ON THE AVERAGE NUMBER OF NORMALS THROUGH POINTS
OF A CONVEX BODY

GABOR DOMOKOS AND ZSOLT LANGI

ABSTRACT. In 1944, Santalé asked about the average number of normals through a point
of a given convex body. Since then, numerous results appeared in the literature about
this problem. The aim of this paper is to add to this list some new, recent developments.
We point out connections of the problem to static equilibria of rigid bodies as well as to
geometric partial differential equations of surface evolution.

1. INTRODUCTION

1.1. Motivation: static equilibria. The study of equilibrium points of a convex solid
K, with respect to its centre of gravity g has been a fundamental question of statics ever
since the work of Archimedes [1]. The number n(K, g) of equilibria (i.e. the number of
surface normals passing through g) is characteristic of the shape, it has been applied to
classify beach pebbles [17] and turtle shells [18].

It is a natural question to ask how difficult it is to change n(K, g); we call this property
robustness, and in [14] we introduced possible mathematical approaches to this concept.
The question is strongly motivated by the above-mentioned applications in natural sci-
ences: material inhomogeneities can be interpreted as a variation of the location of g,
while surface evolution (e.g. by abrasion) results in a variation of the hull bd K. The
main difficulty of the mathematical problem lies in the nontrivial coupling via integrals

between ¢ and bd K.

One possible approach (which we followed in [14]) is to solve easier, decoupled problems.
We can generalize the concept n(K, g) of static equilibria (with respect to the centre of
gravity ¢) to that of relative equilibria N (K, p), with respect to a fixed point p € K.
Motivated by material inhomogeneities, we may seek internal robustness, defined as the
radius r of the maximal ball B, around g such that if p € B, then n(K,p) = n(K, g).
From the mathematical point of view, this problem is closely related to the geometry of
caustics [38], and has attracted recent interest in the context of inhomogeneous polyhedra
(cf. [10], [11], [12] and [30]). The other decoupled problem, motivated by the discrete
model of abrasion and fragmentation [16], [34], leads to the concept of external robustness,
defined as the minimal (scaled) truncation of K, resulting in the convex body K’ such
that n(K’, g) < n(K, g).

In the current paper we follow another approach: by averaging n(K, p) over all possible
locations p € K we obtain the quantity n(K) to the study of which our paper is dedicated.
Obviously, n(K) will be independent of internal perturbations (material inhomogeneities)
and one would expect it to be less sensitive to external perturbations. As we will discuss
it in Section 4, this expectation is partially justified: n(K) changes continuously if we
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consider local truncations of K by hyperplanes, corresponding to the above-mentioned
discrete models of abrasion processes [16]. It is remarkable that these mathematical ques-
tions have been studied in great detail in their own right, regardless of the aforementioned
physical motivation. In 1944, Santalé [41] asked about the extremal values of the average
number of normals through a point of a convex body K; or in other words, the extremal
values of n(K). Since then, numerous results appeared in the literature regarding this
quantity and one main aim of our paper is to present some new results. Among others,
we improve several existing bounds for n(K) (corresponding to various classes of convex
bodies) and we also sharpen the necessary conditions for centrally symmetric polytopes
corresponding to maximal values of n(K).

Beyond adding to existing results on extremal values of n(K'), our second goal is to point
out a connection to geometric PDEs. In 1987 Grayson [24] proved that in two dimensions,
under the so-called curve shortening flow (where points of bd K move in the direction of
the inward surface normal with speed proportional to the curvature) N (K, p) is decreasing
monotonically. We will point out that, under some restrictions on K, n(K) is increasing
monotonically under the uniform flow (where points of bd K move in the direction of the
inward surface normal with uniform speed) and we will state a conjecture that similar
behaviour is expected if the normal speed is proportional to some negative power of
the curvature. We remark that, unlike n(K,p), n(K) is a frame-invariant quantity: it
does not depend either on the choice of the reference point p or any other arbitrary
choice of coordinates. (In the special case when p coincides with the center of gravity
g then n(K, g) is also frame-invariant.) Being frame-invariant is a valuable asset in the
theory of geometric PDEs; since our result is not restricted to two dimensions, it opens
a potentially interesting connection to that area. There has been substantial interest
in the monotonicity of frame-invariant quantities under geometric PDEs, for example
the Huisken functional under the mean curvature flow [31], the isoperimetric ratio (in
two dimensions) under the curve shortening flow [22] and the curvature entropy under
the same flow [8]. Beyond being mathematically challenging, geometric PDEs are also
interesting from the point of view of natural abrasion processes. The shape and evolution
of pebbles has been a matter of discussion since at least the time of Aristotle [35] and even
in recent times it has received the attention of mathematicians [3] [20], [39]. However,
caution is advised when using n(K) as an indicator in these PDE models. As we discuss
it in Section 4, while n(K') changes continuously under C%-smooth variation of bd K, it is
easy to show an example where n(K) changes discontinuously under a C°-smooth change

of bd K.

After introducing basic notions and notations in Subsection 1.2, we review existing
results on n(K) in Section 2. Our new results, including those on evolution PDEs, are
presented in Section 3. In Section 4 we state some open problems, conjectures and make
some additional comments.

1.2. Definitions and basic notations. In our investigation, we denote Euclidean m-
space space by R™, and its unit sphere, with the origin o as its centre, by S™~!. For
p,q € R™ [p,q] denotes the closed segment with endpoints p and ¢. We denote m-
dimensional Lebesgue measure by vol, or, in the case m = 2, by area. A convez body is a
compact, convex set with nonempty interior. A convex body K is of constant width s, if
the distance between any two parallel supporting hyperplanes of K is s. The surface area
of a convex body K C R™ is denoted by surf(K), or in the case m = 2, by perim(K).

