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Abstract

Subgraph densities have been defined, and served as basic tools, both in
the case of graphons (limits of dense graph sequences) and graphings (limits
of bounded-degree graph sequences). While limit objects have been described
for the "middle ranges”, the notion of subgraph densities in these limit objects
remains elusive. We define subgraph densities in the orthogonality graphs on
the unit spheres in dimension d, under appropriate sparsity condition on the
subgraphs. These orthogonality graphs exhibit the main difficulties of defining
subgraphs the “middle” range, and so we expect their study to serve as a key
example to defining subgraph densities in more general Markov spaces.

The problem can also be formulated as defining and computing random or-
thogonal representations of graphs. Orthogonal representations have played a
role in information theory, optimization, rigidity theory and quantum physics,
so to study random ones may be of interest from the point of view of these
applications as well.

1 Introduction

Let H, denote the orthogonality graph on S9!, i.e., the infinite graph whose node
set is the unit sphere S9!, and two nodes are adjacent if they are orthogonal (as
vectors in RY). For a finite graph G, we call a homomorphism of G into H an
ortho-homomorphism of G (in dimension d).

Our motivation for studying ortho-homomorphisms comes from graph limit the-
ory. This theory is rather well worked out for dense graphs on one end of scale (where
the limit objects are graphons), and bounded degree graphs on the other (where the
limit objects are graphings). In spite of several efforts to extend the theory to the
intermediate cases, no complete theory has been developed.

One basic question is: what structures can serve as limit objects for “convergent”
graph sequences? Here at least we seem to have a common ground: symmetric
probability measures on the unit square (or on any other standard probability space;
these measures are essentially equivalent to time-reversible Markov chains with a
stationary distribution). These structures, which we call Markov spaces, capture
most special cases of interest, including limit objects for L,-convergence [fl], shape
convergence [fJ] and action convergence [F].

However, all these limit notions are defined through a global (right) convergence.
To characterize them by local (left) convergence, we need to define the density of
subgraphs in Markov spaces. At this time, we have a definition beyond the the two
extreme cases in rather special cases only.

Our main goal in this paper is to define subgraph densities in the orthogonality
graphs Hy (which have a natural Markov space associated with them). These spaces



exhibit the main difficulties of the “middle” range, and so we expect their study to
serve as a key example to defining subgraph densities in more general Markov spaces.

To justify this special choice, let us describe a somewhat unexpected further
connection. An ortho-homomorphism of G in dimension d is the same thing as an
orthonormal representation of the complementary graph G (see [[J]). Such represen-
tations have played a role in information theory [[L0], graph algorithms [d, §, rigidity
of frameworks [fl], and quantum physics [f]. Our results in this paper could be thought
of as establishing further connections with probability and measure theory.

A related question is to define a random homomorphism of GG into H;. The notion
of a random edge (the uniform distribution on orthogonal pairs of vectors) is trivial,
but for more complicated graphs, it is not obvious what “random” should mean.
Ortho-homomorphisms from a given graph form a real algebraic variety Hom(G, d),
which can have a very complicated topology; but ortho-homomorphisms in general
position (see below) form a smooth semialgebraic variety ¥ 4. We could consider
the surface measure inherited from the ambient space (R%)"'; however, this does not
seem to have really useful properties. Natural conditions to impose are invariance
under orthogonal transformations of R? and the Markov property (see Section R.3).

The example of the 4-cycle in dimension 3 should be a warning. Obviously, for
every homomorphism C4 — Hgs, one pair of nonadjacent nodes will be mapped onto
parallel vectors (the other pair can form an arbitrary angle). But which one? The
variety Hom(G, d) splits into two, and X¢, 3 = 0.

In this paper we show that for several classes of graphs satisfying appropriate
sparsity conditions, a measure on their ortho-homomorphisms in a given dimension
d can be defined, with good properties. The measure we define is always a Radon
measure, but finiteness is not guaranteed. Indeed, we’ll give examples where this
measure is finite, and so it can be scaled to a probability measure (defining a “random
ortho-homomorphism”); unfortunately, we also have examples where the measure
is infinite. The combinatorial significance of this finiteness (depending on G and
d) remains an interesting unsolved problem. When this measure is finite, then its
value on the set of all ortho-homomorphisms appears to be good substitute for the
homomorphism density.

We describe three methods for defining subgraph densities in Hy.

Sequential mapping. One of our constructions works for graphs not containing a
complete bipartite graph K, ; with a 4+ b > d. This condition is equivalent to saying
that G is (n — d)-connected. We’ll call such graphs d-sparse. It implies, in particular,
that every node has degree at most d — 1. We say that a mapping z : V — R¢
is in general position, if any d elements of V' are mapped onto linearly independent
vectors. The following fact was proved in [[[3] (Theorem 2.1).

Proposition 1 A graph G has an ortho-homomorphism in Ry in general position if

and only if it is d-sparse.

The main tool in the proof of Proposition [l was the following. Let us order the
nodes of G in some way, and choose the images of the nodes one-by-one. At every



step, the new node is restricted to unit vectors orthogonal to those neighbors that
are already mapped. By the degree condition, the available vectors form a nonempty
sphere of some dimension, and we choose a next vector on this sphere randomly
and uniformly. Repeating this for all nodes, we get an ortho-homomorphism, which
we call a random sequential ortho-homomorphism of G. The fact that this ortho-
homomorphism is in general position almost surely is the main result in [[L3].

The distribution of the random sequential ortho-homomorphism may depend on
the ordering of the nodes. If GG is a tree, then we get the same distribution for every
search order (1,...,n) of the nodes, but not for other orders. However, we can define
a density function for which the modified distribution will be independent of the
ordering. One of our main results can be stated as follows:

Theorem 2 For every simple d-sparse graph G, there exists a nonzero Radon mea-
sure on ortho-homomorphisms in dimension d with a Markovian conditioning.

The measure of all homomorphisms is a good generalization of the notion of
homomorphism density, a basic tool in the theory of dense graph limits. The Markov
property is usually defined for probability measures, and we cannot always normalize
our measure on ortho-homomorphisms to a probability measure. We’ll describe the
formal definition later.

Spectral methods. Our other construction is based on functional analysis. The orthog-
onality graph Hy defines a compact linear operator Ag : L%(S4 1, 7) — L2(S4 1 7),
where 7 is the uniform probability measure on S9!, and (Ayf)(z) is the average
of f on the (d — 2)-dimensional sphere orthogonal to z. Taking the k-th power of
this operator corresponds to subdividing each edge of G by k — 1 nodes. It turns
out that the square of this operator is smooth enough so that random subgraphs and
subgraph densities can be defined by “classical” formulas. Also, the trace of A’; gives
the density of k-cycles (at least for sufficiently large k).

Using the spectral decomposition of Ag, we derive explicit formulas for the den-
sities of cycles in Hy. As an interesting fact, cycle densities in H, can be expressed
by the zeta-function.

Approzimation by graphs and graphons. The third method of defining and calculating
subgraph densities in Hg is based on approximating H,; by graphons and finite graphs,
and calculating the density in H; as the limit of densities in these approximations.

A consequence of our results is that Hy is the limit of finite graphs in the left-
convergence sense. While this property is easy for graphons, it is not known in the
bounded-degree case whether all graphings can be approximated by finite graphs
(this is equivalent for the famous soficity problem for finitely generated groups). So
the fact that Hy is “sofic” in this sense has some independent interest.

Finally, it should be noted that a good part of the results of this paper extend
to more general Markov spaces. In particular, a general version of the operator Ay
is called a graphop and it arises in the theory of action convergence [J] and, in an
equivalent form, in the theory of shape convergence [d.

4



2 Preliminaries

2.1 Notation

We consider the unit sphere S¢1 in R, (The cases d < 2 are very simple, so to
avoid trivial complications, we assume throughout that d > 3.) For two real quantities
(depending on a choice of points in S%1), let A < B denote that there is a constant
¢ > 0 such that A < ¢B. Here the constant may depend on the dimension and on
the graph denoted by G, but not on other variables. Let Aj denote the surface area
of S*. Tt is well known that

k/2
% if £ is even,
Ay, = B (1)
(27T)(k+1)/2
W lf k is Odd,
and for a,b € Z,
T (e - Dl 1)
. a b o z e(avb) a—1 ” b— 1 ” o Aa+b+1
/(s1n9) (cos )’ df = (2> @t = A4 (2)
0

where e(a,b) = (a—1)(b—1) mod 2, and (—1)!l =0l =11l = 1.
When we talk about a “random” point of a sphere, we mean a random point from
the uniform distribution on the sphere.

2.2 Generalized determinants

For a finite set X = {z1,...,2,,} C R?% we define the quantity

Det(X) = Det(z1,...,Tm) = |21 A+ AXpy| = \/det ((x;rx]):f;:l)
We define Det () = 1. For m = 1, Det(X) = Det(z1) = |z1]. Note that Det(X) > 0,
and Det(X) > 0 if and only if X consists of linearly independent vectors.

