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2Eötvös Loránd University
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Abstract. In high-energy collisions the number of the created particles is far less than the thermodynamic limit, especially in
small colliding systems (e.g. proton-proton). Therefore final-state effects and fluctuations in the one-particle energy distribution
are appreciable. As a consequence the characterization of identified hadron spectra with the Boltzmann – Gibbs thermodynamical
approach is insufficient [1]. Instead particle spectra measured in high-energy collisions can be described very well with Tsallis –
Pareto distributions, derived from non-extensive thermodynamics [2, 3]. Using the Tsallis q-entropy formula, a generalization of
the Boltzmann – Gibbs entropy, we interpret the microscopical physics by analysing the Tsallis q and T parameters. In this paper
we give a quick overview on these parameters, analyzing identified hadron spectra from recent years in a wide center of mass
energy range. We demonstrate that the fitted Tsallis-parameters show dependency on this energy and on the particle species. Our
findings are described well by a QCD inspired evolution ansatz.

INTRODUCTION

High-energy particle accelerators have already reached the energy range where the matter of the early Universe was
formed. This so called Quark Gluon Plasma (QGP) existed shortly after the Big Bang. Its properties are measured
in ultrarelativistic heavy-ion collisions, where the energy density is high enough to form QGP for a short, O(fm/c)
time. Due to the nature of the strong interaction there is no method to observe directly this matter, only signatures
from the final state allow us to draw conclusions, after the cooling and expansion of this extreme matter. Today, it
is still a question, how color degrees of freedom neutralize and how quarks and gluons confine into hadrons. The
hadronization occurs during a very short time, therefore we have very limited information about it. We also do not
have a well established and proofed theory of hadronization.

Recent, complex detector systems, like ALICE at the Large Hadron Collider (CERN LHC) or STAR and
PHENIX at Relativistic Heavy Ion Collider (BNL RHIC) are able to measure with high accuracy the final state parti-
cles that reach the detectors. The hadron spectra, measured in high-energy collisions, are one of the most fundamental
characteristics of the events and involve both the effects of microscopical processes and collectivity in high-energy
collisions. As it was found, these properties occur not only in heavy-ion collisions, but even for the case of small
colliding systems like proton-proton or electron-positron collisions [4–8]. A detailed analysis of hadron spectra in
terms of collective parameters is a key task for understanding hadronization.

Earlier studies show that hadron spectra can be described very well with Tsallis – Pareto-like distributions [3, 8–
14], both at low-, and high transverse momenta. This distribution has been derived in the framework of non-extensive
thermodynamics. The q and T parameters carry important physical information of the observed system. To test this
concept in more details we perform a systematic analysis of recent data, accumulating information on processes during
the collisions.
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In this paper we put emphasis on the investigation of the center-of-mass energy dependence of the Tsallis param-
eters q and T , assuming a QCD inspired double-log scaling of these parameter. We use the unit scale ~ = c = kB = 1.

ANALYSIS DESCRIPTION

Identified particle spectra measured in the midrapidity region in high-energy proton-proton collisions can be divided
into low- (soft) and high (hard) transverse momentum parts. While the soft, non-perturbative regime can more or less
be approximated by an exponential Boltzmann – Gibbs distribution, the hard part is fitted extremely well with power-
law tailed distributions, in agreement with perturbative-QCD calculations. Previous studies showed that both regions
can be fitted simultaneously with a single Tsallis – Pareto distribution [10–16]:

f (mT ) = A ·
(
1 +

q − 1
T

(mT − m)
)− 1

q−1

, (1)

where q is the so called non-extensivity parameter, T is a temperature-like parameter and mT =

√
p2

T + m2 is the
transverse mass including the rest mass, m of the given identified hadron species.

