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ABSTRACT. In this note we study how a concentration phenomenon
can be transmitted from one measure p to a push-forward measure
v. In the first part, we push forward p by 7 : supp(u) — R", where
T = i |lz|lx, and obtain a concentration inequality in terms of the
medians of the given norms (with respect to p) and the Banach-Mazur
distance between them. This approach is finer than simply bounding
the concentration of the push forward measure in terms of the Banach-
Mazur distance between K and L. As a corollary we show that any
normed probability space with good concentration is far from any high
dimensional subspace of the cube. In the second part, two measures
u and v are given, both related to the norm | - ||z, obtaining a con-
centration inequality in which it is involved the Banach-Mazur distance
between K and L and the Lipschitz constant of the map that pushes for-
ward p into v. As an application, we obtain a concentration inequality
for the cross polytope with respect to the normalized Lebesgue measure
and the ¢; norm.

Concentration of Measure, Push-forward Measure, Symmetric Convex
Body

1. INTRODUCTION

The concentration of measure phenomenon was first studied by Lévy in
[15], for the Haar measure on Euclidian spheres. The definition of the con-
centration function was first introduced in [1]. It was formalized in [10] and
further analyzed in [17]. A comprehensive survey, cf. [14].

In this note, for two m-dimensional normed spaces X and Y, we pose
the problem to transmit a concentration of measure phenomenon from X
to Y. A starting point in this direction is Proposition 2.1, showing that
concentration inequalities can be preserved through Lipschitz maps. This
result can be applied to push forward the Gaussian measure to the Euclidean
unit ball (see [14]).
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Bobkov and Ledoux studied the transference of concentration of measure
and other properties via push forward measures. In [6] the authors recover
concentration results, in the form of Logarithmic Sobolev inequalities, in a
uniformly convex space X (from [11, 2]) by pushing forward an adequate
measure into the uniform distribution on the unit ball of X. Caffarelli’s con-
traction Theorem [8] and its many applications have been extensively used
to transfer concentration and other properties from the Gaussian measure
to measures with densities of the form exp(—V(x))dz with V : R™ — R sat-
isfying V" (x) > cl,, for ¢ > 0. Thus, important results from Bakry-Emery
[4], Bakry-Ledoux [5] and others can be recovered. The described approach
along with Brenier’s optimal transport map [7] have been exploited by many
authors (e.g. [9, 13]) to extend properties that were known on measures such
as the Gaussian or the Exponential to more general measures. For stability
of concentration and other properties under maps that are Lipschitz only on
average we refer to the work of E. Milman [16] and for a very recent exten-
sion of Caffarelli’s contraction Theorem and many applications see [12] and
references therein.

Let X = (R™, ||-||x, p) be a normed probability space and Y = (R™, ||-||1)
a normed space. Let v be the push forward of p by the natural map = :
supp(pu) — R™ given by 7(x) = WH:UHK In the first part of this note we
study how concentration properties of y are inherited by v. We give a bound
for the concentration function of v in terms of the quotient /\7%}(’ where my,
and my denote the medians of || - || and || - || x resp. on X with respect to
i, and A is such that || - |z < || - ||k < All - ||z In fact, if this quotient is
bounded and g verifies a concentration property, then also does v.

Examples as ¢5 and ¢} show that the result allows one to transmit the
concentration of measure phenomenon between two spaces quite far apart
in the Banach-Mazur distance. As an application, we show that ¢, (and its
high dimensional subspaces) are far (in the Banach-Mazur sense) from any
space with a good concentration.

In the second part of the paper, we are given one norm || - ||z on R™ and
two measures p and v, with densities du = f(||z|r)dz, dv = g(||z||)dx
with respect to the Lebesgue measure. We compare the concentrations of
p and v. As an application, we prove concentration inequalities on ¢} for
1 < p < 2 (as those obtained in [3]).

2. NOTATIONS AND PREVIOUS RESULTS

Throughout this note, all measures are regular Borel measures.
Let T : X — Y be a map from a measure space (X, u) to a set Y. The
push forward measure of p by T is defined by

v(A) = (T~ (A)),

for any Borel set A C Y.
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A metric probability space is a triple (X, d, 1), where d and p are a metric
and a probability measure on X respectively. For a set A C X and ¢ > 0,
the e-expansion of A is defined by

A ={z € X :d(z,a) < ¢ for some a € A}.

The concentration function of (X,d, u) is defined by
Q(x,dpu)(€) = sup {1 — (A% 1 A € X measurable, p(A) > 1/2} .