Lemma 3 Let n,d € N and p € R such that 1 < n < d, and let z1,...,x, be
independent random points on S4. Then

Det(x1,...,xp,)P )
E(Det(ajl,...,xn_l)p> and E(Det(‘rlv"'axn) )

are finite if and only if p > n —d — 1. If p is an integer, then we have the explicit
formulas

( Det(xl, ... ,xn)p > _ Ad+p—1Ad—n
Det(acl, R ,xn_l)p N Ad—lAd—n—l—p '



and

Ago-Agn
Ad+p—2 T Ad+p—n

E(Det(:m, e ,xn)p) = <Aj—;—p:1 >n_1

In these expectations, we could condition on (say) a fixed x1, by the symmetry of
the sphere. Note that p may be negative, but if p < n —d — 1, then the expectations
are infinite.

Proof. For n = 1 the identities are trivial, so we assume that n > 2. The
ratio Det(z1,...,2,)/Det(x1,...,2,-1) is the (unsigned) distance of z, from the
subspace L = lin(zq,...,z,—1), which has dimension n — 1 with probability 1. The
distribution of this distance is independent of z1,...,z,_1, so we may fix L and just
take expectation in x,,.

Let 6 be the angle between z,, and L (0 < 6 < 7/2), then

Det(z1,...,zy)

= sin 6.
Det(z1,...,Zn-1)

For a fixed 6, points at this distance from L form the direct product of the two
spheres LN (cos§)S4™! and LN (sin#)S !, and so their density is proportional to
(cos §)"~2(sin #)4~". Hence

w/2
in 6 d—n+p 0 n—2 do
E( Det(xl,...,xn)p >_ Of(Sln ) (COS )
Det(x1,...,2,_1)P/)  7/2
J (sin@)d=m(cos §)"=2 db
0

Using that 20/7m < sinf < 6, it follows that the numerator is finite if and only if
d, +p > —1, proving the first assertion. Substituting from (f) for integral p, we get
the first formula in the lemma.

To prove the second identity, we use the telescopic product decomposition

betten oy T Dtlon e
P :2Det(a:1,...,xr_1)1"

As remarked above, the factors are independent random variables, and hence

E(Det(x1,...,z,)P) :ﬁE< Det(z1, ..., e > HAd+p 1Ad—r
r=2 r—

Det(ml, . Ad 1Ad r+p

_ (Ad+p—1)"—1 Ago-- Ad—n

Ad—l Ad+p—2 o Ad—l—p—n



For small values of |p|, we can cancel most of the terms on the right hand side of
the second equality. The most important special case for us will be p = —1:

n
1 d—2

E(Det(:nl, el xn)> - AZ:llAd_n_l .

This identity makes sense for n = 0 as well, and it is trivially valid. In particular
1/Det is integrable provided n < d — 1. We shall make use of the following one-sided
bound on averages of such inverses of determinants.

Lemma 4 Let x1,...,z, € S, and let B,.(z) denote the r-neighborhood of x on
Se=1. Let D,(z1,...,x,) denote the average of 1/Det(x1, ..., zy,) over By(x1)x - --X
B, (xy). Then

Dy (x1,...,2n)Det(z1,...,2,) < Cp 4, (3)

where Cp, g > 0 may depend on d and n, but not on r and (x1,...,2y,).

Proof. We shall fix d, and proceed by induction on n. The case n = 1 is trivial,
as the determinant is constant 1. So let us now assume C),_ 4 exists, and show that
Ch,q exists as well (1 < n < d). Since 1/Det(z1,...,z,) is positive, integrable and
continuous outside of the null-set of its singularities, the map

(x1,...,xp) = Dp(z1,...,2y)Det(x,...,zp)

is continuous, with a maximum M,, and also r — M, is continuous on (0,00). To
show that M, is bounded above note that it is constant once r > 7, and so we only
need to show that it remains bounded above on some finite interval (0,¢|, where €
may be chosen arbitrarily small. Let ¢ := 1/({/1,5 — 1), and set ¢ := 1/(10q).

We distinguish two cases based on the relative positions of the points. We may
assume without loss of generality that the minimal distance R from an z; to the
subspace generated by the other n — 1 points is realized for j = n.

Case 1: R > gr.
Note that R is also a lower bound on any distance from one of the z;’s to any
subspace generated by some selection of the other points. In particular, we have that

for any J C [n], ‘/\jeJ xj‘ < Det(x1,...,2,)/R""1/I. Therefore for any p € (R)"



with [pg| < r for all 1 <k <mn,

Det(z1 + p1, .-y @n + pn) > Det(x1,...,2,) — Z /\:Ej /\ pi
JG[n] |ied  dg[n]\J

rn=IJl
> Det(xl, PN ,LUn) — Z Det(:ﬂl, PN ,xn)w
JC[n]
"1 (n
> Det(z1,...,25) [ 1 —Z:lq—J<j>
j_
1\n Det
o (2 (12 1Y) )
q 2
Consequently D, (x1,...,z,)Det(x1,...,2,) < 2.
Case 2: R < qr.
In this case Det(z1,...,2n—-1,2,) < grDet(zq,...,2,-1). Fix any choice of lin-

early independent points y; € S%! (1 < i < n-—1). Then the set of points z
such that Det(y1,...,Yn—1,2) = tDet(y1,...,yn—1) form a (d — n + 1)-dimensional
sphere of radius ¢ around the (n — 2)-dimensional subspace lin(yi,...,y,—1). After
intersecting with S?~!, the dimension of suitable z’s is reduced to d — n > 0. Now
Jo ™) /tdt = r*"/(d — n), and so for any y € 971N lin(21,...,2n—1) We obtain
that

! d—n,.n—2 / d—2
in() < C’dmr r C’d’nr

1
B(/) Det(y1, .- Yn_1,2) =~ Det(y1,...,Yn-1) Det(yi,...,yn_1)
r\Y

where (7, does not depend on 7 or y (recall that r € (0,1/(10¢)]). Consequently,

Beno (B ) < TG T
2€B- ) Det(yb <o Yn—1, Z) N 7T(Br(y)) rd_lDet(yb cee 7yn—1)
~ rDet(y1, ..., Yn_1)’
Also note that replacing y by any point not on lin(yy, ..., y,—1) will actually increase

the expectation (the distribution of the values of ¢ within the r-neighborhood gets
shifted away from 0). Since the set of points (y1,...,yn—1) € H;L_ll B(xj;,r) that are



not a linearly independent (n — 1)-tuple is of measure zero, we have the following.

D (x1,...,x2y) < qrDy(z1,...,2p-1)

1
= qr EyjeBT.(xj)EzeBr(xn) <Det(y17 ey Yn—1, Z))

1
é q7‘ EijBr(mj)EzeBr(y,,L,l) <Det(y1, o ,yn_l, Z)>

1"
d,n
< arByiep, (o)) <rDet(y17 R y"—1)>

— 4E i
q y; €Br(x;) Det(yl,...,yn—l)

< C’I’L—l,d Cél/,n
= 14 Det(z1,...,Tp-1)

(we have used ({) in the fourth step and the induction hypothesis in the last). This
implies the inequality in the lemma. O

The following lemma connects these reciprocals of determinants to the orthogo-
nality graph.

Lemma 5 Let 0 < n < d, and let (x1,...,2,) be obtained by selecting a random
point y on S, then selecting n independent random points w1, ...,x, from the
“equator” y- N ST1, then forgetting y. Then the density function of (x1,...,x,) is

An—lA o 1
d—141d—n—1
Sdn\T1,.-., T =

n n) AL, Det(x1,...,zy)

(®)

As remarked above in a different language (cf. Lemma [), sq, € L,(S? %, 7)
(p>1)ifand only if p<d—n+ 1.

Proof. Similarly as in the proof of Lemma [, we use induction on n. For n < 1
the assertion is trivial. Let n > 2, and let L denote the linear space spanned by
Z1,...,Tn—1. With probability 1, dim(L) = n —1. Clearly L is uniformly distributed
among all (n — 1)-dimensional subspaces of y*, and so y* is uniformly distributed
among all linear hyperplanes containing L. So we construct z,, by (a) choosing
a random (n — 1)-dimensional subspace L, (b) choosing a random hyperplane H
containing L, and (c) choosing a random point from H N S9!, Let us fix L, and
let 6 be the angle between x,, and L. It is clear by symmetry that the density of z,
depends only on 6.

For every choice of H, the distribution of # is the same, and the density of this
distribution (in [0, 7] is proportional to (cos #)"~2(sin #)4~"~1, as we have seen in the
proof of Lemmafj. By the same argument, for a uniform random point 2/, € S9!, the
angle 0’ between 2/, and L has density proportional to (cos #)"~2(sin §)4~". It follows



that the density of x,, relative to the uniform distribution on S9!, is proportional
to

(cos)"2(sin@)4""1 1 Det(zq,...,zn-1)
(cos §)"=2(sin@)d—"  sin@  Det(xy,...,z,)

Since the density of (z1,...,2,-1) is proportional to 1/Det(z1,...,2,-1) by the
induction hypothesis, it follows that the density of (z1,...,x,) is proportional to

1 Det(z1,...,p-1) 1
Det(z1,...,7,_1) Det(xy,...,2,)  Det(zy,...,z,)

The coefficient of proportionality can be computed by Lemma . O

2.3 Conditioning and Markov property

Let V be a finite set, and let (£2,.4) be a measurable space (for most of the paper,
Q = S9! and A is the sigma-algebra of Borel sets). Let Q*V denote the set of
partial mappings z : S — J, S C V. Let ¢ be a measure on (QV,.A"), and let ¢°
denote the marginal of ¢ on (2%, A%).

