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Abstract

We study homogeneous quenches in integrable quantum field theory where the initial state
contains zero-momentum particles. We demonstrate that the two-particle pair amplitude neces-
sarily has a singularity at the two-particle threshold. Albeit the explicit discussion is carried out
for special (integrable) initial states, we argue that the singularity is inevitably present and is
a generic feature of homogeneous quenches involving the creation of zero momentum particles.
We also identify the singularity in quenches in the Ising model across the quantum critical point,
and compute it perturbatively in phase quenches in the quantum sine-Gordon model which are
potentially relevant to experiments. We then construct the explicit time dependence of one-point
functions using a linked cluster expansion regulated by a finite volume parameter. We find that
the secular contribution normally linear in time is modified by a ¢tInt term. We additionally
encounter a novel type of secular contribution which is shown to be related to parametric res-
onance. It is an interesting open question to resum the new contributions and to establish their
consequences directly observable in experiments or numerical simulations.
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1 Introduction

Understanding the out-of-equilibrium dynamics of isolated quantum many-body systems is one of
the most challenging problems in contemporary physics. Due to the direct insight into quantum



statistical physics provided by the experimental realisability of closed quantum systems, significant
progress has been made both on the experimental and theoretical side in the study of non-equilibrium
behaviour. Using cold atomic gases it has become possible to engineer and manipulate isolated
quantum systems [1, 2, 3, 4, 5, 6, 7, 8, 9], and recent studies have led to a series of interesting
discoveries such as the experimental observation of the lack of thermalisation in quantum integrable
systems [1, 2, 3, 10].

A paradigmatic framework for studying non-equilibrium dynamics is provided by quantum
quenches [11] which correspond to a sudden change of some parameters of a system prepared in
an equilibrium state, typically in its ground state. For a long time, the focus of the theoretical
investigations was the description of the late time asymptotic steady state. To explain the sta-
tionary state of integrable quantum systems, the concept of the generalised Gibbs ensemble (GGE)
was proposed [12| and later experimentally confirmed [4]. However, specifying the complete set of
conserved charges for the GGE in interacting integrable models proved to be a non-trivial problem
[13, 14, 15, 16, 17, 18, 19] .

Beyond the steady state it is also of interest to describe the actual time evolution and identify
universal features of the non-equilibrium dynamics. Theoretical description of the out-of-equilibrium
time evolution is much more difficult and less understood than the characterisation of the steady
state, and analytical results have mainly been obtained in systems that can be mapped to free
particles [20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34] and in conformal field theory [11]
and in a few cases in interacting integrable systems [35, 36, 37, 38, 39, 40, 41].

Quantum field theory (QFT) provides an effective and universal description of quantum systems
near their critical point. Therefore small quenches in the vicinity of the critical point are expected
to be described by a non-equilibrium QFT, capturing universal physics even out of equilibrium.
Quenches in quantum field theories, on the other hand, are interesting also in their own right being
relevant to high energy physics, and for certain experiments as well [42, 43].

In suitably small quantum field theory quenches, the semi-classical approach [44, 45, 46, 47] and
approaches based on form factor expansions [48, 49, 50, 51, 52| lead to analytical predictions for
the time evolution of certain observables. Whereas the perturbative approach in [51, 52| can be
applied to any quench in which the pre-quench Hamiltonian is integrable, analytical results have
only been obtained by perturbation theory up to first order in the quench amplitude. The method
developed in [47, 48, 49, 50] can be applied whenever the post-quench Hamiltonian is integrable and
the post-quench particle density is suitably small. This latter approach also requires to consider
specific, so-called integrable quenches, for which the initial state can be cast in a squeezed coherent
form in the post-quench basis as

Q) = N exp </ gKabw)Z;(—ﬁ)zgw)> 0) (L.1)

written in terms of the post-quench Faddeev-Zamolodchikov creation operators Z[I(ﬁ) for particle
species a, the post-quench vacuum |0) and the pair-amplitude K, which we will often refer to
simply as the K function. It must be stressed that, for models with one particle species as well as
for the repulsive regime of the sine—Gordon model, the smallness of the quench essentially guarantees
the structure of (1.1), whereas for a generic quench protocol in a generic integrable QFT it is not
known and probably not true [52, 53| that the initial state obeys this particular structure in the
post-quench basis. For interacting integrable field theories, the determination of the K function for
a specific quench protocol assumed to be integrable is a difficult and unsolved problem, with some
progress in the numerical determination [53, 54] and analytic approximations based on form factors
[55, 56].



Nevertheless, integrable quenches are known to exist for lattice spin systems [57], and are an
ideal starting point for analytic considerations in field theory due to their close resemblance to the
integrable boundary states introduced by Ghoshal and Zamolodchikov [58]. In fact, following the
case of boundary states it is possible to extend (1.1) with zero-momentum particles yielding

Q) = N exp <%Z;(0) + gKab(ﬁ)Zl(—ﬂ)Zg(0)> 0) , (1.2)

where g, is called the one-particle coupling which corresponds to the quench breaking (particle
number) parity. Such an initial state is also motivated by experiments [43] which show the presence
of oscillations with a frequency corresponding to the energy of the zero-momentum particle (i.e. the
particle mass).

For an initial state (1.2), time evolution of the vertex operator ¢'8%/2 in the attractive regime of
the sine-Gordon model was studied in [50]. In the homogeneous (translationally invariant) quenches
considered here, the presence of zero-momentum solitons or antisolitons is excluded if the initial
state is annihilated by the topological charge which is a typical situation including e.g quenches
by local operators starting from the ground state of the model with a different coupling. For
stationary breathers B,,, however, the one-particle couplings gp, can appear in (1.2). The conclusion
of [50] was that one-particle oscillations of time dependence e~ show an exponential decay with
several relaxation rate contributions. In particular, with only one breather species in the model the
contribution of the first breather to the relaxation rate of one-particle oscillations is

. m * -
= /0 di) (1= Sp, 5, (9)) | K, 5, (9)|” sinbh 0 . (13)

For boundary field theories, however, it is known that the existence of a one-particle coupling
implies a first order pole in the corresponding K function at the origin,

gl
Kuq(9) BETE (1.4)
the correct relation of the residue to the one-particle coupling was first found in [59] and later
proven in [60]. In this paper we show that this relation extends to the case of integrable quenches
corresponding to an initial state of the form (1.2) as well. As an immediate consequence, the integral
in (1.3) becomes divergent since Sp, g, (0) = —1 . Even though much of the derivation in [50] remains
valid, the singular expressions clearly need to be corrected.

In this paper we first demonstrate the presence of the singularity (1.4) whenever a zero-momentum
particle is present in the initial state. Starting from this observation, we follow a linked cluster expan-
sion similar to the one performed in [48, 49, 50] but now supported by a finite volume regularisation
to treat the singularities and compute the time dependence of one-point functions (O(t)) up to terms
containing five particles focusing on the one-particle oscillations e=™. As a result of these calcula-
tions, we show that the linearly time dependent secular contribution in [50] is modified by a mt In mt
term and a novel type of secular term is encountered which has analogies with the phenomenon of
parametric resonance.

The detailed structure of our paper is the following. In Section 2, first a general argument is
presented for the existence of the singularity (1.4), and then we consider two particular quench
protocols that illustrate our arguments. In the Ising model, quenches from the ferromagnetic to
the paramagnetic phase are discussed and the singular structure of the K function is explicitly
demonstrated in the continuum limit. Then we consider a quench protocol in the sine-Gordon model
which consists of shifting the field by a constant. Computing the quench overlaps using an expansion



in the quench magnitude, we demonstrate explicitly that the pair amplitude for the first breather
possesses the anticipated singularity up to leading order. In Section 3 we perform a linked cluster
expansion for the time-dependent one-point function, using a finite volume regularisation which was
first introduced in [61]. This allows us to refine the argument for the existence of the singularity
(1.4), and also the explicit construction of the contributions for (O(t)) up to four particle terms, from
which the terms corresponding to one-particle oscillations are extracted. We then consider the five-
particle terms, but only present the leading order emergent secular contributions. In Section 4 we
collect and present our formulas describing the time evolution, address the question of resummation
in the linked cluster expansion and generalise our results to cases involving more than one particle
species. Finally we discuss a class of secular terms linked to a mechanism analogous to parametric
resonance, and conclude in Section 5. Due to the large amount of tedious calculations involved, most
of their details are relegated to appendices. In Appendix A, the finite volume formalism is reviewed,
while Appendices B and C are devoted to the quenches in the Ising and sine-Gordon models. The
technical details of the linked cluster expansion and the calculation of the time evolution can be found
in Appendices D, E, G, H and I. To confirm the validity of our calculations they were numerically
cross-checked at several points; details of these checks are presented in Appendix J.

2 Integrable quenches with one-particle coupling and the singular-
ity of K

In this section we show that in integrable quenches with non-zero one-particle coupling g the K
function necessarily possesses a first order pole of the form (1.4) at the origin. For simplicity, we focus
on models with one particle species but the argument carries over to systems with several particle
species. First we present a general argument based on an analogy with the one-point functions of
bulk operators in the presence of boundaries discussed in [62]. The core of the argument is based on
the cancellation of divergent terms in the expectation value which is evaluated using finite volume
regulators. We then proceed to a concrete example of the quench in the Ising field theory crossing
the phase boundary, and discuss an interesting quench in the sine-Gordon model, for which the
one-particle coupling and the singular part of the K function can be calculated to lowest order in
the quench parameter and the presence of the singularity in K and the relation of its residue to g
can be verified explicitly.

2.1 Boundary one-point functions

In the following we briefly review the boundary problem discussed in [62]. Let us consider an
integrable field theory with a single massive particle constrained on a finite line x € [0, R] with
integrable boundary conditions « and 3 at the two ends; for simplicity we consider the case when
the left /right boundary conditions are identical i.e. & = 8 = B. The vacuum expectation value

(O(x))” (2.1)

taken with respect to the ground state of the finite volume Hamiltonian Hg can be rewritten using

an Euclidean rotation

(B] e H70(0) e H(R=7) | B)
(Ble="®|B) ’

where the coordinate z plays the role of the Euclidean time variable, H is the infinite volume
Hamiltonian in the crossed channel and |B) is the boundary state corresponding to the boundary

(O())? = (2.2)



condition B. When the boundary state contains zero-momentum particles associated with a non-
zero coupling of a single particle state to the boundary in the original channel, |B) can be expanded
in the asymptotic multi-particle basis [58] as

|B) = N exp <gBZT(0) + gKB(ﬁ)ZT(—ﬁ)ZT(0)> 0), (2.3)

where for simplicity we assumed that the model has only one species,
Kp(¥) = Rp(ir/2 — )

in terms of the boundary reflection factor Rp (1), and ZT(99) are the Faddeev—Zamolodchikov creation
operators satisfying the commutation relations

Z1(01) 2 (02) = S(0h — 92) 2T (02) 27 (91) .

gp is the one-particle coupling to the boundary and the amplitudes Kp(¥) satisfy the boundary
crossing-unitary equation [58|
Kp(1) = S(20)Kp(=9) ,

which serves as a consistency relation of (2.3) and also implies Kg(¢)* = Kp(—9). The single
particle coupling implies a pole for the reflection factor

Rp(0) ~ %% ;
which then yields a pole at the origin
7 g%
Kp(0) ~ 59 (2.4)

for the boundary K function. Whereas it was argued that gg = gp in [58], it was later demonstrated
in [59, 63| that the proper normalisation is gg = gp/2, with a general proof given in [60].

The relation between the residue of K and the boundary one-particle coupling is crucial for
the consistency of a number of theoretical constructs, such as the boundary form factor bootstrap
considered in [64]. For the one-point function, the approach of [62] is to put the theory in a finite
volume L in the crossed channel (with periodic boundary conditions) and consider the limit

e Hrz e~ HL(R—2)
(O@)E = Tim (O(z))E = lim LLL00) B,)

2.5
L—00 L—00 <BL’6_HLR’BL> ’ ( )

where H, is the finite volume Hamiltonian with periodic boundary conditions and | By, ) represents the
boundary state in finite volume. The finite volume is introduced here as a regulator for disconnected
contributions arising from the matrix elements of the operator O which appear once | Br) is expanded
in terms of the corresponding finite volume multi-particle eigenstates of Hy. The disconnected terms
lead to positive powers of the dimensionless volume variable m L which only cancel if the singularity
of Kp is exactly as in (2.4). Therefore the singularity of Kp and the relation of its residue to the
one-particle coupling are consistency criteria for the existence of well-defined one-point functions in
the infinite volume theory.

The time evolution of the expectation value of a local operator O after a quantum quench with

initial state dv
12) = Nexp (ng(()) - EKW)ZT(—@)ZTW)) 0,



and post-quench Hamiltonian H is given by the expression

- <Q‘ eitHO(O) e_itH‘Q>
(o) = e ,

which is just a real time analogue of the boundary expectation value. The only difference is that the
K function appearing in |{2) is not related to any reflection factor; in fact, Ghoshal-Zamolodchikov
boundary states are not normalisable, while for quench initial states the factor N is chosen to ensure
(2142) = 1. However, it is clear from the calculations performed in [62] that the condition for the
cancellation of singularities in unaffected by these details, therefore a well-defined expectation value
(O(t)) after an integrable quench with one-particle coupling ¢g/2, the K function must have a first
order pole at the origin with a residue equal to —ig?/2.

In the next subsections we discuss two examples where this relation can be verified explicitly,
while in Section 3 we consider the real time evolution and show that this condition must hold for
consistency.

2.2 Quench in the Ising field theory from the ferromagnetic to the paramagnetic
phase

In this subsection we study the Ising field theory and quenches across the two phases of the model, as
in the Ising model only quenches from the ferromagnetic to the paramagnetic (PM) phase can account
for a zero-momentum particle in the initial state. In our approach, we perform the continuum limit
of various quantities obtained in the lattice model and in particular, we show that the pair-amplitude
possesses a pole with the residue expected from the above considerations.

Quenches in the lattice model were discussed in [25, 26, 27| and for particular quenches within the
ferromagnetic phase, calculations also in the continuum model [48] were performed and numerically
checked [65]. Although for the FFM — PM quench such calculations in the QFT were not carried
out, the scaling limit of the analogous quantities in the lattice model make perfect sense, which
we regard as the characteristics of the QFT quench problem. Throughout the subsection, we only
discuss the most important features and formulas, and for a more detailed treatment of the topic,
Appendix B is recommended to consult.

We first recall, that the transverse field quantum Ising model (TQIM) is defined by the Hamilto-
nian

N
H=-7) (ofofy +hoi) (2.6)
i=1
where o denotes the Pauli matrices at site 7, J > 0, h is the transverse field and the boundary condi-
tions are assumed to be periodic. By applying the Jordan—Wigner transformation, the Hamiltonian
(2.6) can be mapped to spinless Majorana fermions with dispersion relation [66, 67]

en(k) =2Jv/1+ h? — 2hcosk , (2.7)

and with an energy gap A = 2J|1 — h|. The model possesses a quantum critical point at h = 1
separating the paramagnetic or disordered phase for h > 1 and the ferromagnetic, ordered phase
for h < 1. In the disordered phase, the expectation value of o7, i.e. that of the magnetisation
operator vanishes, while in the ferromagnetic phase its value is non-zero. The Hilbert space of the
model consists of two sectors with respect to fermion number parity. In the Neveu-Schwarz and
Ramond sectors states with even and odd number of fermions are present, respectively, resulting in

the quantisation condition for the wave numbers



kn, :2—7T n—+ L Neveu-Schwarz

N 2

5 (2.8)
DPn :Wﬂn Ramond |,

where n is a positive integer.

Performing a quench in the transverse field A, the pre- and post-quench excitations can be related
via a Bogoliubov transformation if the initial state is the pre-quench vacuum. As a consequence, the
squeezed-coherent form of the initial state in the post quench basis (1.1) is guaranteed. Focusing
on quenching from the ground state of the FM phase to the PM phase, ( hg — h with hyg < 1 and
h > 1), one can write 25, 26, 27|

0, h) A £10,ng) M 1 < t ot ) o mEy
= exp | 4 Z K(k)a!  a; |0, h)Ng
V2 \/iNNS kCNS
(2.9)
1

+ exp | i Z K(p)aJr_pa;E aé\O,h>§M,

pCR\{0}

V2Ng

where Nyg and Nk are normalisation constants

N = 1] <1+‘K<2%n>‘2> |
ner , (2.10)
Nis= ] <1+‘K<2%m> )

mCN-i-%
ay, and a;'c are fermionic operators and K can be found in Appendix B in (B.8).
In the scaling limit of the TQIM, J is sent to infinity together with h — 1 such that the gap
associated with the fermion mass remains finite

M =2J]1—h|. (2.11)

In addition, the lattice spacing is sent to zero as a = % In particular, for the FM — PM quench,
we send dh — 0 in the following way:

h=1+6h, h0=1—%5h,
(2.12)
_ Mok
“ount YT M

which ensures that the dispersion relation in the post- and pre-quench model is e, (pa) — \/ M?2 + p?
and ep, (pa) — \/Mg + p? respectively, i.e. the mass in the PM and FM phase is M and M. Upon
the substitution k& = pa, the continuum limit of the square of the lattice K function (B.8) in (2.9) is

K (p)* = VP ME MG gt 4 MMy (2.13)
VP2 4+ M2\/p? + Mg + p? — MM,

8



From (2.13) it is easily seen that this function has a 1/p? singularity at the origin with the

coefficient
4MZM?

(M + M0)2 ’
This singularity corresponds to the presence of a zero-momentum particle in the Ramond contribu-
tion to the initial state (2.9). As p = M sinh4, the coefficient of the singularity of |K(p)|? equals

%M2 , therefore K (v)) can be written in the form (1.4) with

(2.14)

Now we show that the one-particle coupling expressed with M and My in (2.9) equals g. To calculate
the latter, we put the theory into finite volume, where (cf. also Section 3) the finite volume expansion
of the integrable initial state reads

)1 =6(1) <|0>L + SVMLIOY)L + 3 K@)Na(d, {1, 1}z +> @)
1

where the I denote quantum numbers labelling the finite volume states and Ny can be found in

(A.6). Then from (2.9)

varLd — Mvs. (2.16)
2~ Ng

must hold. It is convenient to calculate the logarithm of their ratio:

MR o LR GEm - 1/2)
B | R ek

which in Appendix B is shown to be equal to

: (2.17)

MMyL

1 v
NESYS)

when L — oo, so (2.14) indeed holds.

