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NOTE ON THE SUM OF THE SMALLEST AND LARGEST
EIGENVALUES OF A TRIANGLE-FREE GRAPH

PETER CSIKVARI

ABSTRACT. Let G be a triangle-free graph on n vertices with adjacency matrix eigen-
values p1(G) > ua(G) > -+ > pn(G). In this paper we study the quantity
,Ltl(G) + Mn(G)
We prove that for any triangle-free graph G we have
p1(G) + 1 (G) < (3 - 2v2)n.

This was proved for regular graphs by Brandt, we show that the condition on regularity
is not necessary. We also prove that among triangle-free strongly regular graphs the
Higman-Sims graph achieves the maximum of

M1 (G) + Mn(G)

n .

1. INTRODUCTION

In this paper every graph is simple. Motivated by the papers [2] and [4] we study the
following problem. Let G3 be the family of triangle-free graphs, and for a graph G on
v(G) = n vertices let 1 (G) > pu2(G) > - -+ > p,(G) be the eigenvalues of the adjacency
matrix of G. The problem is to determine
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Brandt [2] proved that for regular triangle-free graphs we have
1(G) + 1a(G) < (3—2V2)n.

Very recently Balogh, Clemen, Lidicky, Norin and Volec proved that for regular triangle-
free graphs we have 11 (G) + p,(G) < é—in < 0.1596n and they mention in their paper
that a similar but larger computation also gives the result 0.15467 instead of 0.1596. In
fact, they study the smallest eigenvalue ¢, (G) of the so-called signless laplacian matrix
L =D + A, where D is is the diagonal matrix consisting of the degrees of the vertices
and A is the adjacency matrix of the graph G. The quantity ¢,(G) coincides with
w1 (G) + pn(G) if G is regular. Balogh, Clemen, Lidicky, Norin and Volec mentions
that in case of regular graphs they can further improve their result to prove ¢,(G) <
0.15442n. Our first result is to prove that in Brandt’s theorem one can drop the
condition of regularity.

Theorem 1.1. Let G be a triangle-free graph on n vertices, and let u(G) > us(G) >
<o > 1un(Q) be the eigenvalues of its adjacency matriz. Then

1 (G) + pa(G) < (3 - 2v2)n.
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The proof of Theorem [L.1] heavily relies on the following lemma which might be of
independent interest.

Lemma 1.2. Let G be a triangle-free graph on n vertices, and let 1y (G) > ua(G) >
<+ > pn(G) be the eigenvalues of its adjacency matriz. Then

—nin(G)
ilG) < 16 — (@)

Brandt [2] also realized that for the so-called Higman-Sims graph H we have

pn(H) + () 22+ (=8)

v(H) ~ 100
which gives a rather good lower bound for c¢3. Higman-Sims graph is the unique strongly
regular graph with parameters (100, 22,0, 6). Recall that a graph G is a strongly regular
graph with paremeters (n, k, a, b) if it has n vertices, k-regular, any two adjacent vertices
have exactly a common neighbors, and any two non-adjacent vertices have exactly b
common neighbors. In this paper we show that among the strongly regular graphs, it
is indeed the Higman-Sims graph which maximizes the quantity

1 (G) + pn(G)
(@)
Note that only finitely many triangle-free strongly regular graphs are known currently,
but we do not rely on this fact.

=0.14

Theorem 1.3. Let G be a triangle-free strongly reqular graph on n vertices. Then
with equality if and only if G is the Higman-Sims graph.

2. PROOF OF THEOREM [L.1]

We begin with proving Lemma Before we actually start it let us mention that
for regular graphs this lemma is a simple consequence of the Hoffman-Delsarte bound
for independent sets. Indeed, let a(G) denote the size of the largest independent set of
a d-regular graph. Then by the Hoffman-Delsarte bound we have

—nin(G)
BN EAG

Since G is triangle-free, the neighbors of a vertex determine an independent set, whence
d < o(G). Since d = pu1(G) we get that

B A () R )
i) == elC) = 7706 = (@) - (@)

Based on this inequality Brandt proved that
11(G) + 1a(G) < (3 - 2v2)n,
So after proving Lemma we practically copy the proof of Brandt.

Proof of Lemmall.2 Let us,...,p, be the set of non-positive eigenvalues. Then

0 = 6 - number of triangles = Z > s+ Z e

i=1 =8
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Hence

> (=) =

On the other hand, we have )
D (=) < (=) D (—pi)* < (=) (26(G) = 1) < (—pan) (s — p13).