A family (¢, : z € Q*Y) is a conditioning of ¢, if

(C1) for every S C V and z € J%, ¢, is a measure on (QV\5, AV\9);

(C2) for every S C V and B € AY\S, the value ¢,(B) is a measurable function
of z € O,

(C3) for every T'C S C V, for every z € OF, Be AS\T and C € AV\S,

0:(B x C) = /sozy(C) dpS\(y).
B

As extreme cases, oy = ¢, and ¢, = &, (the Dirac measure) for z € QV.

For a fixed set S C V, the family {¢, : 2z € Q°} is a disintegration of the measure
¢ according to the marginal ¢°. The conditioning as defined above means a bit more:
first, it is well-defined for all z € QF, not just almost everywhere; second, it is defined
simultaneously for all marginals ¢, with compatibility condition (C3).

If V is the set of nodes of a graph G, we can define an important probabilistic
property of conditionings. A conditioning (¢) is Markovian, if for every S C V and
z € 5, the measure ¢, is multiplicative over the connected components of G'\ S. If,
in particular, ¢ is a probability distribution, and G \ S has connected components
Gi,...,Gy, then v.|G,,...,¢:|q, are independent.
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2.4 Graphons

We conclude this section with a brief survey of related constructions for graphons,
partly as analogues for the orthogonality graph (which is not a graphon), but also for
later reference. A graphon is a symmetric integrable function W : Q2 — R, where
(Q, A, 7) is a standard Borel probability space. In the theory of dense graph limits,
graphons are bounded by 1, but since then much of the theory has been extended to
the unbounded case.

Given a graphon W and a finite simple graph G = (V, E), we define a function
W¢.: QV =R, forx = (z;: i€ V) by

W) = [] Wi, z)). (6)
ijeE

Sometimes it will be convenient to use this notation for a single edge ¢ = ij € E:
We(z) = W(x;,z;). The function W¢ defines a measure 1§, as its density function:

nG(A) = / WOz dr¥ (@)  (AeAY),
A

and the subgraph density

HEW) = G (QY) = / WO () dnV (2). (7)
Qv

For bounded graphons this is always finite, but in general, it may be infinite.

We call a graphon 1-regular, if [, W(z,y)dn(y) = 1 for every z. For a 1-regular
graphon, the function W (z,.) can be considered as the density function of a proba-
bility distribution v, on (£2,.4), which defines a step from x €  of a time-reversible
Markov chain. Let us make n independent steps, each from the same point x,
to points x1,...,x,. The joint distribution of (x,z1,...,x,) has density function
W(x,z1)...W(z,2z,), and if = is chosen randomly from =, then the analogue of
Lemma [ says that the joint distribution of (z1,...,,) has density function

s(z1, . am) = /W(:E,:El) W) d (). (8)
Q

A Markovian conditioning of nﬁ, can be constructed as the family of measures
{n?: 2€ Q% S CV}, with density functions

LG W) = / WO (y, 2) dn" S (y).
QV\S

11



3 The main construction

3.1 Swapping lemmas

For the next (main) lemma, we need some geometric preparation. We fix the di-
mension d. Let L; (i = 1,2) be linear subspaces of R? of dimension d; > 2. Let
z; € Ly 8?1 and let Z; and Z» be the orthogonal projections of z; onto Ly and of
9 onto L1, respectively. Define

Q={(z1,22) € L1 x Ly : @1 L xo, ,21,72 # 0}.

Lemma 6 Let X; be a random vector from L; NS, and let X! and X} be random
vectors from the spheres Ly N S4™1 N X5 and Ly N S9™1 N Xi-, respectively. Let py
and py be the distributions of (X1,X%) and (X1, X2), respectively. Then p1 and po
are mutually absolutely continuous on €, and

Agy—1Ady—2 |T2| _ Agy—2 [To]

—\(X1,T2) = — = - .
dpl( @2) Adgy—14dq,—2 21|  Aagy—2 |Z1]

Proof. The first assertion follows by the considerations in [[[3, [Z], and also from
the computations below.

For a nonzero vector u € RY, we set u® = u/|ul. Let (z1,22) € Q, let u; =
T1,Us = ffg,u?,, ...,uq, be an orthonormal basis in L1, and select an orthonormal
basis v1,...,v4, in Lo analogously. Let ||.||o denote the s norm on each of L,
and Lo in these bases. Let T; be the tangent space of the unit sphere U; of L; at
x; (as an affine subspace of L; containing z;). Fix an ¢ > 0. Let B; be the cube
ze€T;: ||z — il < e, and let B, denote the projection of B; onto the sphere U;
from the origin.

For y; € By, consider the linear subspace H = H(y1) = {y2 € La : y{y2 = 0}
and the affine subspace H' = H'(y1) = {y2 € Lo : 2] ya + 2dy1 = 0}. Note that the
equation defining H'(y;) can be written as H'(y1) = {y € Ly : @]y + Zay; = 0},
since x1 — 1 L y and 9 — T L y;. Furthermore, zo — Z5 L 21 by the orthogonality
of the projection, so To = w9 — (x9 — T2) L x1. We claim that these two subspaces
are almost the same:

Claim 1 There is a constant C > 0 independent of € such that d(yo, H') < Ce? for
every yo € H N Bo, and d(y1, H') < Ce? for every y; € H N By.

We use the identity
ylye — (21y2 + 2391) = (y1 — 1) (y2 — 72)
(all asymptotic statements concern € — 0). Here |ly; — x;|| = O(¢), so the right hand

side is O(g?). Up to sign, the first term on the left is ||y1 ]| d(ya, H), while the second
term is ||Z1|/d(y2, H'). If either one of these is 0, the other one is O(e?).

12



Let X; and X/ be generated as in the statement of the Lemma. Then
P((X1,X3) € B] x By) =P(X; € By | X; € B))P(X1 € BY).

Here

My-1(BY)  Aa-1(Bi) _ (2e)7 7!

P(Xi € B}) = = :
(X1 ) Ag—1 Ag -1 Ag—1

(where \; denotes the k-dimensional volume in R?). The first factor is more compli-
cated. For a fixed y; € By, we have

Mya(BLOVH())  Aayo(Ba H(y
POX, € BL | Xy = ) = e 2(A2 2 (1) _ Ady 2(A2 : (1))‘
2 2

We want to compare By N H(y;) and B2 N H'(y1). The hyperplane H'(y;) in Ly is
orthogonal to the edge v9 of the cube Bs, and hence it either avoids Bs or intersects
it in a set isometric with a facet. Using the fact that H(y;) and H'(y;) are very close,
we get that there is a C' > 0, independent of &, such that

if d(z2, H'(y1)) < € — C?, then A\g,—o(Ba N H(y1)) ~ (26)®72, 9)
and
if d(xa, H'(y1)) > € + Ce?, then \g,_o(Ba N H(y1)) = 0. (10)

In the modified equation defining H’, the coefficient vector 1 € Lo, and hence

1 . - T
d(ze, H' (1)) = — |Z] x0 + Ty y1| = L—’\u{yl\.
|21 |71
Hence
2¢)d2—2 . - -
B it Tl < (e - C)l ),
P(X} € By | X1 =yf) ~ T AN
(X3 € By [ X1 =y1) ~ 9. it uTy1| > (e + Ce2)[F1]/|7a),

O(e72), otherwise.

The first option applies for a fraction of min{1, (1 — Ce)|x2|/|Z1|} of points of Bj.
The third possibility occurs for a negligible fraction of the points of Bj. Since the
distribution of X7 in B is almost uniform, we get

(2e)41 =1 (22)%2 72 min(|Z1|, |22])

Ag 1 Agy—2 |Z5|

P((Xl,Xé) € By x Bg) ~

Similarly,

(2¢)® " (2¢) 72 min(|1 ], [T2])

Ad2—1 Ad1—2 |:/E\1|

P((X1,X2) € By X By) ~

13



and so

dpg P((X{,XQ) S Bl X Bg) Adl—lAd2—2 |:/E\2|
2 (3, 20) ~ / ~ L1
dﬂl P((Xl,X2) S Bl X Bg) Ad2_1Ad1_2 ]azl\
Letting ¢ — 0, the lemma follows. O

Let p : V — [n] be a bijection, defining an ordering of the nodes of a graph
G = (V,E), let Np(u) ={w : p(w) < p(u), uw € E}, and let dp(u) = |Np(u)|. To
simplify notation, for a map x: V — R%, we write z,(u) = TN, () -

We recall more formally the construction of an ortho-homomorphism from the
Introduction. Let v € V, S ={u € V : p(u) < p(v)}, and suppose that we already
have an ortho-homomorphism (x, : u € S) in general position for the subgraph G[S].
The vectors in S?~1 orthogonal to every z; with i € N,(v) form a sphere of dimension
at least (d—1)—dp(v) > 0; we choose a vector z,, on this sphere randomly. Repeating
this until z, is defined for every v € V, we get an ortho-homomorphism, which we
call a random sequential ortho-homomorphism of G. Let p, be the distribution of
this ortho-homomorphism. By [[J], this ortho-homomorphism is in general position
almost surely. The main step in the proof was that flipping two consecutive nodes in
the ordering, we may get a possibly different distribution on ortho-homomorphisms,
but this new new distribution is absolutely continuous with respect to the previous
one. In the next lemma, we give an explicit formula showing this.