Recall that m; € R is called a median of a measurable function f : X —
R on a probability space (X,u) if p({z € X : f(z) < my}) > 1/2 and
p{xr € X : f(x) > my}) > 1/2. It is well known that if f is Lipschitz with
Lipschitz constant L, then for any € > 0

(2.1) n({e € X : |f(2) - my| > £}) < 20(x,0(e/L)-
The following result shows a concentration inequality for the push forward

measure induced by a Lipschitz map (see [14] for a proof).

Proposition 2.1. Let ¢ be a L-Lipschitz map between two metric spaces
(X,d1) and (Y,dz2). Let u be a Borel probability measure on X and denote
by v the push forward measure of u by ¢ on'Y. Then, for every r > 0,

(2.2) Ay,d) (1) < (x,dy ) (/L)

This result can be used, for example, to push forward Gaussian measure
to the Euclidean unit ball (see [14]).

Let X,Y be n-dimensional normed spaces. The Banach-Mazur distance
between X and Y is defined by

dpy(X,Y)=inf{A>0 : LCTK CAL for T € GL,},

where K, L denote the unitary balls for the norms || - ||x and || - ||z re-
spectively.
When the space X is R"” endowed with a norm || - ||, and d is the metric

induced by this norm, we write for simplicity AX for the e-expansion of
A CR" and ok ) for the concentration function (R",d, ).

3. CONCENTRATION PROPERTIES TRANSFERRED THROUGH 7

Let X = (R",|| - ||x) and Y = (R",|| - ||) be n-dimensional metric spaces
(with the induced metrics), and let u be a probability measure on X. Let
my, and mg be medians of the functions ||| : R — Rand ||.||x : R" - R,
both with respect to . In what follows, it is supposed that p has a positive
median mg.

We consider the push forward v of p by the natural map 7 : supp(p) — R™
given by w(z) = WWHK Assuming that ||.||x < |-/l < Ak, it is easy
to show that 7 is (2\ + 1)-Lipschitz which, by Proposition 2.1, yields an
upper bound on the concentration function of v in terms of A. Note that
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after a proper linear transformation applied to L, X is equal to the Banach—
Mazur distance of K and L. Our first result is a strengthening of this bound:
we may use )‘% instead of A.

Theorem 3.1. Let X = (R",||.||x) and Y = (R™,||.||z) be normed spaces
with ||l < |l < Allllx. Let p be a regular Borel probability measure
on X with concentration function o ). Let m : supp(p) — R™ be the
map m(x) = WHHTHK, and denote by a(y, ) the concentration function of
v, the push forward measure of i by w. Then for every ¢ > 0 such that
160k ) (emr/TAmE) < 1 we have

For the proof, we quote the following lemma from [14].

Lemma 3.2. Let p be a probability measure on the Borel sets of a metric
space (X, d) with concentration function a(x q,). For any two non-empty
Borel sets A and B in X,

(3.1) H(A(B) < 40x a0 (dist(A, B)/2)
where dist(A, B) = inf{d(z,y) : x € A,y € B}.

Proof of Theorem 3.1. Let A C Y be a Borel set with 1/2 < v(A) =
pu(m~1(A)), and let £ > 0 be given. Since

& <z < Al

it follows that mg < mp < Amg.
Let 0 < § = ===~ and denote by

Tmg

Gr={z€eR": (1—=00)mp < ||z||r < (1 +)mr}

Gr ={xeR": (1 -0)mg < |jz||x < (1+)mx}.
Let J =7mYA)NGLNGg. By (2.1) we have that
() > 1/2 = 20k 1) (0mL/A) — 20k ) (0mipc) > 1/2 — doyge ) (0mp/N).

We claim that

(3.2) Jh, C o (AD)
A

Indeed, let € J¥, . Then, there exists y € J with ||z — y| x < 6”/{%. Since

A
y € J we have that 7y € A, |||yllx — mr| < dmg and |||y|| — mr| < Imy.
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We will show that 7z € AL.

X
|lmx — 7yl = WH:EHK HyH 1yl x ;
< follo | ) 2y | -
< 1L [ lzllxmr — [|zllomi| + mrAl|lx —yllx + |yl xme — ||yl omk] }
Now,

yllxme = lyllemx] < mplllyllx —mil+mx |yl —me
< mrodmg +mgdmyp = 20mrmp.