Our main definition is the following.
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Definition 1. Let K C R™ be a convex body, and let ¢ € bd K. A line, starting at q
and perpendicular to a supporting hyperplane of K at q is called a normal of K at q. For
any p € K, we denote the number of the normals of K, passing through p, by n(K,p).
Furthermore, we set

I(K)
vol(K)’

[(K)_/EKTL(K,p)dp, and n(K) =

Observe that the quantity n(K) is the mean value of the number of normals through
a randomly chosen point of K, using uniform distribution.

2. HiSTORY

The first result regarding Santalé’s question is due to Chakerian [7], who examined a
similar problem for plane convex bodies.

Definition 2. Let K C R™ be a convex body. If [p,q] C K with the property that for
any [r,s] C K parallel to [p,q|, |g — p| > |s — r| is satisfied, then we say that [p,q] is an
affine diameter (or just diameter) of K. For any p € K, we denote the number of affine
diameters of K, containing p, by d(K,p). Furthermore, we set

D(K) = /GK d(K,p)dp, and d(K)= Vlc))l(([l(())

Chakerian observed that if K is a convex body of constant width, the diameters of K
are exactly the normals of K, counted once belonging to each of its endpoints; or in other
words, that for any p € K, we have d(K,p) = 2n(K,p). In his paper he showed that

1 1
Zarea(K—K) < D(K) < §area(K—K)

for any plane convex body K with C3-differentiable boundary, and with nowhere vanishing
curvature. Combining this with the estimates on the volume of the difference body of a
convex body (cf. e.g. [4]), he obtained that area(K) < D(K) < 3area(K). Here equality
on the left-hand side is attained only by centrally symmetric bodies, and the quantity on
the right can be approached, for example, by slightly modified Reuleaux polygons.

By the Blaschke-Lebesgue theorem (cf. [4]), for plane convex bodies of constant width
it follows that

27
1 2<n(K)< ——,
0 <n() <
with equality on the left if K is a circle, whereas the right-hand side can be approached
by slightly modified Reuleaux triangles. Here, the right-hand side inequality was proven
also in [41].

The method of Chakerian was modified and generalized by Hann [26] for any convex
body K C R™, under the assumptions that K is either a polytope, or a strictly convex
body with C?-class boundary. More specifically, she proved that if K is any such plane
convex body, then

e n(K) <12,
e n(K) < 8if K is centrally symmetric, and
e n(K) <6, if all the centres of curvature of K are contained in K.
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K [y [Cu] W]
m=2 12 8 6 ﬁg
m=3 62 26 ? ?
m QT C 13 1] 7]

TABLE 1. Upper bounds of n(K). Rows correspond to dimensions (m),
columns correspond to convex bodies (K,,), o-symmetric convex bodies
(M), convex bodies containing all their centres of curvature (C,,), and
convex bodies of constant width (W,,). Question marks denote unknown
upper bounds, to be computed in the current paper.

We note that her last estimate is a generalization of the estimate D(K) < 3area(K) in
[7]-
Furthermore, if K C R™, then
vol(2K — K)
2 < — 2
(2) n(K) = —E

If K is centrally symmetric, the bound in (2) gives n(K) < 3™ — 1, which is attained, for
example, for cubes (cf. [26] or [32]). If K is not symmetric, we may use estimates on the
volume of the difference body [40], and the equality of the mixed volumes V (K, K, —K)
and V(K,—K,—K) to obtain numeric upper bounds for n(K) in dimensions 2 and 3
(cf. [27]). Table 2 shows the known upper bounds in these dimensions on n(K) over the
examined families: those of m-dimensional convex bodies, o-symmetric convex bodies,
convex bodies containing all their centres of curvature, and convex bodies of constant
width, denoted by K,,, M,,, C,, and W,,, respectively. Note that as the last three
families are subfamilies of IC,,, the upper bound for IC,, trivially holds in any of the four
classes. Here we used the result of Rogers and Shephard [40] to estimate the ratio of
vol(2K — K) to vol(K).

— 1.

The results of Hann were generalized by Hug [32], who applied a new type of approxi-
mation process to obtain the same bounds without the restriction that K be a polytope or
sufficiently smooth. We remark that it is not known if there is any convex body satisfying
n(K) > 3™ — 1, even in the planar case, and thus, in this regard, the problem of finding
the supremum of the quantity n(K) over K, is still open. An interesting result appeared
in [19], showing that for any convex polygon P in R?  we have 4 < n(P), where 4 can be
approached by a suitable sequence of polygons. This suggests that n(K) is “larger” for
polytopes than for smooth convex bodies.

Hann [27] proposed a normed version of the problem. In this, to define normals, she
used the so-called Birkhoff orthogonality relation [36]. More specifically, in a Minkowski
space with unit ball M, we say that a line L is normal to a hyperplane H, if they have
some translates L' and H’, respectively, such that H’ is a supporting hyperplane of M,
L’ contains the origin o, and M’ N L’ is contained in bd M. Furthermore, if K is a convex
body, then a line L is a Minkowski normal (or shortly, normal) of K, if L is normal to
a hyperplane H, supporting K at some point of L. Then, one may define ny (K, p) as
the number of Minkowski normals through p in the Minkowski space with unit ball M,
set Inj(K) = [, nar (K, p) dp, and estimate the ratio ny (K) = %T(KK)) Observe that since
any normed volume is only a scalar multiple of the standard Lebesgue measure, it does
not matter what volume we use in the definition above.
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For this version, Hann [28] proved that if M is a smooth and strictly convex body in
the plane, and K is either a polygon or has C*?-class boundary, then

where 12 can be replaced by 8 if K is centrally symmetric, and by 6 if all the centres
of circular curvature of K are inside K. Furthermore, in [29], she proved the first two
estimates for the case that M is a polygon, and K is either a polygon with no side parallel
to a side of M, or if K has C?-class boundary.