Lemma 7 Letr be obtained from the ordering p by flipping two consecutive adjacent
nodes u and v, where p(v) = p(u) + 1. Then

dpr .\ _ Ag—dy(u)y-14d—d,(w)—1 Det(z,(u))Det(z,(v))

dpp Ag—d, (w)-14d—d, (v)—1 Det(xp(u))Det(zp(v))

Proof. We apply Lemma fj with L1 = N,(u)* and Ly = N,(v)t. Then dim(L;) =
d —dp(u) > d —deg(u) +1 > 2 (since v is not counted in dp(u)), and similarly
dim(Ly) = d — d,(v) > 2. Also note that d,(u) = dp(u) + 1, d,(v) = dp(v) — 1, and
d(w) = dy(w) for every w # u,v. Since z,(u) is a basis in Li and z,(v) = z,(v)\ {u}
is a basis in L2L, the length of the orthogonal projection of z, onto Ls is

Det(z,(v) U{u}) Det(zp(v))

Det(z,(v))  Det(z,(v))

and the length of orthogonal projection of z, onto Ly is

Det(zp(u) U {v}) _ Det(z,(u))
Det(ry())  ~ Det(ay(u)’

This implies, in particular, that these projections are nonzero, and so we can apply
Lemma E Since the order in which x, and z, are chosen does not influence the
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distribution of (z,, : p(w) < p(u)) and the distribution of (x,, : p(w) > p(v))
conditional on (z, : p(w) < p(v)), we get that

dpp,\ _ Ad-dyw)-14d-d,0)-1 (Det(wr(U)) /Det(xp@)))
dpr Ad—d,(w)-14d—d, (-1 \Det(zp(u)) / Det(z,(v)) )’

proving the lemma. O

3.2 Order-independent measure

Let p: V — [n] be an ordering of the nodes of a graph G, and let 2 : V — R? be an
orthogonal representation in general position. Using the functions defined in (ff), let

Adp(v)_lAd—d (v)—1 1
folx) = Sdn(Tp(v)) = d-1 b
E|—|V
— A‘d—‘l| ‘ H Ad_dp(v)_l . (11)
AP, L1 ety (0)

We define a measure ¢, = f, - pp, on X; more explicitly,
o) = [ fydpy (12)
A

The following lemma is the main property of this construction.

Lemma 8 The measure ¢, is independent of the ordering p.

By this lemma, we can denote ¢, simply by ¢ or ¢g. We can think of ¢ either
as a measure on X, or as a measure on (R%)V concentrated on Xg.

Proof. It suffices to check that if r is the permutation obtained from p by swapping
two consecutive nodes u and v, then ¢, = ¢,. If u and v are nonadjacent, then this
is trivial: p, = p, and N,(w) = N,(w) for every node w, and hence f, = f,. So
suppose that uwv € E, and (say) p(v) = p(u) + 1. Then

depp z) = fp(z) ) dpp "
d@r( _fr($) dpr( )

Here

fp@) _ Aady-14da-d, (-1 Det(z,(u))Det(z,(v))
fr@)  Admd,(v)-14d-d, (-1 Det(wp(u))Det(zp(v))

by definition ([[1]). Substituting for the second factor from Lemma [q, we get

d‘;Dp
/= =1.
do, (z)
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Since this holds for all x € X, this proves that ¢, = ¢,,. O

The measure ¢ is not always finite: in Section B.4 we show that it is finite for
every even cycle longer than 4 in dimension 3, but infinite for the 3-cube in dimension
4. The measure is, however, finite on compact subsets of ¥¢: the denominator in
(1) remains bounded away from zero. It is easy to see that ¢ is a Radon measure.

We will also be interested in the ortho-homomorphism number (of graph G in
dimension d)

ALE‘1_|V| Ad—dy(w)-1
HCLd) = p(3) =~ — / [ SitelL g (13)
Ad—2 (Sd-1)V ve

Let us note that t(G,d) is positive for every d-sparse graph G; but it may be infi-
nite. If ¢t(G,d) is finite, then we can scale ¢ to get a probability measure on ortho-
homomorphisms of G into S¢1.

The measure ¢ has a natural conditioning. We can think of the construction of
the measure ¢ as follows: Choose the vectors x; in any given order according to the
random sequential rule; whenever x; is chosen, we multiply the density function by
54n(2p(v)) (which is determined by the previous nodes). An important consequence
of this fact is that if we stop when a subset S of nodes has been processed, the
vectors selected and the density function computed up to this point define an ortho-
homomorphism from the measure ¢g(g)-

For z € ¥g(s), we construct a measure ¢, on g\ g by continuing the random
sequential choice. Formally, let p be any ordering of the nodes of GG starting with S;
extend z to an ortho-homomorphism z of G in R? by random sequential choice; let
p-.p be the distribution of this extension. Define the density function the measure ¢,

on Zg[v\s} by

o-(A) = / 1 San(op) dp-y. (14)
A weV\S

Lemma 9 The family (v, : z € Xgig), S € V) is a Markovian conditioning of .

Proof. The fact that the family (¢,) is a conditioning follows from the construction
of ¢ as described above.

The Markov property is easy as well. Let S C V, and let Gy,...,G, be the
connected components of G'\ S. Let z € Y. Constructing the random extension
of z sequentially, we see ¢,|g, is independent of the vectors and density function
values of the other components G;. O

Lemmas f§ and ] imply Theorem .
The following related fact was observed and used (implicitly) in [[[J].
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Proposition 10 Let S C V(G), let G' = G[S], and let p be an ordering of the nodes
of G starting with S. Then pf; = pag'p, and gog is absolutely continuous with respect
to pgr, and vice versa.

Proof. The first assertion is obvious from the sequential construction of p,. By
construction, pg and pgr, are mutually absolutely continuous, and so are ¢g and
pp- The second assertion implies that their marginals pg = pgrp and cpg are mutually
absolutely continuous, and hence so are gpg and @ev. ([l

3.3 Explicitly computable examples

Example 1 (Trees) A simple example is a tree F. Let p be a search order from
a root u. Then d,(v) = 1 for every v # u, and Det(z,(u)) = 1 for every u. Hence
fp(z) =1, pp is the same distribution for every search order, and ¢ = p,. Thus the
measure ¢(F,d) is a well defined probability distribution, and ¢(G,d) = 1. The more
general example of bipartite graphs will be discussed in Section B.4.

Example 2 (Triangles) Let d = 3 and G = K3, with the nodes labeled
1,2,3. Then (x1,x2) is uniformly distributed on orthogonal pairs. It follows that
Det(z1,x2) = 1, and so all the Det’s in the denominator of ([I3) are 1. Hence

Ay 1Ay s (7/2)D((d = 3)m)°
H(Ks,d) = dA%_Z "= (d—2)!!((d—4)!!)

(15)

In particular, ¢(K3,3) = 2/7 and t(K3,4) = w/4. Other cycles will be discussed in

Sections B.4 and p.2.

Example 3 (Rigid Circuit Graphs) We can get rid of the integration for all rigid
circuit graphs, which contain no induced cycles other than triangles. A well-known
characterization of these graphs is that their nodes can be ordered so that the neigh-
bors of any node v preceding it spans a complete subgraph. Using this ordering p to
compute t(G,d) (where d is large enough so that G is d-sparse), we see that the vec-
tors in every x(N,(v)) are mutually orthogonal, and so the Det’s in the denominator
are 1. Hence we get

|-V
Ad—l

t(G,d) = H Adg—dy(w)-1- (16)

|E]
Ad—2 veV
In particular, we get a formula for complete graphs:
r(r=3)/2 r

d—1
(K d) = — o T4 (17)
d—2 i=1
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We could use ([l) to express ([[d) as an®, where a is rational and b is an integer.
Let ¢ denote the number of odd “backward” degrees dp(v). Then straightforward
computation gives that

E|l -
||7q7 if d is even,
b=

q _2|E|, if d is odd.

Surprisingly, this exponent does not depend on d except for its sign. The combina-
torial significance of the rational coefficient a would be interesting to determine.

