) plane for three choices of the component
masses in the three panels, respectively: my = mp = 10M,
and my = mp = 30 M, within a fiducial multi-mass BH popu-
lation (i.e. po =0.5, 5 =2.35, and mpy max = 30M), and for
a single-mass BH population with my = mg = 10 M,. Clearly,
the distributions are bounded by the boundaries derived in
Figure 1 in Section 4.3. For low-mass EBBHs forming in a
multi-mass BH population, we find that a significant fraction
of events form relatively close to the dEgw = Eg, boundary
line. For massive EBBHs forming in a multi-mass BH popula-
tion, as well as for EBBHs forming in a single-mass BH popu-
lation, we find that a significant fraction of events form at low
ppo close to the dEgw = Ef, boundary line, which corresponds
to an approximately parabolic encounter. The merger rate dis-
tribution for a single-mass population is similar to the merger
rate distribution for the heaviest components in a multi-mass
distribution, as shown by the bottom two panels in Figure 3.

The Monte Carlo samples show that EBBHs typically form
with high eccentricities (0.9 < ep), and pyo ranges from ~ 89
up to ~ 400-900. The typical range of pyo for GW capture
sources can be understood using analytic arguments presented
in Appendix B. Among mergers occuring at a fixed radius r,
ppo 18 distributed uniformly for py0 < ppo.uni

N (857Tn)2/7v_4/7 ~ (857T77)2/7 ( r )2/7
Poowmi =\ oava) T \4gva Mswign)
(57)

Note that here the first term is unity (0.9952) for equal mass
binaries with = 0.25. If half of the events are located within
0.01pc~5x 1O4MsgrA*, this implies a characteristic cutoff
scale at pyouni ~ 22. The cutoff scale ppouni depends on the
mass of the binary system, due to their different radial merger
distributions shown in Figure 2. For the most massive BHs in
a Milky Way-size nucleus, roughly 50% of them are located
within 4 x 1073 pc ~ 2000 Mg+ which implies a cutoff scale
at ppo,uni ~ 9, while roughly 50% of the least massive EBBHs
are located within 1.2pc ~ 5.8 x 106MsgrA*, which implies a
cutoff scale at ppo uni ~ 85.

The characteristic scale of pyg given by Equation (57) for a
given v,y 18 applicable for an arbitrary host population. The
escape velocity is much lower in GCs than in GN with an
SMBH. Plugging in vipax ~ 60kms™" (30kms™!) gives a cutoff
scale of ppo.uni = 160 (230). Thus, a smoking gun signature of
GW capture events in high velocity dispersion environments
(i.e. GN) is their small characteristic ppo values below ~ 100.

We find that the inner cutoff of p is insensitive to the com-
ponent masses of the merging binary, the mass of the SMBH,
and the mass distribution of the BH population. This is due to
the fact that its leading-order expression gives ppo > 8 (Sec-
tion 4.3) independently of system parameters. However, the

9 Histograms are normalized by the total number of the data points.
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Figure 3. Two-dimensional histograms of data points generated by the
Monte Carlo code. The top and bottom panels correspond to 10Ma —10M
and 30M —30M EBBHs forming in a fiducial multi-mass BH population
with a PMF dN /dmgy o< mg3, po=0.5 and mp max = 30 M, and the mid-
dle panel corresponds to EBBHs forming in a single-mass BH population. We
assumed a Milky Way-size nucleus in all cases. We simulated 10° binaries:
those that did not interact with a third object before the merger phase of the
EBBH evolution are shown. Histograms were normalized by the total number
of the data points. The dashed and dashed-dotted lines correspond to 10 Hz
and 1 Hz characteristic GW frequencies (Equation 59), separating the regions
detectable by LISA and aLLIGO; the intermediate region may be detectable by
ET. We find, in panels from top to bottom, that about (41, 80,56)% of EBBHs
form within the aLIGO band. The middle and bottom panels are very similar
due to the same radial distribution of EBBH merger rate inside the nucleus;
see Figure 2. From top to bottom panels, respectively, (1.5,4.5,0.2)%) of
sources form in the LISA band, and (57.5,15.5,43.8)%) of sources form in
the ET band but outside the alLIGO band.
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Figure 4. PDF of py (top panel) and 1—6(2) (bottom panel) for different
component-mass EBBHs forming in a Milky Way-size nucleus. Solid lines
correspond to EBBHs forming in a fiducial multi-mass BH population with
a PMF dN/dmpy o m‘B%fS, mBH,max = 30M@, po = 0.5 in Equation (5), and
dashed-dotted lines correspond to EBBHs forming in a single-mass BH popu-
lation. We find that more massive EBBHs have lower pp and ¢y, and EBBHs
forming in a single-mass BH populations have lower ppo and eg than similar
EBBHs forming in a multi-mass BH population. Moreover, the PDFs of pyo
and ep for EBBHs forming in a single-mass BH population are very similar
to those of EBBHs formed by the most massive BHs of a multi-mass BH
population, which is due to them having the same PDF profile for the EBBH
merger rate inside the nucleus (Figure 2). We find that both pyy and ¢, are
lower for binaries of lower ¢ at fixed Mo, and the discrepancy between PDFs
of different mass ratio EBBHs increases with M.

upper limit of ppo is determined by the segment of boundary
lines defined by criteria (III) and (IV) (Figure 1), and it signif-
icantly depends on Mgypy and the component masses n4 and
mp. Moreover, the results are weakly sensitive to the py and
[ parameters of the BH mass distribution, and more sensitive
{0 MBH max-

Figure 4 displays the one-dimensional PDF of the ini-
tial pericenter distance and eccentricity, respectively, by
marginalizing the 2D distribution shown in Figure 3 over the
other parameters for EBBH sources (cf. Figure 4 of O’Leary
et al. 2009). Different lines represent the distribution of dif-
ferent component masses for merging binaries. Solid lines
show results for a fiducial multi-mass BH population with
dN/dm < m™3%, mpg max = 30M, and po = 0.5.

The main findings of Figures 4-6 are summarized as fol-
lows.

(A) At their formation, we find that most sources generally
have pericenter distances in the range ppo ~ 10—80 and

Ioglo(l-e(z))

Figure 5. An example of how different SMBH masses influence the PDF of
ppo (top panel) and 1—6(2) (bottom panel). Results are shown for 10M¢ —
10M~ EBBHs forming in a fiducial multi-mass BH population with a PMF
dN/dmpy mé%_‘fs, mMBH,max = 30M@, and py =0.5.

eccentricity eg ~ 0.9—-0.9999. More massive EBBHs
form with systematically lower ppy and with less ex-
treme e (e.g. ppo S 20 and eg ~ 0.9 for the heavi-
est EBBHs). This is due to the fact that, in a multi-
mass BH population, more massive EBBHs form closer
to the center of the nucleus (Figure 2), ergo w ex-
tends to higher values 2vy,«x(r) (Equation 6), and bi-
nary formation by GW capture implies ppo o< w? with
—4/7 < B <0and ¢ x w? with 0 < v < 10/7 (Equa-
tions 50 and 53).'°

(B) The maximum BH mass in the distribution mpy max Sig-
nificantly influences the PDF of py and e, for different
BH mass mergers. However, the mass segregation pa-
rameter (assuming that it is in the range 0.5 < py < 0.6)
and the slope of the BH mass function (assuming the
range 1 < § < 3) do not significantly influence these
PDFs. This result is consistent with analytic expecta-
tions presented in Section 5.1.

(C) Both pyo and ¢y are somewhat lower for EBBHs of
lower g at fixed My, which arise due to the Equa-

10 The encounter cross section is typically dominated by gravitational fo-
cusing, which implies a uniform P(p,0) distribution for isotropic distribution
of relative velocity with a fixed magnitude w (Kocsis et al. 2006; O’Leau?/
et al. 2009) in the range 0 < ppo < k> w7, where k = (857 /6+/2)*/7.
The decrease of P(pp) is due to the distribution of w in the GN.
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Figure 6. An example of how different multi-mass BH population parame-
ters influence the PDF of py (top panel) and 1 —e(z) (bottom panel). Results
are shown for 10 M —10M < EBBHs forming in a Milky Way-size nucleus.
Solid thick lines correspond to a fiducial multi-mass BH population with a
PMF dN /dmgy o< mﬁ%ﬁs, mBH,max = 30M@, and pg = 0.5, while dashed-
dotted and dotted lines correspond to modified parameter values for a multi-
mass BH population as shown in the legend of the fop panel. Consistently
with analytic expectations, only mpy max significantly influences the PDF of
ppo and 1— e%.

tions (50) and (53) for p, and ¢y. However, because
PpO,uni X 772/ 7. this dependence is rather weak. More-
over, the difference between the PDFs of EBBHs with
different mass ratios increases with M,y due to the My
dependence of the minimum radius, 722 , and the corre-

> “min®

sponding increased value of w for increasing M.

(D) In simulations with different Msypy (Figure 5), we find
that EBBHs form with lower ppy and ¢y around more
massive SMBHs, independently of the binary compo-
nent masses and the BH population parameters. This is
due to the fact that the average relative velocity with
which BHs form EBBHs in the GN increases with
Mgy (Figure 14). Thus, by considering Equations
(50) and (53), we find that both ¢y and py systemati-
cally decrease with Msyvpp.-

(E) In a single-mass BH population, 10Mg — 10Mg
EBBHs form with lower py and ey than those in a
multi-mass BH population. Moreover, the PDF of p,o
and ¢ are very similar for EBBHs forming in a single-
mass BH population and EBBHs formed by the most
massive BHs in a multi-mass BH population, which is

11

due to the similarity between t/lg% corresponding EBBH
merger rate distributions and 7| values (Figure 2).

Eccentric binaries emit a GW signal with a broad spec-
trum of frequencies. Because the LIGO/VIRGO-type GW in-
struments are sensitive above fi 160 = 10Hz, we assume that
those EBBHs form within the alLIGO band in the ¢y—po plane
for which fow > faLico, where fgw is the peak GW frequency
associated with the harmonic. This leads to the maximal emis-
sion of GW radiation being estimated as

2(1 +€)1'1954 Mtlo/12

Jow = (=2 T (58)

see Wen (2003). Here, fgw defines the peak GW frequency.
For any initial condition, the function a = a(e) is given by
Peters (1964). Because EBBHs form with ¢ ~ 1, in this case,
after combining Equation (58) with ]/Equation (25), fow can be
expressed as fgw o = (203946 13)02)‘1. Thus, those EBBHs
form within the aLIGO band for which p,o does not exceed
the limit

03046 /3
Ppo.aLico = (2 Mot farico) >/

—409 Mo /3 JfaLico /3 (59)
’ 20M ¢ 10Hz '

Note that this lies in the expected range of the pp, distribution
of GW capture sources given in Equation (57).

Because pp extends to relatively high values, a significant
fraction of EBBHs may form with fgw below the sensitive
frequency band of aLLIGO. For ground-based GW detectors,
the lower bound of the sensitive frequency band is around
~ 1 Hz, for the Einstein Telescope!' (ET, Punturo et al. 2010);
for space-based GW observatories, the upper bound of the
sensitive frequency band for the Laser Interferometer Space
Antenna'? (LISA) is around ~ 1Hz (Amaro-Seoane et al.
2013). Figure 3 shows the regions where EBBHs form in the
ET and LISA frequency bands, respectively.

An important question for GW detections is the fraction of
objects that are eccentric when they emit GWs in the aLIGO
band. In Tables 1, 2, and 4, we show the fraction of highly
eccentric GW capture sources that form with a GW spec-
trum that peaks above 10Hz (Fy1160), the fraction of EBBHs
that have e > 0.1 when the GW spectrum first peaks above
10Hz (Fies~0.1), and the fraction of EBBHs that have ¢ > 0.1
when the binary reaches the LSO (F1 s0~0.1) for various binary
and SMBH masses. Depending on the component masses
and the SMBH mass, we find in source populations with
MpH,max = 30M, 80 M, or the Belczynski et al. (2004) PMF,
that the fraction Fies~0.1 = 68—99%, 41 -99%, or 68 —99%,
respectively, if the EBBHs are at least moderately eccentric,
with e > 0.1 when the spectrum first peaks above 10Hz (see
discussion in Section 5.3), and Fy1 6o = 25—64%, 9—67%,
or 27—-86%, respectively, of highly eccentric sources form in
the aLIGO band (these sources have ey > 0.9, see Figure 7).
However, most of these sources circularize to below e < 0.1
by the time the binary approaches the LSO. We find that the
fractions of sources in this formation channel with e > 0.1
at the LSO are between Fiso-o.1 =3 —38%, 3—36%, and
3-36%, respectively, for EBBHs forming in a source popula-
tion with mpy max = 30M, 80M), and the Belczynski et al.