2.3 Phase quenches in the sine-Gordon model
Consider the sine-Gordon model defined by the action
A= [ @ (Lo,0000 1 cos po 2.18
= 7| 50 + @cosﬁ , (2.18)

in a finite volume L with quasi-periodic boundary conditions

2
O(t,x + L) = P(t,x) + %n nez.
The quench protocol consists of abruptly shifting the sine-Gordon field ® — ® + §/8 at t = 0,
i.e. changing the phase of the cosine potential regarding the pre-quench vacuum as initial state for
the post-quench evolution. The peculiarity of this protocol is that, as shown in Appendix C, it is
possible to relate the pre- and post-quench ground states by a unitary transformation



), = exp <Z’%HO> 0)2, (2.19)

where

L L
Tl = /O daTI(t, 2) = i /0 (H, ® (1, 2)]dx

is the zero mode of the conjugate momentum field II = ®. This allows one to derive a form factor
expansion for the overlaps with an arbitrary state |x)

0
i = el esp (15100 ) 0. (2:20)
by expanding the exponential into power series,

© 1\l l . .
x| = Z( '1) <%> ZZ / (Hdlﬁz) L<x|62Pm1(I)(0)e—2Pw1|a1>L(EX — E,,)x

l
=0 Qp—1

o |e P72 0(0)e 2 ag) 1 (Ba, — Eay)-w-p{r—1]e 2@ (0)e™P1(0) (B, — Eo),

(2.21)

where P is the momentum operator and the «; index [ — 1 complete sets of asymptotic multi-
particle eigenstates. As the initial state is the ground state of a translational invariant Hamiltonian,
the overlaps are non-zero only for states |x) of total spatial momentum zero. Due to the integrals
over x;, this also restricts the intermediate states |a;) to have zero total momentum so we can write

[e.e]

S\' Ll & -

sk =31 (§) T30 Sl lan)u(By - Fau)x (2:22)
=0 [e%1 a1

Lol B3} (o, — Foy)on (o100 £ (e, — B) . (229

where the tildes over the sums mean that only zero momentum states are included.

We now compute the overlap for the first breather to first order in §/5. Matching the finite
volume expression of the initial state (2.19) with the general case (2.15), and using (A.6) and the
finite volume form factors (A.14), we obtain

VmiL§ =1 {0}0)

)
=— mlLBL<{0}|<I>(O)|0>L (2.24)
5 Fy
— (S )\
<ﬁ>m1 miL’
from which 5
g *
5= 5 (2.25)

where Fpg, is the infinite volume one-breather form factor of ¢ (C.11).
Since the form factors of ® with even number of breathers B; vanishes, the lowest non-trivial
order for the pair amplitude K is (6/3)? :

No(9, L)K(9) =.({I, — 1} L

2 ~
:<%> %2 L{I,—1}|®(0)|ar)r(2my cosht) — Eq, ) {a1|®(0)|0) L Eq, (2.26)

aq

10



where ¥ is related to the quantum number I via the Bethe quantisation condition
mq L sinh 9 + 53131 (2’[9) =2nl, (2.27)

Ny(0, L) is a finite volume normalisation factor (A.6) dp, B, and its derivative ¢p, g, (¥) is defined
by Sp, B, (9) = —€B121(") "and 6y, ..., 0, are the particle rapidities in the state o)z determined by
finite volume quantisation relations analogous to (2.27). Using the expression for finite volume form
factors (A.14) it can be written as

X

<é>2L_2 [e'¢) FBlBlBilmBin(Z'ﬂ—l-ﬂ,iﬂ—19,91,...9n)
23 {B}n \/(mlL cosh 9)? + (my L cosh¥) op, g, (0)pn(61, ...0,)

B
<2m1 cosh ¥ — Z m,; cosh 0; ) FBl .Bi, (61, ... <Z m; cosh 6; )

i=1

(2.28)

In Appendix C it is shown that in the limits L — oo and ¢ — 0 only the n = 1 term survives where
the single particle in the intermediate state is also a By, from which

B 2 cosh ¥ (2.29)

Using the form factor kinematical singularity equation (A.12) one can extract that for small

K(5) ~ <é>2FBlBlBl (im + 9, im — 9,0)(2cosh ) — 1) Fp,

4
Fp, 3, (i + 9, = 9,0) ~ ——F, (2.30)
SO
b 21
K(9) ~— 2i <—FBl> 5 +0()
b (2.31)
_ 9_1 0
=—1 59 +0(W"),

where we used (2.25) which establishes the relation (2.4) between the one-particle coupling of the
first breather and the singularity of its pair amplitude for this particular quench in the sine-Gordon
model.

We remark that for this particular quench protocol we do not know whether it leads to an
integrable initial state of the generalised squeezed form (1.2). However, we recall that the proof
of the analogous relation in boundary quantum field theory presented in [60] does not depend on
integrability either (in fact, it works in general D + 1 space-time dimensions).

Note also that the above argument straightforwardly generalises to a much larger class of quench
protocols, the “exponential quenches” when the initial state is related to the post-quench ground
state via

Q). = exp <M / dxqf(x)> ), | (2.32)

where ¥(z) is a local field which breaks particle number parity.
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3 Linked cluster expansion in finite volume

To describe the time evolution of expectation values of local operator, we follow the approach
developed in [48, 49, 50| and apply a linked cluster expansion, combined with the finite volume
regularisation scheme used in [62, 68]. The latter is based on the finite volume form factor formalism
developed in [61]; the ingredients necessary for our calculations are described in Appendix A.

For a quench starting from an initial state written in terms of post-quench multi-particle states as
in (1.2), a natural approach to compute the one-point function of a local operator O is to decompose
into contributions from states with different number of particles, which results in an expansion in
terms of form factors of the local operator. However, in infinite volume form factors possess pole
singularities due to (A.12), and for quenches with one-particle coupling the K functions also possess
singularities. As a result, the contributions are ill-defined and need to be regularised which can be
done by putting the theory in finite volume, where due to the quantisation of the particle momenta
neither the kinematic singularities of the form factors nor the singularities of the pair-amplitude
contribute. The finite volume L can be considered as a physical regulator and the expectation value
is then written as

<_Q| eitHO(O) e—itH|_Q>

(1) = 0 -
i L2 EO0) ), |
_L—>oo L<_Q|_Q>L ’

which is first evaluated for finite L where one can verify the cancellation of singular terms explicitly
and then take the limit L — oo.

To perform the calculation, one needs an expression for the initial state in finite volume which
was derived in [62]:

12)2 = () (1002 + EVmI{O})L + Y KW)Na(0, DH-L. I}
1

+) ng)Nsw, L){~I1,1,0}) + % > K (W) K (92)Na(91, 92, L){~1,1,—J, J}>L) +o
I I#J
(3.2)

where I, J are Bethe quantum numbers and we used the notations introduced in Appendix A. To
simplify notations, one can write the following shorthand for

12), =G(L)) 2™,
n=0

where |2)© =10}, ,[2)®) = ¢N;(L)|{0}), , etc. denote the contributions with a fixed number of
particles.

To ensure the convergence of the expansion for high energies one can introduce a regulator
parameter R and consider

(2] e(—gﬂt)ﬂo(o) e(—g—it)H‘Q>
(£2le-FH|(2) ’
where R > 0. When recasting the quantum number sums in terms of contour integrals, R ensures

that the integrals themselves are convergent and therefore allows appropriate manipulations of the
contours. At the end of the calculation the parameter R is sent to zero.

<O(t7 R)> =

(3.3)

12



Following the procedure introduced in [69], one can separate contributions indexed by particle
number as follows . .
C = M(2]el=2 707 0(0) =20 |2)0

and for a proper normalisation of the state one must also divide by the “partition function”
—RH
Z2=3 7Z,=> {0l ).
n n

In particular for Z, the first few terms are

g2
Zy=1, Zy = ZmLe_mR , (3.4)
and
Zy =Y K*(9)K () Ny (9, L)?e >mHosh (3.5)
I

Let us turn to the issue of the expansion parameter. Whereas in our calculations R is eventually

sent to zero at the end, for (O(t, R)) is expected to be well-defined for any finite R. Therefore

let us first treat R as a large positive quantity, and introduce the parameters z = e~™/2+it) and

z = e~ ™(B/2=1t) Then the order of Cy; is zFzL | and that of Z,, is (zz)™. The inverse of the partition
function, thus can be expanded in powers of zZ as

Z7'=N"17,,

where the first few terms read

Zo=1, Z1=—-7, Zy =23 — 7y .
Putting these ingredients together, in a finite volume L we obtain
1 -
O R)L=— > Cu=3 Du, (3.6)
where analogously to to [62] and [69], Dy, is introduced as

D=3 CrjijZ;, (3.7)
j

with the first few terms having the form

Dy =Cy—Z1Coy- , 1=1,2,...,
Doy = Cy — Z1Cy -1 + (Z% — Z9)Co 2 , [=2,3,....

Since the Dy, are of order zFz!, they must separately be well-defined as L — oo:
Dy, = lim Dy , (3.8)
L—oo
and so the infinite volume limit can be written as

(O(t,R) = Dy .
kol
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For convenience and later use, we also introduce the quantities

én = Z Dn—l,l 3 (39)
=0

whose infinite volume limit is denoted by G,,.

The expressions individual Cy; contain finite volume form factors, which in general are given by
[61]

F]gi_l(ﬁl +im, .. O im0, ., 0))
N S IC/ R

where it is understood that the rapidities {01,...,9;} and {9},...,9;} are solutions to the corres-
ponding Bethe-Yang equations with quantum numbers {I,,}, {J,,}. Formula (3.10) is valid whenever
there are no coinciding rapidities; otherwise a more complicated formula taking into account discon-
nected contributions is necessary. In this paper we are interested in contributions to one-particle
oscillations, for which coinciding rapidities cannot occur, the numbers of particles in the two multi-
particle states differ by an odd number which excludes the two possible cases with disconnected
terms (cf. [61]).

Note that the equality (3.10) is valid up to a suitably chosen phase factor which can be changed
by redefining the phases of the finite volume eigenstates |[{I1,...,I,})r. This includes also the fact
that the ordering of the particles is not determined by first principles and any exchange leads to an S-
matrix factor according to (A.10). It is clear that all such ambiguities cancel in the expectation value
(3.3); however, for a practical calculation one must fix the phases of the multi-particle contributions
to the matrix elements consistently. Here we make use of the consistent prescription introduced
in [62]: any time the amplitudes K (¢;) and K*(1J;) appear with some ¥J;, the explicit order of
the rapidities substituted into the relevant form factor is given by (—;,v;) and (9; + im, —; + im),
respectively. Exchanging any two pairs of rapidities does not make any difference, therefore the phase
of the form factors is completely fixed by the above rule. Note that the presence of zero-momentum
particles does not produce any additional ambiguities.

c{d, . lOW L, - i) e = +O(e 1) | (3.10)

3.1 The singularity of K revisited

Now we are ready to complete our arguments why the pair-amplitude must be singular in integrable
quenches with one-particle coupling. Recall that in the boundary problem [62] the ordering of
the terms was performed according to powers of e~™R=2) and e~ which resulted in the same
expressions for the boundary version of Dy, that we obtained in (3.7) with the expansion parameters
z = e MEB/2Hi) gnd 7 = e~ mB/2-0) T the boundary problem, the existence of the infinite volume
limit (3.8) and eventually (O(x))? requires the presence of the singularity

.9

_ Y9

therefore .
1g

K(9) 5

must hold for the quench problem as well. The easiest way to see that is to consider the one-particle
contribution —Z; which behaves as mL. To make C19 — Z1Cy; finite in the infinite volume limit,
C12 must have a similar volume-dependence, which is ensured by the singularity of K involved in

Clg.
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At the end of the calculations the regulator R is sent to zero. The contribution Gy, (3.9) is of
order |z|" = (e=™/2)" and just as in [62] it turns out that the coefficient of the largest power of
the mL term is always of order ¢” . Focussing on the behaviour of the singular term, the small
parameter of the linked-cluster calculation can be identified with ¢g. As the singularity of the K is
of order g2 one can formally treat K as a term of order ¢g2. This way of counting the orders results
in the same classification of contributions Dy; (3.9) that we obtained by considering z and Z as the
expansion parameters.

This counting of orders is clearest for a perturbative quench corresponding to changing the
Hamiltonian as

0H = )\/dx\I/(x),

where ¥ is a purely odd operator (i.e. whose form factors with an even number of particles in the
pre-quench system is zero). Using perturbation theory to compute the overlaps following [51, 52]
one obtains that the one-particle coupling is of order A, while the pair amplitude K is always of
order \?.

When the perturbing operator has even matrix elements as well, the pair-amplitude can also
possess a A order term. Whereas this term is not singular due to the regular behaviour of F'(im +
V,im — ) at ¥ = 0, at order A\? a singular term similar to the one found in Section 2 is always
present. Therefore the presence of the zero-rapidity pole singularity of K is generic.

3.2 Contributions up to 4" order: analytic continuation of the boundary result

In this section we present all the terms up to fourth order using the Euclidean quantities computed
in [62] and continuing them to real time. The Euclidean one-point function

e—Hz e—H(R—x)

was computed up to contributions Dy; with & + [ < 4 which are collected in Appendix E.

For the analytic continuation, we apply the R — 0 and x — —it substitutions together with
Kp — K and gg — ¢ which give

Go: (0[0]0)
Gy: gReFPe Mt

2 00 )
Gos LrS(in0)+ e [ SLROFF (-0, 0)e oo,
* : 3.12
T

—00

9 OO @ O —imt(2coshd—1) _ o 2 cosh 9 O —imt
+ 2%6\/_00 27‘( {K(ﬂ)Fg (Zﬂ', 7.9,7.9)6 2g Sinh2Q9Fl e

+ 293@(0)§ReFloe_imt ,
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dvy di -
G4 . _§R / 2_71_12_71_2[( 191) (192)1_7'19(_191’191’_192,192)6—zmt(2cosh191+2coshz?g)

+ _%e/ dﬂK(ﬂ)Ff(—ﬁ + o, 9+ i, i, O)E—imt2 cosh ¥

27
1 [ SR SRR i~ drin -+ 0y, g, D)D) (3.120)
. > dy g* cosh ¥
Fy — K@) - F——
gt
+ 5B (im, 002 (0)
where F2(,95 = F{(ir,0) and
1
p(¥) = ~91e30) 025(19) : (3.12¢)

Note that these integrals remain well-defined even when there is a pole in the amplitude K (9) at
¥ = 0 because the form factors possess a zero ; = 0 as a consequence of the exchange axiom (A.10)
and the general property S(0) = —1. Concerning the large rapidity behaviour, normalisability of
the initial state requires that K tends to zero fast enough for large 1, again ensuring the existence
of the integrals.

We now turn to analysing the time dependence originating from (3.12). Due to the oscillatory
integrands it is convenient to apply the stationary phase approximation (SPA) briefly discussed in
Appendix D.4. Both SPA and direct analysis leads to the following type of terms expected from
(3.12):

e immiyer (3.13)

where « is either integer or half integer and n is an integer. For terms Dj; the lower bound of the
oscillation frequency is always nm = (k — l)m

As the main objective of this paper is to study the time dependence of one-particle oscillations,
we concentrate here on terms with n = 1 but we will also briefly comment on the time dependence
of the non-oscillatory part of (O). The non-oscillatory parts include the static contributions

Go: (0[0]0),
9o,
G2 : IFQ (Z?T,O) s
, °° dv g* cosh 9 (3.14)
Gy: FP ,0/—K192—7}
v 1m0 [~ g {ixwp - £
94 Oy
+ LB (i, 0)9(0) ,
whereas for the only time dependent integral,
d191 d192 . . imt2(cos —cos
Z/ ggf((’ﬂl) (192)FE(Z7T —191271’—1—191,—192,192)6 t2(cosh 9y hd2) s (3.15)
the SPA (D.16) can be applied, yielding
¢ 1< mt (3.16)
167wmt ' '
where
C= lim lim K(9)K(92)F (im — Oyim 4+ 91, =09, 03) (3.17)

Yo—0191—0
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which is finite.
For terms with one-particle oscillation, one finds

Gi: gReFPe _imt,
Gs: 2¢%0(0 §R6F1

(3.18)
+5 I Re / { (9)FC (imr, —9, 9)e~mt(2coshv=1) _ 9 QCOShﬁFloe—imt}_

sinh? ¢

For the last term, SPA cannot be applied directly, therefore we shift the contour off the real axis
where (as shown in [62]) the contribution from the term

cosh

sinh? ¢
vanishes and reintroduce the regulator R . We rewrite the resulting expression using (D.14) after
which the SPA (D.16) can be applied, and finally perform the R — 0 limit. The result is

3 70O 2 '
9 Fy ("0 (0) _2/3) —imt _—in/4 , 3 [T O —imt—V2—\/2i
Tt e e A gy TRe e ————,  mt>1. (319)

For a more detailed derivation, the interested reader is referred to in Appendix F. While the first
term has the standard ~ 1/+/t time dependence, the second one behaves as ~ v/ for large time. We
return to this peculiar finding in Sec. 4.3.

3.3 Leading order time dependence from Gj;

The contributions involving five particles are Dgs, D14, Dog and their complex conjugates Dsg,Dy41,
D3y . Based on (3.7), the expressions to evaluate are

D05 = lim 005
L—oo

Dyy = lim Ciy — Z1Co3 (3.20)
L—oo

Do3 =L11_I>I;O O3 — Z1C19 — (Zy — Z3)Coy .

The calculation of these expressions is very tedious; even in Appendices G, H and I where the details
of the calculations are presented, we focused only on leading secular contributions to the one-particle
oscillations, i.e. terms of the form e~ t® with the highest power a. As one-particle oscillations
originate exclusively from Dy; with |k — | = 1, we can focus on Dsg and its conjugate Dso.

The leading order secular terms have two origins: a residue contribution from encircling the poles
of the form factors F5(im+ ¥, im — 11, —t2,¥2,0) when 1 ~ 12 and a contribution from these poles
when a contour integral is performed with an integration contour just above the real axis.