Example 4 (Complete bipartite graphs) Let G = K, where a+b < d. Then,
using ([13) and Lemma [,

Aab bAlC)l . 1
G = St ()
A, sl Det(x)
Aab > aAg b— lAd a—14d-1"""Adq

18
A Ay pq - “Adba (18)

This implies that ¢(G,d) can again be expressed as a rational multiple of an integer
power of 7, where the exponent of m depends on the parity of d only.

3.4 Bipartite graphs

Let G be a bipartite graph with bipartition V' = UUW. The construction of the mea-
sure @ can be carried out by ordering the nodes starting with U, to get the reference
ordering p of V. If z is a random point from p,, then z, (u € U) are independent
random vectors in S% and fp depends only on these variables z,. Furthermore,

Sdn(2p(u)) = Ag—1 for u € U. Hence (canceling A'ClU_‘l)

¢y A [ -
P = A‘CEQ vEW Det(z(N(v)))’

and

/ Tpdpp = / Hsd,dp(v)(iﬂ)dWU

(Sd-1)V (Sd-1)U veW
AP Ad—d)
d-1 —Ud U 1
A7 / 1 saGivey 19
(Sd 1)U

We'll see examples where this number is finite and also where this number is infinite.
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Remark 11 An ortho-homomorphism of a bipartite graph has the following geo-
metric interpretation. Consider the points of U as vectors in R? (as before), but the
points of W as normal vectors of hyperplanes. Orthogonality translates to incidence.
For example, a representation of Cg in R? is a simplicial cone, with three rays (the
vectors in their direction having unit length), and the normals of the three faces
(again, of unit length).

Remark 12 We'll see (Corollary P7) that Sidorenko’s conjecture would imply the
inequality

HG,d) >1 (20)

for every d-sparse bipartite graph G. It would be interesting to prove this inequality
at least in this special case.

As a simple but important special class of bipartite graphs, the subdivision G =
H' of a simple graph H by one node on each edge is a bipartite graph. Then

AEl 4IE] 1
t(H', d) = =143 ——_dr". 21
(H',d) Ve H Det(wr, ) " (21)
d—2 (Sd*l)U Z]EE
We can use this special case to justify considering t(G,d) as the density of G in
the orthogonality graph. The function

Ag-1A4-3 1
Ag_z Det(z,y)

sa2(z,y) = (22)
defines a graphon (S4~!, 7, s42). Let n = |V(H)|, m = |E(H)|, and assume that all
degrees of H are bounded by d — 1. Then the ortho-homomorphism number can be
expressed as follows.

t(H',d) = II sa2@@(@))dr" (z) = t(H, sq2). (23)
(§4=1)V ijeE(H)

Since t(H',W) = t(H,W o W) for any graphon W, this justifies to consider ¢(G, d) as
the homomorphism density of G in the orthogonality graph (with the edge measure
scaled to a probability measure).

Example 5 Let d = 3 and G = Cg = KJ. Then the conditions above are satisfied,
and ([[9) gives that

1

8
3 / Det(x1,x2)Det(x2, x3)Det(zs, 1))
(52)3

t(Ce,3) = dr® ().

19



Let £L(x1,23) = o, L(w2,23) = B, and £L(x1,22) = . Let 6 denote the (unsigned)
angle between the planes lin(z1, z3) and lin(ze, z3). By the spherical cosine theorem,
v =7(a, B,0) is given by

cosy = cosacos B —sinasin f cos 6. (24)

Fixing x3, it is easy to see that the angles o, § and 0 are independent random

variables with values in [0, 7]; their density functions are %Sin «Q, %Sinﬁ and 1/,

respectively. Hence

1o laonal
lsinadsingl 2 1
H(Co.3) = % / psinagsinfy  isde = = / —~_dadpds.
T sina sin 8 sin -y 7r sin «y
(0,73 (0,73
Substituting from (p4),
2 dadp db

4 .
T [0.7]3 \/1— (cosacosﬁ—sinasinﬂcos@)2

4 Finiteness

The value t(G,d), as defined by the integral in ([[J), may be finite or infinite even
for d-sparse graphs, as we will show below. In this section, we study the issue of
finiteness. We only address this issue for bipartite graphs. Further exact formulas,
based on spectral methods, will be given in the next section.

4.1 A general bound

A general upper bound on t(G, d) can be obtained by applying the following gener-
alized Holder inequality [f].

Lemma 13 Let f1,...,fm 1 Q" — R be measurable n-variable functions on some
probability space (Q, A, ), such that f; depends only on a subset B; C [n] of the
variables. Let p1,...,pm > 1 such that

Then

/ Fioe Fmdn™ < fillps -l
QTL
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Of course, the lemma is only interesting if the right hand side is finite, i.e., if
fi € L,,,(Q™) for every i. Applying it to the expression ([L9), we get

t(Gv d) < H Hsd,deg(v)pr (26)
veW
where the numbers p, must satisfy
1
> =<1 (27)
vEN (u) Pv

for all (u € U). The bound is finite when s4 4eg(v) € Lp, for all v € W; as noted in
Section P.d, this happens if and only if

po < d—deg(v)  (veW). (28)

The upper bound in (Bf) can be expressed explicitly using Lemma [, but it is not
really appealing. However, the finiteness result is worth stating:

Theorem 14 Let G be a bipartite graph with bipartition (U, W), and suppose that
1

> ——— <1 (29)

veEN (u) - deg(v)

for alluw € U. Then t(G,d) is finite.

Proof. The condition implies that G is d-sparse, and so t(G,d) is well defined.
Choosing p, = d — deg(v), (R7) and (RY) are satisfied. O

A special case when this condition is satisfied and that is easier to handle is the
following.

Corollary 15 Let G be a bipartite graph with bipartition (U, W), and suppose that
all degrees in U are bounded by a (1 < a < d—2), and all degrees is W are bounded
by d —a. Then t(G,d) is finite.

4.2 Subdivisions

In this section we show:

Theorem 16 If G is the subdivision (with one node on each edge) of a simple graph
H with maximum degree d — 1, then t(G,d) is finite.

A notable special case for d = 3 is the cycle Cy, as the subdivision of Cy (k > 3).
Note that this Proposition does not follow from Corollary [[J (only if the degrees are
strictly smaller than d — 1).

We need a simple lemma in elementary graph theory.
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Lemma 17 Let G = (V, E) be a simple connected graph on n > 2 nodes, with all
degrees at most D, let e1 € E and w: E — Ry. Then there is a spanning tree F
of G, and integers (k. : e € E(F) such that ke, = 1, ke < D for all e € E(F),
S, ke = [E(G)], and

Zw(e)g Z kow(e).
)

eck ecE(F

Proof. Let F' be a maximum weight spanning tree. It suffices to define a map
6 E(G) — E(F) such w(6(e)) = w(e), ke = [672e)] < D, and |6~ (er)] = 1.
For any search order (vy,...,v,) of F starting with e; = vjv9, we map each edge
vv; (i < j) to the (unique) edge vjv;r of F with j° < j. It is easy to see that this
map satisfies our requirements: at most D edges are mapped onto any edge of F',
no edge other than itself is mapped onto e;, and if v;v; is mapped onto vjv;, then
w(v;vj) < w(vjv;), because otherwise replacing the edge vjv; by vivj, we would get
a tree with larger weight than F'. d

Proof of Theorem [L§. By identity (RJ), we have
t(G,d) =t(H,W),

where W = 5,49 defines a graphon on S4=1 Lemma [[7, applied to the logarithm of
W, gives that for every z € (S% 1)V there is a spanning tree F of G and integers
(ke : e € E(F)) such that ke <d—1, ke, =1, Y, ke = |E(G)|, and

W) < T W),
e€E(F)
Since W is bounded from below, this implies that
WC(z) < CoWe (z)WH\e(z)d—! (30)

for some constant Cy independent of x. For a spanning tree F' of G with an ordered
edge set E(F) = {e1,€2,...,en_1}, let Y denote the set of points x € (S?~1)V for
which W€ (x) > We(z) > ... and (BQ) is satisfied. By the above, UpYx = (S 1)V,
and so

HG,W) = / W dnV SZ/WdeV

(Sd—l)V F Yr
> / Wer ()W ()41 drV ()
F oy
< max/ We (@)W (2) 1 dnV (2)
Yp
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So it suffices to prove that

Jwer@wne @)t @) = [ W @we @t e @) @) @)

YF YF

is finite for every edge-ordered spanning tree F'.

Disregarding the condition on the ordering of the edges, the random variables
W€ (x) are independent. Indeed, selecting the images of the nodes in a search order
of the tree, each W€ (z) will have the same distribution even with one endpoint of
e; already fixed, by symmetry. Let ¢;(z) be the angle between xz, and x,, where
e; = uv. Then

1

sin 19@ ’

W) S
and the density function of each 9;(z) is
F(9) S (sin0)*?