As the last result, we mention an Euler-type formula in [26], which, for the case m = 3,
has been proved by elementary methods in [5].

3. NEW RESULTS

We present our results in three subsections. In the first one, we try to find the minimizer
and maximizers of n(K) in certain families of convex bodies. In the second one, we
collected those involving bodies that contain all their centres of curvature; in particular
bodies of constant width. In the third one we deal with the planar case of the problems
in Section 2.

3.1. Minimizers/maximizers of n(K). A natural problem (cf. [27]) is to try to char-
acterize the convex bodies K for which n(K) is minimal or maximal. Clearly, as a lower
bound, one can give the trivial estimate n(K) > 2 for any convex body. This obser-
vation was made, for example, in [26]. We prove the following, stronger version of this
observation, which we use in Theorem 4.

Theorem 1. Let K € R™ be a convex body, with C*-differentiable boundary. If n(K) = 2,
then K is a Euclidean ball. Furthermore, if K is a polytope, then n(K) > 2.

Proof. First, assume that K has C?-class boundary, and it is not a Euclidean ball. Let
k be the maximum of the principal curvatures of bd K. Let p € bd K be a point where
this maximum is attained, and let ¢ be the corresponding centre of curvature of K. By
Blaschke’s Rolling Ball Theorem [2], the sphere ¢ + %S”_l is contained in K. Then the
Euclidean distance function x +— |z — ¢|, where x € bd K, attains its absolute minimum
at p.

Let r ¢ [p, q] be a point of the normal of K at p, sufficiently close to ¢. Clearly, p is a
critical point, but not a local (and thus an absolute) minimum of the function z +— |z —r|,
where x € bd K. On the other hand, this function attains its minimum and its maximum
at some points, which, since K is not a Euclidean ball; are different from p, which yields
the inequality n(K,q) > 3. By the C?-differentiability of the Euclidean distance function,
the same holds in a neighborhood of ¢, and thus, n(K) > 2.

To prove the assertion for the case that K is a polytope, we may apply a similar
argument, replacing the inner normal at p by a chord connecting two farthest vertices of
K. O

To find the maximizers of n(K) seems much more complicated, especially since, numeri-
cally, not even the maximal value is known in K,,,. This question seems more approachable
if the maximum is taken over K € M,,, since for this family, the maximal value is known
to be 3™ — 1. Regarding this problem, Hug [32] showed that if P is a centrally symmetric
convex polygon, then n(P) = 8 if, and only if, P is inscribed in a circle. In [27], Hann
clsimed that this method can be generalized to any dimension, and yields that if P is a
centrally symmetric convex polytope, then n(P) = 3™ — 1 if, and only if, P is blocklike;
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that is, a centrally symmetric polytope inscribed in a sphere. Nevertheless, as Theorem 2
shows, this claim is incorrect. Before formulating it, let us recall that a zonotope is the
Minkowski sum of finitely many closed segments; or equivalently, a centrally symmetric
polytope with centrally symmetric faces [37].

Theorem 2. Let P € M,, be a convex polytope with n(P) = 3™ — 1. Then we have the
following.

2.1 P is a zonotope.
2.2 If m = 3, then the angles of any face of P are not acute, and P has a rectangle-
shaped face.

Proof. Consider some polytope P € M,, satisfying n(P) = 3™ — 1. Let F denote the
family of faces of P. For any face F' € F, let Ur denote the intersection of P with the
union of all the normals of P through a point of F'. Like in [26], if dim F' = i, we call this
set the (m —i)-wedge of P, corresponding to F'. Let U be the reflection of U about the
affine hull aff /' of F'. The sets U} are mutually nonoverlapping for any two faces of P.

By [26], we have P U |JperUp € 2P — P = P+ (P — P). Thus, for any P € M,,
n(P) = 3™ — 1 is equivalent to

(3) pulJUp=2Pp-P=P+(P-P)

FeF

This equality implies that the intersection of every normal of P, with P, is an affine
diameter of P.

Let F' be any face of P, and Hg be the linear subspace parallel to aff F. Then the
reflection of F' about Hp is also a face of P. Combining this property with the fact that
P is o-symmetric, we obtain that every face of P is centrally symmetric, which yields that
P is a zonotope (cf. [37]).

Now let m = 3, and consider any edge E = [z, y] of P. Let F; and F» be the two faces
of P containing [x,y]. Let H be a plane supporting P at exactly [z,y]. Then [—z, —y]
is also an edge of P, and any segment [u,v], with u € [z,y] and parallel to [z, —y], is
an affine diameter of P. Slightly rotating these segments about the line containing FE,
they remain inside Ug, and thus, these rotations are still affine diameters of P. Hence,
all these segments intersect —F} or —F5,. From this, the first half of the assertion follows.

Finally, if P has f faces and e edges, then, since the edge graph of its dual is planar,
we have e < 3f — 6. From this, it follows that some face of P contains strictly less than
6 vertices. More specifically, since each face of P is centrally symmetric, it follows that
P has at least two pairs of parallelogram faces. On the other hand, we have seen that no
two consecutive edges of P meet at an acute angle, which yields that any parallelogram
face of P is a rectangle. O

We note that the first part of (2.2) holds also for m > 3, for the angles between two
(m — 2)-dimensional faces of P, contained in the same facet.