Finally, we note that

[zl xmr — ||zl zmk]
<mplz —yllx + llylxme = llyllome| +mxl|lz -yl

omy,

A
<dmpmg +20mrmg + dmrmp = 4dmrmp.

o
< mLiT +20mrmy + dmg——

Thus,

|lmx — wy||L < 40mg + dmi + 2dmyi = Tomy,
and (3.2) follows.
By (3.1) and (3.2) we have

(6mL) (6mL)

V(ALY = (L (ALye dar gy Aok p)
((As) ) - H( (Az-:) ) ((‘]5mL) ) < M(J) = 1/2 _4a(K“u)(5mTL)’

and hence, for every ¢ > 0 such that 16ax ) (emr/TAmg) <1,

c emyp,

Since the latter holds for every A C Y with v(A) > 1/2 we conclude

eEmy,
OZ(L’Z,)(E) S ].60[(}(7#) <14)\7n[() N

as we wanted. O

Remark 3.3. For a measure pu supported on 0K we can substitute mg = 1

and obtain oy, () < 160 ) (i) for v the push-forward measure of p

into OL by .
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Remark 3.4. If u = Ag is the normalized Lebesgue measure restricted to
K, then a median for || - ||k is 2=Y/™. In this case the bound myg < 1 can
be used to obtain o, ,)(e) < 160k ) (F5x) without (asymptotically) losing
much.

Remark 3.5. If we define

B=B((K,pu), L) = inf{A—2 . L CTK CAL for T € GLn}
mp-1y,
where mp-17, denotes a median of || - |p-17, in K with respect to p then

9
CM(LJ;)(E) S 1604([(7“) <:U4,B> y

where U is the push-forward of the measure p with respect to Tx = H:;F%Hx‘ |k

and T € GL, is the map where the infimum above is attained. Note that
B <dpu(X,Y).

For simplicity we will denote B((K, Ak), L) by B(K, L).

This number, for the case X = /3 endowed with the Haar measure on
the Euclidean unit sphere S?~!, plays a central role in Milman’s proof of
Dvoretzky’s theorem giving the dimension k(Y") of e-almost Euclidean sub-
spaces of Y: k(YY) > c(e)% (see Theorem 4.2 in [17]). The inequality above
gives us information about «z, ) as long as § is bounded from above. This
parameter 3 shows in some sense how different X and Y are in terms of a
given . This result, after pushing forward the Haar measure on S"~! (or
the normalized Lebesgue measure on the Euclidean unit ball) to /7, gives us
a strong concentration of v in £7. The latter is possible because for this par-
ticular pair of spaces the parameter § is bounded by a constant (although
dpn (65, 07) is exactly y/n). See Remark 3.6 for similar applications.

Note that, in case § is bounded as before, a “good” concentration (normal,
exponential, etc.) for Q(f ) implies an asymptotically similar concentration
for ap,.).

It is known that if the measure p is log-concave, combining Markov’s
inequality, Borell’s lemma, and a Paley-Zygmund type argument, it can be
seen that E| - ||x and mg are equivalent up to numeric constants. Thus,
theorem 3.1 can be rewritten in the form obtaining an inequality of the type

€
oL, (€) < 16k ) <CB> :

where c is a universal constant and
. ‘ Ell - ||x
B = (K. ), 1) = int{A I
Ell[lp-1z
Remark 3.6. A straight forward computation (see [17]) shows that for BY
endowed with the Lebesgue measure and 1 < p < 2, [3( Q,Bg) < b, where

b, depends only on p. Therefore, we obtain a concentration phenomenon
on B with respect to the push-forward of the Lebesgue measure on By to

. LCTK CAL for T € GL,}.
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By. This result is analogous to the one obtained in [3] (with respect to
a different measure) or in [18] (with respect to a different measure and a
different metric).

Remark 3.7. For 2 < p < oo, the bound [( 5, Bp) < Cpn%_% (see [17])
implies the concentration inequality A(Brv) (e) < Czexp{—c3e®n?/P}. Com-
pare with the result obtained in [2] or [11] for any uniformly convexr space
(with respect to the Lebesgue measure).

Remark 3.8. If we assume that By is the John ellipsoid of a 0-symmetric
convex body L, then using

| Jaludote) = [ feldota)
Sn—1 Sn—1

cf. |17] pp. 23-24) we obtain the general bound

(

~ n

B(By,L) <C

logn’
This estimate seems to be sharp.

3.1. Applications. Using the well known estimate for the mean of the sup
norm with respect to the Haar measure on S”~!

/ |z||codo(x) > C'\/logn,
n—1

we get

2( RN n n
(3.3) B(By,BL) < C,/ logn’

This bound does not yield any good concentration for the push forward of
the Haar measure on S"~! to the cube B% by 7. In this section we show that
no measure on B has good concentration (Corollary 3.10). we prove a more
general result, which may be of independent interest: If an n-dimensional
space with good concentration is close (in the Banach-Mazur sense) to a
subspace of Y then N is large (compared to n). Compare this result with
the one obtained in [19], where a concentration property is obtained for B,
endowed with a metric different from the supremum norm.