Concerning the former term, the explicit expression reads

Res g —zmt > dy 2cx :
Dies(t)y = ZFPe (imt) — | K(9)]*SmS(¥) sinh 9, (3.21)
2 oo 2T
whose derivation can be found in Appendix G. Unlike time dependent terms discussed so far, deriving
(3.21) involves no SPA, hence it is valid also for small times. Note that the coefficient of the oscillatory
factor e =™ is purely imaginary and linear in time.
For the other term denoted by D§}™(t), the explicit formula reads
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o0
DG (t) :gFloe_th (—imt) /

—00

K (9) tanh(6) (Kera (9, 1))

I FOeimt (i) / ;l—0|K(19)|2Ker(19,t)
T

2 .
Ipgmimt [T _ 1 d 2 (3.22)
+2Re /_OO o 4 K () PRe Ker(9,1,0) x

FEW) | K'W) FE(9) K(-9)
”k@&w+Kw‘ﬁmw‘mwﬂm“%

+0Wt)

where

gy [H(01]02, {0} (sinh dy — nton ) ]

a _ iy it av2 (3.23)
Ker®(r,1) }121£n>06 Q(191)/_00 2 sinh ¥y — ¥ ’
and
; o d792 [h(ﬁl‘ﬁg, {0}) — h(ﬁlwla {O})] sinh 791
K t) =" — 24
er(in,t) = e (V) /_OO 2 sinh(d¥y — ¥1) cosh(¥d2 — 1) (3:24)
with
Q@) =1 -5(=0)(1-50)) , (3.25)
h(ﬁlwb {O})R — eimt(2 cosh191—2cosh192—1)e—mR/2(2 cosh ¥1+2 cosh ¥2+1) 7 (3.26)
h(01]92,{0}) = h(V1]92,{0})r=0 - (3.27)

Their derivation can be found in Appendices H and I. It is shown in Appendix I that in the large
time limit mt > 1 the integral kernels behave as

1 e2imt(cosh 19—1)6—2'#/4

Kergtac(ﬂat) :eith(ﬂ) \/m cosh 9 >

1< mt, (3.28)

and

2(cosh ¥ — 1
Kergqc(v,t) = (coshvﬂ )9(19)

" {% <FS <\/4mt(cosl;(19) - 1)) R (\/4mt(cosl;(z9) - 1)))
(3.29)
B %z (FC <\/4mt(cosl;(z9) - 1)) L Py (\/4mt(cos7l:(z9) - 1)>>

,<1 cosh 9V sinh? 9 >}
+1i| = , 1l<<mt,

2 2./2(cosh(d) — 1)
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where Fg and F are the Fresnel sine and cosine functions, respectively. This leads to the final
result

4
Dos(t) = g FPe~mimt <gZ <—1°g(Tmt)> + v+ m) + O(e™"™N/t) (3.30)
with
4
3
il :]C + gz_ )
4 o g9 (3.31)
=3 +/ o | KW )*Sm S(9) sinh 9 |
where

= lim
t—o0

1 [~ 9 2(coshd — 1)
_5/ K@)l [ cosh 1 %

e 4mt cosh () — 1)) L Fs <\/4mt(cosh(79) - 1)) _ 1) + V/sinh? 79] (3.32)

s

fe "

%(“g%}-

4 Discussion of the results

Before discussing the time evolution of the one-point function, we collect the leading order time-
dependent contributions for the non-oscillatory and one-particle-oscillatory part of (O) from each
term Dy; we considered in the previous section. In the long-time limit 1 < mt, these are

Go : (0)0]0),
e
Gy : ZFQO(Z'W,O),
) < dv g* cosh ¥ gt ) (4.1)
. FP — | K(W)]? - Z—— L FP
Gi: rim0) [ 2 iR - SR 4 £ ir 0)6(0)
n C
16mmt ’
and
Gi: gReFPe Mt
Gs: 2¢°p(0)Re FPe Mt
+g?’\/ @%e Floe_imti_ﬁ; V2i
i (4.2)
+O(1/V1)
4
Gs: gRe FPe ™mt (gz (—7log§rmt)> +71+ i72>
+O(V1)

19



where C is given in (3.17) and ;2 in (3.31).

In the preceding subsections we found that the long time asymptotics of the leading order con-
tributions to the one-particle oscillations contain, besides the original oscillation e~ from G, two
new types of terms: one with time dependence v/te~"™ from Gs and terms of time dependence
te=™ and tInte= "™ from Gs.

Since these are secular terms growing for large ¢, it is necessary to sum up higher order contri-
butions coming from Gs,, 1. Computing terms G7 and higher is extremely tedious and has not yet
been performed, therefore in this work we can only present a limited discussion of their resummation
based on insights gained from earlier works [48, 49, 50].

In addition to these works, one could also try to compare with the M — PM quench in the
Ising model considered in Subsection (2.2); however, we show that this is unfortunately not possible.
In Appendix B it is shown that in the continuum limit the time evolution of the magnetisation is

(0% (2,4)) = & <%> (%)8 [cos <\/Mt + o/) + } et (4.3)

where the relaxation time is given by

1 5 VM? 4+ M My + M 1 5 5 M+ /M? — M
7 =< \/M?2+ M Myln — —\/M? - M3
7r VM2 + M My — M 2 M —/M? — M?
(4.4)

for M > My and

1 VM?2+ M My+ M M T
1 2 ) M2+ M Myl 0 — Mg = M? tan™ | e | —
T 77{ LR VG oy va A Y 0 o

(4.5)

for M < My. At first sight, since the K function is known for this particular quench, the expansion
of (4.3) can be matched with the form factor expansion evaluated in our work. However, note that
(4.3) and (4.4) are non-analytic functions of the pre-quench mass My around the origin, and therefore
are also non-analytic in g around g = 0 due to the relation (2.14). This is not surprising since a
quench across a quantum critical point is expected to be a large quench with possibly non-analytic
behaviour, and therefore the form factor expansion is not expected to be valid at all. This situation
is in marked contrast with the phase quenches in the sine-Gordon model considered in Subsection
(2.3) where the shift 6/ can play the role of a small parameter.

4.1 Connection with previous results and discussion of possible resummation of
Gins1

First we consider terms Gy,41. Contributions to one-particle oscillations originate from the pieces
Doy on+1. In [50] these terms served as the sole source of secular terms which were shown to sum
up to an exponential function to order 2, i.e. the result including the two leading order corrections

had the form )
g —imt t 1t
= F 1l——4+-——+...
§R€ B 1€ < . + 27_2 +

20



which is the expansion of
Re gFle—imte—t/T
2 )

where

L m /°° di (1 — S(9)) |K ()2 sinh 0 . (4.6)
T Jo

The real part of the above integral is the relaxation time, while the imaginary part is a frequency
shift. It is easy to see that sending g — 0 in our expressions (3.30), which is equivalent to removing
the singularity of K, reproduces the result for 7 above as the integrand is non-singular and

1
lim Fo(z) = lim Fg = = (4.7)

The origin of (4.6) is essentially the kinematic singularity of the form factors. In our calculation
we have an additional ingredient, namely the singularity of K which gives some new contributions
according to (3.30). Assuming an exponentiation similar to that observed in [48, 49, 50|, the leading
order time dependence from Gy, 1S

it (M) og(mt
D2n,2n+1(t) = gFle th(—) <_%L
T

n
o +m+ i72> oy (4.8)

which can be resummed into

g" log(mt)

gFle_imt exp [mt (— TR +v + z'w)} . (4.9)

Therefore, besides the frequency shift, the relaxation for late time is naively expected to be super-

exponential with a dependence of the form e~ "%, This also means, that under the assumption of

(%M -7 — i’yg) in the exponential

exponentialisation, 7-1 in (4.6) is to be replaced with m
function. However, this cannot be concluded safely without computing at least Dy5(t) and checking
whether one obtains the correct combinatorial coefficients for the terms involving higher powers of
—%@mt which is the condition for exponentialisation as established in [48, 49, 50]. Based on
analogy with [50], one can argue that terms containing 7 2 exponentialise and their resummation
leads to a relaxation rate and a frequency shift; however, the fate of the logarithmic term cannot be
decided without examining higher order contributions, whose straightforward evaluation is extremely
complicated. Assuming that the relaxation is of the usual exponentially decaying form (i.e. the
logarithmic part does not exponentialise) also means that it is not clear at the moment what part

of the real terms (involving ~;) exponentialises and determines the relaxation rate.

4.2 Multiple species

It is easy to generalise our results to the case of multiple species following the reasoning in [50]
which studied relaxation in the attractive regime of the sine—Gordon model for operators semi-local
to soliton excitations (and consequently local with respect to the soliton-antisoliton bound states,
i.e. the breathers B, ). In the following we write down the result for semi-local operators
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2

(O(t)) = <O\O\O>+Z%Fﬁ(z‘w,0) [1—i+..}

- Ts
J
O _—im;t t t
—I-Zgﬂ%e {Fj e M [1 - 7'_3] - Z a + .. (4.10)
J k
959k . i(m;—m t t
+Z ]TgRe {F}%(ZF,O)Q( j—mi)t [1 — - — T—kl + ... } ,
i#k O
where
78—1:27”8/ 9| K o5(9)|? sinh 0 |
™ Jo
ol :”%/ 40 (1 + Sj(9)) | Kss(9)|? sinhd |
0
- z%/ @ (1 — S;(0)) |K;(0)sinhd, Ak, (4.11)
0
T / 40 (14 S,y (8)Sup(—0)) | Ky () > sinh 9 ,
0
o omy [ . ‘
- :%/ 49 (1 = Sp(9)Sn(—9)) [Ky(9) 2simh 9, £ Lk AL,
0
and

4
—~ g; log(m;t N
M) = —my <_ZJ% +,Y£J)+Z,Y§])> 7

(4.12)

1
_ B g; log(myt) uky . (ilk
Tt (1) = 7 (1) = —my <—1177T + oy i)

where j, k, [, 0 index breather excitations, and ’yg;) are obtained by substituting S in (3.31) with the

B, — B, scattering amplitude S,,, and g with the B,, one-particle coupling g,,. The expressions for

w£llk) and ’yéllk) are obtained from (3.31), by replacing g with g; and also

Q) = (1 =50)) (1 = 85(=9)) = (1 = () Su(=0)) (1 = Su () Sk (=) (4.13)
in (3.23) and (3.24); in addition, in the residue term DZ® (3.21) it is necessary to replace

Sm S(0) — %Z,(S”(ﬂ)slk(—ﬂ) — Su(=9)Su(9)) . (4.14)

Since solitons can have no one-particle coupling in the quench due to topological charge conservation,
the amplitude K,z is regular at the origin.

Note that (4.11) are identical to the results in [50]. It is easy to understand this from the fact
the expressions given in [50] for Tﬁgl with j # k and for Tﬁg} with j # [,k # [, are regular even if
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the K; are singular. The only terms to be revisited are Tj_jl and Tl;ll where the naive application
of (4.11) results in divergent contributions and must be modified using our calculations performed
above.

Results for theories with multiple species with fully diagonal scattering can be obtained by
omitting the solitonic contributions from the above results and replacing the breathers with the
actual particle spectrum.

4.3 Parametric resonance

Finally, we turn to contribution (3.19) from Gj

[mt 2 = /2
g %%eFfDeﬂmtw mt>1. (4.15)

The origin of this term is the integral

g o dv Oy —imt(2coshd—1 2 cosh v O _—imt
§§Re /_OO . {K(ﬁ)F3 (i, =0, 9)e”"m ! ) —2g sinh219F1 e , (4.16)
which is derived from a finite volume contribution of the form
> {OHOW I, I} L No (9, L)K (9)e miZeosh9=1) (4.17)
>0

where ¥ is determined by the quantisation rule
mLsinhd + 6(29) = 2n1I .

Let us recall the phenomenon of parametric resonance, for which the simplest example is the Mathieu
equation describing a system with only one degree of freedom,

d*x

dat?
This equation has a region of instability in which the solution of the equation oscillates with an
exponentially growing amplitude. This region is when the ratio wy/wp is sufficiently close to 2,
where the width of the region of proportional to q.

It is clear that the term (4.17) couples the one-particle mode with the two-particle modes and
satisfies the condition for resonance on the threshold; however, the interplay between the integration
over rapidity and the singularity of the form factor F?f9 (imr, —19,99) results in a growth of v/t instead
of being exponential. This cannot be the final story: since a quench pumps a finite energy density
in the system, the oscillations cannot grow without bound and therefore higher terms Gy, must
modify this behaviour to keep the amplitude bounded. Since at present we do not have control over
these higher order terms, we cannot predict the eventual fate of this class of contributions.

A heuristic analogy can be drawn by noting that in the Mathieu equation the driving oscillator
is external, while in the quench the two-particle modes are also dynamical and the total energy
stored in the system is conserved. A closer analogy for this dynamics is provided by the differential
equation describing coupled modes

+ [w§ — 2qcoswyt] =0 (4.18)

2 2
< 2 d7y 2 q 2
— =0 — —z°=0.
a2 + [wl +qy] x pre + wyy + 23:
The mode x is parity odd and is the analogue of the one-particle mode, while the mode y is parity
even and is the analogue of the two-particle mode. Depending on the choice of the parameters, this
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—
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Figure 1: An example of a parametric resonance in a closed system with two modes. The frequencies
are chosen w; = 1 and wy = 2, corresponding to parametric resonance, while the mode coupling is
g = 0.5. Initial conditions for the particular motion shown are xz(0) = 0.1, y(0) = 1 and #(0) =

i(0) = 0.

system has solutions in which the energy stored in the modes shows an oscillatory behaviour in time.
With the choice ws = 2w; the condition of parametric resonance is satisfied, but in contrast to the
Mathieu equation, the system has a total energy

H= % (i + wiz?) + % (9% + wiy?) + gyx2
which is conserved since the driving and driven modes now form a closed system. An example of a
resonance solution is shown in Fig. 1; notice the long plateau in the amplitude of the driving mode
y showing the non-linearity of this system. This is in contrast to linearly coupled oscillators where
the energy transfer would itself have a harmonic dependence on time.

It is an interesting question whether in the full quench situation such a non-trivial behaviour
can be observed in the time evolution for some choice of the parameters. Since the v/t term is of
order ¢ and the next secular contribution is of order g%, it is quite possible that for small enough
quenches there is some intermediate time window in which the parametric resonance dominates. To
study this requires the detailed analysis and resummation of higher order terms which is left for
further investigation.

5 Conclusions

In this work we studied integrable quenches with zero-momentum one-particle states in the initial
state and the subsequent time evolution of one-point functions. We found that (similarly to the
case of integrable boundary conditions) in the presence of a non-vanishing one-particle coupling the
two-particle amplitude K must have a singularity at the origin 9 = 0,

2
g1
K() oc ===, 5.1
(9) o i~ (5.1)
where ¢ is the one-particle coupling determining the overlap of the post-quench zero-momentum
one-particle state with the initial state. We gave a general argument based on the relation of the

quench time evolution to a boundary field theory problem discussed in [62]. In addition, we presented
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two explicit examples, the quenches from the paramagnetic to the ferromagnetic phase in the Ising
QFT and phase quenches in the sine-Gordon model, in which the relation between the one-particle
coupling and the residue of K at zero rapidity could be established using explicit calculations and
perturbation theory. We also pointed out that the sine-Gordon phase quench is a particular member
of a more general class of “exponential quenches”’, where the same argument applies.

A general proof establishing the relation (5.1) also follows from our explicit computation of
the time evolution using finite volume as a regulator, which shows that the infinite volume limit
only exists when (5.1) holds. We stress that for the results in [50] the presence of a pole in K is
problematic as the expressions for the relaxation times are not well-defined due to divergence of the
integrals involved in the formulas.

We then proceeded with the explicit computation of the time evolution of one-point functions
focusing on the one-particle oscillations with time dependence e~ . We used a modification of the
linked cluster expansion introduced in [48, 49, 50|, where instead of rapidity space point splitting,
we applied a finite volume regulator first proposed in [61]. The advantage of this regulator is that
it uses a physical parameter, i.e. the system size L, and since the thermodynamic limit must be
well-defined, the computed one-point function must have a finite limit as L — co. The cancellation
of terms containing positive powers of the volume (resulting from kinematical singularities) provides
an important consistency check for the computation.

We found two important secular contributions to the one-particle oscillations. The first one takes
the following form at leading order

4

Re gFP e M mt (_QZ

log(mt) +71+Z-72> ‘ (5.2)

The terms 77 and -9 are directly analogous to the contributions found in [50], with two essential
differences. First, the integrals expressing the coefficients v; 2 are now entirely well-defined. If there
was no pole in K () (which we argued to be impossible for g # 0), these terms would reduce
to the expressions given in [50]. The second difference is the presence of the logarithmic time-

dependence for g # 0. In analogy to [50] it is expected that either higher order terms Gg,41 get

i/ 4 log(mt)
4 T

only terms containing <2 are resummed into a relaxation rate and a frequency shift of the one-
particle oscillations. We stress that the fate of the logarithmic term is unclear at present, which also
implies that the part of 7; entering the resummation is not defined until this issue is dealt with,
which requires further investigation.

Our results can be easily extended to local operators in theories with more than one species with
diagonal scattering, and also to operators semi-local with respect to solitons in the sine-Gordon
model.

The other class of secular contributions to one-particle oscillations is a novel one having the form

. [mt —/2 — /2
%e g‘F&(Qe_Z?ntg2 ﬁ # , (53)
™

and its leading order is g3. The origin of this secular term is a physical effect analogous to parametric
resonance, and is caused by the effective coupling between one- and two-particle modes. This
coupling is established by the corresponding form factor of the operator and the K function resulting
in a singularity at the threshold of the two-particle continuum. At this point the ratio between the
frequencies is exactly two satisfying the condition of parametric resonance. Note that the singularity
of the K function is an essential ingredient as it is the origin of enhancement in the effective coupling
between the modes.

resummed to an exponential function e with 7=1 = m -7 — z"yg), or alternatively,
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Unfortunately, it is rather difficult to calculate the next secular contribution from G7 and even
having an expression for the next term, it is not guaranteed that they can be resummed in an
effective manner to extract the long time behaviour. Therefore it is presently unclear how this
phenomenon influences the fate of the one-particle oscillations. However, it is clear that despite the
initial growth indicated by the presence of v/# , the amplitude must eventually saturate as only finite
energy density is injected in the system during the quench.

In most of our discussions we tacitly assumed that the quenches are integrable, so that the initial
state has the generalised squeezed state form (3.21). However, we wish to note that the arguments
establishing the singularity of the pair amplitude are valid even for non-integrable quenches whenever
a one-particle coupling is present. A generic initial state can always be written as [56]

n=1

Integrable initial states of the form (5.1) satisfy K, = 0 for n > 2, but the main conclusions of this
paper are unaffected by the presence of the higher K, which would only result in additional higher
order corrections to the frequency shift and relaxation terms.

Finally, we wish to comment on the relevance of the phase quenches in the sine-Gordon model
introduced in Subsection 2.3. Being both experimentally realisable and analytically tractable, the
sine-Gordon theory has attracted a lot of attention. The sine-Gordon model emerges as an effective
description in cold atom experiments involving tunnel coupled quasi-one-dimensional condensates,
where the sine-Gordon field corresponds to the relative phase of the condensate [42, 43]. Therefore,
phase quenches can be an ideal protocol to compare experimental and theoretical results. This
is especially true for moderate sized quenches, where the small post-quench density of excitations
makes the form factor series valid and it is possible to extract analytic results about the post-quench
time evolution.
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Finite volume formalism

A.1 Multi-particle states in finite volume

Excited states of a massive integrable quantum field theory with one particle species in a large, but
finite volume can be described as scattering states consisting of n particles with rapidities 9J,, given
by the solution of the Bethe-Yang equations

Qr=mLsinh 0y + > (0 — ;) =2nl,, k=1,...,n. (A1)
i#k
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Using the fact that the effective statistics is fermionic, i.e. S(0) = —1, the two-particle phase shift
function is defined as

S@W) = e | §(—09) = —8(9) ,

and the following prescription is obtained for the quantum numbers of the particles:
1
I, €eZ for odd n Ik€Z+§ for even n .