3.2. Bodies containing all their centres of curvature. First, we generalize the meth-
ods of Chakerian [7] and Hann [26] for such plane convex bodies, for any dimension.

Theorem 3. If K is a convex body with C?-class boundary and containing all of its centres
of curvature, then I(K) < vol(K — K), and n(K) < (*™).

For the proof, we need the following two lemmas.
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Lemma 1. If fi, fo,..., fr are nonnegative integrable functions on [a,b], then

b k k b
[Is<II{/[
i=1 =1 a

Proof. We prove by induction. For k = 1, the assertion trivially follows. Assume that it is

a

true for some k, and consider nonnegative, integrable functions fi, ..., frr1. Then, using
Holder’s inequality with p = £+ 1 and ¢ = % and applying the inductive hypothesis,

we have

bk+1 b koo k b k b b
/ Hf < Rl / HfT k+1 / k+1 - H k+1 / fk+1 k+1 / k+1
i > i k+1 = i k+1-

a =1 a ;=1 a a a

=1

a

Lemma 2. Let a > 0 be given, and let p(z) = [[I_,(x — z;), where for every i, we have
0 < x; < a. Then the mazimum of [} |p(x)|dx under these conditions is

a k+1
/ e de = R
0 k+1
Proof. By Lemma 1, we have

a k a
/Ip(fﬂ)ldwéﬂ\k// |z — x| da
0 il 0

and it suffices to prove that for every xy € [0, a] and positive integer k, we have

a ak—i—l
/ |z — xo|Fdz < .
0 E+1

Now, observe that
a k+1 o VKL k41
/ |I—I0’kd$:x0 +(a xO) < - )
0 E+1 k+1
which yields the assertion. O

Proof of Theorem 3. For convenience, we assume that K has nowhere vanishing curvature,
and remark that this method works also in the general case.

Let p € bd K, and parametrize a neighborhood of p € bd K with local coordinates
(up,u9, ..., Upm_1). Let N(uq,...,uy,_1) denote the inner unit normal vector of bd K at
p. Let L(p) or equivalently, L(uj,us,...,un_1) denote the length of the part of the
normal of K at p, contained in K. Applying the idea in [26], we consider the mapping

(ug, Uy ooy U1, A) = 7(ug, Ugy ..., Up—1, A), defined as

(4) T(Ury oy U1, A) = p(Ug, ooy Um—1) + AN (U, ooy Up1),

where 0 < A < L(ug,ug,...,un_1), which parametrizes a given point of a given inner
normal with its distance A from the base point p(ui,...,u,_1) € bd K of the normal,

and the local coordinates wuy, ..., u,,_1 of the base point. Observe that for any p € K, the
preimage of K under this map has cardinality n(K,p).

Let R denote the domain of this mapping. By a theorem of Federer [21, p.243], we
have

(5) /n(K,p)dp:/|J(u1,...,umI,A)]d)\dul...dum1,
K R
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where J is the Jacobian of the map in (4).
Note that .J is an (m—1)-degree polynomial of A with the determinant |0,, N, ..., 0y, N, N|

) Y Um—1
as its main coefficient. On the other hand, it is known (cf. [26] or [42]) that this poly-
nomial has only real roots, which are equal to the principal radii of curvature of bd K at
the given point. Thus, denoting these radii by p;, « = 1,2,...,n — 1, we can rewrite the

integral in the form

L(u)m—l
(6) /|J(u1,...,um_l,A)|du1...dum_1—/ / [T 1x=pildrdu,
R sm-1.Jo i—1

where
du=10,N,...,04, N,N|duy ... duy,_

is the surface area element of the sphere S™~!, and L(u) is the length of the part of the
normal with tangent vector u, contained in K.

Let D(u) be the length of the longest chord of K in the direction of u € S™~!. Under our
assumptions, for any u € S™ tandi =1,2,...,m—1 we have that 0 < p; < L(u) < D(u).
Thus, by Lemma 2, we have,

D(u) m—1 1
I(K)Z/S /0 Hl)\—pz’|d)\du§% D™(u)du = vol(K — K).
m—1 i1

§m—1

The second estimate follows from the inequality in [40] for the volume of the difference
body of K. O

Theorem 4. Let K C R™ be a convex body, containing all its centres of curvature, with a
C?-class boundary. Consider the deformation C' : S™ 1 x [0,T) — R™, of the embedding
C(S™1,0) = bd K, satisfying

oC
=N

where N is the outer unit normal of C(S™,t). For any t € [0,T), let K(t) denote the
convex body bounded by C'(S™1,t). If K is not a Euclidean ball, then n(K (t)) is a strictly
increasing function of t. If K is a Euclidean ball, n(K(t)) = 2 for any value of t.

Proof. Since K contains all its centres of curvature, we have that n(K,p) = 2 for any
p € bd K. On the other hand, it is known [42] that for the eikonal equation (7) the
centres of curvature of K(t) do not change. Thus, for any ¢ > 0, K(t) contains all its
centres of curvature, which yields that n(K(t),p) = 2 holds for any p € K(¢) \ K.

Clearly, if K is not a ball, n(K) > 2, from which it follows that n(K(t)) < n(K)
for any t > 0. By the same argument, we obtain that for any t5 > ¢; > 0, we have
n(K(tz)) < n(K(ty)). If K is a Euclidean ball, then K (t) is also a Euclidean ball for any
t > 0, which readily implies the assertion in the second case. O

3.3. Planar results. Let us remark that, as the results of Hann [26] and Hug [32] show,
the Lebesgue measure of the points p € int K with n(K,p) = oo is zero. Nevertheless,
our next example shows that, even in the smooth case, the condition n(K, p) = co cannot
be replaced with n(K,p) > L for any given L € R, depending only on K.