The above Tsallis – Pareto distribution can be regarded as a generalization of the usual Boltzmann – Gibbs dis-
tribution, which provides the opportunity to model spectra from proton-proton and heavy-ion collisions using two
parameters [17]. Moreover, it can be derived from the Tsallis entropy formula, where strong coupling is assumed
between degrees of freedom due to the non-additivity of the standard Boltzmannian entropy. A similar behaviour is
expected in strongly interacting matter if the system size is finite and fluctuations matter. Analysis of the identified
hadron distributions are expected to provide information on the systems both microscopically and in general. The
physical meaning of the q and T parameters are discussed in Refs. [1–3, 9]:

q = 1 −
1
C

+
∆β2

〈β〉2
and 1/T = 〈β〉 =

〈
S ′(E)

〉
, (2)

where C = dE/dT total heat capacity and β = S ′(E). ∆β2 is the variance of β.
Our aim here is to explore the center-of-mass energy evolution of the parameters q and T . We would like to probe

the QCD-inspired double-log scaling, ∼ log(log
√

s) observed in fits of electron-positron data [4]. For our analysis we
use identified hadron spectra datasets measured in proton-proton collisions from recent years [18–25]. The numerical
fits of the various datasets were made utilizing the CERN Root program, version 6.06/001. Please note that it is difficult
to compare the fit-parameter values for all existing data, since kinematical ranges vary and multiplicity-classes are not
defined evenly. This always generates some uncertainty to the fits. Moreover, the fit results by the Root program are
sensitive to the input parameters, therefore we perform the fit procedure in multiple steps:

1. fit of the high-pT part by fix T and changing q;
2. fit of the low-pT part by fix q and changing T ;
3. fit of the whole pT range with free change of both parameters, starting with the above obtained q and T .

Here, we set the ’low-pT ’ as lower than pT < 4 GeV and the ’high-pT ’ part as pT ≥ 2 GeV, respectively. In the
function, defined in Eq. (1), the parameter T sets the scale of the exponential slope. In fact, for q −→ 1 one obtains
f1(mT ) = Ae−(mT−m)/T . The parameter q is linked to the ’power-law like’ tail at high-pT . This procedure was tested by
comparing χ2/NDF values.

The investigated spectra together with the fitted Tsallis – Pareto function are shown in Fig. 1. Upper panels of the
plots present the fits of experimental data measured in proton-proton collisions at

√
s = 62.4 GeV, 200 GeV, 900 GeV,

2.76 TeV, and 7 TeV center-of-mass energies. We considered various charged and charged-averaged hadron species,
π±, π0, K±, K0

s , p, and p̄, but only the pions were measured at each energy. Identified hadron mT spectra are scaled by
constant factors (2n) for better visibility, as indicated in the panels.

In the lower panels ’Data/Fit’ plots are presented for each case. One can observe how well the distribution (1)
describes the yields in the whole 62.4 GeV ≤

√
s ≤ 7 TeV center-of-mass energy range in the mT . 20 GeV region.

Within the mid mT -regime the overlap with data amounts to 20%− 40%, while at the highest mT values or for heavier
hadrons the deviance is sometimes larger.

1The CERN Root analysis software is available at https://root.cern.ch/
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FIGURE 1. Upper panels are for the identified hadron spectra as the function of the transverse mass, mT . Data were plotted,
measured by the STAR [20], PHENIX [18, 19] and ALICE [21–25] at different center-of-mass energies from 62.4 GeV ≤

√
s ≤ 7

TeV. Experimental data points are in comparison with the fitted Tsallis – Pareto functions is indicated as solid lines. The mT spectra
were scaled by constant factors (2n) for the better visibility as indicated on the graphs. Lower panels present the Data/Fit ratio plots
including the estimated fit errors.



FITTED PARAMETERS

In order to determine the center-of-mass energy dependence, in this section we review the
√

s evolution of the fitted qi

and Ti parameters for each hadron species, i ∈
{
π±, π0,K±,K0

s , p, andp̄
}
. According to the formula (1), the parameters

of the Tsallis – Pareto distribution are plotted in Fig. 2 and 3 as a function of
√

s. In this sense we assumed an energy-
evolution for each hadron type i as follows [26]:

qi(
√

s) = q1i + q2i log
(
log

( √
(s)/mi

))
, (3)

Ti(
√

s) = T1i + T2i log
(
log

( √
(s)/mi

))
. (4)

We use the mass, mi for the identified hadrons, i, in order to get the physically relevant energy scale. We use the
leading parameter, q1i = 1.0, representing the Boltzmann – Gibbs case at the low-energy limit and the evolution is
followed only in the parameter q2i. The temperature like parameter in the formula (4) also uses a fix T1i ≈ 50 MeV,
suggested by the model in Ref [3] for all hadron species. Here, T2i is the parameter, which reflects the evolution.

On Fig. 2 the fitted qi values are plotted for each
√

s, for the given identified hadron spectra summarized in
Table 1. One can see on the graphs, that the qi(

√
s) values are close to each other and all curves slightly increase with

√
s, following nicely the formula (3). For pions and kaons the increase is very similar and their evolutions are alike.