Hence p3 < (—pn)(npy — p?), thus p? < (—p,)(n — uy1), or in other words,
Nl - Mn '

<
]

Proof of Theorem[IL1. As we mentioned earlier this proof practically follows the argu-
ment of [2].
We only need to solve the constrained maximization problem:

{mﬂm —Nfin }
max § —— | py < .
n M1 — Hn

Let a = p1, b = —p,, then we have a < = Wthh is equivalent to —*— < b. Hence

a—b 1 a2 an — 2a®
<—la-— = .
n o~ n n—a n(n —a)
So with the notation a = a/n we need to maximize f(a) := %22 Its derivative is

1(;10:7+2a whichisOata =1+ 1/\/_ Note that gy < A < n—1, where A is the largest

degree, so 0 < a < 1. So we only need to consider & = 1 — 1/4/2 and the extreme
points of the interval, o« = 0 and 1, to see that f(c) is indeed maximal at 1 —1/+/2 and
fla) =3 -2V2.

Hence 1 + ptn < (3 — 2v/2)n.

3. PROOF OF THEOREM [L.3]
In this secation we prove Theorem [IL.3]

Proof of Theorem[1.3. Suppose for contradiction that G is a strongly regular graph with
eigenvalues (k, p ””’,MS””)) such that k+“” > 0.14. Let —p,, = r and r/k = z. Again

we use that k£ < a(G) < k"Z" Hence 7 > k+r . Then

k—r k—r k:+r<k—r.z_:p(1—:p)

n  k+r n k+r k l+z
From which we get that x > 1/5. Secondly, m, > a(G) > k since we can assume
that ps > 0. (Note that ug > 0 if G is not a blow-up of a complete graph.) Hence
kn = Qe(G) > m,pu2 > kr?. So we have n > r2. So we have two inequalities: 0.14 <

ber — k(l %) and n > r2. Then n > r? (k:p)2 z? (?fgg n?. Thus 715 (1—2)”

x > 1/5 we have < 16. Hence n < 5 142 ~ 816.33. Now we can finish the proof
since we know all p0551ble strongly regular graph parameters up to 816, see Brouwer’s
website [3] and for the triangle-free strongly regular graph parameters the table on the
next page. One can check that indeed the Higman-Sims graph achieves the maximum

of (1n(G) + pn(G))/n. m

0.14 <

> n. Since

—$)
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Remark 3.1. An interesting thing arises from the table on Andries Brouwer’s website.
If there were a strongly regular graph GG with parameters (28,9, 0,4) then for this graph
G we would have

i(G) + pu(G) _ 9+ (=5) _ 1

_ 1014
W(@) 2% 7 >0

It is known that there is no such strongly regular graph just as there is no strongly
regular graph with parameters (64,21,0, 10). For this graph we would have

1 (G) + p(G) 214 (=11) 10 _ 1

o(C) = 64 :@>?>0'l4'
n k la|l b | 9 s my | Mo ’”—7592 Appr. | Existence
50 2 (01|81 2 | 2 | 3500076 Yes
3ol 1 [ 2145 L o1 Yes
165 [0]2] 1 ] =3 10]5 ] Z [0125] Yes
281 9 |04 1 -5 [ 21| 6 | 5 |0.142 No
50 7ol T 2 | =3 [28[2t| & | 008 Yes
56 | 10|02 2 | —4 [35[20] £ [0106| Yes
64 |21 (0|10 T | =11 [56 | 7 | Z ]0.156| No
(o4 2 | -6 [55[21| Z [0129| Yes
00 22(0]6] 2 | =8 [77[22] &£ 1014 | Yes
162] 21 [0] 3] 3 | —6 [105] 56 | = |0.092 ?
176 [ 25 [0 4] 3 | —7 12055 | = [0.102 ?
2101 33 [0] 6| 3 | —9 [154] 55| 2L [0.114 ?
266 45 [0] 9| 3 | —12 [209] 56 | 2 [0.124 ?
324 57 [0[12] 3 | —15 |266] 57 | 2 [0.129| No
352126 [0] 2| 4 | —6 [208][143] Z 10.056 ?
352136 [0] 4] 4 | —8 [231][120] =& [0.079 ?
392146 [0] 6| 4 | —10 [276[115| 25 [ 0.091 ?
552 76 [0 [12| 4 | —16 437|114 I [0.108 ?
63849 [0 4| 5 | —9 [406]231 &= [0.062 ?
650 55 [0 5| 5 | —10 [429]220] &% [0.076 ?
667 96 [0[16| 4 | —20 |B51|115] Z& [0.113 ?
70437 (02| 5 | =7 [407[296] & ]0.042 ?
784116 0|20 4 | —24 [667[116] & |0.117 ?
800 85 [0[10| 5 | —15 [595]204| Z& [ 0.087 ?
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