Theorem 5. There is a plane convex body K, with C3-class boundary, such that for any
L € R, the set of points p € int K, satisfying the condition n(K,p) > L, is of positive
measure.
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Proof. Consider the semi-circle y = v/1 — 22 in a Cartesian coordinate system. Let oy =
5, where k = 1,2,..., and p, = (sinag,cosay). Let p = (0,1). For every value of k,
connect the points p and py,; with a circle arc of radius 7, = 1 + sin® a4, and let f
denote the function defined in this way. Then the centre of the kth circle is ¢, = (ug, v) =
(— sin® oy, — sin? oy, cos ag). Observe that r, > 1 for every k, and that the limit of the
sequence {ri} is 1. Clearly, f is C* at every point, apart from the endpoints of the circle
arcs, and possibly z = 0.

It can be shown that f is three times continuously differentiable at x = 0. Indeed, the
fact that it is continuously differentiable follows from the geometric meaning of derivative.
To show that it is twice continuously differentiable, we can use the definition of derivative.
Finally, one can check that the curvature of f is continuously differentiable at z = 0, which
yields the required statement.

As a last step, we can use the method described in [23] to smoothen f at the endpoints
of the circle arcs, while preserving concavity of f and its differentiability properties at
x = 0 in such a way that the curve F' obtained in this way contains at least two third
of each circle arc. Let us extend F' to be the boundary of a plane convex body K with
C3-class boundary. Then for every positive integer L, the origin o has a neighborhood
within which every point belongs to at least L normals, each starting at a circle arc in
bd K. O

Our next result can be interpreted as a second indication, after the result in [19],
that “in general”, n(K) is greater for polytopes than for smooth convex bodies. Here,
Theorem 5 suggests that the conditions in Theorem 6 are not only technical.

Theorem 6. Let K be a plane convex body, with C3-differentiable boundary. Parametrize
bd K as the curve s — 1(s), using arc-length parametrization, where 0 < s < = perim K.
Assume that there is some L € R such that the measure of the points p € int K with
n(K,p) > L is zero. For any integer k > 3, let P, = conv {7’ (%l) :j=0,1,...,k — 1}.
Then there is some ko € R such that for every k > ko, we have n(Py) > n(K).

Proof. For any 0 < s <[, let L, and c(s) denote, respectively, the normal line and the
centre of curvature of bd K at r(s). Let p € Ly Nint K. It is an elementary computation
to show that the second derivative of the Euclidean distance function s — |r(s) — p| is
positive, zero or negative if, and only if p € relint[c(s),r(s)], p = ¢(s) or p ¢ [c(s),7(s)],
respectively. Note that in the first case this function has a local minimum, in the third
one a local maximum, and in the second p belongs to the evolute E (or in other words,
caustic) of bd K. Following the terminology of dynamical systems, we say that in the first
case K has a stable equilibrium point at r(s), with respect to p, and in the third one that
it has an unstable equilibrium.

Clearly, for any point p ¢ E, the distance function has no degenerate critical point on
bd K, and thus, the number of stable and unstable points, with respect to p, are equal
to @, which we denote by u(K,p). On the other hand, we can see from (6) that £
has zero measure. Thus, we have I(K) = 2 fpeK\E u(K,p)dp, and it suffices to prove the
assertion for the average number of stable points.

Let bd K have a stable equilibrium at r(sy) with respect to some p € int K. Then
p € relint[e(sg),7(so)], and there is some € > 0 such that on [sy — €, o], the distance
function of bd K, measured from p, is strictly decreasing, and on [sg, so + €] it is strictly
increasing. Examining the sign of the inner product (r(s) — ¢,7(s)), it can be seen that
with respect to any point ¢ € relint[p, r(s)], the distance function has the same property,
with the same value of ¢.
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For s € [0,], let k(s) < 0 denote the curvature of bd K at r(s), and observe that
le(s) —r(s)|k(s) = 1. Set

A={peint K :pe (c(s),r(s)] and 0.99 < |p — r(s)|r(s) <1 for some s € [0,]}

and
B=(intK)\ A.

First, we show that there is some kg such that for any k > kg, and, for almost all
p € B, u(K,p) < u(Py,p). For any s € [0,1], let £(s) > 0 be the largest value such that
for the point p € relint[e(s), r(s)] with [p — r(s)|k(s) = 0.99, the function ¢t — |r(t) — p|
is strictly decreasing on [s — e, s] and strictly increasing on [s, s 4+ €|. Note that, by the
argument in the third paragraph of the proof, the same property holds for any point
p € relint|e(s),r(s)] with [p — r(s)|k(s) < 0.99 Since £(s) depends continuously on s,
there is some universal value ¢ > 0 such that for any s € [0,{] and p € [c(s),r(s)] with
Ip—r(s)|k(s) <0.99, |p— r(t)| is strictly decreasing on [s — ¢, s], and strictly increasing
on [s,s + ¢]. Thus, as bd K is arc-length parametrized, for any k > k; = é and point
p € B, there is a side of P, in the e-neighborhood of any stable point of K with respect
to p. Observe that if p € [c(s),r(s)] and r(s) is not a vertex of Py, then this side of Py
contains a stable point with respect to p. From this, it readily follows that, apart from
the points of the normals of K at the vertices of Py, u(K,p) < u(Py,p) for any p € B.