Let T'(F') denote the set of vectors (¢1,...,9,-1) with 0 < ¥; <7 and sint); < ---
sin¥,,—1. Then

IN

/ W ()W () W (@) dr¥ ()
Yp

< / (sin®1)42 ... (sind,,_1)? 2

T(F)
: d—3
_ / (sin v1) 49 .. db,

sindy ...sinv,—_1

T(F)

1
< . dY,_
- / sinﬁg...sinvﬂn_ldﬁl dn-1
T(F)

Introducing the variables ¢; = min(J;, 7 — ;) and the set

T/(F):{(¢17"'7¢n—1): O§¢Zéﬂ/27 (bl S"'S¢n—l}7
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we can go on as follows:

1 1
. . dpy...dop_1 < / ——ddy1...dpp—
/s1n¢2---s1n¢n_1 91-- dfn-1 G2 oy D01 A0
T/(F) T/(F)

/2 ¢r—2 2 1
oo | ————doy1 ... dop—

I
—
—

0 0
/2 ¢n—2 #3 1
= cor | —————doo ... ddy,—
[ ][ aramy dondonm
0 0 0
/2
:---:/1d¢n_1:7r/2.
0
This proves the theorem. O

Remark 18 Theorem [[f asserts that the subdivision of any simple graph with all
degrees at most d — 1 has a finite Markovian probability distribution on its ortho-
homomorphisms. (This does not remain true for multigraphs, as shown by the multi-
graph on two nodes connected by d — 1 edges.)

As remarked after Lemma [, sq2 € L,(S% !, 7) if and only if p < d — 1, so
W = 542 is an Ly-graphon for every p < d — 1, as defined by Borgs et al. in Al
By one of the results of that paper, all simple graphs with all degrees at most d — 2
have a finite density in W; our analysis shows that this remains valid for graphs with
degrees bounded by d — 1 in the special case of 54 9.

4.3 Paths and cycles

Theorem [ implies that every even cycle Cy of length at least 6 has finite density
in every dimension d > 3. We are going to show that this holds for odd cycles
without exception. But for later reference, we start with discussing properties of
ortho-homomorphisms of paths.

Let Py denote the path of length k. As we have seen (Example [ll), the ortho-
homomorphism measure of paths is a probability distribution. Let 773 denote the
marginal of this distribution on the pair of endpoints (k > 1). In particular, 77c1l = 14.
Easy properties of nfj are summarized in the next lemma.

Lemma 19 The distribution ns is absolutely continuous with respect to w2 for all
d >3 and k > 2. The density function ugqy(z,y) = (dn)/dn?(z,y) is continuous for
kE<5ifd=3and fork >3 ifd > 4. For k = 2, it has a singularity when x||y;
for d =3 and k = 3, it has a singularity when x L y; for d =3 and k = 4, it has a
singularity when z||y.
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Proof. By Lemma Jj,

Ag1A4-3 1
A?l—2 Sln(é(xvy)) ’

ud,2($7y) = Sd,2($7y) =
from which statements for £ = 2 are easily verified. It is easy to check that

Ud ot (T, Y) = /ud7k(m,z)ud7m(z,y)dﬂ(z) (32)
Sd*l

for k,m > 2, and

waga (z,y) = / sap(zry) dmol2), (33)

Sd—1ngL

where 7 is the uniform distribution on the (d — 2)-dimensional sphere z+ N S9-1.
Using this formula, we see that u,4 3 is a continuous function for non-orthogonal pairs
of points (x,y), and it is not hard to check that if € = £(z,y) — 7/2 — 0, then

O(loge) ifd =3,

ta3(®y) = {0(1), if d > 3.

From this it follows that ug ) is bounded (even continuous) for all k > 3 if d > 4. If
d = 3, then (BY) implies that ug4 still has singularity if x = y; for ¢ = £L(z,y) — 0,
we have ug4(x,y) = O(loge). Using (BY) again, we see that ugy is bounded and
continuous on S% 1 x §4-1 for all k > 5. O

Theorem 20 The ortho-homomorphism density t(Cy,d) is finite except if d = 3 and
k= 4.

Proof. For even cycles longer than 4 we already know this by Theorem [[§; also for
k = 3, by the computations of Example fl. Let k = 2r + 1, r > 2. Then, using any
ordering of the nodes, we get that

t(Corq1,d) = / Ug U 2r—1 AT
Sd*l

Here ugo < Cy on S1 = {(z,y) : 7/4 < L(x,y) < 3n/4} and ugor—1 < Ca on
Sy = (89712 \ Sy, by Lemma [[9, for some constants C;. Thus

t(Corq1,d) = / Ug g 2r—1 dT* < C /ud,2r—1 dn? + Cy /Ud,z dr®

gd-1 S1 Sa
< Clt(Pg,d) + Cgt(Pl,d),
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which is finite.

For d = 3 and k = 4, the graph C4 does not satisfy the 3-sparsity condition, and
indeed, as we have seen, the ortho-homomorphism measure has no natural definition.
Formula ([[d) applies but the integral is infinite. O

These computations imply that for & > 5, ug, is a continuous function on Sd—1 %
S4=1 50 ug k(z, z) is well defined, and

t(Ck,d) = /Sdl ug(z, z) dr(x). (34)

More explicit formulas for these densities will be given in Section f based on the
spectrum of the graphop A.

4.4 Crowns

For n > 4, we define the n-crown Cr,, as the bipartite graph with bipartition U U W,
where U = {uy,...,uy}, W = {wy,...,w,}, and w; is connected to w;_1, u;, and
u;+1 (subscripts modulo n). The 4-crown is the skeleton of the 3-dimensional cube.
For odd n, the n-crown is also known as the “Mobius ladder”, for even n, as the
“prism”. The n-crown is 4-sparse if n > 4.

Proposition 21 (a) Ifd > 4, n > 4 and (d,n) ¢ {(4,4),(4,5),(4,6),(5,4)}, then
t(Crp,d) is finite. (b) t(Cry,4) is infinite.

Proof. (a) Let z; = z,, be independent random points of 591 Let o be the angle
between x; and x;11, and let ©¥; be the angle between the planes lin(z;_1,z;) and
lin(x;, x41). Let Y; = sina; = Det(xy, xi+1), Z; = sind;, D; = Det(zj—1, 2, Tit1) =
Y, 1Y Z;and W = Y12 .. Yn2Z1 ... Zp. Then

t(G,d) = CEW 1),

where the constant C' is computable by ([L9), but we don’t need this here. Let B;
denote the event that D;D;11 > D;Djq for all j =1,...,n. Clearly P(B;) = 1/n
and E(W~! | B;) is independent of i, which implies that E(W~! | B;) = E(W1!).

Assume that B,, occurs, and let Wy = Dy ---D,,_1. Then D,D; > WQ/", and
hence Wy = W/(D1Dy) < W™=2/"_ Thus W > WSL/("_2). Hence

Wo—n/(n—2) ]]-Bn)
P(By)

EWH=EW™|B,< E(Wo—n/(n—z) | Bn) _ E(
- "E<Wo_n/(n_2)]an> < nE<W0_"/("_2)>.

The advantage of considering Wy is that we can write it as

Wo =YY Y7 Yo 1Zy- Zn_1,
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and here all of the factors are independent random variables. So the expectation of
WO_"/(n_2) is finite if and only if E(Yl_n/("_Z)), E(Yi_%/(n_z)) and E(ZZ-_"/("_2)) are
finite. Clearly, finiteness of the second expectation implies finiteness of the first one.

The expectations of powers of Y7 and Z; are easy to compute: the density function

of (say) a is proportional to (sinay)?~2, and so

f(SiH a)d—2—2n/(n—2) dov
0

(sin )42 da

O—x

The integral in the numerator is finite if the exponent of sin « is larger than —1; this
means that

d—2-2n/(n—-2) > —1. (35)

Similarly, the density function of Z; is proportional to (sin1)¢~3 (the density of the
angle between two random points on the equator), and hence

[ (sin )4=3=1/(n=2) g
0

B2, ") =
(sin a)?=2 do

O —x

As before, this is finite if and only if d —3 —n/(n —2) > —1. It is not hard to see
that (BH) is stronger. Rewriting (BH) as (d — 3)(n — 2) > 4, we see that this holds for
d=4andn>7,d=5andn>5andd>6,n>4.

(b) For any three unit vectors y1, y2, y3, we have
ly1 Aysl + ly2 Ays| > |y A el
For vectors of arbitrary length, this gives
|21 A 23] |z2] + |22 A 23] |21] > |21 A 22] |23]-
Applying this to the vectors z; = z; /x4, we get
|z1 A 23 A zg| |x2 A 2a] + |22 A g A g] |21 A2g| > |21 Ao A2y |23 A 24

Setting Y; = |x; AxgAxy|/|z3 A 24| (this is the distance of x; from the plane lin(x3, x4),
we get from this

|:E1 N\ X2 /\l‘4| < Y1|:E2 /\l‘4| + Y, |331 /\:E4| <Y+ Yo
The same upper bound can be given on |x; A x2 A z3|, and trivially

]a:i N T3 /\a;4\ = YJ%g /\1’4‘ <Y;.
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The denominator in ([[9) can be estimated as
]331 /\xg/\xg\ \xl/\xg/\x4] ]331 Ax3A$4‘ \xg/\xg/\az;] < (Y1+Y2)2Y1Y2 < 4max(Y1,Y2)4.