Whttp://www.et—gw.eu/
2 https://www.elisascience.org/


http://www.et-gw.eu/
https://www.elisascience.org/

12

Table 1
The fraction of EBBHs having residual eccentricities larger than 0.1 when
their GW signals enter the aLIGO band (Fies~0.1), of EBBHs forming within
the aLLIGO band (F1 160), and of EBBHs having eccentricities larger than
0.1 at the last stable orbit (LSO, F{.s0~0.1).- We use Single to denote rows
corresponding to a single-mass BH population, otherwise a fiducial
multi-mass BH population is considered with a PMF dN /dmpy o< mﬁ%ﬁs,
mBH.max = 30M@, and py =0.5; and Mgga= denotes the mass of the SMBH
for a Milky Way-size nucleus. Systems were evolved from their initial orbit
using the evolution equations of Peters (1964). Fyj jgo increases with
Mgsyvpy at fixed component masses for both type of BH populations, which
arises due to the decrease of p,o against Msyvpy. Consequently, a
lower-and-lower fraction of EBBHs are needed to evolve from their initial
orbit up until their GW frequency fgw (Wen 2003) reaches the alLIGO band,
which increases Fies>0.1, and Fy, ¢ ~0.1 With Msypp as well. Moreover, we
find that Fies~0.1 (FaLigo, and Fr.so>0.1) is higher for EBBHs of lower ¢ at
fixed Mior, and the discrepancy between Fres~0.1 (FaLigo, and Fi.s0>0.1) of
different g increases with Mior.

my—mp (Mg)  Msmpa Me)  Fres>01  Fauico  Fisoso0.1

5-5 10° 88% 35% 3%
10-10 10° 69% 25% 4%
10—10 (Single) 10° 96% 78% 35%
5-15 10 73% 27% 4%
10-30 10° 68% 32% 12%
20-20 10° 69% 31% 12%
30-30 10° 84% 51% 32%
5-5 100 96% 48% 5%
10-10 10° 85% 35% 7%
10—10 (Single) 100 97% 79% 36%
5-15 100 87% 36% 6%
10-30 100 78% 38% 15%
20-20 100 80% 38% 16%
30-30 100 86% 54% 36%
5-5 Msgra 98% 58% 6%
10-10 Mggra 91% 41% 7%
10—10 (Single) Msgepx 98% 80% 37%
5-15 Msgrax 93% 44% 7%
10-30 Msgra 81% 43% 17%
20-20 Mggrn 82% 41% 17%
30-30 Msgrax 88% 56% 37%
5-5 107 99% 64% 7%
10-10 107 88% 45% 8%
10-10 (Single) 107 99% 81% 38%
5-15 107 96% 49% 9%
10-30 107 88% 46% 18%
20-20 107 86% 43% 18%
30-30 107 90% 57% 38%

(2004) PMF as shown in Tables 1, 2, and 4. In particular,
sources that remain eccentric until the LSO have masses com-
parable to the maximum BH mass in the cluster, while lower-
mass binaries are systematically more circular near the LSO.
We discuss Fyrigo and Fso-o.1 separately in Sections 5.3 and
5.4.

To check the robustness of these predictions, we show the
fractional rates of eccentric sources for different BH mass
function exponents [ and mass segregation parameters pg in
Table 3. We find that (i) Fyrico is significantly influenced
by mpm,max and slightly by po and 3; (ii) Fyrigo is higher for
EBBHs of lower ¢ at fixed Myq; (iii) Faigo increases with
Msvpn; and (iv) Fyigo is lower for EBBHs forming in a
single-mass BH population than similar EBBHs forming in
a multi-mass BH population. These results may be explained
by arguments listed in (B), (C), (D), and (E), above. However,
FirLico is not similar for EBBHs forming in a single-mass BH
population and EBBHs formed by the most massive BHs in a
multi-mass BH population—nor does it systematically increase

Table 2
Same as Table 1, but for a source population with mpy max = 80 M.

my—mp M)  Msma Me)  Fres>01  Fauico  FLso>0.1

5-5 10° 89% 37% 3%
10-10 10° 68% 24% 4%
5-15 10° 70% 24% 4%
10-30 10° 51% 16% 5%
20-20 10° 50% 9% 4%
30-30 10° 43% 13% 6%
5050 10° 41% 11% 10%
20—-80 10° 56% 13% 12%
60—60 10° 50% 13% 15%
50-70 10° 49% 12% 14%
70-70 10° 67% 11% 26%
80—80 10° 63% 12% 29%

5-5 100 96% 47% 5%
10-10 100 81% 29% 5%
5-15 10° 86% 30% 5%
10-30 10° 66% 21% 7%
20-20 100 63% 13% 6%
30-30 100 55% 16% 7%
50-50 100 58% 14% 12%
20-80 10° 51% 15% 13%
60—60 10° 57% 15% 18%
50-70 100 55% 14% 17%
70—70 100 62% 15% 28%
80-80 100 68% 15% 34%

5-5 107 99% 67% 7%
10-10 107 94% 40% 7%
5-15 107 96% 43% 8%
10-30 107 79% 29% 10%
20-20 107 78% 18% 8%
30-30 107 69% 21% 10%
50-50 107 61% 16% 15%
20-80 107 67% 20% 18%
60—60 107 68% 18% 22%
50-70 107 63% 17% 21%
70-70 107 66% 18% 29%
8080 107 72% 18% 36%

Table 3

Same as Table 1 for 10M —10M < EBBHs, but for different values of the

parameters shown in the first column. We find that only mpy max influences

the results significantly: higher maximum BH masses in the cluster lead to
much lower LSO eccentricities among mergers with fixed binary component

masses.

Parameter Fes>01  Fauico  FLso>o.1
standard 91% 41% 7%
B=1 91% 41% 7%
B=3 91% 41% 7%
MBH,max = 1OZWQ) 98% 80% 37%
MBH,max = 15M® 94% 59% 16%
MBH,max = 80M® 90% 35% 6%
po=0.6 92% 43% 8%

with the component masses, because pyo aiGo depends on the
component masses as well.

Note, further, that the fraction of EBBHs forming in the
LISA band increases with the total mass of the binary up
to ~ 23% (~ 19%, ~ 15%) for 80M —80M, for 10° M,
(10° M, 10’ M) GNs. However, we find that these EBBHs
emit a negligible fraction of their total signal power in the
LISA band. All EBBHs merge within the aLIGO band for the
considered ranges of Msyvpn, mpn, and BH populations.
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Figure 7. The PDF of residual eccentricity for different component-mass
EBBHs when their emitted GW signals first peak at 10Hz or when they
form at a higher frequency (cf. Figures 4 and 8 for the initial and final ec-
centricity distribution). We assume EBBHs forming through GW capture
in a Milky Way-size nucleus. Different lines correspond to different com-
ponent masses in a multi-mass population and in a single-mass population
as in Figure 4. The sharp peaks beyond eres ~ 0.9 correspond to EBBHs
forming within the aLIGO band. For masses (10Mg —10M¢,20M¢ —
20M,30Me —30M@,10Me —30Mp), respectively, in a multi-mass BH
population, we find that (41,41,56,43)% of EBBHs form in the aLIGO
band. This number is 80% for a single-mass BH population. We find that
residual eccentricities at 10Hz are larger than 0.1 for (91,82,88,81)% of
(10Mg -10M,20Me —20M,30M e —30M e, 10Me —30M ) EBBHs
and 98% in a single-mass BH population (see Table 1).

Table 4
Same as Table 1, but for a multi-mass BH population with the Belczynski
et al. (2004) PMF and py =0.5.

my—mp (Mg)  Msvpa M) Fes>0.1  Faico  FLso>0.1

3-3 10° 97% 50% 3%
5-5 10° 89% 41% 4%
10-10 10° 70% 27% 5%
5-15 10° 76% 33% 6%
20-20 10° 75% 37% 14%
26-26 10° 84% 53% 31%
3-3 100 992%  67% 5%
5-5 100 96% 51% 6%
10-10 100 87% 41% 7%
5-15 10° 89% 40% 9%
20-20 100 83% 47% 23%
26-26 100 90% 55% 32%
3-3 Msgrax 99.5%  76% 6%
5-5 Msgrp 98% 64% 7%
10-10 Msgrax 93% 46% 9%
5-15 Mggra= 93% 45% 10%
20-20 Msgrpx 87% 52% 22%
26-26 Msgepx 91% 57% 34%
3-3 107 99.8%  86% 7%
5-5 107 99% 69% 9%
10-10 107 95% 49% 10%
5-15 107 99% 52% 12%
20-20 107 93% 58% 27%
26-26 107 93% 61% 36%

The findings of this section for the characteristics of dis-
tributions also stand when using the Belczynski et al. (2004)
PMF, which is due to the fact that these characteristics do not
depend significantly on rim (Section 5.1). Furthermore, the
results presented in Table 1 are very similar to those presented

in Table 4 for similar EBBHs, which arises due the fact that
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the radial distribution P4p(r) and the BH mass range are very
similar for both types of multi-mass BH populations. This is
consistent with analytic expectation presented at the end of
Section 5.1.

Additionally, our calculations show that only a negligible
fraction (< 1%) of the EBBHs interact with a third object
during the eccentric inspiral. This implies that analytic ex-
pressions can be derived to determine the two-dimensional
PDFs in the €y—ppo plane (Appendix B.4) and similarly for
the marginalized 1D p,o and ¢, distributions, (Appendix B.5
and B.6).

5.3. Eccentricity Distribution When the GW Signal First
Enters the aLIGO Band

We evolve systems from their initial orbital parameters us-
ing the evolution equations of Peters (1964). For many sys-
tems, the binary has a GW frequency in the alLIGO band at
formation. However, systems that form outside of the aLIGO
band may also enter the aLIGO band before merger. Figure
7 displays examples for the PDF of residual eccentricity eres
when the peak GW signal frequency fgw (Equation 58) first
reaches 10Hz. In all cases, we find that (i) a sharp peak occurs
in the PDF at e¢s ~ 1, which corresponds to EBBHs forming
within the aLIGO band at fgw > 10Hz; and (ii) a peak forms
at moderately small (0.05—0.15) eccentricities. The latter (ii)
can be explained as follows: es can be obtained by solving
the equation fy1160 = fow, which can be rewritten as

-1
Sfauico = |(1+ eres)0‘30467TMtotpg/z(eres7 €o, Ppo)} s (60)

where pj, is given by Equation (28). By definition, ey = eq for
EBBHSs with py0 < ppo.arico (Equation 59). Solving Equation
(60) for e by setting ppo = ppo,aLico, we find that ey drops
off quickly at pyo ~ ppo,aLico and its tail starts at eys ~ 0.5,
which implies that a significant fraction of EBBHs with ppo >
Ppo.aLico have ey < 0.5 when they enter the aLLIGO band.
Furthermore, EBBHs that formed with ppo 2 ppo.arico exhibit
a peak in the PDF of e at e;es ~ 0.05-0.15.

Tables 14 present the total fraction of EBBHs with resid-
ual eccentricities larger than 0.1 when their emitted GW sig-
nals first exceed 10Hz (Fres~0.1), for various values of fixed
component masses. We find that (i) Fies~0.1 1S significantly in-
fluenced by mpn max, but it is not sensitive to the mass function
exponent /3 or the mass segregation parameter pg; (ii) Fies>0.1
is higher for EBBHs of lower ¢ at fixed My, and the differ-
ence between Fies~01 of different g becomes more substan-
tial with increasing Mq; (iii) Fies>0.1 increases with Msyvp;
and (iv) Fies~0.1 1s lower for EBBHs forming in a single-mass
BH population than for similar EBBHs forming in a multi-
mass BH population. These findings arise due to (C), (D),
(E), and (B) because py is the only free parameter that deter-
mines e when the component masses are fixed. However,
Fies>0.1 18 not similar for EBBHs forming in a single-mass BH
population versus EBBHs formed by the most massive BHs
in a multi-mass BH population; nor does it increase system-
atically with the component masses, because e.s depends on
the component masses as well.