Now, let p € A. Then, for some s € [0,l], we have p € relint[c(s),r(s)] and 0 <
1 —|p—r(s)|x(s) < 0.01. Using the idea of the proof of Theorem 1 in [15], we obtain
that there is a (universal) value ky such that for any & > ky and any such point p € B,
we have u(K, p) + 50 < u(Py, p).

Finally, let T}, = area(K \ P:). By Blachke’s Rolling Ball Theorem, K N E # (), and
thus B is not empty. Let area(B) = 2T > 0. We may assume that area(B N P;) > T,
since it holds for sufficiently large values of k. Then, for any k& > ko, we have that

/S(Pk:p)de/ u(K,p)dp+/ uw(K,p) +50dp =
Py ANPy, BNP,

:/ u(K,p)dp—l—E)Oarea(BﬂPk)Z/u(K,p)dA—LTk—FE)OT.
Py K

Since limy_,o 7y = 0, we have that for sufficiently large values of k, [, s P, (Pg,p)dp >
[ (K, p)dp. As area(Py;) < area(K), the assertion follows. O

In the remaining part we deal with the normed version of the original problem.

Theorem 7. Let K be a C?*-class, strictly convex body of constant width in a normed
plane with unit disk M. Then we have

6
ny(K) < ———
m(K) < 3—2r(M)’
where T7(M) is the ratio of the area of a largest area affine regular hexagon inscribed in
M, to area(M), and this estimate cannot be improved.

Proof. Since K is of constant width, its central symmetrical %(K — K) is a homothetic
copy of M, and every Minkowski normal of K is an affine diameter. Thus, for every
p € int K we have 2n,,(K,p) = d(K,p), and we may assume, without loss of generality,
that M = (K — K).
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[ K ] [ [
=2 12 8 6 |25
3 62 26 20 20

RERAE
I

)G -3 -1 () | G
TABLE 2. Upper bounds of n(K). Rows correspond to dimensions (m),
columns correspond to convex bodies (K,,), o-symmetric convex bodies
(M), convex bodies containing all their centres of curvature (C,,), and
convex bodies of constant width (W,,). New results in last two rows, last
two columns.

Using (10) from the paper of Chakerian, we obtain

2r rD()
nu(K) =2 [ dpda= [~ [T - po)ldds,
K 0 0

where D(#) is the length of the diameter of K with angle # with a horizontal line, and
p(0) is the distance of the instantaneous centre of rotation of this diameter from the
corresponding endpoint. Note that 0 < p(#) < D(0), and p() + p(6 + 7) = D(f). Thus,
we have

L[,
](K>§§/O D?(0)d 0 = area(K — K) = 4area(M).

Observe that equality is “approached” if at each point, the instantaneous centre of
rotation is close to one of the endpoints of the corresponding longest chord. Thus, I(K)
is “almost” equal to 4 area(M) if K is “almost” a Reuleaux polygon in the norm of M. On
the other hand, Chakerian [6] proved that in the normed plane with unit ball M, among
plane convex bodies of constant width two, the one with minimal area is a minimal area
Reuleaux triangle in the norm. Furthermore, he showed that the area of this triangle
is area(K) = 2area(M) — % area(H), where H is a largest area affine regular hexagon

3
inscribed in M. From this, the assertion readily follows. O

We note that if M is a Euclidean disk, we have 7(M) = % and 3—2§(M) = WE’\T@,

implying the estimate (1.10) in [7]. Furthermore, since 7(M) < 1, with equality if, and
only if M is an affine regular hexagon, our bound is better than the one in [28] for the
case that all the centres of circular curvature of K are contained in K.

4. REMARKS AND QUESTIONS

Table 4 shows the presently known best upper bounds on the value of n(K).

We remark that our estimate I(K) < vol(K — K) for any K € W,, is “sharp” for any
Reuleaux-polytope. Unfortunately, unlike in the plane, the minimal volume bodies of
constant width are not known; in the case m = 3, an 80-year-old conjecture states that
these are the so-called Meissner bodies (cf. [4] or [33]), which, unlike the optimal body
in the planar case, are not Reuleaux polytopes. Thus, following the argument in [7], it is
not possible to find the exact bounds for n(K) in W,,.

Note that no example is known of a plane convex body K satisfying n(K) > 8.

Question 1. Prove or disprove the existence of a plane convex body K, with n(K) > 8.
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Remark 1. Let P € K,, be a polytope. For any i-face F, let Ur denote the (n —i)-wedge
of P corresponding to F. Let F; be the family of i-faces of P. Hann [26] proved that,
using this notation,

1+ (=) Vol Z )" vol(Up).

FeF;

This identity is a special case of the Poincaré-Hopf Theorem.

Proof. Let K € K,, be a convex body with C?-class boundary. Let p € int K be a point
of the normal through the point ¢ € bd K. Then K has an equilibrium at ¢ with respect
to p. If the Hessian of the function x — |z — p| is not zero, we say that this equilibrium is
nondegenerate. The number of the negative eigenvalues of the Hessian is called the index
of the equilibrium. If K has only nondegenerate equilibria with respect to p, let n;(K, p)
denote the number of the i-index equilibria of K with respect to p. According to the
Poincaré-Hopf Theorem, for any such point p, we have

m—1

1+ = > (=1)'ni(K, p).