Note that the distributions of Y7 and Y5 do not depend on z3 and x4, and so we can
fix L = lin(xs,z4). Similarly as in the proof of Lemma , let ¢; be the angle between
x; and L (0 <9 < 7/2), then Y; = sin?J;. For a fixed 1, points at this distance sin v
from L form the direct product of two circles LN (cos 9)S! and LN (sin¥)S!, and so
their density is proportional to costsin. Hence E(max(Yl, Yg)_4) is proportional
to

sin Y1 cos ¥4 sin ¥ cos o cos 11 sin Y9 cos U9
=2
max(sin ¥1, sin )4 dis diy / (sin )3 dv din
[0,7/2]2 Y2<V1
B cos Y1 (sin 91)? B / cos Y1
N / (sin?y)3 diy = sin ¥y o,
(0,7 /2] [0,7/2]
which is infinite. n

5 Spectral formulas

5.1 Powers of the graphop

Let H4 denote the function space L2(S9~! 1) where 7 is the uniform measure on
S4=1 If Q is an element in the orthogonal group O(d), then it also acts naturally
on Hq by (fQ)(z) = f(Q(x)) where f € Hy and x € S9!, We say that a linear
operator T on H is rotation invariant, if QTQ~' = T holds for every Q € O(d).

Under the general correspondence between measures and linear operators, we can
define a bounded linear operator A = Ay : Hg — Hq by letting (Agf)(x) be the
average of f on the (d — 2)-subsphere z+ N S%1. (It is not hard to see that this is
well-defined for almost all x; see [J].)

This operator satisfies

(Af.g) = / f(@)g(y) dn(z,y). (36)
Sd—1y gd—1
for every f € L,(S% ', 7) and g € L,(S% !, 7) (see []). This implies that it is self-
adjoint. It is trivial that A is monotone: if f > 0 then Af > 0. We also note that
A is 1-regular: Alga—1 = Lga—1. This operator also has the geometric property that
it is rotation invariant, i.e.,
We say that an operator T : Lo(S9™1) — Ly(S%1) is represented by a measurable
function u : S4 ' — R if

(Tf)(x) = / u(,y)f ) dn(y).

gd—1
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Then T is a Hilbert—Schmidt integral operator. The operator A cannot be repre-
sented by any function, but its higher powers can: the operator A* is represented by
the function ugy, for all £ > 2.

5.2 Spherical harmonics

In this section we study the spectrum of the orthogonality operator A = A, for a
fixed d > 3. As an application, we obtain formulas for the ortho-homomorphism
densities ¢(Cy, d) in the next section.

The fact that A¥ is a Hilbert-Schmidt operator for k > 2 implies that A is a
compact operator. Let A\, (n =0,1,2,...) be the distinct nonzero eigenvalues of A,
and let T,, denote the orthogonal projection onto the eigensubspace W, belonging
to Ap. Then the expansion

AP =3 "N, (37)
n=0

is convergent in operator norm for d = 3 and k£ > 5. Our goal is to give more explicit
formulas for \,, and W,,.

It is well-known that the action of the orthogonal group O(d) on the Hilbert space
Hq = L2(Sd_1) has a unique decomposition into distinct irreducible representations.

These representations are carried by subspaces Wy, Wi, Wa, ... of L?(S% 1), where
W, consists of polynomials of degree n and has dimension
d+n—1 d+n—3
dim(W,) = — .
im(W,) < do1 ) < Jo1 > (38)

Since the operator A is rotation invariant, standard arguments show that each
eigenspace of A is invariant under O(d). Hence each W, is contained in one of
the eigenspaces of A and thus elements in W,, are eigenvectors of A with identical
eigenvalue \,.

The Gegenbauer polynomials i) () (also called ultraspherical polynomials) are
orthogonal polynomials on [—1, 1] with respect to the weight function (1 — z2)*~1/2,
(In particular, cft/? (x) is the n-th Legendre polynomial.) The significance of these
polynomials for us is that if « = d/2—1, n € Nand y € R? is a fixed unit vector, then
the function z +— C’T(La) (z -y) defined for z € S9! is an eigenfunction of the operator
A (called a zonal spherical harmonic function). Furthermore, the corresponding
eigenvalues (with appropriate multiplicities) describe all the eigenvalues of A.

It is not hard to calculate the eigenvalues corresponding to these functions. It
is clear that f,(y) = C}(La)(l) and that (Af,)(y) = C’y(La)(O), and so the eigenvalue
is Cr(la)(O) / C,(La)(l). Fortunately, these special values of the Gegenbauer polynomials
are easily derived from the classical series expansion

[e.e]

(% n __ 1
2 GO = g (39)

n=0
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Substituting x = 0 and z = 1, we get

-1
(—=1)" <r ta >, if n = 2r is even,
r

0, if n is odd,

and

q@“):<n+2a—1>. i~

n

In our case when o« = d/2 — 1, both quantities are rational numbers. From these
formulas we obtain that the eigenvalue A, of A corresponding to n-th zonal harmonic
function is

(d—3)1(@2r — 1)

(d/2-1) 1 o o
A, = C?d/z_l)(O) _ (=1) @rrd—3)n if n = 2r is even, (42)
Ch (1) 0, if n is odd.
For even d, the formula for \,, can be simplified:
— N
(—1)n/2 (d—3)" , if n is even,
An = (m+1)(n+3)...(n+d—3) (43)
0, if n is odd.

Note that in this case the numerator is a constant (we consider d fixed), and the
denominator is a polynomial in n. If d = 4, then X\, = (—=1)*/2/(n + 1) for even n
and A, = 0 for odd n.

The projections T,, to these subspaces can be described as well. The fact that
W, is finite dimensional implies that T, is an integral kernel operator representable
by some measurable function @, : S¢ ! x S9! — R. Furthermore, since W,, is an
eigenspace of A, each @, is invariant under the natural action of the orthogonal group
O(d). This implies @y (z,y) depends on the scalar product of x and y only. In other
words, there is a measurable function f,, : [—1,1] — R such that Q,(z,y) = fu(x-y).
This also means the for every fixed y € S9!, the map z — f,(z - y) is in W,, and
thus these functions are the zonal spherical harmonic functions. We obtain that
folx) = C’T(La)(x)cn for some constant ¢, where o = (d — 2)/2. The fact that Q,
represents a projection onto W,, implies that dim(W,,) = E,Q,(z,z) = C}(La)(l)cn
and thus ¢, = dim(Wn)/C,(la)(l). So

fu(w) = dim(W,,) G () /O3 (1),

n

and for x € S and f € Hy,

(Tnf)(z) = fulx-y)f(y) dr(y). (44)

Sd—1
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We can apply (B7) (formally) for k = 1:
=S M TNE) = S0 [ e 97w dn(), (45)
n=0 n=0
It is not clear when this infinite sum converges.

5.3 Cycle densities

We start with the expansion
t(Cr, d) = tr(Ak) = Z MF dim (W, (46)

convergent for d = 3 and k: > 5, and for d > 4 and k > 4. Substituting values
computed above, we get the formula

=3 (5 ) - () (e ety

r=0
(47)
If d = 4, we obtain much nicer formulas:
HCr4) = S (2r + 127 = ¢k — 2)(1 — 22°F)
r=0
if k is even and
H(Cry4) = Y (2r+ 1) F(=1)
r=0

if k is odd. In particular, t(Cy,4) = 72/8. The case of a triangle is interesting: the
formula specializes to

1 1 s
t(03,4)—1—§+5—'~—z.
The series is not absolute convergent, and we have no good argument to justify the
order in which it is summed; but the computations in Example [] show that this is
the “right” order.
If d = 3, then the eigenvalues of A are (—1 /4)"(2:) with multiplicity 4r + 1 for

r=0,1,2,.... This leads to

00 k
t(Cr,3) = > (4r+1)(—=1/4)™ <2:> .

r=0

Comparing with (P5), we get the identity

da dfB db > 2r\ ®
/ adf :%Z4r+1467”<r>. (48)

(cosacosﬁ — sin aesin B cos 9)2
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6 Approximations by graphons and graphs

In this chapter we explain how the orthogonality graphs H; and ortho-homomorphism
densities fit into graph limit theory. Our goal is to find sequences of graphons and
finite graphs which approximate Hy (or more precisely the operator A,) in the sense
that ortho-homomorphism densities become limits of classical subgraph densities.
As a consequence we obtain that ortho-homomorphism densities behave a lot like
subgraph densities. They satisfy a variety of inequalities that are known in the graph
theoretic framework. A very interesting example is Sidorenko’s conjecture, which has
been proved for quite a few classes of graphs. The ortho-homomorphism version of
this conjecture is especially nice: It says that the ortho-homomorphism density of
any bipartite graph in Hy (for d > 3) is at least 1. Our results in this chapter will
imply this for every bipartite graph that satisfies the finite version of the conjecture.

For x € S% ! and 0 < r < m, let B,.(x) be the set of points y € S ! such
that d(z,y) < r (where d is the spherical distance), and let V; = w(B,(z)). Let
fzr = 1B,, be the indicator function of B, ;.