The state corresponding to quantum numbers {I,...,I,} is denoted as

K{L... L)L,

and it is independent (up to a possible phase ambiguity) of the ordering of the Iy. They are
normalised so that their scalar products are

PXCEIIN A 110U (05 S VA S MY A

with the quantum numbers ordered by convention as Iy < --- < I, and I} < --- < I . The total
energy and momentum can be expressed as

E = Z mcosh¥; + O(e L) | P= stinhﬁi +O(e 1)
i=1 1=1

up to exponential corrections governed by some mass scale . For a systematic treatment of expo-
nential corrections to excitation energies see [70, 71] and also |72, 73].
The rapidity space density of states in the n-particle sector of the theory is given by the Jacobian

0
pn (1, ..., 0,) = det Jy Ju = & . (A.2)
00,
A.2 The initial state in finite volume
The integrable initial state (1.1) can be written in finite volume as [62]
1202 = 6(0) (1002 + IVmEH0}e + 32 KW)No(o, L)1, 1))
1>0
1
2 SK@)Ns(d, L){~1.1,0})1 + 5 ;le)mg)wm,ﬁz,Ln{—L L,=J.J,00L) . (A3)

where the rapidities ¥ are the solutions of the appropriate Bethe—Yang equations with a constraint
of zero overall momentum. For the two-particle states the constrained Bethe-Yang equation is

Q2(9) = mLsinhd + 6(29) = 271 (A.4)

and the sum in (A.3) only runs over I > 0 because the states | — I, I), and | — I, 1), are identical.
The three-particle sector consists of states with rapidities {—, 0,9} where ¥ is determined by the
corresponding quantisation condition

Qs(19) = mLsinh d + 6(9) + 6(20) = 2] , (A.5)
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whereas for the four-particle case the quantisation condition for the rapidities {—v1, ¥, —t2, U2} is
given by the system of equations

Q471 = mL sinh 9 + 5(191 —UY9) + (V1 +V2) +0(201) =2n1
Q472 = mL sinh 99 + 5(192 — Y1) + (V1 +V2) +0(202) =271, .

The normalisation factors Ny(L), N2(6, L), N3(¥, L) and Ny(91,32, L) in (A.3) are not determined
by first principles and were calculated in [62] up to finite size effects exponential decaying with the
volume. For the one and two-particle states one finds

9, =1
N = VRL+0EH), N,n) = Y o, (ag
2
where 0
p2(0) = % = mL cosh ¥ + 2p(29) .
Note that the total two-particle density po satisfies
p2(9, =0) = p1(9)pa(V) ,
and so
No@, L) = |2y 2CD) o2y (A7)

p2(9) —  mLcoshd

For the three-particle state the normalisation of the three-particle states is given by

p3(0707 _19)
N3(9, L) = Y———~
where
40
po() = 2 (A8)

and in the four-particle case the normalisation reads

Vpa(V1, =01, 92, —10)
Ni(91, 0, L) = ! ,
10, 02, L) pa(v,02)

with _
_ 0Qu,i
0

p4(V1,99) = det J with Jik iLWk=1,2.

A.3 Form factors and their properties

Form factors are matrix elements of (semi-)local operators with the asymptotic states of the theory.
We start with the infinite volume case where they can be determined in terms of the so-called
elementary form factors

ESW1,...,0m) = (0[O(0)[91,...,9m) .

All other form factors

FO 9y, ..., 0, 101,...,9,) = (9),...,0,,]00)[01,...,9,)
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can be expressed in terms of the elementary form factors with the help of the crossing relation

EQ (0, 991, 00) = FS_y 1 (01, Oy [y, + i, 01, ., )
k—1

+y (2m5(19;n — ) 11:[1 SWh = 9) % FO_y 1 (0 Ot 01, - 01, Oy - ,79n)) .

In integrable models, the elementary form factors are meromorphic functions of the rapidities and
satisfy a series of form factor bootstrap equations (for a review we refer to |74, 75]). In a theory
with only one particle species and in the absence of bound states the form factor equations are:

I. Lorentz invariance:

FOW1 +A,..., 0, +A) =e"FEOWy,...,0,), (A.9)

where s is the Lorentz spin of the operator . In this work we only consider scalar operators
corresponding to s = 0.
II. Exchange:

Fr?(ﬁh s 719k719k+17 s 719n) - S(ﬁk - 19/6+1)F7?(1917 R 71916—1—1719167 s 719n) : (A]‘O)
III. Cyclic permutation:
FO (91 + 2im, 0o, ..,09,) = €9F° (9a,...,0,,01) . (A.11)

IV. Kinematical singularity
—ZReSF+2(19+Z7TQ9 Py, 0p) ( H (¥ — 19]@)1"—;?(191,,19”), (A.12)

where o is the mutual locality index of the operator (9 Wlth respect to the interpolating field ¢ that
creates the particle excitation and is defined via the condition

O(x,6)p(y, 1) = €™ (y, )O(x, ) .

Based on (A.9), (A.10), (A.11) and (A.12) form factors of operators can be determined by the form
factor bootstrap program. Form factors involving n particles of a single species with a diagonal
scattering (such as e.g. multi-B; form factors in sine-Gordon theory) can be written as

QY (x1,...
FO (91,...,9,) = (0]0O0)[91,...,09,) = N2 Fomin (9; —05) , (A.13
(V1 ) = (0[O(0)|91 ) HK](%JF% g i) (A13)

where z; = e”i. The minimal form factors fmm satisfying

enforces (A.10), the z;-dependence of the rest satisfies (A.11), the product in the denominators
ensures the presence of poles prescribed by (A.12), and the operator content is encoded in Qg,
which is a symmetric polynomial of the variables and for a nontrivial locality index o # 0 it contains
an overall factor ([]z;)™"(@1=7).

In finite volume and when the sets of rapidities in the bra and ket states are disjoint, the finite
and infinite volume form factors can be related [61] as

Fo, (19’1 +im, ), i, 191...1%)
A A T
bk Ve, 0)p (O, 00)

For the case of coinciding rapidities this relation must be modified to account for disconnected
contributions [61], but we do not need the corresponding expressions here.

+O(e M) . (A.14)
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B The transverse field quantum Ising chain and its scaling limit

B.1 Definition of the model

The transverse field quantum Ising model (TQIM) is defined by the Hamiltonian

N
H=-7>Y (ofof, +hoi) (B.1)
i=1
where of* denotes the Pauli matrices at site 4, J > 0, h is the transverse field and the boundary con-
ditions are assumed to be periodic. By applying the Jordan-Wigner transformation, the Hamiltonian
(B.1) can be mapped to spinless Majorana fermions with dispersion relation [66, 67]

en(k) = 2Jv/1 4 h2 —2hcosk (B.2)

having an energy gap A = 2J|1 — h|. The model possesses a quantum critical point at h =
separating the disordered or paramagnetic phase (PM) for h > 1 and the ordered, ferromagnetic
phase (FM) for h < 1. In the disordered phase, the expectation value of the magnetisation operator
vanishes, while in the ferromagnetic phase its value is given by

(o) = (1-h%)'7% . (B.3)

The Hilbert space of the model consists of two sectors with respect to fermion number parity. In
the Neveu-Schwarz and Ramond sectors states with even and odd number of fermions are present,
respectively, resulting in the quantisation condition for the wave numbers

2 1
kn :WW <n + 5) Neveu-Schwarz

5 (B.4)
DPn zﬁﬂn Ramond

where n is a positive integer. In particular, the Fock space of the model in the paramagnetic phase
can be written as

2m+1
D1, s P2ms1) = H a 10)R yEM piCR,
(B.5)

k1, ... kop) = H al |)NY ki C NS,

and the ground state is the Neveu-Schwarz vacuum, |0>P M In the ferromagnetic phase, the zero
momentum excitation has negative energy, therefore the Ramond vacuum is redefined as |0)g —
a$|0> r after which a particle-hole transformation is implemented on the zero-mode azr) — ap. The
Fock space of the model in the FM regime is hence

|p17-"7p2m Ha |0 FM Di - R7
(B.6)
I Hak VY kNS,
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where the ground state becomes degenerate in the thermodynamic limit and the finite volume states
corresponding to macroscopic magnetisation are %(\@ﬁ]g[ + |0) M),

B.2 FM — PM quench and (c7(t))

Performing a quench in the transverse field h, the pre- and post-quench excitations can be related
via a Bogoliubov transformation if the initial state is the pre-quench vacuum. As a consequence, the
squeezed-coherent form of the initial state in the post quench basis (1.1) is guaranteed. Focusing
on quenching from the ground state of the FM phase to the PM phase, ( hg — h with hy < 1 and
h > 1), one can write |25, 26, 27|

|07h0>1€f{\54i |07 h0>§M 1 . Tt PM
= exp | @ K(k)a! ,a, | 10,h)
V2 V2Nys kezj;s o e
(B.7)
1
+—exp |1 K(p)al af aTO,hPM,
NI p Z () pp 00, )
peR\{0}
where Nnyg and Ng are normalisation constants and
1 — cos A
K(k))? = ——F B.8
KO = o (B3)
with
hoh — (h + ho) cosk + 1
cos Ay, = (2.J)? B.9
#= @) en(k)eno (k) (B9)
The late time evolution of the magnetisation operator is given by the expression [26]:
. . 1 [dk
(o7 ()| = (Cxp)? [1 + cos (2ep(ko)t + ) + ...]2 exp |t 7Eh(1€) In|cos Al , (B.10)
0
where kg is a solution of the equation cos Ay = 0, a(h, hg) is an unknown constant and
1
hy/1—hZ|*
Cip=|——+—2L B.11
FP h+ hO ( )

B.3 Continuum limit of the model and the FFA/ — PM quench

In the scaling limit of the TQIM, J is sent to infinity together with h — 1 such that the gap
associated with the fermion mass remains finite

M =2J|1—h|. (B.12)

In addition, the lattice spacing is sent to zero as a = 57, where c is the speed of light that we set to

1. Tt is easy to see that the dispersion relation (B.2) under scaling limit transforms as
en(ka) = E(p) = v/ M? +p* (B.13)
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and the Hamiltonian (B.1) scales to the Hamiltonian of a massive Majorana fermion field theory

1

H =5 / o s ($()0ub(a) — B()0ub()) — IMB ()b (z) (B.14)

with {¥(z,t),%(y,t)} = 276(x — y). The lattice magnetisation operator o¥ is related to the con-
tinuum field o with the conformal normalisation via

o(na) = §J%0£ , (B.15)
with
5=2Te 5 A3, (B.16)

where A4=1.282427129... is Glaisher’s constant.

In the following we perform the continuum limit for quantities relevant for the FM — PM
quench. It is important to note, however, that unlike for quenches within the ferromagnetic phase,
where explicit calculations in the field theory framework [48] and numerical studies [65] were carried
out, for the FM — PM quench no such investigations have been done. On the other hand,
performing the naive scaling limit, the resulted QFT quantities make perfect sense, hence expected
to be the results for the field theory quench problem. In the scaling limit sending dh — 0, we write

My
h=1 h, hyo=1——908h
+9 ’ 0 ]\4(S )
V)
_M’

(B.17)

which ensures that the dispersion relation in the post- and pre-quench model is /M2 + p2? and
\/Mg + p? respectively, i.e. the mass in the PM and FM phase is M and M . Upon the substitution
k = pa, the continuum limit of (B.8) and (B.9) are

_ VPP M2+ Mg —p? + MM,
VP2 + M2\/p? + Mg +p* — MM,

K (p)|? (B.18)

and

_ p* — MM,
VPR M+ MG

cos A(p) (B.19)

1
Introducing & = 5M, which is just the pre-quench spontaneous magnetisation in the continuum
theory obtained from (B.3), the scaling limit of (B.10) reads

[NIES

o ()] 2521—1/4 [1-+ cos (/M2 ¥ MMyt + ) + .| * exp [-M 1] | (B.20)

where

m M — \/M? — M2 VMZ+ M My — M
(B.21)

111 M+ /M? — M? VM?+ M My + M
—M(:—{E Mz—M§1H< 0 _\/M2+MMOIH
for M > My and
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M¢=1 {W(tw‘l <ﬁ) - ) mlﬂ(%f%}

(B.22)
for M < M.
Note that ¢ has a finite limit —In 2 when My = 0, but its derivative is infinite at the origin as
My — 0, hence ( is not an analytic expression for small values of Mj .

B.4 The singularity of the Ising K function
From (B.18) it is easily seen that this function has a 1/p? singularity at the origin with the coefficient
AMg M?
(M + M())2 )

The appearance of this singularity is consistent with our consideration presented in paper, as from
the expansion of the initial state (B.7) it is seen that there is a zero-momentum particle in the
Ramond sector. In the following, we show that the pole strength in the K or more precisely in |K|?
is g* /4, if the one particle coupling is g. For this goal, we first determine ¢ from the pole as

29" AMGM?

M2 — 07
4 (M + My)?
yielding
9=\ M+ M

as p = M sinh ) and then show that the actual one-particle coupling in (B.7) equals g. To calculate
the latter, we put the theory into finite volume, where from (3.2) and (B.7)

Vs = Nvs (B.23)

Ne= ] <1+ ‘K (%%) 2)

Niys= ] % <1+ ‘K (%%)'2) :

It is convenient to calculate the logarithm of the ratio, which we write as

must hold, where

(B.24)
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7T 2

Ni e LH|K (r(n>)\2
=A+ B,
1+ —5
A=In H (n=p) ,
wone 1t (B.25)

where

~ AMPMEL?
(M + Mo)*(2m)?

When M L — 0, the expression denoted by B in (B.25) is zero, which can be easily seen by considering
the Euler-Maclaurin formula: for the two terms in B the difference between the lower endpoints for
the integration and for the boundary terms consisting of the functions and their derivatives goes
as 1/L and the expressions in the logarithms are smooth, well-behaved functions. The term A in
(B.25) can explicitly be computed, therefore when L — oo,

1+
N2 =%
n—t =i [ =+
R iCN+ i
) 1
(R N

—2InT (V=2 +1) +2InT <M+§>]

+Inm,

and consequently, leading order behaviour of In ]\]@S —In L from (B.26) is In(m/z). Then, one finds
that

Nns
=vVM B.27
NR My —l— M ( )

and that g = 2/ 47 M indeed holds.

C Phase quenches in the sine-Gordon model and exponential quenches

In this appendix we give more details of the calculation presented in Section 2.3. Recall that the phase
quenches in the sine-Gordon model consist of abruptly shifting the sine-Gordon field ¢ — ¢+ 6/8,
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i.e. changing the phase in the model and regarding the pre-quench vacuum as the initial state for
the post-quench evolution. To obtain the relation between the pre-quench and post-quench ground
states, consider the sine-Gordon model as the perturbation of the compactified free massless bosonic

conformal field theory in finite volume with the Hamiltonian

H(®) = /dm% L (8,9)? + (0,9) : —%/dm(Vl +V.1)

. iafd
V, =: B .

(C.1)

where the V, are the so-called vertex operators (normal ordered exponentials of the boson field).
Note that the free bosonic part of (C.1) commutes with the zero mode of the conjugate momentum

field I1y = 0;®, whereas due to the canonical commutation relations

[(I)(‘Tv t)v H(y7 t)] = Zé(x - y) )

one finds that the zero-mode

Iy = /dyH(y,t)
of the canonical momentum field satisfies
exp <i%H0> L elB® . = pia(FPH0) exp <i%H0> .

Hence for the ground state H(®)|0)e = Ep|0)a, we have

exXp <Z%HO> H((I))‘O>q> = EO exXp <i%ﬂ0> ’0><I> s

H(® + 6/8) exp (i%@ 0o = Epexp (i%@ 0)a

from which

1)
exp <15H0> 000 = 10)g.5

Therefore the initial state in the finite volume theory with PBC reads

Q) = exp <Z%Ho> 0)r -

For a form factor expansion for the overlaps in finite volume,

2 (x| exp (i%m)) 0} .

one can use the expression

L L
I :/0 0y ®(x)dx = z'/o [H, ®(z)]|dx

Expanding the exponential into a Taylor series, the general term is
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( )Z >/ (Hda) (X[ T B(0)e P o) 1 (Ey — Eay)x

Q-1

(C.7)
L6 @(0)e 2 (a3) 1 (Eay — Eay)...p{on-1|e P @(0)e |0} (Ba,_, — Eo) ,
in which P is the momentum operator and «; indexes a complete set of asymptotic eigenstates. Due

to translation invariance, the overlaps are only non-zero when the total momentum p of the state |x)
is zero, and so only intermediate states with zero total momentum contribute. We can then write

(1 l”()z S L B(O0) ) (B — Fa)x

P (C.8)
L{1|®(0)]ag)L(Eay = Eay)---1{-1|2(0)|0) 1 (Eo,_, — Eb) ,

where the tildes over the sums signal that only zero momentum states are included.
Now for a state containing a zero-momentum first breather and to first order in §, we can use

(C.8), (A.6) and (A.14) to obtain

Vim LS =L ({0}|):

~(~D)L(§) {0H@(0)[0) L, o
with
F
LH{OH2(0)]0); = —2
which gives
J= —%Fgl , (C.10)

where F' denotes the form factor of the field ® in the sine-Gordon theory which has only has non-
vanishing matrix elements with states composed first breathers when their total number is odd. In
particular [76],

* X 5 7T£
with
52
(C.12)
- < ’Tﬁ dt t >
2cos— 2sm—exp — ],
o 2msint

and we remark that the form factors of the sine-Gordon field ¢ can be obtained from that of the
vertex operators : e/*? : by differentiating with respect to .. For the pair overlap the lowest non-
trivial order is 6% and one obtains
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No(9, L)K(9) =1(I, ~1|9) 1,

2 ~
:<é> L LI, —I|®(0)]o1)L(2my cosh¥) — Eq, )1 {a1]®(0)[0) 1 Ea,

B) 24
:<é>2L_2 i FB17B17A1---A7L(i7T =+ ﬁ,i’ﬂ' — 79,61, en) % (013)
B

20 {0} \/(mlL cosh)? 4 (m1 L cosh 9) ¢, B, (1) pn(01, ...0,)

<2m1 cosh ¥ — Z m; cosh 9i> Fj, a,(01,..0,) <Z m; cosh HZ-) ,
i=1

i=1

where the particles A; are either breathers or solitons and their is an implicit summation over all
possible choice of their species.