=0

It is well-known that K has a degenerate equilibrium at some ¢ with respect to p if, and
only if |¢ — p| is a principal radius of curvature at g cf. e.g. [38]). Thus, by (6), the set of
reference points with degenerate equilibria is of measure zero. From this, by integration
we obtain

m—1
L+ (=1)™" Vol Z /nl K,p)dp.
=0

To show the assertion for polytopes, we may use a standard smoothing technique, and
observe that as K — P, [, ni(K,p)dp — 3 pcr vol(Ur). 0

Remark 2. The problem of finding the polytopes P € M, satisfying n(P) = 3™ —1 seems
to be significantly harder for m > 2 (or even for m = 3) than for m = 2. One can easily
check, for example, that if Py is a centrally symmetric polytope, inscribed in a circle, and
S is a closed segment perpendicular to the plane of Py, then the prism P = Py + S C R3
satisfies n(P) = 26. On the other hand, among the five primary parallelohedra (which are
all zonotopes), the cubes, the hexagonal prisms and the truncated octahedra are mazximizers
in Mgz, whereas, according to (2.2), elongated and rhombic dodecahedra are not.

As it was observed in [32], the functional n(.) : K,;, — R is not continuous, to show this
one may consider a Euclidean disk B*> C R? with n(B) = 2, and an inscribed centrally
symmetric 2k-gon P, with n(P;) = 8. Furthermore, using “smoothened” polygons in
this example, one can show the discontinuity of this functional even in the family of
convex bodies with C'-class boundary. On the other hand, for convex bodies with (-
class boundaries, n(.) is clearly continuous. The situation is different if we consider local
deformations only. If we permit only truncations of a polytope or a C?-class body by a
plane, n(K) changes continuously. It would be interesting to know if the same holds for
any convex body and for any local deformation. In this direction, perhaps the methods
of [32] can be useful.

To better understand abrasion processes it seems interesting to find bounds on the
following quantity.
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Definition 3. Let K € IC,,,. We set

Lsury (K)

1 K)= K p)d d K) =
surf( ) /bdKn( ap> D, an nsurf( ) SllI'f(K)’

where surf(K) denotes the surface area of K.

Question 2. Find the minima and maxima of Ny, f(K) over Kp,, My, Cp and Wh,, if
they exist.

Remark 3. Using the notations in the proof of Theorem 4, it is easy to check that for
the eikonal equation given there, we have

dn(K(t)) _ surf(K)

T | = ey, (e () = n(E)).

t=0
Hence, Theorem 4 can be interpreted as observing that, for any K € K,, with C*-class
boundary and containing all its centres of curvature, we have Ngy, rx) < nN(K).

Conjecture 1. For any K € K,, with C*-class boundary, we have ng,(K) < n(K).

We conjecture the following, more general version of Theorem 4.

Conjecture 2. Let K C R™ be a convex body, containing all its centres of curvature, with
a C?-class boundary. Consider the deformation C' : S™ 1 x [0,T) >, of the embedding
C(S™1,0) = bd K, satisfying % = %N, where N is the outer unit normal of C, K is
its Gaussian curvature, and v > 0. For any t € [0,T), let K(t) denote the convezr body
bounded by C(S™ 1 t). Then n(K(t)) is an increasing function of t.

Instead of the average number of normals through a point of a given convex body, we
may investigate the average d(K) of the affine diameters of K (cf. Definition 2).

Remark 4. Hammer [25] proved that for any K € K,, and any p € K there is an affine
diameter of K passing through p. Thus, we have d(K) > 1. On the other hand, for the
Fuclidean unit ball B in R™, we have d(B) = 1. This determines the minimum of d(K)
over IC,,.

To determine the maximum of d(K) for sufficiently smooth and strictly convex bodies,
one may try to follow the idea of Chakerian [7] and Hann [26], replacing the unit normal
vector N of bd K in the proof of Theorem 3 by the unit tangent vector of the affine
diameter starting at the corresponding point of bd K. If the Jacobian J in (5) has only
real roots, then we may apply the argument in the proof of Theorem 3 and obtain the
estimate D(K) < 3 vol(K — K), generalizing (1.1) of [7] for any dimensions. Nevertheless,
this quantity is known to have only real roots only in the planar case, or if /V is orthogonal
to bd K at each point. This leads to the following questions.

Question 3. Prove or disprove the existence of a strictly convex body K € I, with
C?-class boundary, for which the Jacobian of the mapping

(8) r(ury oo U1, A) = 17Uy ooy Ue1) + AN (U, - e U—1)),

where N is an inner unit tangent vector of the affine diameter starting at r(uy, ..., Up_1) €
bd K, has nonreal roots.

Question 4. Prove or disprove the existence of a strictly convex body K with C?-class
boundary, satisfying D(K) > %VOI(K - K).
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On the other hand, affine diameters correspond to normals if, and only if the body is
of constant width. Thus, our result immediately yields the following generalization of the

result of Chakerian [7].
Remark 5. Let K C W, be a convez body of constant width. Then D(K) < 1 vol(K—K).

Note that a real root of the Jacobian of the mapping in (8) corresponds to a point p
on the affine diameter where, in a certain direction, the family of lines, defined in the
mapping, is rotated about p. These points are the higher dimensional analogues of the
instantaneous centre of rotations used in [7].

REFERENCES
1] T. I. Heath (ed.), The Works of Archimedes, Cambridge University Press, Cambridge, 1897.
2] W. Blaschke, Kreis und Kugel, Auflage, Berlin, 1956.
F. J. Bloore, The Shape of Pebbles, Math. Geology 9 (1977), 113-122.
T.