Recall that a d-embedding between normed spaces is any lineal operator
T : X — Y such that a||z|x < ||Tz|y < b|jz|x with a™!b < d.

Theorem 3.9. Let X be an n-dimensional normed space, K its closed unit
ball and p a symmetric Borel probability measure supported on K.

If there exists a d-embedding from X into (X, then, for any 0 < e < 1/d
such that oy (g) > 0, we have

N > La,(e) (1 - p(deK)
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Proof. Let T : X — ¢Y be an embedding such that d=!||z|| < ||T7||e < ||z
for every z € X. Consider the projection onto the i*"-coordinate ; : £ —
R and the linear functional f; = m; 0 T (1 < i < N). For every z € X, we
have |f;(x)] < ||Tz|lco < ||z||- Let € > 0 and define, for 1 < i < N, the sets
A; ={x € K: |fi(x)| <e}. Using the symmetry of x and the inclusion

{zeK: fi(z) <e} D{r € K: fi(x) <0} +eK,
we have u{z € K: fi(z) > e} < ayu(e). Then
(A =2p{z € K: fi(z) > e} < 20(e)
for 1 <4 < N. Therefore

N N
m (ﬂ Ai> >1- p(A9) > 1—-2Nay,(e).
=1 =1

Thus, for any r € (0,1) such that pu(rK) < 1 —2Nay(e), we have that

N N
ﬂ A; ¢ rK, and there exists © € ﬂ A; with ||z|| > r. From this

i=1 i=1
r < ||z|| <d||Tz|0 < de.
Consequently, p(deK) > 1 —2Nay,(e), as we wanted. O

Corollary 3.10. Let a(pn ,)(¢) be the concentration function of a symmet-
ric Borel probability measure v on Bl,. For any 0 <e <1,

apr () 2 o (1= v(eB)) -

1
2n
Proof. Consider the identity on ¢2. O

Theorem 3.11. Let K C R” be a convex body, and pu a symmetric probabil-
ity measure on K with concentration function a (g ,(¢) < Ce=c="n. Assume

1 | log(16C)
| —. T
that my > 2\/ Tog (64Cn) hen

| N L Y
B =B((K,pn),BL) > 28 log (64Cn)

Proof. Let L = B.. Without loss of generality, we may assume that B, C
K C ABZ, (as required in Theorem 3.1) and 3 = AT,
We also assume that

(3.4) AL e
' mr 14 /log(64Cn)’

otherwise the desired inequality follows.

log(16C
Let 20 = 31/ iy Then u(llallx < o) < pllzllx < mx) < 1/2.
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Clearly gg satisfies the hypothesis of Theorem 3.1. Let «a,, be the con-
centration function of v, the push forward measure of p by 7 : K — BZ.
Therefore, combining this result and Corollary 3.10 we have

1 < 1 —pu(eoK) 1—wv(eBL)

4dn 2n 2n

< au(EO)

2
my, 5  mi
16y, (5014mK)\> < 16C exp (—650142m%()\2 n>

IN

By (3.4),

1 1 log(1
ym < 16C exp (—cn 0g(16C) > ,
n

2232 142 log(64Cn)
which implies

5> V1og(16C)  /en
- 28 log(64Cn)
as we wanted. O

Remark 3.12. A similar bound can be obtained for 8.

Remark 3.13. If we consider i the Lebesgue measure restricted to K, then
mg = 27" and the hypothesis on my imposed in the previous theorem is
trivially satisfied for alln > 1.

Remark 3.14. Theorem 3.11 implies dpy (K, BL) > gﬁm. How-

ever, a simpler argument using Corollary 3.10 and Proposition 2.1 gives the
slightly better bound dpp (K, BL) > | /m.

Remark 3.15. [t is unknown whether the bound obtained in the previous
theorem is sharp. However the extremality of By with respect to Bl along
with the inequality (3.3) seem to leave some room for improvement.

4. CONCENTRATION PROPERTIES TRANSFERRED BETWEEN TWO GIVEN
MEASURES

Theorem 3.1 allows us to transmit a concentration inequality from a given
metric probability space to the push-forward measure given by the natural
map w. However, this new measure might not be related to a measure
given in the target space Y. This section is devoted to give a concentration
inequality with respect to a given measure defined in the target space. Thus,
given two metric probability spaces, we will investigate the relation between
their respective concentration functions applying similar ideas to those used
in the previous section.