The detectability of a compact binary is related to how
much energy is radiated in the frequency range where the
detector is sensitive. An alLIGO type detector is most sen-
sitive at ~ 100Hz, and the sensitivity decreases rapidly over
~ 100Hz. If a compact binary forms with a peak GW fre-
quency above this limit, then most of the GW energy would
be radiated at higher frequencies than ~ 100Hz, which may
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Table 5
The fraction of EBBHs forming with fgw = 100Hz for various BH PMFs
and component masses (Mior < 23 M, see Section 5.3 for details). Monte
Carlo results shown here correspond to those in Tables 1, 2, and 4.

my—mp [Mo] Msvpa [Mo] Tablel Table2 Table 4

3-3 10° - - 7%
5-5 10° 4% 4% 4%
10—10 10 0.5% 0.4% 0.5%
5-15 10° 0.6% 0.5% 0.9%
3-3 10° - - 10%
5-5 10° 5% 6% 6%
10-10 100 0.9% 1% 0.9%
5-15 100 0.9% 0.7% 1.2%
3-3 Msgen - - 12%
5-5 Mggrax 6% - 8%
10—10 Msgrn 1% - 1%
5-15 Msgep 1% - 1.4%
3-3 107 - - 15%
5-5 107 7% 8% 9%
10—10 107 1.2% 1.2% 1.2%
5-15 107 1.1% 1.3% 1.8%

make such sources difficult to detect. Utilizing the fact that
EBBHs are expected to form with ey ~ 1 and ppy > 8 (Section
5.2), Equation (59) can be used to estimate the upper limit
for My, at which EBBHs still form with fgw = 100Hz. We
find this limit to be Mo, ~ 23 M, and the maximum p,o with
which EBBHs with M, < 23M, form with fgw = 100Hz
can be given as

-2/3
Mio > . 61)

20M,,

Because EBBHs with Mo ~ 23 M, form with generally high
ppo. a mnegligible fraction of low-mass EBBHs form with
fow = 100Hz over the considered ranges of py, MsvmpH, "BH,
and the BH PMFs; see Table 5 for examples. EBBHs, which
form below the aLIGO band, merge within the aLIGO band
for mpy < 103M®. Therefore, EBBH GW capture sources in
GNs are typically within the frequency range of aLIGO-type
GW detectors.

Similarly to Section 5.2, we find that the PDF of e, is qual-
itatively very similar for the power-law and Belczynski et al.
(2004) PMF, and the results shown in Table 1 are very similar
to those presented in Table 4 for similar EBBHs.

Overall, we find that, in a source population with mpy max =
30Mg, 80M, or the Belczynski et al. (2004) PMF, respec-
tively, at least Fieg~0.1 = 65 —86%, 38 —58%, and 66 —89%
of EBBHs have residual eccentricities larger than 0.1 when
their GW signals first reach 10Hz or form with higher fre-
quencies. The actual value within this range is generally
set by the binary component masses, the mass segrega-
tion parameter, the exponent of the BH mass function, and
Msvpn € [10° Mg,10'Mg]. Larger values correspond to
higher Msypy. Similarly, for a single-mass BH population,
we find that the fraction of sources with a residual eccentric-
ity is higher: Fies~0.1 = 96%, as shown in Table 1.

Pp0.100Hz = 8.816 (

5.4. Eccentricity Distribution at the Last Stable Orbit

Let us now examine the distribution of the final eccentric-
ity at LSO shown in Figure 8. These numerical results show
that (i) higher ey so values correspond to higher-mass BHs
in the distribution; (ii) the PDF of e;go is affected signifi-
cantly by mpn max, but it is not influenced significantly by the
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Figure 8. Top panel: the distribution of eccentricity at the LSO (erso, cf.
Figures 4 and 7 for the initial eccentricity distribution and that at 10Hz).
Different lines correspond to different component masses in a multi-mass
BH population and in a single-mass BH population as in Figure 4. In a multi-
mass BH population, more massive EBBHs have systematically higher e so,
and EBBHs forming in a single-mass BH populations have higher e; so than
similar EBBHs forming in a multi-mass BH population. Middle panel: the
influence of different assumptions on the results. We vary the mass function
exponent 3, the maximum mass of the multi-mass BH population mpp max,
and the mass segregation parameter po. We find that only mpy max influences
the distribution of e o significantly. Bottom Panel: the Mgypy dependence
of ey so distribution (cf. Figure 5 for eg).



mass distribution exponent or mass-segregation parameters /3
and py; (iii) the M,y influences the result more significantly
than the mass ratio, a lower ¢ shifts the epgo distribution to
slightly lower values, as shown; (iv) EBBHs form with higher
erso around more massive SMBHs (Tables 1, 2, and 4); and
(v) EBBHs forming in a single-mass BH populations have an
erso distribution similar to that of the most massive EBBHs
in a multi-mass BH population. Because ey so is a decreasing
function of pyo (Equation 32), these results may be explained
respectively by arguments for the distribution of py listed in
(A), (B), (C), (D), and (E) above.

The characteristic scale of e;so may be understood us-
ing the characteristic value for pyo given by Equation (57)
and the relation between ppo and erso given by Equation
(32). For mergers at a fixed radius r, the distribu_tigosn of
ppo is flat for ppo < ppo,uni, implying that P(erso) o< e 45 for
€150 2 €150 peak, Where

8/5

€150 peak x0.2682pp0’uni

32/35
l,OOOkm/s)

- ~16/35
_ . (62
IOOOMSMBH> ©2)

:0.0252(477)“6/35( Vmax

=0.2703 (4n)) '/ (

The distribution _031?521 logarithmic scale follows P(Inerso) =
eLS()P(eLso) X €150 for values €1.S0 2 €150 peak - The char-
acteristic values of e; so may be determined for GW capture
events with different masses by combining Equations (32) and
(57). For the most massive EBBHs, we find that roughly 50%
of them are within » ~ 4 x 1073 pc in a Milky Way-size nu-
cleus, which corresponds to 2000 Msga«, Where eyso peak 1S
~ 0.19. However, for the least massive EBBHs with my =
mp =5M¢, 50% of them are within 1.2pc ~ 5.8 x 106MsgrA*
for which er s peak ~ 0.005. Thus, the peak of the erso dis-
tribution is high for heavy members of a given population
because they are in the close vicinity of the SMBH, while
the low-mass members have a much lower e so because they
are typically much farther out. Thus, the measurement of the
eLso distribution for different masses may be used to detect
the mass segregation of the sources within their host environ-
ment.

Conversely, solving Equation (62) for the velocity disper-
$i0N 0 ~ Vinax / V2 gives

€150, peak ) 35/32

0.01
Thus, the measurement of the peak eccentricity of a GW cap-
ture binary at LSO gives an estimate of the typical velocity
dispersion of the source environment.

In all of our simulations, we have ignored those encoun-
ters in which BHs undergo a direct head-on collision without
forming an EBBH (i.e. p,0 > 8 in all cases, see Figure 4).
This causes the PDFs of e;so to cut off at e 50 ~ 0.23; see
the top panel of Figure 8.

By examining the erso distribution for various SMBH
mass, BH mass, and BH population parameters, we find that
approximately < 71%, < 14%, and < 0.2% of the most mas-
sive EBBHs have eccentricities lower than 0.1, 1072, and 1073
at LSO, respectively, for the considered ranges of SMBH
mass and BH population parameters. The corresponding re-
spective numbers for the lowest-mass EBBHs are < 97%,
< 66%, and < 4%. For the Belczynski et al. (2004) PMF,

k
o ~ 258 Tm @n)? ( (63)
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the corresponding numbers for the highest-mass EBBHS are
<69%, < 13%, and < 0.2%, and for the lowest-mass EBBHs
are < 97%, < 65%, and < 5%. In the case of a single-mass
BH population, approximately < 60%, < 16%, and < 0.24%
of EBBHs have eccentricities lower than 0.1, 1072, and 1073
at LSO, resg)ectively, for SMBH masses between 10° M,
and 10’ M."? Overall, we find that a negligible fraction of
EBBHSs have eccentricities lower than 10~ at LSO over the
considered ranges of BH mass, SMBH mass, and BH popula-
tion parameter ranges. Note that, for initially highly eccentric
precessing BH binaries, the expected relative measurement
accuracy of epso is < 5% for 30 Mo —-30M (10Mo—10Mp)
precessing EBBHs with ppo < 50 (ppo < 100) for the aLIGO-
AdV-KAGRA detector network (Gondan et al. 2018). This
implies that the predicted range of e so may typically be dis-
tinguished from zero in future GW detections.

Similarly to Section 5.2, we find that the PDF of e g0 is
qualitatively similar for the Belczynski et al. (2004) PMF, and
results presented in Table 1 are very similar to those presented
in Table 4 for similar EBBHs.

Note that the distribution of ey so has been previously cal-
culated in O’Leary et al. (2009) for a single-mass population.
We find two main differences with respect to those results.
First, the PDF peaks at a slightly higher value (~ 0.2 for a
single-mass distribution, instead of ~ 0.1 as in O’Leary et al.
2009), and it drops off quickly beyond the peak instead of
taking values at higher eccentricities. The somewhat higher
erso arises due to the fact that the minimum radius at which
the formation of EBBHs is still considered is about 4.5 times
lower than that in O’Leary et al. (2009); this implies higher
w, and lower ppo and consequently larger e so. Note that we
assumed a slightly greater massive SMBH mass than O’Leary
et al. (2009), which also increases the values of e; so. In our
case, the PDF of ey g0 drops off quickly beyond the peak of
the distribution at e so ~ 0.23 because we have ignored those
encounters for which BHs coalesce before EBBHs form (i.e.
ppo < 8 1in all cases; see Sections 4.3 and 5.2 for details), while
those binaries are included in the plotted ey so distributions in
O’Leary et al. (2009). However, in a multi-mass distribution,
the peak erso values are even lower than in O’Leary et al.
(2009), as shown in Figure 8.

5.5. Total Mass and Mass Ratio Distributions

Let us now examine the two-dimensional distribution of the
merger rate in the g-Mio plane, (0°T' /OMx0q), which af-
fects the mass-dependent detection rates. This is derived by
integrating 33T /OrOmaOmp (Equation 54) over the allowed
range of r, from 7} 10 rmax, for each fixed m, and mp com-
ponent mass. In Appendix B.7, we show that this leads to an
analytical expression'*. Up to a constant normalization factor,

1 _AMI\)[_%
% - Mtol
(64)

2 _ 2— 4 —2
P(ma,mg) =07 P M0 <1 - §Mtot+ jthm>

13 Note that these results correspond to 10° Mz SMBHs because EBBHs
with lowest e; go values form in these SMBHs; see Figure 8. The results are
insensitive to the upper bound of the SMBH masses.

14 This expression includes GW captures and direct head-on collisions.
See Equation (B45) for the case where head-on collision are ignored.
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Figure 9. Left panels show the two-dimensional PDF of merger rates of BH binaries that form due to GW emission in a single nuclear star cluster, as a function
of binary mass ratio and total mass. Right panels show the PDF of detection rates for Advanced LIGO at design sepsitivity, which includes the mergers from
all detectable galaxies in the universe. Different rows of panels correspond to different BH PMFs dN /dmpy = m];H where 3 =1 (top), 2.35 (middle), and 3
(bottom), respectively. The sharp boundaries are due to the assumption SMn < mpy < 30M for both BHs forming the binary. The segregation parameter is
po = 0.5. For different maximum BH mass or po assumptions (not shown) the merger rate distribution in a single cluster (left panel) is changed only through a
rescaling of the Mo axis (see Equation 69). The merger rates in a single nuclear star cluster do not depend significantly on the SMBH mass.

if MBH min < M4 B < MBH max, and zero otherwise, where we and M, for the dimensionless total mass
introduced the Coulomb logarithm' — Mo
s Mo = po—— . (66)
MBH,max
InA=In A B , (65)

where po ~ 0.5, for which mgy mm/mBH max X Mtol <L
The hkehhood'6 of merger for any two given BHs in the
cluster, with mass m4 and mp is proportional to P(mg4,mp) di-

min

15 In the following expressions, we ignore the possible mass dependence

of A. 16 j e., conditional probability
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Figure 10. Same as Figure 9, but for the Belczynski et al. (2004) PMF. The left panel does not depend significantly on the SMBH mass.

vided bl;, the prior grobability proportional to F(ms)F (mp) <
m my” =P M” , which gives

2 2 An_
L(ma,mp) ~nT M2, (1 - §Mt01+ ?thol)

if mBH min < M B < MBH, max, and zero otherwise.
Recently Kocsis et al. (2018) have introduced a useful indi-
cator'” to distinguish different source populations:

(92 In P(mA s mB)

2
a=-M,
tot 3mA8mB
=2 52 AMo -1 2
_ 10 M, M Ao~ = In" A 68
_7_ M 11 2+ 7 11 2 ( )
(Mlot_ ﬁ) [1 _AMlol_ﬁ:|
if mpHmin < Map < MBH,max, and zero otherwise. The «

parameter is universal, in that it is independent of the un-
derlying BH mass function. This is a monotonically de-
creasing function of My and ranges between 1.43 > a >
—20.35+(A/B_A¥282In A for 0 < Mo < 1. Assuming a
Milky Way-size nucleus and a fiducial multi-mass BH popula-
tion with dN /dmpy o mgii>>, My max = 30Mg, and p = 0.5,
InA is equal to 10.71 and 10.17 for the lightest and heaviest
binaries, ergo « ranges between —5.39 < a < 1.36 from the
heaviest to lightest components of the EBBH population. The
value of « is different for other source populations: v ~ 4 for
BH mergers in GCs (O’Leary et al. 2016), « = 1 for primordial
BH binaries formed in the early universe (Kocsis et al. 2018),
and o= 10/7 = 1.43 for primordial BHs formed in dark matter
halos through GW capture'® (Bird et al. 2016).