Now we are interested in the singular behaviour of K which can only originate from those of
the form factors. The infinite volume limit itself is finite, since the numerator contains an explicit
L?, and in the n-particle term the denomination contributes 1/L and also 1/L" from the density
factor, while rewriting the discrete summation in terms of integrals results in a state density factor
of behaviour L™ !, so the leading term is independent of L.

First let us focus on terms where all particles A; ... A, are first breathers. We now proceed to
analyse the singularity of these terms by setting ¥ to a value € and to consider the limit of small e.
The form factor has a kinematical singularity when some subset of m particles among the A; ... A,
has similarly small rapidities, which we take to be a multiple of e. The dependence of the most
singular term can be obtained from the kinematical residue equation (A.12) but also taking into
account that the form factor having a first order zero when two rapidities coincide due to (A.10)
and S(0) = —1. There are three cases:

e m < n—1: The behaviour of F(ir + 3, ir — 9,01, ...0,) is et m=1)m/2=2m where the 1 comes
from the coincidence of i — ¢ and im + 9 , the m(m — 1)/2 comes from the coincidence of the
m rapidities in the set 04, ...0,,, and the —2m are from the kinematical singularities “activated”
in the limit. For F*(fy,...0,,) one obtains a factor e(™m~1™/2 therefore the overall behaviour
is el t(m=Dm=2m which is only singular for m = 1 or 2.

e m = n — 1: one must be aware that the condition of zero total momentum, that sending
m = n — 1 rapidities to zero results in all the n of them going to zero, leading to the behaviour
el t(n=1n=2n which is singular for n = 2.

1+(n—1)n—2n

e m = n: same behaviour € as for the case m =n — 1, resulting inn =1 or n = 2.

Note that whenever there is a singularity it is always of order one. For the case when all the A, ... A,
are first breathers, n must also be odd for the form factor not to vanish due to parity invariance.
The n =1 contribution is

<é>2L_2FBlBlBl (i + 9, im — 9,0)(2my cosh ¥ — my) F, my ' (C.14)
B) 2 \/(mlL cosh 9)? + (my L cosh¥) pp, g, (9)mi L
Using the form factor equations

Fip, gy, (i + 0, i — 0,0) ~ —%Fgl , (C.15)
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this contribution alone gives the expected pole contribution

245 2
K(0) = —(%) %% + O(¥Y)
(C.16)
_ 9’1
= —1 29 .

Now we demonstrate that contributions with n > 3 are regular at the origin 1 = 0. Observe that in
finite volume the rapidity ¢ in finite volume is eventually quantised according to

mLsinh 9 4 6(29) = 271

with some half-integer quantum number I, so it is always displaced by an amount of order 1/L from
the origin. Fixing I results in the parameter € being essentially 1/L, therefore the singularity 1/e
manifests itself as a divergence of (C.13) proportional to L when L goes to infinity with I fixed. A
simple power counting then gives that the contribution is

L2 T r4+2—n
Tl XLxL =1L ,
where L" is the state density factor resulting for the r particle rapidities among the 64, ...6,, whose
summation is left free once fixing the positions of those needed for the singularity and also taking
into account the zero-momentum constraint. Clearly one obtains r < n—2 resulting in a cancellation
of any divergence for L — oo.

To finish this discussion, let us consider the case when the set of particles A;... A, contains
other species (higher breathers or solitons) as well. Let us suppose that the total number of first
breathers among A; ... A, is k with k < n. The counting of the degree of singularity only involves
first breathers, so we obtain that the only possible cases are again k& = 1 or 2. However, in the
denominator of (C.13) now one has a density p,, with a behaviour L™ with n > k, which leads to a
regular limit for L — oo.

D Some useful relations

Here we collect some useful formulae regarding the K function and form factors, identities from the
theory of distributions and relations for the stationary phase approximation (SPA) that are useful
in the text.

D.1 The K function

The K function possesses a singularity at the origin, if the one particle coupling to the boundary
denoted by g is non-zero. In this case, the singular term in K is

2
g°1
K(9) o< —i——. D.1
(9) o ~i%-— (D.1)
Due to the relation K (—19) = S(—29)K (9) the constant term in the expansion of K is also expressible
with g. Writing K as
g1

K(9) = ~i% 5 + Ko+ Kid + ... (D.2)
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and expanding

1
S(W) = —1 —ip(0)9 + 54,02(0)192 +..., (D.3)
one obtains
2
Ky = 90(02)9 7 (D.4)
hence ) )
1 0
K(0)=—¢%5+%+Klﬂ+... . (D.5)

Also note that due to real analyticity K(—9) = K*(¢#), all even/odd coefficients in the expansion of
K around ¢ = 0 are purely real /imaginary, respectively.

D.2 Form factor singularities and expansions

Consider form factors for a single species, such as the the multi-B; form factors of the sine-Gordon
model. Using the form factor equations (A.10) and (A.12) one can derive the universal expression

F3(im, —¢,¢) = %Fl — 4iFy f:iggi +0(e), (D.6)
where
" ) O )
il — i) 0.7

i.e. the first derivative of the S-matrix at the origin. Another form factor we need is F5(im, —¢, e, =1, 1),
where ¥ is non-zero. Using (A.13), one can explicitly compute
A
Fy(im, —&,2, 0, 9) = —F3(—9,9,0) + 4F5(—9,9,0)p(0) + O(e) (D.8)
€
which is universal as well.
For Fs(im +19 +¢,im — 9 — &, —9,1,0) the most singular term is O(e~2), however, we also need

the e terms. Denoting the coefficient of the sub-leading singularity by F£(0), it can be shown
based on (A.13) that

F5(im + 9, im — 9, =9 —e,9 + ¢,0) 1

— (1= 8@) (1 - S(-0) A

—_

+ —F% (V) + regular ,

£
Fs(im + 0, im — 0,0 — e, —9 + ¢, 0) 25%5(21” (1-5) (1~ S(=9) A Y
+ ZS(20)F5 () + regular
where
FE() ~ 871? ., 950, (D.10)
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D.3 Some distribution identities
Suppose that f(z) is a well behaved function with vanishing at infinity. Then it is well-known that
> f(x) / oo fe)
—r =P —— = D.11
[ L [ e L i), (D.11)

where P f denotes the principal value. This identity has the following counterpart for second order
singularity

R L B LNy i(C) N
/—oodx(x_x0+i€)2_P/—ood T — X0 f( 0)' (D12)

One can also write

> f(z) S f(x) .
[t -mri0 =" a0, (D.13)
and
o0 cosh (x — xg +i€) o0 f(x) i f!
/_Oo da:f(a:)sinh2 G m i) P/_Oo dwisinh @ — 7o) imf'(xg) . (D.14)

hold as well. A useful way of evaluating the principal value integral is

T — X —c0 Tr — X

—00
where g(z) is an appropriate mask function that is even, grows at the infinity and satisfies g(0) = 1,
a convenient choice being g(z) = coshz.
D.4 Stationary phase approximation

Consider the following integral with oscillatory argument:

1 itg(x)
5 / dxf(x)e ,
in which g(z) has one global extremum at xg, and f(z) is regular and decays fast enough for large

|z|. The asymptotic behaviour of this integral for large ¢ can then be evaluated as

f () eita(@o) gim/Asign(g” (x0)

—3/2
Traen] L O3y, (D.16)

i/ da:f(a:)eitg(x) —
2 J_

E The finite volume 1-point function in the presence of boundaries

The expectation value of a local operator in a finite volume with boundaries

e—Hz e—H(’R—x)
<O($)>B = <B‘ <g‘(eo_)HR‘B> ’B> = ;Dkl (El)

was calculated in [62] up to contributions Dy; with k + 1 < 4. We quote here the result:
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Dy = g_BFOe—m:c ’

2
dv —2mcosh¥
Doy = 2 o KB F3 (=0, 9)e2meshd o,
Do =5 [ 2y (0) 22 FQ (0,9, 0)e~2eoh 1) 5
2 27 2
ddy dv
Do = g 2 avy = 2KB(191)KB(192)F4 ( 91,91, _192702)6—2m(cosh191+cosh192) x 7
s
(E.2)
Dy = QTBFOe—m(R—x) 7
Do — dﬁK 9 FO —9.9 —2mcosh ¥ (R—x)
02—2 o B(0)Fy (=0, 9)e ,
_ dv 9B -0 —m(2 cosh9+1) (R—zx)
D03— 2/27‘(‘KB(19) 5 F3 ( 19,7970)6 )
Doy = 8 (12191 d2192 KB(ﬂl)KB(ﬂ2)F4 ( 1,91, _192702)6—2m(coshﬁ1+coshﬂ2) (R—z) 7
™
and
Dy FO —mR
4 Y
dv . . _ (R 29> F(9 cosh? _
Doy = 22 “v FO _ K 2m coshdz—m(R—z)  “IB m(R+x)
91 = 4 o ( 3 (=0 +im, 0 +im, 0) Kp(d)e —s1nh219
+ e—m(w+R)g3BF1(9 QDELO) 7
dv _ ) 295 FC cosh19 _
Dqy = 22 F _19 NK (9 2m cosh¥(R—z)—mz BY1 m(2R—x)
2= 4 27r< (i, —0,0) Kp (D)e sinh? ¢
+ e—m(2R—x) %Flo 90510) 7
-gB —mR @ O(_ ; s —2mcosh ¥ z
D3y = S 5 Kp(W)Ey (=9 +im, 9 + im,im,0)e ,
93 dg 0 2m coshd) (R
D3 = gBe—mR o KB FP (=0 + im0 + im, i, 0)e ™™ (R-z)
ddy dv
Doy = Z 2 “wv1 2 2 (191)KB(192)F4 ( 191 + 2-7_‘_,191 + i7T, _192,192)6—2mcosh191x—2mCoshﬁz(R—x)
s
(E.3)

d9 B g% cosh _ 9% _
[@] e o 2mcoshdvR _ IB 2mR [@] B 2mR
+F2’s/ 3 (<P (0)c Ty ) R0

where Fy’, = Fy (im,0) and

o) = _ialogsw) .
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F Evaluating D

In order to analyse the time dependence of the term

9 = @ Ors o _ —imt(2coshd—1) o 2 cosh v o—imt
e [ S { K)FS i, ~0,0) T TG

we reintroduce the regulator R enabling us to shift the contour off the real axis where (as shown in
[62]), the contribution from the term

cosh v
sinh? 9
vanishes, i.e., we end up with
0o+1e )
gé}?e / ﬁ {K(’ﬂ)F?)O (’iﬂ', —d, 19)6—2mt(2 Coshﬁ—l)e—mR/2(2 COSh’l9+1)} ) (F2)
2 —00+1i€ 2m

Using now (D.14), we find

D12 ggR /oo+ze dY Slnh2 19K(19)F§9 (’iﬂ', —0, 19)6_”7”(2 cosh 19—1)e—mR/2(2 cosh 19+1)/ cosh 19)/
codic 2 sinh ¢}

D g% / d9 (sinh® VK (9) FY (im, —9,9)/ cosh 0 e~ mt2cosh¥=1) (_9imt sinh )
12 =5¥te P

2m sinh ¥
d’L9 Slnh2 ’L9K(Q9) ( 7, =0, 19)6_”7”(2 cosh 19—1)/ cosh 19)/ e—imt(2 cosh9—1)
+ % / . 9
sinh ¢

(F.3)

where we placed the integration contour back to the real axis as the integrands are now free of poles
for real rapidities and also got rid off the regulator by setting its value to zero. Performing the SPA
(D.16) results in

3 0O .
PFP (¢ ()—2/3) it it s [Ty o V2~ V2
ee "M T 4 —Re Fy e zmi’ mt> 1. F.4

2\/47‘(’ g T 1 2 ( )

While the first term has the standard ~ 1/+/t time dependence, the second one behaves as ~ /¢ for
large time. This peculiar finding is discussed in Sec. 4.3.

G Evaluating G5, part I. Notations, Dy;, D14 and residue terms from
Dos

In this and the following appendix we describe how to compute the five-particle contribution Gs.
According to the discussion in Section 3 it can be obtained as (the real part of) the infinite volume
limit of

Dos + Dig + Das (G.1)

Dos = Cos

Dyy = Cuy — Z1Cog

Doz = Co3 — Z1Chg — (Zo — Z3)Cor -
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The calculation of Dys and Dyy is easy; we show explicitly the cancellation of terms with positive
powers of mL and extract the time dependence based on stationary phase approximation (SPA). It
turns out that this time-dependence is only of sub-leading order.

The calculation of Dag is, however, so long and tedious that we only extract terms accounting
for the leading time-dependence and then carefully argue why other terms produce only sub-leading
effects. In particular, in this Appendix we only focus on residue terms and leave contributions
resulting from a contour integration for Appendix H. Finally, we provide numerical evidence for the
existence of the infinite volume limit demonstrating the cancellation of terms behaving as mL and
(mL)? in Appendix J.

We use the following notation to abbreviate formulas involving form form factors: whenever a
vertical line is seen in the argument of the form factors, rapidities in the argument refer to rapidity
pairs, and a single rapidity is indicated by putting it into brackets {}. Rapidities to the right of the
line are understood to be shifted by iw. For example,

F5(791’192,{0}) = F5(i7'(' +191,i71' — 791, —792,192,0) s

and
F5(191,92,{0}) = F5(=v1,71, —U2,72,0) .
In a similar spirit, we introduce

(01’192 {O})R _ eimt(2 cosh191—2cosh192—1)e—mR/2(2 cosh ¥1+2 cosh ¥2+1)
, =

)

and

h(191 Vo {OH)R _ eimt(2cosh191+2cosh192+1)e—mR/2(2cosh191+2cosh192+1) (G2)

)

and
h(91[d2,{0}) = h(¥1]¥2,{0})r=0 - (G.3)

G.1 Evaluation of Dog, = C05 and D14 = 014 — Zlc()g

Let us start with

1
=5 D SKWO)K W2)Ns (01,92, L) (0|O(O){L, =1, J. =], 0}) 1 x
I#£J (G.4)
e—imt(2 cosh ¥1+2 cosh 192+1)6—Rm/2(2 cosh ¥1+2 cosh¥2+1)

which is free of divergences, therefore its infinite volume and R — 0 limit is simply

_ 9 / d191 / %K 191 K(192)F5(07 —91, 91, —Da, 792)6—2'mt(2 cosh¥1+2 cosh¥2+1) ) (G5)

Concerning the long time asymptotics of this term, the stationary points are 1; = 95 = 0 where
the product of the form factor and the K factors can be expanded in non-negative powers 975"

dvy | 2 grgme —itm (14203 +203)

Applying a Gaussian approximation f yields time dependence of the

form ¢~~~ which we neglect.
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Turning now to

Cuu = Z I K (91) K (92) Ny Ny (91,92, L) L {{OHO(O){ =1, I, J, T }) 1 x

2152 (G.6)

e—imt(2 cosh ¥1+2 cosh 192—1)6—Rm/2(2 cosh ¥1+2 cosh ¥2+41) ,

the corresponding form factor Fy(im, —1,91, —2,72) has a 92 behaviour around the origin when
¥1 = Yo = ¥, therefore it remains regular even when multiplied with the two K functions. However
when only one of the rapidities is close to zero then it has a first order pole F5 %, hence taking
into account the singularity of the appropriate K function leads to a second order pole. Following
the formalism introduced in [68], one can write the sum using contour integrals

oy =2 <__> Z% dvy <__> Z% d192 K(0,) F5'(_Z'7T, —191,191,'?92,192) "

720 <62Q4,1 + 1) <62Q4,2 + 1) (G.7)

e—zmt(2 cosh¥1+2 cosh ﬁz—l)e—Rm/2(2 cosh¥1+2cosh¥a+1)
)

where the two-dimensional product contour C7 x C'y encircles the solution of the Bethe-Yang equation
determining 91 and J9 with quantum numbers I and J . To open the contours it is necessary to
subtract the residue terms when 19; = 0 or 15 = 0. Hence

oco+-ie oco+-ig
g d791 d792
== — —K (U)K
=96 ) e om0 ) 2n D ODE D)

F5({0}[01,92)
(e"@’l + 1) (e’Q‘L2 +1

> h({0}[91,92) R

v dy F5({0}|91, 92)
i <__> ;ﬁé o <_> 56 2 KODK(@) (ei@,li 1) <;~@; +1) MO Ve
dv 9 F5({0}[91,92)
% <__> Zé 27T2 <_> §£Co 2771 (1) K(02) (eiQ4,15—|— 1) (;Qf,z + 1> H{0}91, B2

J#0
(G.8)

where we used that on the contours with imaginary parts —ie i1k — 00 in the infinite volume
limit. Now we split C14 according to the lines in (G.8) as C1y = CiHt + C75°t + C7$52. Clearly,
Crest = 0152 =: C7%° and the infinite volume limit of C?7? is regular:

oco+ie oco+ig
. int i d’L91 d’L92
Jim Cif" = & I = = K (01) K (92) F5 ({0} 91, 02) h({0} |91, V2) r

since @4+ — 0 in the infinite volume limit on the contours with imaginary parts +ie. The residue
contribution is

res _ 9 1 dd dd F5({0}[91,95)
2015° = ( > ;)550 o 5’5 2773 K(92) (ei@’l: 1) (2@41 N 1) h({0}|01,92)r

(G.9)

For 95 = 0 based on (D.8)
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F5({O}’191,792)K(792) = 4iF3(—191,79,0) <79i2 — Z(p(O)) <_ig2 + 9—2(,0(0)> + regular

20, 2

) (G.10)

2
= F3(_Q917197 0) <%

> + regular ,
2

in the contour integral around the 95 = 0 point the 1/193 term acts as a differentiation on the other
regular 9o dependent factor, leading to

g [ dY

Ot = 15 | 5 Fo(HOR 00K @00} 91, 0)m (mL + 20(0) +20(91)) + O (L) . (G11)

Turning to —Z1Cy3 we have
2

71 = meLe_mR

and .y
Cos = 22/2 F5(0, =01, 01) K (01)h({0}[91,0)

Therefore the O(L) term in (G.11) is cancelled, resulting in

Dy = lim Ciy — Z1Co3
L—oo

- i co+ie % co+ie d192

) r L SEKK ) F{0}0, 92)b((OH i, 02) G
o f B ({0 9K (DR({0}01. 00 (26(0) + 20(01)

Pulling the contours back to the real axis by sending ¢ to zero, one can then send R to zero as well
with the final result

Dy =2 d191 / d792 { ) (192)F5 (’L'ﬂ', _191, 191, _192, 192)6—itm(2 cosh ¥1+2 cosh¥2—1)

cosh Al

- 2g2F3(0 —s, 192) K(ﬂg)e_itm@ cosh¥2+1)

h .
_292F3(0 191’191) 00121;2 K(Q?l)e_ltm(zcos}lﬂl—‘rl)}
dﬁ —itm(2 cos
+‘1’—6 5 B0 0 K () tm(2coshd1+1) (95(0) 4 20(1,)) .