For a given norm || - ||z on R™, let us consider p and v two probability
measures with densities du = f(||z||z)dz and dv = g(||x||1)dz with respect
to the Lebesgue measure. It is not hard to see that for some function
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u : [0,400) = [0,+00), u(0) = 0, the map U : supp(n) — R™ defined by
Uz = “(”|Lx“H)x pushes forward p into v. The map U has finite Lipschitz

constant if u has [6]. In what follows, we will not use this fact, but only the
the assumption of ||u||1;, being finite.

Theorem 4.1. Let X = (R",| - [|k), ¥ = (R™,|| - ||lz) be normed spaces
such that || - ||k < |-l < All - ||x- Let u and v be probability measures on
X and Y respectively, with densities du = f(||z||z)dz and dv = g(||z||1)dx
with respect to the Lebesgue measure. Denote their concentration functions
by || -l and || - || respectively by a(k .y and oz, ). Then for every e > 0
such that 8(cvk .y (e/7l[ul|LipA) + a(K,ﬂ)(sm/ﬂ]uH%ime)) <1 we have

5
) (€) < 16k ) (14HU||sz)\> ’

where my, denotes a median of the function || - ||z : R™ — R, m denotes a
median of the function u(||-||) : R™ — R both with respect to the measure L,
and ||u||Lip is the Lipschitz constant of .

Proof. Let A C L be a Borel set with 1/2 < v(A) = u(U~(A)), and let
e > 0 be given. Let 0 < 0 = Since u(||z||z) < ||lullLipllz|L, we

have that m < ||u||ripmp. Let
Gi={zeR":(1-0)mr < |z <(14+m}
Go={zeR": (1-0)m <u(||z|r) < (1+m},
and J = U"Y(A) N G1 N Ge. By (2.1) we have that
p(J) 2 1/2 = 20y (dmr/X) = 20,y (Om/ ||ul | Lip)-
We claim that

e
mmp|lullLip

(4.1) I, c U (AL).
A

Indeed, let = € JgfniL. Then, there is a y € J with ||z — y||x < amTL Since
y € J we have that U(y) € A,

Nyl =mer| <dmp and [u(llyllL) —m| < om.
We will show that Ux € AL.

T Y
1U(@) = UL = 5 ullzle) — —ulyllo)le
(4113 vz
1
< ——llulllzllz)me = llzllzm] +mAllz — yl|x]
L

1
+ —[lulllyllL)mr — llyllzml]
mry,
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On one hand,

mr [u(llyllz) —ml+m|lylle —mz
2mdmy, < 20m?||ull Lip-

[u(llyllz)mr = llyllzm]

VARVAN

On the other hand,

ullz]|z)mr — [lz]Lm]
< mlu(llzllz) = ulllyll)] + [ullyllL)me = llyllm| + mllz -yl
< myllullziplllzlc = Iylle] +26mE ull zip + mAllz -yl x
< my|lullzipAllz = yllx +20m ull Lip + mAl|z — yllx
< omip[Jullip + 20m [|ull Lip + 5m ul Lip = 45m [lu] Lip

Thus,

1U(z) = Ul < 40mpullLip + dmelul|Lip + 26mp||ullLip = Tomr||ul|Lip,
and (4.1) follows. Now apply Lemma (3.1) to get

40‘(K7u)(6;nTL)

v(A2) = U (A)) < pl((Tsms)) < —=055

40‘(K7u)(%)

< .
—1/2— Qa(K#)((SmL/)\) - 20&(K7M)(5m/‘|u|‘Lip)

Hence, for € > 0 such that 8 <a(K7M) (MT;D)‘) + ok <7u€2meL)> <1
ip

c 13
v(42) < 16aicy) (14uu|mpx> ’

which concludes the proof.

O

Remark 4.2. If we consider X = (R",~7') and Y = (R", Apn) both of them
endowed with the distance induced by the {1 norm, where v denotes the mea-
sure with density 5 exp (—||z|[1) and A By is the uniform measure restricted

to B}, then a simple computation (see [6] section 5) shows that |ul|ip ~ L

in the previous theorem. Thus, Theorem 4.1 together with Talagrand’s well

known concentration inequality for 41" imply o(pp x,.)(€) < K exp{—ce®n},
1

where ¢, K > 0 are universal constants (see [3]).

Remark 4.3. The same argument can be applied to y, with density CgleHx”g/pdz‘
and Apn where ¢, = 2I'(1 + 1/p)p'/? (1 < p < 2), to obtain QB Apn (e) <
Kexp{—ce®n}.
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