Next, we change variables from my4 and mp to ¢
and M, using the Jacobi determinant 0°T'/0rOM,0q =
JOT /OrOmaOmp, where J = Mi(1 +¢)% (see Equation

17 not to be confused with the number density exponent o in Equation (8)
18 Dark matter halos are collisionless systems, where mass segregation
does not take place, so Mt =0 in Equation (68).
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i i i i i -6
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Mtot [M Sun]
(B54) in Appendix B.7)
2_ . 2— 46] —2
P(Myo,q) = q7 P M’ (1 —§Mt0[+ liot>
u_Mlol
(+g? 7 | ()"
AT —min (69)
(ﬁ _Mlot) Fmax

if MBH,min < Mlot/(l +q) < MBH, max and MBH,min < MtolQ/(l +
q) < mpH,max, and zero otherwise. These analytical results
correspond to the distribution of all GW capture events,
including direct collisions. The latter represents a small
(< 10%) fraction of the mergers. In the following, we plot
the probability distribution functions for EBBHs that avoid a
direct collision.

The distribution of total detection rates from all galaxies is
generally different from the merger rate density or the merger
rate for a single nuclear star cluster, because the detection
horizon d, 1o is different for different binary parameters. We
calculate dy1 1o for an eccentric inspiral waveform by calcu-
lating the signal-to-noise ratio following O’Leary et al. (2009)
(see also Gondan et al. 2018). The detection rate distribution
is then

aZR LIGO Pp0,max MSsMBH,max dn al
Y RallGO _ / dppo / dMsmpnVaLico————
8mA 8mB Pp0,min MSMBHAmin dMSMBH
3
X< T >7 0
8 pp() 3m A 8m B

where dng, /dMsvph is the number density of galaxies in the
universe with nuclear star clusters that host an SMBH of mass
Msven, and MsypH min and MsvpH, max are the lower and up-
per bounds of the SMBH mass ran§e of interest (Section 2.1).
The detectable volume is V,1 160 = §7Td§’LIGO, if dar1Go 1s much
less than the Hubble scale. We substitute Equation (54) for the
partial event rates for different p,0, and change variables from
my and mp to g and M,y by using the Jacobian as in Equation
(69).

Figures 9 and 10 show the two-dimensional PDF of merg-
ing EBBH event rates as a function of ¢ and My for power-
law BH PMFs and for the Belczynski et al. (2004) PMF, re-
spectively. The left panels show the distribution in a single
Milky Way-size nucleus, and the right panels show the dis-
tribution for all galaxies in the universe that are detectable
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Figure 11. Left panels: the PDF of chirp mass (top panel), mass ratio (middle panel), and total mass (bottom panel) for merging EBBHs in a single Milky
Way-size nucleus. We show how different parameters of a multi-mass BH population influence the PDFs. Solid thick lines correspond to our fiducial multi-mass
BH population with a PMF dN/dmpy o< mgﬁ with 8 =2.35, pg = 0.5, and mpy max = 30M . Other line styles show the distributions for other parameters as
labeled in the legend of the top panel. Right panels: the PDF of chirp mass (top panel), mass ratio (middle panel), and total mass (bottom panel) for merging
EBBHs in a single Milky Way-sized nucleus. Solid lines correspond to a multi-mass BH population with the Belczyngki et al. (2004) PMF and p( = 0.5 (labeled
as B04 in the legend). Dashed-dotted lines correspond to a multi-mass BH population with a PMF dN /dmgy o< mgﬁ with 5 =1, 2.35, 3, pp =0.5, and the BH
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mass range corresponds to the Belczynski et al. (2004) PMFE. For all panels the results do not depend significantly on the assumed SMBH mass.



by aLIGO at design sensitivity. The top, middle, and bot-
tom panels correspond to different BH PMF exponents 3 =1,
2.35, and 3, respectively, where the range of BH masses is
assumed to be between SMs < mpy < 30M. Because the
two-dimensional PDF of merger rate in a single GN does not
depend significantly on the assumed SMBH mass (Appendix
B.7), the left panels display the distribution of the merger rate
density for single GNs in the universe. Low-mass binaries
dominate the merger rate density if 8 > 3/2 (see Equation
69) and high-mass binaries close to Mo ~ 2mpH max domi-
nate the merger rate density for a top-heavy mass function
with 3 =1. However, because aLIGO is more sensitive to
higher-mass mergers with mass ratios closer to 1'%, the detec-
tion rate distributions shown in the right panels are skewed to
higher total masses and equal mass ratios. This observational
bias causes the detection rates to be highest at Mot 2 MBH max
up to 2mpumax for B =1 and 2.35. For 3 =3, the distribu-
tion is peaked near Mo ~ mpH max With unequal mass ratios.
In all cases, equal mass mergers at the low end of the mass
distribution M,; ~ 2mpp min are highly disfavored for 5 < 3.
Note that the mass ratio dependence of the detection rate
for fixed M is known analytically because da 160 o 771/ 2=
g">(1+¢)™"; see Equation (C8) or O’Leary et al. (2009).
Thus, 9*Rari60/0g0Mi ox ¢/ P (1+¢)?~9/D.

The different rows of panels in Figure 11 show the 1D
marginalized distribution of the merger rate in a single galaxy
in a Milky Way-size nucleus as a function of chirp mass, bi-
nary total mass, and mass ratio, respectively. The left and
right panels show results for multi-mass BH populations with
power-law PMFs and Belczynski et al. (2004) PMF. The mass
ratio distribution of the merger rate density is widely dis-
tributed, with comparable component-mass mergers being a
factor of ~ 2 more likely than mergers with uneven com-
ponent masses when 3 ~ 1, while uneven mass mergers are
20% more likely than comparable mass mergers for 5 ~ 2.35.
These panels also show how the marginalized merger rate
density depends on other model parameters as follows. Vary-
ing mpH max changes the boundaries of the P(q, M) distri-
butions. However, Equation (69) shows that P(q, M) is in-
dependent of mpy max and the value of the mass segregation
parameter po, other than for a rescaling of the M, mass units.
The mass distributions are also insensitive to Mgypy (Ap-
pendix B.7).

Finally, Figure 12 shows examples for the 1D marginal-
ized distribution of the merger rate for all galaxies in the
universe that are detectable by aLIGO at design sensitivity,
as a function of chirp mass, binary total mass, and mass ra-
tio, respectively. We used a fiducial multi-mass BH pop-
ulation with PMFs dN/dmgy o mgh, where = 1,2.35,3;
mpH,max = 30M; and po = 0.5. The black line shows results
for the Belczynski et al. (2004) PMF with py =0.5. The PDFs
presented in these panels are skewed to higher total masses
and equal mass ratios, compared to those presented in Figure
11 because aLIGO is more sensitive to higher-mass mergers
with higher mass ratios.

6. SUMMARY AND CONCLUSION

In this paper, we determined the expected distribution of
intrinsic parameters of merging BH binaries that form in GN
from initially unbound BHs due to GW emission during close

19 That is, the maximum luminosity distance of detection increases with
Mot and g over the considered ranges of My and Ppo, See Figure 11 in
O’Leary et al. (2009) or Appendix C
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Figure 12. The 1D marginalized distribution of the merger rate for all galax-
ies in the universe detectable by aLIGO at design sensitivity, as a function
of chirp mass (top panel), mass ratio (middle panel), and binary total mass,
respectively. Here, we assumed a fiducial multi-mass BH population with
PMFs dN /dmpp o< mgy, where 8 = 1,2.35, 3 as labeled in the legend, and
MBH.max = 30M@, and py = 0.5. Furthermore, we also considered the Bel-
czynski et al. (2004) PMF with py = 0.5 (black curve).

encounters. The main intrinsic parameters describing these
binaries are their component masses, the initial impact param-
eter, and initial relative velocity before the encounter. Due to
the large velocity dispersion in GN compared to objects in
GCs, the galactic disk, or the halo, the objects in GNs must
approach one another at much smaller distances to form a bi-
nary. The implication is that the initial pericenter distance of
the binary is relatively small when the initial eccentricity is
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beyond ey > 0.9. We extended the study of O’Leary et al.
(2009) by calculating the eccentricity distribution for merg-
ers among different component masses in a multi-mass dis-
tribution, and examined the eccentricity distribution at three
particular places during the evolution: at formation, at the in-
stant when the peak GW frequency reaches 10Hz, and at the
LSO. We have also examined how different parameters de-
scribing a multi-mass BH distribution affect the distribution
of merger rates as a function of masses, eccentricity, and ini-
tial pericenter distance. Many of our numerical results and
the identified trends are validated by analytical expressions
(Appendices B.4-B.6).

The main findings of this work can be summarized as fol-
lows:

(i) We identified the region in the initial eccentricity—
initial dimensionless pericenter distance plane where
EBBHSs may form through GW capture, and determined
the two-dimensional PDF therein. The PDF of ini-
tial orbital parameters (Figure 4) shows that EBBHS
form with high eccentricities (0.9 < ¢y < 0.9999), and
the distribution of initial pericenter distance drops off
quickly beyond 20 —-80M,. The reason is that BHs
form EBBHs with high relative velocities in nuclear star
clusters around SMBHs (Figure 14). The eccentricity
makes GW capture sources in these environments qual-
itatively different from other types of inspiraling GW
sources.

(i1) We determined the radial distribution from the central
SMBH for GW capture sources with different compo-
nent masses. We found that, on a logarithmic radial
scale, the merger rate distribution is approximately in-
dependent of radius for the most massive components,
P(lnr) x r3/14 (Equation 55), between the radius of in-
fluence and the inner boundary set by GW-driven infall
into the SMBH (i.e. ~ 3pc and of order 10 pc, respec-
tively, in Milky-Way type galaxies). This implies that
roughly 50% of the high-mass events are formed in the
innermost 4 x 10~ pc, and approximately 97% within
1.2pc. The rate of GW capture sources among the least
massive objects within the nuclear star cluster is skewed
to higher radii on a logarithmic scale, P(Inr) oc r'1/14,
for mpy < mpumax (Equation 55). These events are
preferentially closer to the radius of influence; only 2%
and roughly 50% of them are within 4 x 10~pc and
1.2 pc, respectively.

(iii) We found that a negligible fraction (1% <) of EBBHs
interact with a third object during the eccentric inspiral.

(iv) We determined how the distributions of orbital param-
eters depend on the mass of the central SMBH, on the
binary masses, and on the parameters of the BH popula-
tion (i.e. the highest possible BH mass, the exponent of
the BH mass function, and the mass segregation param-
eter). We found that the initial pericenter distance sys-
tematically decreases with Mgy and the component
masses, while the eccentricity at any stage of the time
evolution systematically increases with Mgypy and the
component masses. As a consequence, more massive
EBBHs around more massive SMBHs reach a 10Hz
frequency limit with higher eccentricity, and they have
higher eccentricity at the LSO (see Tables 1, 2, and 4).
The highest possible BH mass of the BH population

affects the binary parameters of GW capture sources.
Other parameters of the BH population do not influence
the eccentricity distribution at formation, at 10Hz, or at
the LSO.

(v) We found that almost all EBBHs form below the fre-

quency range where aLIGO type detectors are the most
sensitive, and so GW capture sources typically enter
the aLIGO type detectors’ sensitive frequency band for
stellar mass BHs (Table 5).

(vi) We found that most of the sources become circular-

ized with eccentricities epso ~ 1—10% when they ap-
proach the LSO. The fraction of sources with e;go >
0.1 is 3—-30% if the maximum possible BH mass in the
population is 30 M : this fraction of eccentric merg-
ers among BHs with masses less than 30M, is less
than 10% if the highest mass in the population reaches
80M, (Table 2). Because the current GW detectors are
only sensitive to the final part of the signal, the currently
known six detections cannot constrain the fraction of
sources formed in this initially highly eccentric merger
channel. Only 1 in 30 detections with e; 5o > 0.1 may
be expected if the heaviest stellar BH mass in GNs is
80M,. The heaviest BHs in such a population are ex-
pected to have higher eccentricities; 29 —36% of them
have erso > 0.1, but their detection may require al-
gorithms sensitive to non-circular orbit waveform fea-
tures.