(G.13)

Addressing the time dependence of this term, note that the structure of Dy4 is reminiscent of Dqs
discussed in Section 3.2 resulting in a v/t type behaviour again due to a mechanism analogous to
parametric resonance. The difference from the case of Dqo is that the oscillations are of the form
cos 3mt instead of cosmt. Since our primary focus is on one-particle oscillations, we do not discuss
this term further here.
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G.2 Evaluation of Dy3 = Co3 — Z1C1y — (Zy — Z12)001

Consider

Cas = %Z > NaNK (=91) K (92) ({1, =T} O(0) {J, =, 0}) 1,
1>0J>0

eimt(2 cosh 91 —2 cosh 192—1)6—Rm/2(2 cosh ¥1+2 cosh¥o+1)

(G.14)

g F5(im + 91,47 — 91, —02,192,0)
== K(—9)K
2 ;)JZ:O (—01) K (2) 72(01) 73 (02)

eimt(2 Cosh191—2Coshﬁg—l)e—Rm/2(2Cosh191+2cosh192+l) + O(e—uL) ’

where [ and J are the quantum numbers specifying ¢; and ¥s, i.e.
Q2(V1) =21 , Q3(92) = 2mJ
where 2 and Q3 are defined in (A.4) and (A.5), respectively. The density factors are given by

Q2 () 8@3(192) .

pa(V1) = o9, pa(Vh) = eI

Note that I takes half-integer, while J takes integer values, according to the discussion in Appendix
A.1. The expression
F5(’i7T + 91, i — ¥, —V9, Vg, O)K*('ﬂl)K(Q92)

is singular when 7 = 199 or when 97 = 0 and 95 is finite, and these singularities are of second order.
One can first write the sum over J as a contour integral:

g d_192 * F5 (0192, {0})
Oy = <>§0§)y§ 2l (0D K DK () ST (@)

where C; surrounds the positions 5 corresponding to J. Opening the contour leads to

1\2 cotie 19 F5(11|92,40
023:g<§) S [ SRl (0D K (<00 ()~ (ﬁf)( (ngj o )

140 —00+1i€
co—1iE d792 F5(191‘7927 {O})
< > gé;)/oo ic —h 191|Q927 {0})R K(_ﬁl) (192) ( 1) (62Q3 (92) — 1)

(G.16)

iJ dﬂ? F5(91/92,{0})
D ( > ;}&5 h(91]92,{0})r K (— ﬂl)K(ﬁz)ﬁzwl) (ei@s(02) — 1)

v F5(91]92,{0})
-2 (5 ) > B, Geehnlin (0D K (00K W) o (G T

where in the first two terms we perform the mL — oo only for the rapidities 9o, from which only
the integration along the contour above the real axis survives. We thus have
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2 co+tie
cn=4(3) X [ Sennioa 0hn Kooy LD

I£0 —o0-+1€e 27 p_2(191)
i dis F5(01]92,{0})
I ( ) %yﬁ g (1102 101 K (= ﬂl)K(ﬁz)ﬁg(ﬁf) (@02 — 1) (G.17)

d19 F5 (01192, {0})

This contour manipulation was checked numerically using known form factor solutions and compar-
ing (G.15) and (G.17) for finite R. The terms in the three lines in eqn. (G.17) are written in short
as

023 _ Cmt + CreslA CreslB

G.2.1 Time dependence from residue term C35°!4 and C35°'7

Consider the residue terms

| - F5(01]92,{0})
4 (0 B, oo S

1#0
_ 9 (1 —S()) (1 = S(=01)) h(1]91,{0})r
a < > h g;) p2(91)
(—2imt — Rm) sinh ¢4 K'(%1)
LK) G @) -1 (G.18)
~ K(¥1)S(01)i (mL cosh iy + 2(201) + 4,0(75‘1))}
(5(191) —1)?

g (1 191)F8(191) (V1191,{0})r

2 <5> O S(91) = 1) pa(01) ’

140

and
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res g dis F5(191|1927 {0})
ot =2 (1) I T ey
_ ;9L S(201) (1 = S(¥1)) (1 = S(=%)) h(91]91,{0})r
2 ( > . g;] p2(V1) .
(—1) (—=2imt — Rm) sinh ¥, K'(—v)
K) S =) - 1) (G.19)
K (=91)S(=v1)i (mL cosh ¥y +2(201) + (V1)) }
(S(=01) — 1)?

Y <1> py Y KEIECIE () S@IR . 0D)n

%0 (S(=01) — 1) p2(h)

where (D.9) was made use of. Note, that both the second and first order singularities are to be
taken into account. Adding CTESIA and CT“IB one has

2 S o :
ot -8 (5) B3 Iy R SN EER = ISR, 5, 9, (o))
= p2(1)

9 2 | K (91)]%i (mL cosh ¥y + 2(201) + @(01)) h(91]91, {0}) g
"2 < > %2 p2(1)
g (1)? K(0)K'(=91) (1 = S(W1)) + K(=01)K'(01) (1 = S(=91))
+il <§> Flgjo o h(91191. {0}
9 (LY N K@) PR {0)R ( FE () FE(=th)
1 2 p2(01) (T 25 * Ee =)
(G.20)
or after some manipulations
rest 9 (1 2 (28m S(91)) (—2iémt — Rm) sinh ¥,
o =1 (3) A3 RGP St W91 0]
< )2 22|K (91)[* (mL cosh 91 + 2p(201) + (1)) h(1]91, {0}) R
= p2(V1)
g (1) Sm S(91) (KW)2) + 20(201)| K (01)PRe (1 — S(9))
5 <2> F1§ p2(1) h(91]91,{0})r
9 (LY S IE@D)PA@ {0DR ( FE (W) FE(—th)
16) 2 pa(01) () o5 * Eeo=T)
(G.21)
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The four terms of C§§81 have singularities at 91 = 0. However, these singularities can only produce
terms with positive powers in mL but no non-trivial time dependence since h(t1]|91,{0})r contains
no 91 dependent function multiplied by t. We therefore have a single secular term, namely

Cpes/see :g Fre™ ™ (imt) / gu{(ﬁ)ﬁs‘m S(9) sinh e~ Fom/2(4cosh v+1)

< g9 (G.22)
+ LR (Bm ) / O K (9) P S(9) sinh e /2 eosho41)
oo 2m
and taking the limit R — 0 results in
res/sec 9 —imt /- > dv 2w .
Cos —§Fle (zmt) %\K( )[°Sm S(V9) sinh 9 . (G.23)

H Evaluating G5, part II. Contour integral terms from Do

In this appendix we evaluate the contour integral from (G.16) which reads

int l 2 ocot+ig dl?g w
Co3" = 9 <2> %;)/—004—25 o h(91]92,{0})r K(—191)K (92) 2 00) . (H.1)

Let us start with a summary of our method first. Manipulating (H.1) leads to various terms of which
only (H.10) and (H.31) give rise to interesting time dependence. The origin of these terms was made
clear at the beginning of this Appendix, but their actual evaluation needs further non trivial integral
manipulations discussed in Appendix I. The largest part of this Appendix is dedicated to showing
that apart from (H.10) and (H.31) no other term yields any interesting time dependence.

Starting from (H.1) we can subtract and add back the singularities of the five particle form
factors. Using (D.9), this leads to

o = (1)2 /wﬂ‘e v {h(191|192,{0})RK(—191)K(192) Fs (03], {0})
I#£0

2 —ootic 2T p2(91)
~00R (R s, £ ) oy~ e
) e
oor (S o+ i)

( > Z/w“g dﬁz{ (V1]92,{0})r K (= 191)K(192)< F5 () +5(2191)F§(—191)>}

2o —ootic 27 p2(V1) sinh(¥2 —¥1)  sinh(ds + Y1)

mtA + CmtBI + CmtBII

)

(H.2)

where Q(9) = (1 — S(9)) (1 = S(—0)).
To make the rather technical evaluation more transparent, we introduce an additional simplific-
ation which does not affect the end result. Apart from (H.10) and (H.31), many other terms also
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possess singularities that in principle could lead to non-trivial time-dependence, but cancel each
other in the end. These singularities emerge from the region where t; is around zero. But at zero
rapidity S(0) = —1, and all other quantities behave similar to the Ising model which has a constant
S = —1 everywhere, resulting in K (¢) being an odd function of J. A good example is the sub-leading
singularity of the form factor Ff(1);) defined in (D.9), which for small ¥; behaves as

8F
v’
whereas its Ising counterpart is exactly

8F;
sinh¢;

F5(h) = (H.3)
Therefore to keep the reasoning as simple as possible, from now on we perform our calculations for
the Ising scattering matrix S = —1 and show the cancellation of certain singularities. It turns out
that in the only nontrivial time dependent terms (H.28) and (H.31) the original S matrix can be
easily restored.

H.1 Term Ci3*P! and its descendants

C’%gtB I reads

izt 9 (1) PN iy
cimBI -9 [ - Z —= § "(01]92,{0}) r K(—01) K (J2)%
2\ 2 120 —oo+ie 2m

sinh? (Y2—11) sinh? (Y2+11)
p2(V1)

AF, (cosh(ﬁz—ﬁl) cosh(¥2+11) >

To proceed we focus on the integral with respect to 99 and separate the singularities in

cosh(g — 1)

K(Vy) ——+
( 2)sinh2(7§‘2 —191)

to prepare for application of the identities of distribution theory. Using the shorthand s(¢2) = K (92)

and
cosh(¥g — 1)

sinh? (99 — 91)

where s(¢2) is singular in 0 and ¢(J2) at J2 = 91 one can write the singular terms as

c(¥2) =

s(V2)c(2) = ((s(P2) — 5(91)) + s(91)) ((¢(I2) = ¢(0)) + ¢(0))

(s(V2) — 5(91)) (e(P2) = ¢(0)) + 5(91)c(P2) + ¢(0)s(V2) — ¢(0)s(V1) , 1o

from which for fixed, non zero ¥, the first term (s(d2) — s(1)) (¢(¥2) — ¢(0)) is singular only in
Y3 = 91 and this singularity is milder than 1/z2, the second term s(1)c(¥2) is singular only in
¥ = 91 which is of type 1/22, whereas the third term ¢(0)s(¢J2) is singular at the origin with 1/x
behaviour and the last term ¢(0)s(d1) is regular. The terms corresponding to this separation are
denoted by CiptBIL CintBI2 CintBI3 anq CintBI4,
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Considering the first term and using (D.13), we have

45 x
2\ 2 p2(V1) '

" < cosh(¥a — 1) cosh ¥4 ) }

—o00+1¢e 27

CintBIl _ g <}>2 /OOHE diy {h(01!ﬂ27{0})R K(—91) (K(92) — K(91))
10

sinh?(¥y — 1)  sinh?9,

g (1\? ot Ay [ h(V1]02,{0})r K(—01) (K (¥2) — K(—101))
-5(3) %ﬁf_m 2| P2 (0) e
cosh(ds + 1) cosh 9
X <sinh2(792 + )  sinh? 191>}
iF (HL.6)

- ilf (_) ;)h D10, {0 R K (—01) K [, ———

g < > Z/ (127?'('2 4;:1 31nh(§§219_1)19 ) {h(ﬂl‘ﬁ% {O})R (K(792) - K(ﬂl)) X

( colivs Z0h) ol > sinh(dz — 1) —
sinh®(¥9 — )  sinh®

+d1 — =1,

p2(V1)

h(h]91, {0} r K |9,
cosh(tg — 1)

which equals

N

1)? ® ddy 4F  K(—9)
<§> Z /_OO §ﬁ2(191) sinh ¥y — ¥ {h(ﬁ1|1927 {0})R (K(ﬁz) — K(ﬁl)) X

1#0
_ ' (H.7)
<<i08112(192 1) 0‘05112191 ) sinh(ds — 1) — h(9191,{0})r K o, 7

sinh“(¥9 — 1)  sinh®v, cosh(d2 — V1)

+ 91— =1 .

One can split it further as
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CintBIl _CintBlla + CintBIlb
23

: d K(=91) h(91]92,{0})r
intBlla __J 2 1
Cs3 - < > gﬁ%/ p2(191) sinh 9 — ¥4 8

x [(K(ﬁz) ) <;(:hhz((iz2__ill)) - Sciﬁl;;ll) sinh(93 — 1) — %]

g 402 , pn K(91) h(¥1|02,{0})r
+2< > ;)/ h5 191) sinhds + 01

cosh(¥o + 1)  coshdy \ . K'(—t)
X [(K(%) — K(=0) <sinh2(192 + ) ~ sinh? 75‘1> sinh(vz = V1) - m]
intprn _9 (1 40, p K (=01) [(01]02, {0}) r — (9|01, {0}) r] K" (1)
C 2 <2> ;)/ p2 191) COSh(ﬂQ — 791) Sinh(ﬁg — 191)
g (1 dvy J1) [h(01]92,{0}) g — h(91]91,{0}) ] K'(—V1)
9 <§> D / SR 7 191) cosh(Ua + 01 sinh(ds + 01) ‘

1#£0

The second term ngtBI 2 reads as follows:

CintBI2 _ _9 (1)2 Z/Oom @h(ﬁlwz, {0 K (791)’241;1 <COSh(192 — 1) )

2\2 1740 —oo+ie 27 P2 (191) Sth2(’L92 — 191)
co+1€e 2 h
(3 ) S [ SR nmnon 0pe s (St )
140 oco+tie 2( 1) sinh (192 + 791)

2 co+ie 2
g (1 / dds ’ (791)’ < COSh(ﬂQ — 191) COSh(ﬂQ + 791) >
I(=)3 22 19,1095, {0 AF +
2 <2> 120 —ootie 2m (112, {0})r p2(91) ! sinh?(¥y — ;)  sinh?(dy + )

:_¢%§< > > h(W1]01,{0})r 'K((ﬂl))| 4F, (—2imt — Rm) (sinh 91 4 sinh(—9;))
T#0

. ddy |K (0] Al
+ (—2imt — Rm) = ( > I#ZO/ 21 po(V¥1) sinh(dy — ) )
h(¥101,{0}) g sinh 9,
cosh (s — 1)

diy | K (91)[? 4F
+( Zimt = Rm ( > Z/ 27‘( p2 191 Slnh(’ﬂg + 191) x

1#0
_ h(W1[91,{0})r sinh(~d1)
X [h(191|192, {0})r sinh 9, cosh (2 + U1) ’

X |:h(191|’£92, {0})R sinh 192 —

where (D.14) was used. Thus,
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| dis | K (1) Ar
ntBI2 mt — / o
cin =(—2im Rm ; o p2(01) sinh(de — ) )

X |:h(791’192, {O})R sinh 792 -

h(ﬂl‘ﬁl, {0})R sinh 191
cosh(¥a — 1)

doy |K(91)2  4AF (H.10)
2%imt — R 2 l 1
+(=2im m) < > %/ o p2(91) sinh(ds + V1) x
. h(91]91, {0 sinh(—19
X |:h(191’1927{0})R sinh ¥y — (4] CLS£(£)2R+ 791)( 1)]
Turning to the third contribution and using (D.14), we have
) cotie 19 4Fls?;s+ﬁl
cimrs _9 < ) Z / 2 h(i1102, {0} K (~ 1)K (9) 200
co+ie p2(191)
cotie 4Fy coshoy (H.11)
g d192 lsinnZ o
h(91]|92,{0}) g K(—01)K (¥9) ——++
2< > Z/oo—i—za 1’ ? { })R ( 1) ( 2) P2(791)
=0.
The 4th term reads
; dv 19 ‘792 {O})R ’K(Vﬂl)’ COShﬂl
ClntBI4 - < > / 2 1 ’ 4F,
H.2 Term Ci3P!1 and its descendants
Consider now
1 2 cotie dY : 5(5519(191)19 ) 'IE(%_ﬂlg )]
CzntBII g <_> / “v2 R 10 7 0 K(—9)K (9 sinh (92 —191 sinh (Y2 +91 '
5 (2 % s 2w (1[92, {0}) R K (=) K (92) PN
(H.13)

Similarly to C&*B! | we first separate the singularities using the shorthand s(92) = K(¢J2) and

1
0(02) N Sinh(ﬁg — 191) ’

where s(12) is singular at Y9 = 0 and ¢()2) at Yo = ¥4, to write

s(02)c(92) = ((5(V2) — 5(01)) + 5(01)) ((¢(I2) — ¢(0)) + ¢(0))
(s(92) = s(01)) (e(V2) — ¢(0)) + s(91)c(V2) + ¢(0)s(V2) — ¢(0)s(Vh)

from which for fixed, non zero 91, the first term (s(d2) — s(¢1)) (c(¥2) — ¢(0)) is regular in I3, the
second term s(tq)c(¥2) is singular only in J9 = ¢; which is of type 1/x, whereas the third term

(H.14)
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¢(0)s(¥2) is singular at the origin with 1/z behaviour and the last term ¢(0)s(¢¥1) is regular. The
terms corresponding to this separation are denoted by CiatBIL CintBII2 CintBIIS qnq CintBIA from
which we have the first term

intBITN _9 diy h(91]92,{0}) r K(=01) (K(V2) — K (V1))
e =4 (3) ;0/ p2(01) -

1 1 ,
<sinh Uy — * sinh ¢ ) E0)

(H.15)
dis h(91]92,{0}) g K(=01) (K (V) — K(=V1))
( ) Z/ p2(91) )
1 1 .
<sinh792 +9; sinh791> F5(=h)
which is regular, and the second term
intBII2 _9 Ot ddy h(V1]09, {0} R K(=0)K (V1)  F§ (V)
023 ( > Z/oo-i-ze ( ) sinh (792 - 791)
9 (1) /‘W diy (91|02, {0)r K (—01) K (~01)  FE(~01)
2\ 2 =0 — ootie 2T p2(191) sinh (192 + 191)
v 2 2
- igg <%> > h(ﬁlml’[{)g(}gi‘f{wl)’ (8/sinh ¥, + 8/ sinh(—1;)) F}
1£0
g (1 [E@W)]* 8F (H.16)
+§ <§> ;} (1911) Sinh1791><

> d’L92 h(191|’£92, {0})R — h(191|’£91, {0})R/COSh(Q92 — 191)
X /_Oo o < sinh(d9 — 1) )