However, the increase seems to be larger for the kaons. In contrast to the mesonic components it seems that for the
protons (the baryonic component) q2p has the strongest increase.

TABLE 1. The
√

s-evolution of the parameters of the fitted Tsallis – Pareto distributions
for hadrons, i ∈ π±, π0, K±, p, and p̄ in the 62.4 GeV ≤

√
s ≤ 7 TeV c.m. energy range.

Hadron, i mi q1i q2i T1i T2i

π± 140.0 MeV 1.0 0.057 ± 0.001 50 MeV 30.0 ± 3.0 MeV
π0 135.0 MeV 1.0 0.055 ± 0.001 50 MeV 40.0 ± 3.0 MeV
K± 493.0 MeV 1.0 0.064 ± 0.001 50 MeV 62.0 ± 6.0 MeV
p( p̄) 938.0 MeV 1.0 0.068 ± 0.001 50 MeV 60.0 ± 14. MeV

Figure 3 presents the evolution of the parameter T with the center of mass energy. We applied a ∼ log(log(
√

s))-
like evolution on the Fig. 3 using formula (4) with the evolution parameters listed in Table 1. Here the energy-evolution
of the parameter T (

√
s) also shows an increasing trend with the mass of the hadron species. The obtained parameter

values clearly show a mass (or quantum number conservation) effect: higher the mass, mi, the parameter T2i is getting
larger. On the other hand, one can observe, that the parameters Ti(

√
s) stay almost constant in the whole range of the

investigated center-of-mass energies, 62.4 GeV ≤
√

s ≤ 7 TeV.
On Fig. 5 we show the fitted qi and Ti for different hadron species at the above energies,

√
s. In agreement with

Ref. [27], we see that the non-extensivity parameter qi is less sensitive to the hadron mass, however the importance
of center-of-mass energy of the colliding system is remarkable. In contrast to this, parameter Ti reflects the mass-
hierarchy ordering.

The T − q PARAMETER SPACE FOR IDENTIFIED HADRONS

Summarizing, the center-of-mass energy evolution of the fit parameters works well with our double-log assumptions.
The q2i and T2i parameters are getting slightly larger with the larger hadron mass, mi and applying forlmulae (3)
and (4) the evolution is described nicely in the whole tested energy range, 62.4 GeV ≤

√
s ≤ 7 TeV.

The obtained qi(
√

s) function increases with
√

s in the range 1.07 − 1.17 representing the deviation from the
Boltzmann – Gibbs case with q = 1. The deviance from this case q grows with higher center-of-mass energy values.
The temperature-like parameters Ti(

√
s) show almost constant values, with the following mi hadron mass hierarchy:

Tπ = 120 − 140 MeV, TK = 120 − 200 MeV, and Tp = 70 − 240 MeV.
We plotted the parameters qi and Ti in Fig. 4. Points fitted separately at each

√
s value, group nicely in the

compact area Ti = 70 − 240 MeV and qi(
√

s) = 1.07 − 1.17. This suggests the validity of the non-extensive statistical
approach presented in Ref. [9].



Beside the points of the hadron species, the averaged baryonic and mesonic point are also indicated in Fig. 4.
The ratio is qm/qb = 0.997 ± 0.001 as indicated on the plot, which presents the overlap.
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SUMMARY

In this study we analyzed identified hadron spectra measured in proton-proton collisions from RHIC to LHC energies
in the range 62.4 GeV ≤

√
s ≤ 7 TeV. We showed that the Tsallis – Pareto distributions originated from non-extensive

thermodynamics describe the spectra very well in wide mT regions, typically pT . 10−20 GeV/c using the distribution
in the form of (1). The ∼ log(log(

√
s))-like evolution of the parameters qi and Ti were tested on the identified hadron

spectra data measured for π±, π0, K±, K0
s , p, and p̄. It seems, both the non-extensivity, qi and temperature-like Ti

parameters agree with the suggested QCD inspired evolution pattern. However the temperature has almost constant
value within the investigated

√
s regime. We found a mass-ordered hierarchy in the evolution parameters, i.e. heavier

hadrons have larger qi and Ti values. We found averaged mesonic and baryonic non-extensitivity parameters close to
each other, namely qm/qb ≈ 1.
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