(vii) The prospects for detecting eccentric mergers are ex-

pected to improve significantly with the ongoing de-
tector upgrades. We found that the fraction of sources
with an eccentricity larger than 0.1 when the peak GW
frequency reaches 10Hz is 84 —90% (43 —69%) for
30Ms —30M, binaries in a BH population with max-
imum mass of 30My (80My). For lower-mass bina-
ries, these numbers are higher, e.g. around 68 —94%
of 10Mg —10M¢, binaries (Tables 1, 2, and 4). Thus,
when Advanced LIGO and VIRGO reach their design
sensitivity at 10Hz, more than half of GW capture
sources in GN are initially eccentric in the detector
band. The measurement of the eccentricity and mass
distribution will make way to identify the fraction of
sources formed in this channel.

(viii) A negligible fraction of EBBHs have eccentricities at

LSO lower than 1073 (Figure 8). In a companion pa-
per, Gondén et al. (2018), we have shown that the ex-
pected relative measurement accuracy of epso for the
aLIGO-AdV-KAGRA GW detector network is < 5%
when EBBHs form with relatively small pyo values at
a distance of 100Mpc?”. Other binary formation and
evolution channels typically produce binaries with ec-
centricities at or below 10~ when their GW signals en-
ter the alLIGO band (Kowalska et al. 2011; Cholis et al.
2016; Rodriguez et al. 2016a,b; Samsing & Ramirez-
Ruiz 2017; Silsbee & Tremaine 2017; Randall & Xi-
anyu 2018a). The measurement of eccentricity for a
BH merger will be a smoking gun signature of sources
in high velocity dispersion environments such as in the
inner regions of GNs (Equation 63).

20 Eccentric BH binaries form through GW capture in GN with initial di-
mensionless pericenter distance pyo = rp0/Miot S 50 (ppo S 100) for masses
30Me —30Me (10Me —10Me); see Figure 4.



(ix) We conclude that Advanced LIGO/VIRGO detections
may confirm or rule out this binary formation chan-
nel. However, algorithms using circular binary tem-
plates will be ineffective, for the majority of sources, in
searching for GW signals of EBBHs forming through
GW capture in GNs. This especially affects the heavi-
est BHs because they are the most eccentric among this
source population. The current GW detection limits of
the heaviest black holes (Abbott et al. 2017e; Fishbach
& Holz 2017) may be impacted by the inefficiency of
the applied search algorithms to eccentric sources.

(x) We determined the PDFs of merger rates in single nu-
clear star clusters in terms of component masses (i.e.
total binary mass and mass ratio) and similarly for the
detection rates for sources with the Advanced LIGO
horizon (Figure 9). The distributions are sensitive to
the BH mass function exponent. The highest possi-
ble BH mass in GNs affects the total mass and mass
ratio distribution just by a rescaling of the mass unit
(Equation 69), but the mass distribution of merger rates
are otherwise insensitive to the maximum BH mass in
GNs. In particular, mass functions steeper/shallower
than dN /dmgy m;}f lead the merger rate density to
be dominated by the lowest/highest mass components
in the cluster. However, the detection rate distribu-
tion is skewed toward higher masses due to Advanced
LIGO/VIRGO’s higher sensitivity to heavier BHs for
mass function exponents shallower than dN/dmgy
=

(xi) We calculated the value of the universal dimensionless
parameter o =—M2 0* In R /OmaOmp, which character-
izes the physical origin of a source population inde-
pendently of the underlying BH mass function (Kocsis
et al. 2018). We found that, for GW capture sources
in a mass-segregated cusp, it follows a monotonically
decreasing function of total binary mass (Equation
68) ranging between 1.43 > o > —20.35+ (A™/8 —
A2 21n” A, where InA is the Coulomb logarithm
(Equation 65). For InA ~ 10.5, this parameter is ap-
proximately o ~ —5.39 and 1.36 for the heaviest and
lightest components, respectively. This is very differ-
ent from the « of other GW source populations because
a ~ 4 for BH mergers in GCs (O’Leary et al. 2016),
a =1 for primordial BH binaries formed in the early
universe (Kocsis et al. 2018), and o = 1.43 for BH bi-
naries that form due to GW capture in otherwise dy-
namically collisionless systems, such as black holes in
dark matter halos (Bird et al. 2016).

(xii) The mass ratio distribution is wide, for mass functions
dN /dmgy o< mgk; to dN /dmpy o< mgy; and for the Bel-
czynski et al. (2004) mass function (Figures 9 and 10).
For these mass functions, the detection of equal-mass
mergers are highly disfavored for low-mass BHs, but
equal mass mergers are possible among high-mass BH
sources. Unequal mass mergers are possible for a wider
range of total masses (Figure 11).

(xiii) Because GW capture sources are formed roughly in-
dependent of BH spins and spin directions at pericen-
ter distances exceeding a few tens of My, the spin di-
rection distribution for these sources is expected to be
isotropic.
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We worked under the assumption of a relaxed cusp and as-
sumed spherical symmetry. In the Milky Way’s center, the
distribution of massive young stars does not represent such
a relaxed profile, but forms a clockwise disk structure with
a number density distribution n(r) ~ >, which is steeper
than the model assumed in (Bartko et al. 2009; Yelda et al.
2014). The stellar distribution around SMBHs with masses
Msygl > 107M@ does not have time to relax within a Hub-
ble time. If BHs in these regions form steeper radial profiles,
EBBHs form closer to the center of the GN in higher-velocity
dispersion regions. This implies that the eccentricity distribu-
tion of mergers is skewed toward higher eccentricities. How-
ever, these massive GN are expected to be subdominant, in
terms of EBBH rates, because the rates per single GN ap-
proximately do not depend on the SMBH mass and low-mass
SMBHs are more common (see Sijacki et al. (2015) and refer-
ences therein). However, the mass-segregated cusp may have
a different radial dependence, even in equilibrium, than that
assumed in this paper. Keshet et al. (2009) found a steeper
number density dependence for the heavy objects if they are
subdominant in mass. Fragione & Sari (2018) also found a
steeper profile due to disrupted binaries. Recently Szolgyén
& Kocsis (2018) have shown that the heavy objects form a
flattened distribution. The mass-segregated radial profile may
be different in such configurations (Fouvry et al. 2018), lead-
ing to a modified EBBH merger rate distribution.

In conclusion, the measurement of the parameter distribu-
tion of merging compact objects may be useful to distinguish
this formation mechanism from other mechanisms. Search
methods targeting EBBH sources forming through GW cap-
ture in GN hosts may be optimized for the predicted distribu-
tion of binary parameters.
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APPENDIX

A. THE REGION OF EBBH FORMATION INSIDE
THE GALACTIC NUCLEUS

The PDFs of ¢ and p,0 may be sensitive to the value of
the innermost radius rﬁl’iﬁ, where BHs may reside. Here, we

determine rﬁl’iﬁ under the following assumptions.

(A) If tyx < ty, the system reaches collisional equilibrium,
i.e. the number density profiles of stellar populations
(e.g. WDs, MSs, NS, and BHs) relax into a mass-
segregated, steady-state, power-law density cusp within
a Hubble time #; = 10'? years.

(B) If #4x < tgw, the relaxation time of BHs 7 is equal to
or less than the infall of a BH into the SMBH fgw.
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We next discuss the implications of these criteria in separate
subsections.

A.l1. Criterion A, tyx <ty

We assume the GN to be relaxed if all of its stellar com-
ponents (e.g. WDs, MSs, NSs, and BHs) are relaxed within
the age of the galaxy, fy. The evolution of the number density
distribution of stellar populations is governed by the Fokker-
Plank equation, which describes the energy and angular mo-
mentum diffusion and dynamical friction due to two-body in-
teractions among all objects in the system (Bahcall & Wolf
1976, 1977, Freitag et al. 2006; Hopman & Alexander 2006;
Alexander & Hopman 2009; O’Leary et al. 2009; Bar-Or
et al. 2013; Bar-Or & Alexander 2016; Alexander 2017). For
each stellar component of mass m, we use the local Chan-
drasekhar two-body energy relaxation time to reach steady
state (Alexander & Livio 2004; O’Leary et al. 2009; Bar-Or
et al. 2013; Alexander & Pfuhl 2014; Alexander 2017)

ai(r)

Al
G? 1o (r)(M?)(r)InA (AD
(Spitzer 1987). Here, o.(r) denotes the 1D velocity disper-
sion, which is of the form

tnx(r,m,Msvpn) = 0.34

2
o2 )= e (A2)

1+ a(m)

(Alexander 1999; Alexander & Pfuhl 2014), where v, de-
notes the circular velocity at radius *!, and «u(m) is the expo-
nent of the number density distribution of mass m objects sur-
rounding the SMBH?. The Coulomb logarithm In A in Equa-
tion (Al) can be approximated as A ~ Mgy /m in the re-
gion where the gravitational force is dominated by the central
SMBH (i.e. when rg < r < rmax) (Bar-Or et al. 2013). In
Equation (A1), (M?) is the second moment of the mass func-
tion for the mixture of stellar populations at each radius:

(M?)(r) = n(m,r)™" / dmn(m,rym?, (A3)

where n(m, r) denotes the number density distribution of mass
m objects. Thus, <M2> can be given for a mixture of the WD,
MS, NS, and BH populations. In this paper, we carry out
our calculations separately for an idealized single-mass BH
population and for a multi-mass population. For the single-
mass case, we have

Neot(P) (M?)(r) = nis (r) miys + nwn (r) miyp + nns () migg
+npps(r) miy (A4)

and for the general multi-mass BH population
Muo(r) (M2 )(r) = s () miygs + nwp () miyp +nns () mi

MBH,max
2
. / dmpsnssn(me) iy, (AS)

MBH,min

where nums, nwp, nns, and nppsm are given in Section 2.2.
We look for the solution to Criterion (A) in the range of
radii between the gravitational radius of the central SMBH
(rr =2GMsypu/ ¢?) and the radius of influence rmax.

We find numerically that z;x increases with r, m, and
Msmvpn. Because r < rpax and mpy < mBH,max, We find that
Criterion (A) may only be satisfied if Mgypy < 107 Mg, for

21 —
Veire =/ GMSMBH/r

22 Section 2.2 gives « for the considered stellar populations.
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Figure 13. The radius 7 at which the GW inspiral timescale equals
the two-body relaxation time as a function of the mass of the object orbit-
ing around the SMBH. We considered a Milky Way-sized nucleus here, and
curves correspond to two eccentricities: e =0 and 0.9. The solid (e = 0)
and dashed-dotted (e = 0.9) curves correspond a fiducial multi-mass BH pop-
ulation with a PMF dN/dmpy o m75%, mppmax = 30Mg, and pg = 0.5.
The two symbols correspond to #CW for a single mass BH population with
10Mq (star for eg = 0, cross for eg = 0.9). The dashed (e = 0) and dotted
(e =0.9) curves correspond a multi-mass BH population with the Belczynski
et al. (2004) PMF and py =0.5.

all multi-mass BH parameters considered. A more detailed
analysis by Bar-Or et al. (2013) reached a similar conclusion.
Therefore, we restrict the upper bound of the SMBH mass
range of interest to be 107 M.

A.2. Criterion B, tyx < tgw

We use Peters (1964) to calculate the evolution of the semi-
major axis for an eccentric orbit

1
da
tow(a,mpy, MsvpH, €)= | a <

dr
574 (1-e))7/?
C6AG UM, (1+ B2+ 306’

(A6)

where now, when discussing the infall of an object of mass m
into the SMBH, Mo = Msvph and g = mpy. At the boundary
of Criterion (B), we set this equal to the relaxation time, where
for concreteness>® we substitute the semi-major axis in Equa-
tion (A1). Note that this refers to two-body relaxation, which
governs the evolution of the semi-major axis. The eccen-
tricity distribution relaxes faster due to coherent gravitational
torques arising between elliptical orbits, on the so-called res-
onant relaxation timescale (Rauch & Tremaine 1996; Kocsis
& Tremaine 2011).