( ) ;lK Sinfiﬂl)x

A9y [ h(V1]02, {0}k — h(01]91, {0}) &/ cosh(ds + 91)
o[ g (M e e )

where we used (H.3) and (D.13). This can be further simplified to
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intBII2 _ ~intBII12a intBII2b
C3s =C3 + O3

2 2
intBIr2a 9 1 dvy ’K ()]
o™ =5 (3) Z/_ o l0)

h 791’192, {O} (1 — 1/ COSh(ﬂQ — 791)) .
N — 8F / sinh ¥4

2 2
g (1 d192 |K 191 h 191|’L92, {0} (1 — 1/ COSh(’L92 + 191)) .
= F h(=2
+2 <2> %/ o p2(V1) sinh(dy + 1) 8F1/sinh(=v1),
2 2
antBirzy 9 (1 dy |[K(91)7 (h(91]92, {0} r — h(¥1|V1,{0})r :
A F; h
3 2 <2> ;}/ o p2(V1) sinh(¥y — ¥1) cosh g — ¥4 8F1/sinh vy
2 2
g (1 ds [K(01)° (h(V1]92,{0})r — h(91]01,{0})r :
== F; h(—91) .
+2 <2> %/ o p2(1) sinh(¥9 + 1) cosh(¥s + 1) 8F1/sinh(=v1)
(H.17)
Now consider
CimtBIIs _9 (}) /OOJ”E dda h(01]92,{0})r K (=V1)K(¥2) Fg (V1)
2\2 20 cotie ﬁg(ﬁl) sinh(—ﬁl)
g <1> /OOHE dia h(U1]92, {0}) g K(—01) K (J2) F5(—h) (H.18)
2\2 o0 —ootic 27 p2(V) sinh
=0.
Finally,
CimtBII _ _ 9 <_> Z/ dd3 h(91]09, {0} R [ K (0h)|*  F5(91)
2 =0 p2(1) sinh(—1;)
9 (}) @h(ﬁllﬂQ,{O})R\K(ﬂl)P Fg (=)
2\ 2 I;AO oo 2T p2(V1) sinh Y (H.19)
9 (1) T / ddy h(1]95, {0} g |K (01)* 16F}
2\2 p2(01) sinh? o

1#£0

H.3 The term C"t4

As a function of 5 this term has no singularity at the origin so we can pull the contour back to the

real axis at once:
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2 0o+ —
C’égtA g <1> Z/ + @ {h(’ﬂ1|192,{0})R K( ﬁl)K(Q92) |:F5(’L91|’l92,{0})
1#£0

2\2 —ootie 2T p2(1)
B cosh(¥p —v1)  cosh(Po+91)\  F5(¥) Fg(—11)
i <sinh2(192 — 1) sinh?(Yy + 191)> sinh(dg — 1)  sinh(ds + 191)] }
1 d¥y [ h(91]92,{0}) g K (—01)K (92) (H.20)
9 (1L > ddy 1|02, {0})r 2
=3 <2> I#O ;. { PXCA) [F5(191|192,{0})

4R, < cosh(192 -9

) cosh (2 + 1) B FE(01) FE(—94)
sinh?(dy — ) Slnh2(192 + 191)> * ] }

sinh(dy — 1)  sinh(Jy + Y1)

thus a stationary phase evaluation using (D.16) yields a 1/+/t behaviour multiplied by the function
value in 15 = 0. This expression as a function of 1; has singularities of 4th and 2nd order, but the
4th order ones just cancel due to

lim K 4 lim —
Jim K (=01)

FlK(z92) sinh 192 ( COSh(Q92 — 191) COSh(’L92 + 191) > _ Iglim 42(josh2 191 + 1F1 ’
1—0

950  sinh sy sinh?(9y —19)  sinh?(¥y + ) sinh® 9,
. (192) sinh 192 F§ (191) F5E (191) . 4 cosh 191
lim K(—9;) lim — = lim —2¢°2 F
Jm K(=oh) Jim = o, sinh(Jds — 91)  sinh(ds + 91)) o107 “Sinhtoy -
as FE (V1) o« ﬂ around the origin. Hence in 91 no 4th order singularity is present and when the

sum over [ is converted to an integral the remaining 2nd order singularity can only produce terms
of the type mL but no higher power of L. These are expected to be cancelled by terms from Z; Dys.

H.4 Singularities and their cancellation from C'57 and CitP!!

There are some terms that have an integral regular at 5 = 0 hence the SPA (D.16) can be directly
applied yielding a 1/4/t factor. But the resulting 91 dependent prefactor has a dangerous 1/9}
singularity which must cancel for the volume dependence to be regular when combined with Z; Dys.

H.4.1 4th order singularities from CitBH1 CintBII4 and their cancellation

Now we turn to CitBI1 and CintBII4
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. s h(192, {0 r K K@ F(0
CintBII §<>2/ dia h(01]92,{0}) g K (=¥ )((191)( 2) — K(01)) F5(9h)

1
8 <sinh(7§‘2 — 1) smh 75‘1>

d02 (91[V2, {0}) r K(—01) (K(92) — K(—91)) F5(=01)
< ) Z/ 72(07) (H.21)
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1 1
8 <sinh(7§‘2 +91) sinh 75‘1> '

intBI14 _Y d93 h(91]09,{0}) R | K (01)* FE (1) — F5 (=)
Css < ) Z/ p2(v1) sinh ¥4 ’

from which we have after the 9 integration applying the SPA, (D.16)

intBIT 9 ig / K(—v1) — K(Vh)
cin %h (9110, {0})r < R cosh191> 8F 5, snh o, JVAmmit

~ _gﬁ;4h(z91|0, {0V g (¢*/4)16F /V/47mt

(H.22)
F5 () — F5 (=)
D2 sinh %4

CmtBH4 gZh191|0 (Vg K(—01)K (191)
10

~ L9746 1) 16 F 1 h(91]0, {0)) r /ATt

/VArmt

hence the 4th order singularity vanishes.

intBI4 CégtBIla

H.4.2 4th order singularities from C33 and their cancellation

We begin by CégtBM and its integration with respect to ¥5 using the SPA, (D.16):

CimtBIL _ _ ( > Z/ d9 h(01]92, {0}) R | K (91)[? g, SO0 (H.23)

= p2(01) ! sinh? 9

from which, neglecting the sum, the following behaviour is obtained for ¥; ~ 0

CitBI 2879 *h(9110,{0}) R ¢* /VArmt (H.24)

Fy
p2(V1)

whereas for C43tB11e  which reads
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CintBla :_< ) Z/ @41: K(—v1) (.191|192,{0})R
120 p2 191) sinh 192 — 191

x [(K(%) ~ K(0) (;ﬁ;((f;;_f;f) - S‘;ﬁ;ill) sinh(ds — 1) - %}

( ) Z/ d792 ¥1) h(91]92,{0})r y
120 p2 791) sinh192 + 791
cosh(¥q + 1) cosh

. K'(—94)
X [(K(ﬁz) — K(=0) <sinh2(192 + ) ~ sinh? 191> sinh(Jz + 1) - m} ’

Ml@

(H.25)
we have after integration on ¥ applying the SPA, (D.16)
K(-t) , cosh?9; + 1 K'(%1)
intBlla 4F a2 2) (—1
o 8{ o) 000N R { (Zi67/2) (CVE0a S+ i coshv,
K@ ) . 9 cosh? 9, + 1 K'(—94) —
k2 p2(Y1) A(91/0.{0})r ( " /2) (=1) sinh® 94 sinh 91 cosh 4 [Vammt
K(—v) .9 <cosh2191+1 -1 )
ARy h(91]0, {0V g (—ig?/2 + +
~8 { p2() (9110, {01)r ( w0/ ) sinh® 94 sinh?® ¥, cosh ¥4
( ) . 9 ( cosh? 9 + 1 1 ) }
+4F 91]0,4{0 — 2) [ — + 4mmt
15 p2(V1) h(91/0,{0})r ( g/ ) sinh® ¥, sinh? ¥, cosh ¥, /Vamm

~27 19 P (19 ) h(91]0,{0})r g /VAmmt

(H.26)

that cancels the 4th order singularity from C3atB74,

H.4.3 Singularities from Ci3tB/12a

We start with CiitB/12a and show that after the ¥y integration with SPA (D.16), no 4th order
singularity remains. C’égtBI 120 yeads

CimtBII2a _ 9 ( ) Z/ A9y |K(91)[? <h(191|192,{0})R (1 —1/cosh(dy — 191))) $F} / sinh o,

120 27‘(’ p2 791 Sinh(ﬁg — 791)
g (1 d99 |K (01)|* [ h(01]92,{0})R (1 =1/ cosh (Vg + 1)) -
T3 (5) ;o / 2 a(0n) < Snh (0 1 01) > 8F1/sinh(=h)

(H.27)

and is regular in ¥ = 0. Hence performing the SPA (D.16) for CiatB112a it is seen that the ¥
dependence is 1/9%.
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H.5 Terms with non trivial time dependence

As seen in (H.4), a large number of terms originating from (H.1) involving integration with respect
to ¥ can be evaluated directly using the SPA (D.16). Once the SPA is performed, these terms have
singularities in 91, which are of either 4th or second order, and those of 4th order behaviour cancel
each other, whereas the second order singularities cannot produce time dependence stronger than
O(tY).

For some terms, however, the 15 integration cannot be easily performed. The first example is
provided by (H.10) which we write again as

| diy |K(91)]* 4F
intBI12 — 2 1 :
cin =(—2imt — Rm) = ( > Z/ 21 (V1) sinh(dy — ) )

X [h(191|192, {0})g sinh gy — h(91]91,{0})r Sinhﬂl}

cosh(g — 1)

ddy |K(91)[? 4F
+(=2imt = Rm) 5 ( > g;o/ o p2(¥1) sinh(dy + 94) x
h(ﬂl‘ﬁl, {0})R sinh(—vﬂl)
cosh(g + 1) ’

(H.28)

X |:h(191|’£92, {0})R sinh 192 —

and split into C2”t31 2a 4 CmtBI2b

2 |2 4F1h(791’192, {0}) (sinh Yo — M)

intBI2a __ (o g 1 dﬁ2 |K cosh(¥2—11)
C23 _( 2imit = 2 <2> %/ 27‘( p2 191 Slnh(ﬁg — 191)
: sinh —9
- (—2imt— rm) 2 (L 2 d_ﬂz @R A1, (0))r (sinh v — Gt )
2 2 o 2m ﬁg(ﬂl) Sinh(ﬁg + 191) ’
1750
CimtBI2 _ (_oimt — Rm) Y 1 2 d_192 | K (91) 4F sinh 9y "
2 2 I#O oo 21 p2(¥1) sinh(dy — ¥1) cosh(¥y — 1)
X [h(01]92,{0}) r — h(1|01,{0})R]
2 2 .
. g 1 d192 ’K 791 ’ 4F1 81nh(—191)
_9 J(z
+(=2imt - 2 <2> Z/ 21 pa(¥1) sinh(Pg + ;) cosh(Vz + 91) 8

140

x [h(91]02,{0})r — h(J1|91,{0})R]
(H.29)

C’égtBI 1 and C’égtBI 26 provide the second example, which is written again for better transparency

as
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Ciptny % 2 /OO d75‘24F K(—91) [h(91]92,{0})r — (91|01, {0})r] K'(91)

27 p2(V) cosh(g — 1) sinh(d — 9)
* ddy . K1) [h(V1]92,{0})r — h(I1]91,{0}) r] K'(—V1)

oo 2m o M p2(01) cosh (g + 1) sinh(dg + 91) ’

i /°° iz |K (0,) <hwlwz,{0}>3 — b1, {0})r

intBIr2y 9 (1 _
= 2\2 7207 —o0 21 pa(vh) sinh(¥9 — 1) cosh(dy — 1) ) 8F1/sinh 9,
2 o )
9 (L A |[K(01)* (h(91]92, {0})r — h(91]91,{0})r o
"2 2 —o 2 pa(V1) sinh(d2 + 1) cosh(Ja + 91 8F/sinh(—v1)

(H.30)

which we add and denote by CmtB =1L Therefore,

intBI—I1 _ ~intBI1b int BIT2b
Css =Cy3 + C33

< > > / iy, K(-0) (01195, {0)) — h(91]01, {0})r) (25 + K/ (01) )

120 P2 191) cosh(9 — 1) sinh(d9 — )
L9 < > 3 / s, K () [(91]92, {0}) R — h(91]91, {0})R] (Smh(( 4+ K(— 191)>
2 120 1) cosh (g + 1) sinh (9 + 1) )

(H.31)
Both C3B120 and C*PI=1T defined in (H.31) involve the same integral kernel
/ A h(01]92,{0})r — h(th[V1,{0})r (H.32)
21 cosh(g — ¥1) sinh(dy — 9) '

which is a function of ¢,9; and is evaluated in the next Appendix.

H.6 Summary

We have shown that from Ci8t ie. the contour integral, apart from Ci5'P!2 defined in (H.10),
(H.28) and CiBI=1T defined in (H.31), only terms with dependence mL contribute to one-particle
oscillations. The v/tmL term resulting from (H.10) (cf. eqn. (I.11)) is expected to be cancelled
by the denominator of (3.1) through Z; D2, and the only surviving time dependence comes from
C’égtBI 2 and C’égtB I=II which are analysed in the next section.

I Evaluation of the integral kernel and time dependence

In this section we evaluate
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. K(91))? Q1) F
CimtBI2e _ (i < ) Z/ diy | K (91)]7 Q1) Fih(V1]92,{0})r

2 pa(th) sinh(d9 — 1)
. sinh 194
he, - =YL
. <s1n V2 cosh (g — 75‘1)>
. d9y | K (91)> Q1) Fih(01]92, {0}) R
+ (= 2imt — < > Z/ o p2() sinh(d9 + 1)
T£0
. sinh —14
hg, - VL
X <s1n Uy cosh(7 +791)> (I.1)
; . dv ’K 791 ’2 Q(ﬁl)Fl sinhﬁl
intBI2b __ —9 / “wu2
Ca3 (=2imt - Z o p2(¥1) sinh(¥q — ¥1) cosh(de — 1) :
[R(91[02,{0})r — h(V1]01,{0})R]
. d192 |K 191 |2 Q(’L91)F1 sinh(—ﬂl)
—2imt —
+(=2im < > Z/ o p2(¥1) sinh(¥y + ¥1) cosh(¥g + 91)
x [h(91]92,{0}) r — h(U1[91,{0})R] ,
and
cintBI-11 _9 Z/ 40y K(—01) (K(01)F5(01) + Q@)K (V)
23 = o P 191 cosh(t9 — 1) sinh(dy — )
X [h(9192,{0}) r — R(V1]91,{0})r (12)

]
L9 diy K(J (K(—ﬁl)Fg(—ﬁl) + Q) LK (=)
2 < ) ;)/ 2 pa(V cosh(¥g + 1) sinh(dy + 91) .

X [h(V1]02,{0})r — h(D1]91, {0})R]

Here we restored the S matrix dependence and Q(¢1) = (1 — S(91)) (1 — S(—v1)) compared to
(H.10). For the integration over ¥2 the SPA (D.16) cannot be directly applied to the second term
n (I.1) and to (I1.2).

intBI2a intBI2b intBI—11
C'23 ’ C'23 C23

and are even functions of 9o, therefore we can define the following

integral kernels

: sinh ¥4
. 0o g9, [P(01[02,{0})Rr (sinhds — ZFEts
Ker“(ﬂl,t,R) :6thQ(”(91)/ 2_; [ Sinlg(l% — 191) (U2 1))} (13)

and

dis [h(01[02, {0}) r — h(¥1 |01, {0}) ] sinh J;
2 Slnh(192 — 191) COSh(Q92 - 191) ’

Ker(v1,t, R) :eith(vﬂl)/_ (1.4)

which are even functions of ¥;. Then Ker, appears in C’égtBI 2a in (I.1), while Ker in C’égtBIzb in
(I.1) and in CmtB I=IT (1.2). For Ker,, the long time limit can be calculated by applying the SPA
(D.16) resultlng in
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1 h(ﬁb 07 {0})R e_iﬂ/4
V2m2mt cosh 1%

9(191) e2imt(cosh 191—1)6—i7r/4

Ker[sltac(ﬁly t, R) :eith(ﬁl)
(L5)
—m£R(cosh¥1+3/2)

mt 2 cosh V4

As for Ker the SPA, (D.16) cannot be directly applied, we proceed as follows: we first differentiate
the integrand with respect to ¢t and apply the SPA which becomes now possible:

Q(Q? )i /OO d_ﬁg eimt [h(ﬂl‘ﬁg, {0})R — h(ﬁlwl, {0})}3] sinh 791
Vat | . or sinh(d5 — ¥1) cosh(ds — V1)
® didy €™ h(1¥1,12, {0}) g 2im (cosh Yo — cosh 1) sinh ¥;
_ Vs I
201) /_OO 2 sinh(¥g — 1) cosh(dy — 1) (L6)

eZimt(cosh 91 —1)e—i7r/4
v mmt cosh 91

Now integrating with respected to ¢t one ends up with the Fresnel sine and cosine functions, denoted
here by Fg and F¢ respectively:

=Q(d1) 2im (cosh )y — 1) e~ MR(coshd1+3/2)

y/cosh — 1
Kersiac(V1,t, R) :Q(ﬁl)—CZish 1191 )e_mR(COSh U1+3/2)

" {g <FS <\/4mt(cos1;(7§‘1) — 1)) R <\/4mt(cos1;(7§‘1) — 1)))
(L.7)
_gi <FC (\/4mt(cos};(191) - 1)) | Fe (\/4mt(cos};(7§‘1) - 1)))

+if(791,R)} ;

where f is an integration constant that is independent of time, but is a function of 9J; and R. We
do not determine the precise form of f(¥1, R), only quote its R = 0 limit:

LIV I (‘/W - \/m) (18)

cosh 1 cosh 91

which is determined by noticing that the ¢ — oo limit for Ker(t¢;,t, R) is proportional to | sinh ¢].