1]
2]
3]
[4] Bonnesen and W. Fenchel, Theorie der konvexen Kdérper, Springer-Verlag, Berlin, 1934.
[5] K. Callahan and K. Hann, An Euler-type volume identity, Bull. Austral. Math. Soc. 59 (1999),
495-508.
[6] G.D. Chakerian, Sets of constant width, Pacific J. Math. 19 (1966), 13-21.
[7] G.D. Chakerian, The number of diameters through a point inside an oval, Riv. Unién Argentina 29
(1984), 282-290.
[8] B. Chow, On Harnack’s inequality and entropy for the Gaussian curvature flow, Comm. Pure Appl.
Math. XLIV (1991), 469-483.
[9] J. Damon, Local Morse theory for solutions to the heat equation and Gaussian blurring, J. Differential
Equations 115 (1995), 368-401.
| R. Dawson, Monostatic simplezes, Amer. Math. Monthly 92 (1985), 541-46.
] R. Dawson, W. Finbow and P. Mak, Monostatic simplezes. II, Geom. Dedicata 70 (1998), 209-219.
| R. Dawson and W. Finbow, What shape is a loaded die?, Math. Intelligencer 22 (1999), 32-37.
| G. Domokos G. and G.W. Gibbons, The evolution of pebble shape in space and time, Proc. R. Soc.
London A (2012), DOI:10.1098/rspa.2011.0562.
[14] G. Domokos, Z. Langi, The robustness of equilibria on convex solids, Mathematika 40 (2014), 237—
256.
[15] G. Domokos, Z. Langi and T. Szabd, On the equilibria of finely discretized curves and surfaces,
Monatsh. Math. 168 (2012), 321-345.
[16] G. Domokos, AA. Sipos and P.L. Véarkonyi, Continuous and discrete models for abrasion processes,
Per. Pol. Architecture. 40 (2009), 3-8., doi:10.3311/pp.ar.2009-1.01.
[17] G. Domokos, AA. Sipos, T. Szab6 and P.L. Véarkonyi, Pebbles, shapes and equilibria, Math. Geosci.
42 (2010), 29-47.
[18] G. Domokos and P.L. Vérkonyi, Geometry and self-righting of turtles, Proc. R. Soc. London B.
275(1630) (2008), 11-17.
[19] S. Dumitragcu, Every convex polygon is swept by its inner normal more than 4 times (English
summary), An. Univ. Timigoara Ser. Mat.-Inform. 36 (1998), 43-58.
0] W. .J. Firey, The shape of worn stones, Mathematika 21(1974) 1-11.
[21] H. Federer, Geometric Measure Theory, Springer-Verlag, Berlin, Heidelberg, New York, 1969.
[22] M. Gage, An isoperimetric inequality with applications to curve shortening, Duke Math. J. 50 (1983),
1225-1229.
[23] M. Ghomi, The problem of optimal smoothing for convex functions, Proc. Amer. Math. Soc. 130
(2002), 2255-2259.
[24] M. A. Grayson, The heat equation shrinks embedded plane curves to round points, J. Differential
Geom. 26 (1987), 285-314.
[25] P.C. Hammer, Convex bodies associated with a convex body, Proc. Amer. Math. Soc. 2 (1951), 781—
793.
[26] K. Hann, The average number of normals through a point in a convezx body and a related Fuler-type
identity, Geom. Dedicata 48 (1993), 27-55.
[27] K. Hann, What’s the bound on the average number of normals?, Amer. Math. Monthly 103 (1996),
897-900.



OF

ON THE AVERAGE NUMBER OF NORMALS 15

K. Hann, Normals in a Minkowski plane, Geom. Dedicata 64 (1997), 355-364.

K. Hann, Minkowski normals for polycircles, Geom. Dedicata 75 (1999), 57—65.

A. Heppes, A double-tipping tetrahedron, STAM Rev. 9 (1967), 599-600.

G. Huisken, Asymptotic behavior for singularities of the mean curvature flow, J. Differential Geom.
31 (1990), 285-299.

D. Hug, On the mean number of normals through a point in the interior of a convex body, Geom.
Dedicata 55 (1995), 319-340.

B. Kawohl and C. Weber, Meissner’s Mysterious Bodies, Math. Intelligencer 33(3) (2011), 94-101.
P.L. Krapivsky and S. Redner, Smoothing a rock by chipping, Phys. Rev. E 9 (2007), 75(3 Pt
1):031119.

P. D. Krynine, On the Antiquity of “Sedimentation” and Hydrology, GSA Bulletin 71 (1960), 1721-
1726.

H. Martini and K.J. Swanepoel, The geometry of Minkowski spaces — a survey. Part II, Expo. Math.
22 (2004), 93-144.

P. McMullen, On zonotopes, Trans. Amer. Math. Soc. 159 (1971), 91-109.

T. Poston and 1. Stewart, Catastrophe Theory and Its Applications, Dover Publications, Inc., Mine-
ola, New York, 1996.

Lord Rayleigh, Pebbles, natural and artificial. Their shape under various conditions of abrasion,
Proc. R. Soc. London A 181 (1942), 107-118.

C.A. Rogers and G.C. Shephard, The difference body of a convex body, Arch. Math. 8 (1957), 220
233.

L.A. Santal6, Note on convex spherical curves, Bull. Amer. Math. Soc. 50 (1944), 528-534.

M. Spivak, A Comprehensive Introduction to Differential Geometry, Publish or Perish, Inc., Houston,
Texas, 1999.

GABOR DOMOKOS, DEPT. OF MECHANICS, MATERIALS AND STRUCTURES, BUDAPEST UNIVERSITY
TECHNOLOGY, MUEGYETEM RAKPART 1-3., BUDAPEST, HUNGARY, 1111

E-mail address: domokos@iit.bme.hu

7ZSoLT LANGI, DEPT. OF GEOMETRY, BUDAPEST UNIVERSITY OF TECHNOLOGY AND ECONOMICS,

BUDAPEST, EGRY JOZSEF U. 1., HUNGARY, 1111

E-mail address: zlangi@math.bme.hu