The GW inspiral timescale 7gw is smaller for more massive
objects or for higher orbital eccentricity around the SMBH
for a fixed semi-major axis. This leads to the preferential re-
moval of the more massive BHs and the more eccentric or-
bits for a fixed semi-major axis, creating a loss-cone around
the SMBH. However, resonant relaxation tends to mix the ec-
centricity distribution of orbits around the SMBH toward an
isotropic thermal distribution where dN/de  e. For such a

23 The results are not sensitive to this assumption because the relaxation
time is very weakly sensitive to radius, f;, o< 7¢1



distribution, 81% of the orbits have e < 0.9, and 90% have
e < 0.95.

To account simply for these effects, we calculate the 715 gw
radius for each BH mass mgy at which Criterion (B) is sat-
isfied in two ways. We set the eccentricity in Equation (A6)
either to zero or to e = 0.9. These results set upper and lower
bounds on ryx gw for at least 81% of the population. However,
because resonant relaxation is ignored in this calculation, the
result for 15 gw using this estimate is larger than its true value
for eccentric orbits. We refer the reader to Bar-Or & Alexan-
der (2016) for a detailed analysis. For a Milky Way-size nu-
cleus (Figure 13), we find that, for e =0 (e =0.9), f;x < fgw 1S
satisfied at r 2 260 Msgrax (r 2 1980 Msgeas) for mpy =5 Mg
and 7 2 460 Msgeas (r 2 3220 Msgeas) for mpy = 30M, re-
spectively. For EBBHs with fixed component masses, we find
that ri’ig is approximately 2 x lower for the Belczynski et al.
(2004) PMF than for the same BH mass range with a power-
law PMF over the considered ranges of Msvpu, po, mpn, and
B. The boundary varies monotonically with the mass of the
objects and e. In the following, we adopt the cutoff radii

OW (mpn) (A7)

Fmin(MBH) = Tiire
which corresponds to circular orbits. We assume that, at
r > rmin, the objects that are removed by the SMBH due to
GW emission are also continuously replenished from the out-
side, due to relaxation to maintain a steady-state density. The
innermost radius of the GN at which BHs with masses m4 and
mp can form EBBHs is defined as

P = MaX(Fiin (M), Tanin (1)) (A8)
We note that this minimum radius is weakly sensitive to the
parameters of both multi-mass BH populations.

The results for 7y, are robust and only weakly sensitive
to the assumptions on the mass distribution of stellar popu-
lations. For instance, by considering a multi-mass MS popu-
lation with a power-law PMF mg/lzg , a highest possible stel-
lar mass of 10M>* and radial density exponent cuys = 1.4,
we find that ryis and thus 772 slightly (< 15%) differs from
that calculated for a single-mass MS population. This can
be explained as follows: rpyi, can be given by changing the
variable a to ry, in Equation (A6), setting this equation
equal to Equation (A1), substituting e by zero, and solving
the obtained equation for ryiy,. Thus, we find that ry;, o<
[0 (P)(M?)(r)] /M. Here, ny(r) is dominated by the MS
population in the GN (Hopman & Alexander 2006; Alexan-
der & Hopman 2009), therefore parameters of the WD, NS,
and BH populations could affect 7, only through (M?)(r).
Because BHs are more massive than MSs (or WDs and NSs),
(M? %(r) is_g})llininated by the BH population. Because ryin o<

((M*)(r) ™, the parametrization of the BH population has
a minor effect on ryi, and 7. As a consequence, the re-

gion inside the GN, where BHs are expected to form EBBHs,
is weakly sensitive to the mass distribution of stellar popula-
tions. Note, however, that results for the BH population sig-
nificantly depend on mpy max, due to Equation (55).

From numerical investigations, we find that ry, is best-
fit by a power-law relationship rpin o< Mayet, where
Bsvph ~ 0.816—0.832 for a multi-mass BH population with
dN/dmpp mgfl, depending on mgy, £, po, and mpp max-

24 This assumption is consistent with most of the supersolar-mass stars in
the Galactic center with lifetimes higher than 107 years (Bartko et al. 2010),
and we ignore the dynamical contributions of shorter-lived massive stars. The
results are not sensitive to this assumption.
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Moreover, Bsypy ~ 0.83 for a single-mass BH population,
and Bsyvpy ~ 0.826 for a multi-mass BH population with the
Belczynski et al. (2004) mass function.

B. ANALYTIC ESTIMATES OF MERGER RATE
DISTRIBUTIONS

In this appendix, we analytically derive the EBBH merger
rate distributions in a single GN without resorting to Monte
Carlo techniques. Generally, the scattering rates of objects of
two masses my and mp are proportional to nangow, where ny
and np are the corresponding number densities, and o is the
cross section to form an EBBH in a close encounter. The latter
depends on the magnitude of relative velocity w=|v,—vp| and
impact parameter b. We organize the derivation as follows.
First, we define the phase-space distribution function, assum-
ing an isotropic distribution, in Appendix B.1. In Appendix
B.2, we derive the relative velocity distribution. In Appendix
B.3, we calculate the radial distribution of GW capture and
collision rates. In Appendices B.4—B.6, we derive the EBBH
merger rate distribution as a function of initial binary parame-
ters, including the two-dimensional merger rate distribution in
the €p—7rpo plane, and the marginalized 1D merger rate distri-
bution as a function of 7,0 and o, respectively. In Appendix
B.7, we determine the total-mass- and mass-ratio-dependent
merger rate distributions, and the merger rate distribution of
other component-mass-dependent variables (e.g. chirp mass,
mass ratio, total mass, reduced mass, and symmetric mass ra-
tio).

B.1. Relative Velocities in Galactic Nuclei

In this paper, we consider an approximately spherical
(isotropic) distribution of compact objects around an SMBH.
The equilibrium one-body phase space distribution of objects
can be given by the Bahcall-Wolf model (Bahcall & Wolf
1976, 1977; Keshet et al. 2009) as

f(r,v,m) = C(m)E(r,v)"™, (B1)

where the C(m) normalization constant and p(m) exponent de-
pend on the mass of the component as shown in Equation (5),
and E is the binding energy per unit mass:

Msmu V; . (B2)
Equation (B1) is valid outside the “loss cone” (Shapiro &
Lightman 1976; Syer & Ulmer 1999), where objects are
not removed by the SMBH, and interior to the radius of
influence of the SMBH. We approximate this region with
Fmin <7 < Fmax and 0 < v < vax(r), where ry;, is defined to
be the inner radius of the GN at which the density cusp of BHs
exhibit a cutoff (Appendix A), rmax is the radius of influence
(Section 2.1), and v, (7) is the local escape velocity at radius
r. The C(m) normalization constant in Equation (B1) can be
given by the total number of BHs at fixed mass m:

E(r,v)=

dN Tmax Vimax ()
— = dranr? / dvamvf(r,v,m). (B3)
dm ), . om 0

Let us now change the integration variable from v to
V=V/Vmax (r), where v (r) is given by Equation (6). From
Equations (B1)—(B3), we find that the corresponding phase
space distribution function is

f(r,v,m) = C(m)n(r,m) o(v,m), (B4)
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where
n(r,m)=r ™ and  @@,m) = (1-vH)P™ (BS)

if rpin <7 < Fmax, and if 0 < v < 1.
Equation (B5) satisfies

The «,, exponent in

3 3 m
a(m) = 5+ p(m) = +po ) (BO)
2 2 MBH,max

where we have used Equation (5) and we set po = 0.5. Thus,
C(m) can be expressed in Equation (B4) as

C(m) = NguF (m)C(m)Cy(m), (B7)

where Npy is the total number of BHs in the GN (Equation
13), F(m) is the BH mass function with unit integral (Equa-
tion 16), C,(m) and Cy(m) are normalization constants defined
such that C,(m)n(r,m), and Cy(m)¢(v,m) have unit integrals
over r and v, respectively, for fixed m (Equation B4),

3—a(m) 1

C,(m) = 47T r&;ﬁ‘(m) _ rsnzg(m)(m) ) (B8)
421 o (m)[2a(m) — 11T [c(m)]

Cﬁ(m) = 71'2 I‘[z a(m)] (Bg)

Here, I' is the Euler Gamma function. We next utilize the
distribution function in Equation (B4).

B.2. Relative Velocity Distribution

Here, we derive the distribution function of the magnitude
of relative velocity w of two types of objects A and B that have
with fixed mass my4 and mgp, respectively. Let us denote the
three-dimensional individual velocity distributions by fx(v4)
and fp(vp), meaning that the number of objects in a volume
element d3v; around v; is dN; = f(v;)d>v; for i=A or B. The
two-body velocity space is six-dimensional. We assume that
both velocity vectors have isotropic distributions. The distri-
bution of the magnitude of relative velocity is defined as

Fpp(w) = / d*va fa(va) / d*vp f5(VR)S(w—|va—Va]),
(B10)

where d(-) is the Dirac-6 function. We simplify this equation
in the following.

Let us adopt an arbitrarily oriented spherical coordinate
system for the v4 integral; for the vp integral, let us measure
angles relative to v4. That is, we adopt (6p, ¢p) spherical co-
ordinates in which the 6 = 0 axis is oriented along v, while
(0p, ¢p) defines vg. The 64, ¢4, and ¢p integrals in Equation
(B10) can be independently evaluated because the integrand
does not depend on these variables. We carry out the 5 inte-
gral by changing to the variable z = cos(fp) as

Fpp(w) = 1677 / dvavi f(Va) / dvg v fa(Ve)
0 0

1 l
XE/ dz6(w—1/vVi+vE—2vavp2).
-1

We denote the last line with ®, and evaluate it using the iden-

(B11)

tities of the Dirac-¢ function

/f(X)5(x)dx= { 5(0) if0el
1

otherwise

_ /, ¥ @ f @18 [x()] dz

= / 8(2)d[x(2)]dz
J

_ { 8(z0)/x'(z0) if z0€J

0 otherwise (B12)

where x(z) is an arbitrary monotonic differentiable func-
tion, g(z) = X'(2)f[x(z)], where x'(z) = dx/dz, zop and J

are defined by x(zo) =0 and x[J] =1. For g(z) =1 and
x(z) = w—/Vi +v3—2vavpz, we get

o= x{ 1 if [va—vp| <w <|va+vp|.

0 otherwise . (BI3)

VAVB

Substituting in Equation (B11), the support of the integral is
the region for which |[va—vg| <w < [va+Vp], 0 < g <V
and 0 < vp < vg™; thus we find

min(vy™ ,vg™+w)
2
Fap(w) =87 W/ dvavafa(va)
0

min(vy™ v +w)
|
min(1,|va—w|)
Now we consider the case where f4(-) = fp(-). Let us switch
to the dimensionless velocity variables ¥; = v; /viax (1) and the
dimensionless relative velocity w = w /v (r) (0 < w < 2),
where vy« (7) is the local escape velocity at radius r given by

Equation (6). The distribution of w, F4p(w), can be obtained
by the equation Fyp(w)dw = F4p(w)dw, which gives

dvpvpfp(vp). (B14)

1 min(1,v4+w)
Fap(w) = 877w / dvavaf(Va)

0 min(1,|va—w|)

dvgvgf(vg). (B15)

For the phase space distribution function of relaxed GNis,
the integral over dvp can be evaluated analytically, which
yields

W

p3+1
1

x [ dvava (1-73)" [1=a—w)?]"

Fap(w) =

p+1

(B16)
w1

The remaining integral over v4 can also be evaluated analyti-
cally for any integer or half-integer p4 and pp. In particular,
for pa = pp=0, iy = ap=3/2, Fap(w) = 102w (2—w)*(w+4).
Note that o =7 /4 for the equilibrium distribution for single-
mass clusters (Bahcall & Wolf 1976) and 1.5 < o < 3 for
multi-mass mass-segregated models (Keshet et al. 2009).