Note that Y<oshvi=1

cosh Uy f(¥1, R) =~ 9% around the origin, i.e. its second derivative is continuous at
the origin. Hence integrating it with |K|? gives a finite and well-defined result. In (I.2), however,
Ker(91,t, R) is integrated with a 1/ sinh* (1) type of function due to K (1) Fg (91)+F1Q(91) K’ (91),
where the non-analytic behaviour of f(¢;) must be carefully handled. The origin of the non-analytic
term can be summarised as follows: using the SPA, (D.16), a term proportional to 1/v/# is obtained,
but in the asymptotic expansion of the oscillatory integral, terms proportional to t~1/2+" are also
present. For any finite ¢, these lead to analytic behaviour as expected from (I.4), but in the ¢t — co
limit keeping only the leading terms, non-analyticity can emerge.
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I.1 Time dependence from Ker, and CintBI2a,

Substituting Ker?, . into (I.1), the discrete sum to evaluate reads

|K(Q91)|2K€r(sltac(191’ t, R)
p2(V1)

gFle—imt(—z'mt ~Rm/2)Y" (L9)

140

that has a 1/97 singularity at the origin which we treat with a contour integral representation:

9 —imt(_ : |K(Q91)|2Kergtac(l9lvt7R)
=Fie —imt — Rm//2 —
7 et 2> m
2
— gF th( imt — Rm/2 Z% dﬂl ‘K 191 ‘ KGTSmC(ﬂl,t, R)

2 iQ2(V91)
170 eRBT +1 (1.10)

g it ‘ oco+ig d191
:§Fle (—imt — Rm/2) 5 —|K () |* Ker®,.(01,t, R)
—ocotie 4T
d_ﬂl ’K(ﬁl)FKeT[slmc(ﬁl? t R)

g —imt/ _
+22F1€ (—imt Rm/2)é 27 eiQ2(91) 4 1

As Ker®(91,t,R) is even in ¥, its derivative vanishes at the origin, and so only the derivative of
¢@2("1) 11 gives a pole contribution resulting in

.9 —imt . diy |]<(ﬁ1)|2l<ergtac(lfl7tvlz)
= F} — — Rm/2 — _
22 1€ (—imt m/ )5{%2 ; Qs 4
. ‘K ere t I.11
———gfle_’mt(—imt — Rm/2)g ers?g(u .0) mL ( )

cvVtmL ,

and hence expected to be cancelled by the appropriate counter-term from Z;D15. The contour
integral in the L — oo limit reduces to the upper contour and can be rewritten using (D.14) as

g ot ) oo+ie d191

=Fye " (—imt — Rm/2)/ —|K () |* Ker®,.(01,t, R)

2 —oo+ie 2m

oo+ie s o2

9 —imty o, di 9 sinh“vY cosh 94
_2F1e (—imt — Rm/2) /_OOHE o <\ (9)] cosh 0 Kerd,.(91,t, R) b9, (1.12)
G imty o, 49, » sinh29, T
_2Fle (—imt — Rm/2) /_oo o <\K(191)] cosh o Kerl,.(V1,t, R) N

which is integrable since K erstac(ﬁl, t, R) is an even and regular function with respect to 1 . Then

the derivative of |K (9 )|2fg‘s}}‘“’9911 gives a /t contribution which we are not interested in at the
moment. The contribution linear in ¢ comes from
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g pre i (—im) / 01K (902 tanh (1) (K ertyo (91, 1,0)

Q) (—imt) e im/4 g2imt(cosh(d1)—1) (2imt — sech(v1))

2v/mmt
2imit(cosh 191—1)6—i7r/4

:gFle_imt / A, \K(ﬁl)\ztanh2(791)

—imt) e

Q')

g —imt dﬁl 2 (
ZF K h
+2Re / SRR Prann(on) D

:gF —zmt.g ( Qth)

2imt — 1+ (0
4 /mmtdmir ( @ ))

9 —imegt (2mit £ i1 — 0%(0)))
=—r1'1€ — .
2 4 m
(I.13)

I.2 Time dependence from C%5?" via Ker: imaginary part
As Ker ~ 92 around the origin, one can naively try to evaluate the integral

g —imt > dﬂl 2 :

§F1€ 2—|K(191)| Sm (—imt — Rm/2)Kersi.(V1,t, R) , (I.14)

oo 2T

However, as time t grows, due to the asymptotics of the Fresnel function (Fg — % and Fpo — %), the
interval in which Ker, =~ 19% holds shrinks as [—%, %], outside of which Ker, ~ 0 since Sm Kery,
includes the difference of Fv and Fg. On the other hand, at the endpoints of the intervals the
integrand behaves as t/19; — t\/1, so one expects that the integral is linear in ¢ and its coefficient is
determined by the small 9 behaviour of the K function. One can check this assumption numerically

and conclude that in the long time limit

9 pye=im; / DL e (9))2Sm (—imt — Rm/2) K ersae(01,1, )
2 ~oo 2T (L15)

g —zmtg 1
==F —imt
gl it

1.3 Time dependence from Ci'8/2% via Ker: real part and logarithmic anomaly

Similarly to the imaginary part, Re Ker ~ 9% around the origin, hence one can once again try to
evaluate the integral directly

I preimt / ‘“91|K(191)| Re (—imt — Rm/2)Kersae(01, 4, R) | (1.16)

Again, as the time t grows, Ker ~ 192 holds in the interval [— \/_ \/_] while at the endpoints of the

intervals the integrand behaves as t/19; — t\/t, so one expects a term linearly dependent on ¢ whose
coefficient is given by the small ¥ behaviour of the K function. However, outside this interval the
overall behaviour of the integrand is now of the type 1/%¢; accounting for a logarithmic dependence
and a tlnt type behaviour with a coefficient related to the the small ¥ behaviour of the K again.
Differentiating K erg. with respect to ¢ and neglecting (—imt — Rm/2) in (1.16), the SPA (D.16)
can be directly applied resulting in a 1/¢ term whose coefficient can be identified with that of the
logarithmic term. Explicit calculation shows that
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where

= lim
t—o0

s

1 [ 9 2(cosh ¥ — 1)
_5/ K@)l [ cosh ¥ %

3 4mt cosh(¥) — 1)) L P (\/477””5(00511(79) - 1)) _ 1> + V/sinh? 19] (I.18)
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I.4 Time dependence from Ciy'5?/ !

To calculate the time-dependence from C’mtB =T we cannot use K erstac directly, i.e. the long-time
approximation (I.7) of (I.4) in the sum

FE(W1) | K'(9)  Fi(=01)  K'(=91)
Femimt 3 [K(9))2Ker(91,t, R) o) + Ko ~ Ty ~ K] .

1.19)
(0 4sinh (
%0 p2(91) 1
Fg (191)+F1K (191)_F§(7191)_F1 K'(—91)
The reason is that the singularity of |K(v1)|? ) R L0 K9 s of order four,
sinh 91

whereas for any finite ¢, Kerg,. (and also Ker) behave as 75‘% around the origin and the resulting
2nd order singularity is sensitive to the non-analyticity of f in the long-time approximation of
Kergqae(V1,t, R) in (L.7).

With Ker(d1,t, R), which is an analytic function for any finite ¢ without such a singular beha-
viour, one can formally express the time dependence using the contour manipulations and eventually

(D.14), yielding

/ e , ’
9 o gmimt /oo a0 (1K) Ker(0,1,0) (50 + K10 BLO _ KC0) )
2 —o0 27 4 sinh ¥ (1.20)
—ime 9t mLKer(¥,t,0)"
1 2 -

g
= F
+2 1€

where Ker(9,t,0)" is the second derivative with respect to ¥ and ... refers (mL)? terms with no
time dependence. Ker(d,t,0)" can be approximated using the SPA, (D.16) giving Z (=1 — i) v/mt,
hence the pole term yields an allowed mL+/mt factor. The way to actually evaluate C’mtB I=IT g
done by performing numerically the integration in (1.4) and its derivative needed for (I 20) or to
calculate only (I.4) and perform the sum in (I.19).
After performing the numerical integral, we evaluated the sum for the Ising case and came to
the conclusion that the leading order time dependence has the form
g

§Fle_imt (Yymt +iYologmt) , (I.21)
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for large mt. It turns out, however, that for the linear term one can even keep the real part from
Kersiqe in (I.7) which has a milder behaviour than f in (I.8) and the contour integral manipulations
can formally be performed. The end of the analysis by generalising the Ising result is

FE(W) | K'(9) FE(—09) K'(—9 !
ot — /oo ﬁ (’K(ﬁ)‘%}%e Kerstac(ﬁ,t, R) Re (Flsfl(ﬂ) + K(1(91)) — FE;Q(ﬁ) — K((—ﬂ))) tanh 19)
e oo 2T 4 sinh ¥ '

(1.22)
K'(0)  FE(0)  p K(=0)

F5 (9) — &) is a real function, whereas for

Note, that for the Ising model o) T Fi& 1) am
an arbitrary interacting IQFT it has an imaginary part as well.

As argued at the beginning of Appendix (H), the singular structure at the origin of %&;’? +

F ;f((,gi)) — F?Z((;;g ) _ " I[({I((:g) is the same for the Ising an for any interacting theory, and since the

source of time dependence is attributed to the singularity, we can keep the real, i.e. singular part in
(I.22). As a consequence, it is possible to extract the linear time dependence from (I1.22), and one is
allowed to use again the Ising model, where

FE(9) K'(9) F5(=v9) P K'(-=v) _ 4F . coshd
Q) KW Q@) VK(=9)  sinhv, Ysinh oy
For T it is useful to differentiate (I1.22) with respect to ¢ because for the resulting function the SPA

(D.16) can be applied yielding a constant and a 1/t type term. Elementary calculation shows that
the former term is

+ R

(1.23)

g1
47

The details of the numerical study can be found in the next Appendix.

1 (1.24)

J Numerical checks for the calculations

Our quite lengthy and tedious analytic calculations were extensively cross-checked using numerics
out of which we discuss and present here three important parts: the cancellation of mL terms in
Dos, the time dependence from the term CtBI—11 (H.31), and match between the time dependence
of Dag and our analytic predictions (3.30). Beyond these, we also numerically verified other parts
of the calculations, such as: numerically monitoring the validity of our manipulations performed
in Appendix G (using sine-Gordon first breather form factors) and in Appendix I. From Appendix
H, the calculations in (H.2) and (H.3) were also cross-checked, whereas the validity of the rest of
the Appendix (i.e. cancellation of the 4th order singularities) is verified by the match between the
predicted time evolution of Ds3 and our analytical considerations, discussed below.

J.1 Cancellation of mL terms in D23

During the evaluation of Da3 in Appendix G and H we ignored discussing and showing the cancella-
tion of O(mL) type terms. Here we verify their cancellation by considering the numerical values for
Dos for various time instants and mL system sizes. For simplicity, we use the Ising case S = —1 for
our checks with analytic expression for the form factors from [77| and with a singular K function

;2

Klsing(ﬁ) = snhod (J.1)
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Note that the only way to obtain a quench with a zero momentum particle in the Ising model is
when quenching from the ferromagnetic to the paramagnetic phase [25, 26, 27]. For such a quench
calculations based on a form factor expansion presupposing a small post-quench density are not
expected to give accurate results. Nevertheless, the cancellation of volume dependent terms is
related to the order-by-order structure of the expansion independent of the eventual behaviour of
the expansion itself. We evaluated

Doz = Coz — Z1Chg — (Z2 — Z3)Co1 (J.2)

numerically for time instants mt = 0,2.5,5,10,20 and volume sizes mL = 30,40, 50, 60 performing
discrete summation on the quantised rapidities. To make the summation finite we introduced a
rapidity cut-off ¥. = 4.834 for the particles involved. In Fig. (2) we show the numerical values for

eimt% with g = 1.

2emp 2e™D,
Re ==——=2 Im ——2
g g
05 3.0¢ )4
r =
t 2.5¢
; m
5 10 15 20
- 2.0
-0.5
} 150 -
-1.0 1.0¢ -
15 0.5F -
00/ ., . . .
20 x F 5 10 15 20 mt
imtD‘ [ imtD‘
(a) Ree™ 72 (b) Sme™ 72

Figure 2: Real and imaginary parts of eimt% for time instants mt = 0, 2.5, 5, 10 and 20 for a quench
in the Ising model. Results for system sizes mL = 30,40,50 and 60 are shown with blue, purple,
orange and red symbols, but with a single exception these cannot really be distinguished due to
their almost perfect overlap.

The source of the only observable deviation (for the case mL = 30 and mt = 20 ) is numerical
inaccuracy resulting from the oscillatory nature of the terms of the sum. In Fig. (3) we plot the
difference between the numerical values obtained for various system sizes at fixed times.
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Figure 3: Modulus of differences between real and imaginary parts of eimt% for different system
sizes at time instants mt = 0,2.5,5,10 and 20 for a quench in the Ising model. The purple, orange,
and red dots correspond to the difference of the value obtained for 30 — 40, 40 — 50 and 50 — 60 in

units of mL.

These results demonstrate that terms growing with mL indeed cancel.

J.2 Time dependence from C™BI-11

In this subsection we present numerical results to confirm that the time dependence of

Fg (91) '(91) _ F5(=%1)  K'(=91)
_thz |K (91)*Ker(d1,t, R) F19(119) - K(1911) B Flﬂ(ﬁl) ~ K0 (1.3)
= p2(V) 4 sinh 1%
in the term C"BI=1 defined in (H.31), (1.2) is of the form
gFle_imt (Yymt +iYologmt) , (J.4)

and that

FE(9) K'(9 Fg(—9) K
— /oo 19 (IK@)PRe Kergae(d.t, B) Re (i + 15058 — Fo) — 2ot ) tanh19>
mt =

oo o 4 sinh 9

(J.5)

For the numerical analysis we used the Ising model to demonstrate these statements with

g2
K©) =—1i .
(¥9) “Dsinh 9’ (76)
where FE(9) = 20 vielding

p—imt Z |K(91)|? (2 — cosh¥y) Ker(91,t, R) 37

= pa(191)2sinh? 9,

and
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> d9 (|K(9)[* (2 — cosh ) / cosh ¥ Re K erspac(d, t, R))/
Tlmt = —_— "
/_oo 21 2sinh ¥

Figure 4 shows the numerical results for (J.7) for system sizes mL = 50,60 and for various time

instants. The kernel Ker was determined by numerical integration and we subtracted the mL residue
term

(J.8)

ot 9 mLKer(9,t,0)"
4 8 7
from (I.20) to check the resulted mL independence.

gFle (1.9)
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Figure 4: Real and imaginary parts of elmtci mLE ”29 calculated with a discrete sum for

time instants mt = 0.1,1,2.5,5,7.5, 10, 15, 20, 25 30 35 and 40 for a quench in the Ising model. The
orange and red symbols correspond to system sizes mL = 50 and 60. g = 1.

Figure 5 shows the real and imaginary factor multiplying the term 4 e~imt in CMBI=IL ca)cu-
lated by a discrete summation (J.7) and by the integration (J.8). For the imaginary parts, we also
keep the Fs + F¢ part from Kergyge (I.7) but drop the v sinh? ¥ type function, f.

Re zeimtcintBI—II Ker"ng“ R 2eimt CintBI—II Ker" ng4
e
Fig 32 Fig 32
L] L
3ol . 0.35 o
25f . 0.30f e e
20 . 025f .. °
' . 020f , °
1.5¢ . 0.15},
1.0f . 0.10f
L]
0.5’ N [ ) 0.05,
10 20 30 20 Mt 10 20 30 40 Mt
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(a) Ree ™ CUPT T Kerla (b) Smemt €O el
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Figure 5: Real and imaginary parts of e””tCFlT LE egzg calculated by a discrete sum and

a continuous integral using Kerg,. for time instants mt = 0.1,1,2.5,5,7.5,10, 15, 20, 25, 30, 35 and
40 for a quench in the Ising model. The red dots correspond to system sizes mL = 60 and the blue
dots to the analytic results. g = 1.
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We can conclude that for the real part multiplying %Fle_imt using the real part of Kergg,e
in (J.8) gives a correct result. For the imaginary part, however, the imaginary part without the
singular f from Kerg,. alone is not able to reproduce the result of the discrete summation. On the
other hand, the time dependence of the imaginary coefficient is only logarithmic, and therefore the
calculation of this sub-leading time dependence is not addressed in this work. We also checked if
the linear time dependence can be described by

4
gz %mt ,
as predicted in Appendix I and if the logarithmic time dependence for the imaginary part is a correct
assumption. In Fig. 6 we therefore fit the functions a+bmt and a+b Inmt to the real and imaginary
parts of
ez’mt CintBI—H . Ker”g4
Fig/2 32

calculated by the discrete summation with mL = 60 omitting the first 3 data points corresponding
to the shortest times mt = 0.01, 1, 2.5.

2 eimt CintBI—II Ker" ng4 2 gimt CintBI-Il - Kar" mL g4
e Im
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(a) %eezmt%_m[/% (b) %mezmtc FZ?;;QII _mLKe;;/g

. in — 14
Figure 6: Real and imaginary parts of e’mt% —mL K6§2g calculated by a discrete sum using

Kergiqe for various time instants for a quench in the Ising model. The red dots correspond to system
sizes mL = 60 and the blue line to the fitted curves of type a + bmt and a + b In mt.

From the linear regression, the coefficient of the linearly time-dependent term is 0.0799167 which
is to be compared with ﬁ = 0.0795775 as g = 1. The agreement is excellent, and although the error
of the fitted parameter is 7 x 107°, the match is convincing.

J.3 Comparing the time dependence of D,; with the analytic results
In this subsection we study the time dependence of

Dag

9/2

imt

for the Ising model with K = —iﬁ for mL = 70. We compute this quantity using discrete
finite volume summation for various time instants, and fit its real and imaginary parts with the
appropriate function dependences a + bv/mt 4+ cmt + dmtInmt and a + b+/mt + cmt dictated by
our analysis done in Appendix I, omitting the first 7 data points corresponding to short times.
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Figure 7: Real and imaginary parts of e

Concerning the real parts, the values obtained from the fit are d = —0.0825821 and ¢ = 0.149943,
which must be compared with —2 = —0.0795775 and K + 2= = 0.131292 resulting from (3.30)
and (3.31) with g = 1 and S = —1. The accuracy of the fit itself is around 1072 — 107*. The
difference between the fitted parameters and the analytic predictions is now a bit larger compared
to the previous subsection. However, neglecting more data points for short times the fitted values
move towards the analytic predictions. We note however, that omitting too many points leads
to a deterioration of the fit quality, as for an accurate determination of a logarithmic term data
points over several orders of magnitude should be used, which is not possible to extract due to the
inaccuracy of the discrete sum for large times. As an additional test we also tried the fitting function
a + by/mt 4+ ¢mt and noted that the fit residuals were two orders of magnitude larger than for the
case including the term mtIn mt, which is a confirmation of the presence of the term mtInmt in the
time dependence.

For the imaginary part the parameter ¢ was found to be ¢ = 0.114809 which must be compared
with % = 0.125 for g = 1 according to (3.30) and (3.31). The total estimated error of the fitted
value is of the order 1072, In principle we should have either included Inmt in the fitting function
or subtracted the contribution of Im eimt% —mL Kegg*‘fl discussed in the previous subsection
from the data points, but since this correction is rather small it was simply discarded.
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