Lemma 22 If A is a rotation invariant bounded operator on H, then A is self-
adjoint, i.e., A* = A. Any two rotation invariant bounded operators commute.

Proof. For any two points ,y € S ! and 0 < r < 7, there is a reflection R € O(d)
in a hyperplane such that R(z) = y and R(y) = x. For this reflection we have
fer = fyrRand f,, = fi,R for every r > 0. It follows that

(fgc,rAy fy,r> = (fgc,rRARa fy,r> = <fm,rRA, fy,rR> = <fy,7“A7 fm,r>- (49)

For r > 0 let K, := {fz, : ¢ € Sd_l} and let W, denote the space of finite linear
combinations of elements in K. From equation () and the bilinearity of the scalar
product, we obtain that (fA, g) = (f, gA) holds for any two functions f,g € W,.

Now let f,g be arbitrary functions in Hy. It is easy to see that for every ¢ > 0
there is an 7 > 0 and two functions f’, ¢’ € W, such that ||f — f'|l2 <€, [g—¢'|]2 < €.
Then

(£, 94) = (f".g"A) < [{f =11, g+ F', (9= ) AN < ellgll2l| Allz+ ([ £ll2+€)ell All2

and similarly [(fA,g) = (f'A, ¢')| < el All2([[fll2+]lgll2+€). From (f',g'A) = (f'A,g')
and with € — 0 we obtain that (f, gA) = (fA, g), showing that A* = A.

To show the second claim, let A, B be bounded rotation invariant operators.
Then AB is also rotation invariant and so AB = (AB)* = B*A* = BA using the
first statement. O

Next we introduce a set of operators M, on Hy defined by

(M, f)(a) = - / £(y) dn(y).
B, (z)
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It is clear that M, is rotation invariant, so by Lemma @ M, and A, commute and
the product C, := Az;M, is a self-adjoint operator on H.

The operator C, is a Hilbert—Schmidt operator with a nonnegative, symmetric,
bounded, measurable kernel W, : 41 x §4-1 5 R:

(Co () = / Wi (2, 9) () dn(y).
Sd—l

It is easy to see that for a fixed z, W,.(z,y) is the density function of the random
point y obtained by moving from z in a random direction by 7/2 to a point 2/, and
then moving to a uniform random point of B, (z').

Clearly |, ga—1 Wr(z,y)dr(y) = 1 for every x, so W, is a 1-regular graphon, and
t(H,W,) is well-defined by (). Our main goal in this chapter is to prove that for a
class of bipartite graphs H we have

t(H,d) = lim t(H, W,) (50)

Our main tool is a rather explicit formula for the value of t(H,W,.).

Lemma 23 For everyd > 3 and n € N,

u Ag:%Ad—n—l
HWT(’Z7$Z') dﬂ'(Z) = TDT(xlyx%“')xn)' (51)
i=1 d—2
gd—1
Proof. Let z be a uniform random point on S?~! and let zi, 29,..., 2, be inde-

pendent uniform elements on S9! orthogonal to z. Let z; be chosen uniformly from
B, (z). By (H), the density function of the joint distribution of (x1,...,x,) is just
the function on the right hand side of (F1l). On the other hand, by () the joint

distribution of (z1,...,2,) has density function
AV Ay
“%D(zl,xg, ey Zn). (52)
Ad—2
Since (z1,...,Ty) is a random point in B,(z1) X - -+ X B,(zy), the density function of
(z1,...,2,) is the average of (BF) on B,(z1) X - -+ x B,(2y,). O

Lemma 24 Let G = (V, E) be a d-sparse bipartite graph (d > 3). Then

AE=IW]
HG W) = =t [ T Adca Do (#(N(0))) dr (2). (53)
Ad—2 (Sd*l)U veW
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Proof. Let UUW be a bipartition of V, then using (FJ),

HG,W,) = / [T W) dr (@)
(§d-1)V i€EW,jEN(4)

_ / 11 / [T W) dnay) | dn”

(Sd-1yU €W\ gd—1 JEN(9)

AV A,
= H ‘F%“Dr(xl,xg,...,xn) dnv.
(ga-nyu €W Ad—s

Simplifying, we get (BJ). O
Theorem 25 If G is a bipartite graph that satisfies the sparsity condition, and
t(G,d) < oo, then
t(G,d) = lim t(G, W,.).
r—0

Proof. According to Lemma P4 and the formula ([[9), it is enough to prove that

lim / T D (@(N () dn¥ () = / [ PN @) dr’ ). (54)

r—0
(Sd-1)U veW (§d=1)U veW

Let

~ [[ @) and D)= [[ Dl

veW veW

It is clear that D,(z) — D(z) as r — 0 for almost all z € (S4~!)U. By Lemma f we
have that D, (z) < C’dD( ) for some ¢ > 0 independent from r and z. Since ¢(G,d)
is finite, the function D is integrable, and so eD is an integrable upper bound on D

Thus (@) follows by Lebesgue’s Dominated Convergence Theorem. 0

The next theorem is a corollary of Theorem .

Theorem 26 For every d > 3 there is a sequence of finite graphs {G;}5°, such that
if a finite bipartite graph H satisfies the sparsity condition, then

lim t(H,G;)/t(e, G) P = t(H, d).

1—>00

Proof. Forn € Nlet Uy := Wy 1/,,/IWg1/nllc0, then U, is a symmetric measurable
function with values in [0, 1]. Tt follows from the results in [[4] that there is a finite
graph G,, such that

H(H, Gy /t(e, Go) B — t(H,U,) /t(e, Un)\EUﬂl( <1/n.
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Since t(e, Wq,1/n) = 1, we also have that t(H,U,)/t(e, U ) EE! = +(H, Wi i/m)- To-
gether with Theorem P8, this completes the proof. O

Theorem 26 shows that in some sense Hy is a limit of finite graphs. It is interesting
to mention that the sequence {G;}°, given by the proof of the theorem is a sparse
graph sequence. We also have an interesting corollary of Theorem Pg.

Corollary 27 If H is a d-sparse bipartite graph that satisfies Sidorenko’s conjecture,
then t(H,d) > 1.

Sidorenko’s conjecture is verified for large families of bipartite graphs, and thus
Corollary P7 implies several non-trivial inequalities for ortho-homomorphism den-
sities. Some other graph theoretic inequalities can also be transported to ortho-
homomorphism densities with the help of Theorem R6]; but we omit the details here.

7 Open problems

Let us conclude with some special and more general problems left open by our work.

Problem 28 Decide the finiteness of ¢(Cry,,d) the open cases (d,n) €
{(4,5),(4,6),(5,4)} in Proposition RI].

Problem 29 Characterize graphs G and dimensions d for which ¢(G, d) is finite. As
an interesting example: if G is the incidence graph of the Fano plane, is t(G, 4) finite?

Problem 30 The fact that the cube graph Cry is, in a sense, exceptional among
crowns, may be related to the fact that for 4-sparse graphs, the real algebraic variety
of all ortho-homomorphisms in dimension 4 is irreducible, except for the cube. Is
there a more substantial connection?

Problem 31 Make sense of the identity ([[§), perhaps generalized to all cycles and
all dimensions.

Problem 32 Let G be a d-sparse graph, and let u be a probability measure on g 4
with Markovian conditioning. Is p uniquely determined by G?

Problem 33 Are there natural graph sequences converging to the orthogonality
graph? The orthogonality graph H,, 4 of IF'Z \ {0} (more exactly, the conjugacy graph
in the projective space Pg_l) is a natural example, but it does not work: cf. [,
Section 12.5, from which it follows that conjugacy graphs of finite projective spaces
tend to a trivial limit in the sense of action convergence (a form of right convergence).
From the other side, it is easy to compute that t*(K3, Hp3) = (p>+p+1)/(p+1)* ~ 1,
while we have seen that (K3, H3) = 2/, showing that Hp 3 does not tend to H3 in
the local sense either.
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Problem 34 Instead of random unit vectors, we could consider other probability
distributions; Gaussian would be a natural choice. In the sequentially constructed
random map, we map each node v onto a random vector from the standard Gaussian
distribution on the subspace orthogonal to the previously chosen images of neighbors
of v. We expect that a density function making this mapping independent of the
order of the nodes can be constructed along the same lines as in this paper. This
construction may have even nicer properties than our random ortho-homomorphism;
but this is not discussed in this paper.

As another natural generalization, we could determine subgraph densities in the
uniform measure on pairs of points of a unit sphere at any given distance (different
from 7/2). Even more generally, perhaps the methods above can be applied to any
probability measure on pairs of points in R? invariant under the orthogonal group.

Problem 35 Based on (f4) and ({), one can (formally) derive the following for-
mula:

Hed) = S / TT Moo ooy s - ) d¥ (). (55)

T E(H)—)N(Sd,l)v ijeE

Note that the product in the formula is a multivariate polynomial on R*" with rational
coefficients which depends on the edge labeling 7. It is not clear when this infinite
sum converges and when the equality holds.
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