B.3. GW Capture and Collision Rates for Fixed Component
Masses

We consider the merger rates between two types of objects
A and B with masses my and mp, drawn from phase space
distribution given by Equation (B1). The differential rate of



merger among two types of objects A with phase space distri-
butions f4(ra,Vv4) at location (74,v4) in a phase space volume
d’rad?vy, which we find similarly for objects B, is

d"Typ = owfa(ta,va) fo(rs, vp)drad’rgd* vy d’vy, (B17)

where o = o(w) is the GW capture cross section. We consider
the formation of EBBHs in the radius range of [ri’ig, Fmax |-

Next, we examine the case of GW capture and direct col-
lision events. Here, “GW capture” refers to events where
initially unbound black holes (i.e. having asymptotically
nonzero kinetic energy at infinite separation) are captured into
a bounded system due to GW emission or if they suffer a di-
rect collision. “Direct collision” refers to the case in which the
impact parameter is sufficiently small such that the BHs col-
lide directly in less than one orbit. In order to be captured into
an eccentric binary with multiple orbits before merger, the
impact parameter must be in the range bpin(W) < b < bpax(w)
given by Equation (26). The cross section to form such a bi-
nary may be written as o(w) = wbmax(w) wbmln(w) From
Equation (26), we find that the encounter rate for this event
can be expressed as

w= [Ccapt(r) gcapl(w) - Ccoll(r) gcoll(w)] 6(TA ) 5(TB -r) ;
(B18)
where the Dirac § functions ensure that bounded systems can
form only when ry =~ rp = for any r (“short-range encoun-
ters”). We also introduced

Ceapt (1) = 7l MV T(1), - Eea®)=wV7 . (B19)
Coon(r) = 167M2 vk (1), Econ(®) = !, (B20)
and where
3407
Cy= Tn (B21)

The rate of eccentric inspirals is the difference between the
capture and direct collision rates. In the following, we sepa-
rately evaluate the merger rates of capture sources and direct
collisions using the corresponding ¢ and £ functions in Equa-
tions (B19) and (B20). Substituting into Equations (B17),
the differential rate of mergers in a spherical shell of volume
d®rap = 4nr’dr with r = |ra| ~ |rp| with velocities is v4 and
UB is

d'Tsp = A2 C(NEW) fa(r,va) f3(r, ve) drdva dvi .

The GW capture process depends on v4 and vp only through
the combination w = |vs —vp|, allowing us to make further
simplifications. The merger rate distribution as a function of
w may be derived by multiplying d'T ap by 6(w—|va—vg|) and
integrating over d°v, and d°vp. Substituting into Equation
(B4), we get

(B22)

‘T 5 _
< Drowdmadmy > , I e G
X /d3VA QPA(‘jA)/d%B ©p(Vp)
X 0(w—|va—val|)- (B23)
Using the results of Appendices B.2, this is
‘T 2 _
< Drowdmaomg > =amriney
X CpCpna(r)np(r) Fap(w), (B24)
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where Fyp(w) is the dimensionless relative velocity distribu-
tion given by Equation (B16).

The total merger rate within a spherical shell of radius r
for any relative velocity can be obtained for both capture and
collision events as

0T N ) CaCama(rma(r)
8r8mA8mB VAVB— r r)CaCpna(r)npg(r

2

X / dw (W) Fap(w), (B25)
and the total merger rate for an(;/ encounter position is
aZI‘ Tmax
———— ) =47CsCp / drrna(rng(r¢(r)
3mA8mB B
2
dwEW)Fap(w). (B26)

Although this result i)s already simple to evaluate numeri-
cally for the relative velocity distribution function in Equation
(B16) for capture and direct collision sources ¢ and £ given by
Equations (B19) and (B20), we find that the result is not sensi-
tive to the relative velocity distribution, in the following sense.
Following O’Leary et al. (2009), we may approximate the in-
tegral over the relative velocity distribution with the value for
circular orbits, W = Veire () /Vimnax (r) = 2712, to get

2
CoaCop | dWEWFap(w) =~ Q7). (B27)

Here, Cyy g are giveri) by Equation (B9). We find that this ap-
proximation is valid up to an error less than 18% for a wide
range of BH masses between 5 M, and 80 M.

Thus, Equations (B25) and (B26) can be approximated for
GW capture and collision events as

> ~ 4 NaNpCra Crpna(Ning(r)C(nEQR™"?)
(B28)

o’r
aramAﬁmB
and

) 12
——=— ) R NsNgCu Crp€(2777)
8mA8mB

X ) dr47rr2nA(r)nB(r)C(r) ,
AB

min

(B29)

where % = max (4, 78.), C,a and C,3 are given by Equa-
tion (B8) "and ((r) and £(w) are given by Equations (B19) and

(B20).

B.4. Merger Rate Distribution in the ey — pyo Plane for
Fixed Component Masses

To derive the merger rate distribution as a function of the
initial orbital elements, we first calculate the merger rate dis-
tribution as a function of b, w, and r. The differential cross
section for a fixed r, w, and impact parameter between b and
b+dbis do =2mbdb. Using Equation (B25), we get

o
Taa A 5 drdb =472
< Orobowdm,Omp drd dW> 7r°CaCpna(r)ng(r)

X 2mwbwPyg(w|r)drdbdw
(B30)
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if bin(W) < b < bmax(w), and zero otherwise. Here, we have
introduced the conditional PDF of w at radius r,

Pan(wlr) = %@W , (B31)
where Fap[w/vmax(r)] is given by Equation (B16).

Next, we change variables in Equation (B30) from (b, w) to
(rpo, €0) using dbdw = J dryy dey, where J =|0(b,w)/ O(rpo, €0)|
is the Jacobian. From Equations (19), (21), (42), and (46), we
find that, to leading order,

b*w? 3407 M, b*w?
2th ) Eo(bu W) = 3 bSWS Mtzm (B32)
To understand how the boundaries of the regions transform,
we note that b > by,;n(w) corresponds to rpg > 7p0,min = 8 Mo,
and b < byax(w) corresponds to ¢y > 0; see Section 4.3 for
both conditions. Substituting in Equation (B30), the merger
rate distribution as a function of r, r,9, and ¢ is

Vp()(b,W) =

o°T "o
< Or0rpo0egOmOmg > = 21 Mo CaCama(rns(r)

r2Fxp(%)

FpoW? V3 (r)

(B33)

if rpp > 8 Mo and ¢y > 0, and the merger rate is zero other-
wise. Here, w = w(ry0,€0)/Vmax (7) (see Equation 43), viyax(7)
is given by Equation (6), C4 and Cy are given by Equations
(B7)—(B9), n4(r) and np(r) are given by Equations (B5) and
(B6), and F4p(w) is given by Equation (B16).

The distribution in terms of the dimensionless pericenter
distance ppo = rpo/Mior is

&or iy &or
Drdpydeodmadmg | "\ Ordrydegdmadmp | -
(B34)

The merger rate distribution in the ep—pyo plane can be given
by integrating Equation (B33) over r:

(941-\ ~ /rmax i 65F
O ppodegOmaOmpg B A8 Irdppdegdmadmg |

(B35)

B.5. Merger Rate Distribution as a Function of py for
Fixed Component Masses

The merger rate distribution as a function of o can be ob-
tained by integrating Equation (B33) over r and €¢p. An alge-
braically simpler result can be derived directly from Equation
(B30) by changing variables from (b, w) to (rp,w) and inte-
grating over r and w. In this way, we avoid the variable change
to ¢p. Equation (42) implies that dryydw = wzbdbdw/Mmt.
Thus,

o°T

drdr,dw = 87*CsC, 2d
Or0ryyOwOm,Omp rdrydw =8 CCpna(ring(r)r-dr

d
w L0 p 1 Pas(wlr)dw (B36)
w

if b < bmax , where Pyp(w|r) is given by Equations (B16) and
(B31), and 9°T'/ Or0ryOwdm,0mp = 0 otherwise. The con-
dition b < by, may be equivalently written as

B (W)W

, B37
2 M (B37)

rpo < rpO,max(raw) =

where b, (w) is given by Equation (26), which gives
W < Wmax (70, 1) = 2r0) e P (7ML (B38)

Now let us substitute Equation (B3 1), change the integration
variable to w = w/vnax(r), and integrate over the allowed re-
gions:

oI /’"“‘* CaCns(ng(r)M o 8721
—F )= dr
8rp08mA8mB ,,A3~B

’ Vmax ()
min

min{2,Wmax (150, 7)] Fup(w)
dw ——.

X (B39)

w
Equation (B306) is indepgndent of rp0, which shows that the
merger rates are uniformly distributed in pericenter distance
for a fixed r and w. The merger rate distribution integrated
over r is uniform in rp for

2blznax [2Vmax(Fmin)] Vlznax (Fmin)

0 < Tp0,uni = M.
tot
851 )2/7 ,,72/7
= —= Mt ——=—, (B40)
( 24\/5 - Vé[ln/';((rmin)

where byax(+) and v« (+) are given by Equations (26) and (6),
respectively. For larger pericenter distances, rpo > 7po,uni, the
rates (0T /OryOmyOmp) decrease continuously with ryy be-
cause only relative velocities less than W (7p0,7) contribute
to the integral over w in Equation (B39).

The merger rate distribution as a function of the dimension-
less pericenter distance is

0T 0T
< 8pp06mA6mB > - th <6rp06mA6mB > ' (B41)

B.6. Merger Rate Distribution as a Function of €y for Fixed
Component Masses

Next, we derive the merger rate distribution as a func-
tion of ¢y at fixed component masses. To do so, we may
integrate 9T/ Or Oryo O Omy Omp over ”ﬁ{m < r < rmax and
Moy < rpo < 70, () Alternatively, we can change variables
from rpo to w using the relationship r,0(W, €9), €.g. by invert-
ing the relative velocity W(ry,€0) in Equation (43) and then
integrating 9°T"/Or Ow Oeg Oma Omp over r and w. The result
is

< o0’ >_ / drCACBnA(r)nB(r)th&rzrz

0epOma0Omp AB Vmax (1)
min[Z,W.mx(rpo(w.,eo).,r)] FAB(W)
></ dw ———
0 w
) 2 -1
" (é 6_() TW? Vimax (1) ) | B42)
2 rpo(W, €0) Mo

where Wiy 18 given by Equation (B38), viax(r) is given by
Equation (6), C4 and Cg are given by Equations (B7)—(B9),
nu(r) and np(r) are given by Equations (B5) and (B6), and
F4p(w) is given by Equation (B16).

B.7. Merger Rate Distribution as a Function of Total Mass
and Mass Ratio

Up to now, we have considered the merger rate distributions
for two components A and B, which may have different num-
bers Ny and Np and normalization constants C4 and Cg; see



Equation (B7). To derive the mass-dependent merger rate dis-
tributions, assuming that both components are drawn from a
BH mass function F(m), we set Ny = NgyF (ma)dmy and did
similarly for Np, where Npy is the total number of BHs in the
GN. This defines the mass distribution of the event rates for
the two components. Note that the mass dependence is also
implicit in a(my g), which affects Ca, Cp, na(r), np(r), and
F4p(r) in Equations (B4)—-(B9) and Equation (B16). To spell
out the mass dependence more explicitly, we rewrite Equation
(B33) as

O
W23 (Npo

X C(ma)C(mp)F[w, p(my), p(mp)],
(B43)

o 271'2Mt2[r n(r,my)n(r,mg)
6r8rp06606mA8mB

where w = w(rpo,eo,mA,mB)/vmax(r) is given by Equa-
tion (43), C(myp) are given by Equation (B7) and
n(r,map) are given by Equations (B5)-(B9), where
Flw, p(my), p(mp)] = Fop(w) in Equation (B16). This
shows that the five-dimensional distribution in Equation
(B43) is generally non-separable, and mass segregation
causes the different mass components to follow different
radial and velocity profiles.

Merger rate distributions with respect to the component
masses follows directly from Equation (B26). Using the ap-
proximation in Equation (B27), we get from Equation (B26)
that

0T 5
m zNBHCrACrB]:(mA)]'—(mB)

Fmax
X dr47rr2vcirc(r)nA(r)nB(r)
AB

min

X T { D [Veire (D] = Dhinlveire (N1} (B44)

if mpHmin < Map < MBHmax, and zero otherwise. Here,

bmax(w) and by,n(w) are given by Equation (26), where we
substitute w = veire (1) = /Msmpu /1

For a power-law mass function with exponent —3 (see
Equation 16), we get

82F azr‘capt 821—‘lcoll
< 8mA3mB > B <3mA8mB > - < 8mA3mB > ’ (B45)

where

821—‘CaPt - 9m]23H,max —6pompy maxMior + 4P(2)/LMt0[
6mA6mB - Po Mot

2 - MBH,max
mBH max 'max

_ 2/7

lot ,U B(l B)z NI%HCU/
11/14
(mBH ,max mBH mm)2 16MSN{BH

11/14—pg ——tot—

’”BH max AB 11/14 PO Gy —
Fmax —( mm)

”’BH max

11 Mot (B46)

iz Po MBH, max
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if MBH min < MA B < MBH,max, and

2 2
< (921—‘0011 > - 9mBH7max_6p0mBH,maxMtol+4p0MMtol
~ t
OmyOmp 3=po et

u-ﬁa B?  Niu
2 1/2

(mBH max mBH mm) SMBH
M
1/2=po gi— ’”BH s _( AB)I/Z Do mBH“;‘m
Imax ‘min (B47)
1 - po Mot
2 MBH,max

if mBH min < Map < MBHmax. Otherwise, the rates vanish.
Here, ¢, depends on mass ratio as given by Equation (B21).

We find that <8 Ceon/0my 8m3> has a small (< 10%) con-
tribution to <8 T/Omy 8m3> Using the expressions of Ngy
defined by Equation (13), we find for that, both multi-mass
BH populations®,

1
7 Po
9T 328 rA-,‘B 14 U gy max
T — M - = B48
<8mA3mB> > MsmpH Fmax ' ( )

and for a single-mass BH population,

_3
o’T o M2 ﬁ "
OmysOmg SMBH \ . ’

Finally, using the expression of r%aé defined by Equation él)
along with the conditions that 7 ;) < 7. and that rmln
Mgf,}g‘ﬁ R M{S]MBH (see Appendix A for the BH population de-
pendent values of Bsypy), implies that

(B49)

T 3/28
if Mo S 11mBH,max/14pO’
PT N\ (o v3) (i)
OmaOmp o Mgyipy
2-0.6( 1 —py Mot
x MSZIS\/IBH ( 14~ Po MBH,max ) (BS 1)
for both multi-mass BH populations if My >
llmBH’max/14p0, and
T s (V2Bown )
Om,Omg X Mgypy
oc Miisn (B52)

for a single-mass BH population.  Equation (B50) is
consistent with the approximate result of O’Leary et al.
(2009). Moreover, E%]lsl/%tgons (B51) and (B52) reduce to
(0°T /Omy Omp) o Mgypy for the most massive EBBHs
forming in a multi-mass BH population with py=0.5 and
for EBBHs forming in a single-mass BH population, which
is also consistent with the result of O’Leary et al. (2009).
Hovs//ever by setting po = 0.6, we find that <82I‘/8mA 8m3> x

MSMBH As a consequence of Equations (B50)-(B52),

25 That is, for a multimass-BH population with a power-law PMF and the
Belczynski et al. (2004) PMF.
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(0°T'/Omy Omg) is somewhat sensitive to Msygn, but only
for the most massive EBBHs in the multi-mass BH popula-
tion, which implies that (9°I'/9m, Omg) and any other dis-
tribution derived from it will be weakly sensitive to Msyvpn
(i.e. <82F/8Mmt8q>, <32F/3Mm[8u>, <32F/3M8n>, and
the marginalized distributions, see below).

Given (0°T'/Omy Omg), (0T /0MOq) can be obtained
by changing variables from my4 and mp to My, = my +mp and
q =my4 /mg, or conversely:

_ qMot - Mo

mA_l—i—q’ B_1+q'

The Jacobian is J = [6(mA,mB) /0(q,Mor)] =
dmydmp = Mioi(1+q) 2 dgdM,y, and thus

(B53)

Mio(1+¢)2 so

2 2
0T _ Mo o°T (B54)
OM,:Oq (1+¢)?* \ Omy Omp
if g MBH,min <M., < MBH, max (BSS)
1+q tot 1 +q )

and zero otherwise. The merger rate distribution as a function
of only M or g respectively can be given by marginalizing
Equation (B54) over g or M.

Additionallg, we note that (9°T/OMOp) and

(6°I'/OMn) can be given as
2 2
< o’r >: 2Mt0[ < o1 >7 (B56)
8M[0t 8‘LL A/ M: tol 4MMIOt 8mA 3m3
and as 5 )
o°r My o/3 ap /0T
1-4 B57
<6Ma > A=40" opomy ) B7

in the range mpH min < Mg < MBH,max, and zero otherwise. It
is straightforward to calculate the marginalized p, 1, and M
merger rate distributions from these equations.

We use these results to generate panels in Figures 9-11.

B.8. Average Relative Velocity in a Single Galactic Nucleus

Here, we derive the average relative velocity (Wag) v, v,.r
with which objects with component masses m4 and mp form
EBBHs in GNs in order to clarify the Msypn dependence of
both eg and p,o discussed in Section 5.2.

Using the distribution of relative velocities at radius r from
the SMBH, Pyg(w|r), and the radial distribution of mergers
Pyp(r), Equations (B31) and (B28), we have

o) v = [, (90 Prardr, (B58)
where 20max(r)
(as o= [ wPasOl)dw  (BS9)

is the average relative Velo(gzity with which BHs A and B
form an, EBBH at radius r from the central SMBH. Here,
re [rmln7 rmax] 1S defined by Equations (AS8) and (1), and
(Wap(r))uv, v, depends on both r and Mgypy implicitly through
vmax(7) (Equation 6). Here, P4p(r) is given by Equations (55)
and (56) for multi-mass and single-mass BH populations, re-
spectively.

Examples of the Msypn dependence of (Wap) v, 1. are dis-
played in Figure 14. In the case of a multi-mass BH popula-
tion, we find that (Wag )y, v, depends only on mpy max, Which
is due to the fact that both PAB(w|r) and Pyp(r) depend only on
Mmax,BH (see Appendices B.1 and B.2 and Section 5), and 7, B

(Single)

10° 10° 10’

Msmen Mgl

Figure 14. The average relative velocity ((wWp)v,,v5) With which BHs with
component masses my and mp form EBBHs in GNs. Different lines corre-
spond to different component masses in a multi-mass BH population and in a
single-mass BH population as in Figure 4.

is weakly sensitive to the parameters of the multi-mass BH
population (Appendix A). These properties of (Wap(r))y, v,
also determine how pp and ey depend on Mgypy (Figure 5)
and the BH population parameters (Figure 6) through Equa-
tion (B33).

C. ALIGO DETECTION RATE DISTRIBUTION

In this appendix, we determine the binary component mass
distribution of the total detection rate for GW capture sources
in GNs corresponding to the planned aLIGO design sensitiv-
ity. We add up the merger rates for all galaxies with nuclear
star clusters which host an SMBH within the detectable uni-
verse, and we express the results as a function of the compo-
nent masses my — mB, 0’Rarico/OmaOmp and the total mass
and mass ratio, 0*Rai60 /OM1Oq. This is used to plot the
right panels of Figures 9 and 10.

The detection rate distribution of EBBHs can be given using
Equation (59) in O’Leary et al. (2009) by omitting the integral
over the component masses m, and mp as

62 RaLIGO 3 Pp0,max Zmax
= d Ppo dz
Pp0.mi 0

8mA amB 'pO,min

dve 1 PR
dz 14z 0ppOmadmp
(CH
Here, 9*R /0 ppoOmsOmyg is the comoving partial binary for-
mation rate density between masses (m4,mp) for fixed pp, av-
eraged over the number density distribution of Msypy in the
universe. Because ey ~ 1 for EBBHs forming through GW
capture in GNs (Section 5.2), it is not necessary to average
over the e¢p dependence in the comoving partial binary for-
mation rate density, but the results may be well-approximated
by setting a single ey value (see below). In Equation (C1),
Zmax 18 the redshift corresponding to the maximum detectable
distance of EBBHs with p,0 and component masses my and
mp, and dV¢ / dz is the comoving volume density correspond-
ing to the glven cosmology. Generally, this is defined as
47TdL(1 +z)~* (Eisenstein 1997).

dVe ¢ d2(2)
dz  (1+2Ho \/Qm(1+23+Qy

where the luminosity distance for a flat ACDM cosmology,

(C2)



dp,, can be expressed as a function of z

(1+z)c/ d7
d, = C3
L= Om(1+2)+Qy ©

where Hy = 68 km s‘lMpc‘l is the Hubble constant, and )y =
0.304 and Q = 1—-y = 0.696 are the density parameters
for matter and dark energy, respectlvely (Planck Collaboration
et al. 2014a,b).”® We determine 9*RaLico /OmaOmg for one
aLIGO detector at design sensitivity (Abbott et al. 2016e).

In Equation (C1), we calculate zp,x from the maximum lu-
minosity distance di (zmax) Of detection with a given signal-
to-noise ratio for aLIGO. For binaries on eccentric orbits, the
sky position and binary orientation averaged rms signal-to-
noise ratio for a single orthogonal arm interferometric GW
instrument can be given as (O’Leary et al. 2009)

5_2 _48 77Mt3<n.,ngo /60 s (C0) g(n,e)s(e,eo) de
N2 - 95 dﬁ e n2Sh(fn) e ’

where S, is the one-sided noise spectral density, ey so is given
by Equations (28) and (29), M, =Mx(1+2) is the red-
shifted total mass, and g(n,e) and s(e, eg) are given by Equa-
tions (52) and (56) in O’Leary et al. (2009). In Equation (C5),
f» is the observed orbital harmonic at redshift z, i.e.,

(C5)

LSO ;=1

n(1-e*?)
fo=—=m—> (C6)
2mpp’ Mo,

and we truncate n at ny.x(eg) (O’Leary et al. 2009; Mikdczi

et al. 2012)
(1+e0)1/2}

(1=eq)/? 7

Nmax(€0) = {5
which accounts for 99% of the signal power (Turner 1977).
Here, the bracket {} denotes the floor functlon By setting
the detection threshold to be (S?/N?) = SNR} = 82 in Equa-
tion (C5), the maximum luminosity distance of detection as a
function of M ., 7, €9, and pp can be given as

eq Tmax (eo)

max_ | 48 M0 / J g osterco) de
95 SNRP. Jeso o C2Su(fy) e

(O’Leary et al. 2009). EBBHs form with 0.9 < ¢y < 0.9999
in GNs (Section 5.2), therefore the integrand in Equation (C8)
has a small scatter (< 5%) over the range of ey for any ppo
occuring in MC simulations (8 < py0 < 1000; see Section 5.2
for details). Here, d{"™ = d(zmax) given by Equation (C3).
Furthermore, di™* depends on the redshifted masses as Mo .
Thus, for given ma and mg, we calculate zp,x from Equations
(C3) and (C8), which then yields d["**. Here, we adopt the
simplifying approxunatlon to set eg = 0.99.

In Equation (C1), 9*R /9 py00maOmyg can be given by con-
volving <83I‘/8pp08mA8mB> (Equations B39 and B41) with
the number density of galaxies with nuclear star clusters that

(C8)

26 If cosmological effects are ignored, Equation (C1) reduces to

azRaLIGO _ /‘Pp()‘mmx 83R 4ﬂ-d]:i,max

R C4
OmyOmp Pr0 OppoOmsOmp 3 S

Pp0,min

where di, max is the maximum distance of aLIGO detection at a fixed signal-
to-noise ratio, for EBBHs with ppp and component masses n4 and mg.
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host an SMBH of mass Msvpu, dnga/dMsvpu:’

83R ~ /107M@ ey dngal
8pp0(9mA6mB 105 Mg SMBH dMSMBH
>’T
NI 9
. < 8pp08mA6mB > ( )

Several studies have provided fitting functions for the number
density distribution of massive SMBHs (Salucci et al. 1999;
Aller & Richstone 2002; Marconi et al. 2004; Shankar et al.
2004; Benson et al. 2007; Graham et al. 2007; Shankar et al.
2009; Vika et al. 2009; Sijacki et al. 2015), but most of them
are only valid for Msypy = 10° M. In this paper, the SMBH
mass range of interest is 10° Mo — 107 M, (Section 2.1); there-
fore, we interpolate the results of Aller & Richstone (2002),
who found the best-fit number density distribution of massive
SMBHs to be

dnga e (MSMBH
=Co
dMsmvpu M,

in the SMBH mass range of 10* Mg —10° M. In Equation
(C10), M, =1.3 x 108 M, and ¢y = 3.2 x 10~ lM— Mpc .

In Equation (C1), we set ppomin =8 and pyomax = 1000,
which captures most of the mergers for the considered ranges
of SMBH mass, BH mass, and BH population parameters
(Section 5.2).

Using Equation (B54), the total-mass- and mass-ratio-
dependent rates may be calculated as

2 2
0°Raico _ M 0°Ravico

_125
) exp(-Mswu/M.)  (C10)

= Cl1
OM0q  (1+q)* OmaOmp (€1
if
g MBH min MBH,max
-z > M, > C12
I+q < Mior < I+q ( )

and zero otherwise. The 1D distribution of alLIGO detection
rate as a function of either M,y or g can be given by marginal-
izing Equation (C11) over the other parameter.

Slmllarly to Equatlons (B56) and (B57), the functions
0’Rarico/ MO and 0*Rapi6o/0MOn can be given as

O*RaLico 2M o 9’ RaLico
= , (C13)
3th 8‘LL Mt20[_4MMIOt 8mA 3m3
and as , ,
0 Rarico ~6/5 120" RaLico
0 1 —d4p) 12220 Cl4
oMy M A e (C14)

in the range mpH min < Ma g < MBH,max, and zero otherwise. It
is straightforward to calculate the marginalized p, n, and M
detection rate distributions from these equations.

We use these results to generate Figures 9, 10, and 12.
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