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Abstract

Let K and K, be convex bodies in R?, such that K contains the
origin, and define the process (K, pn), n > 0, as follows: let p,1 be
a uniform random point in K, and set K,11 = K, N (pny1 + K).
Clearly, (K,,) is a nested sequence of convex bodies which converge
to a non-empty limit object, again a convex body in R?. We study
this process for K being a regular simplex, a cube, or a regular convex
polygon with an odd number of vertices. We also derive some new
results in one dimension for non-uniform distributions.

1 Introduction

The following problem was formulated by Balint Toth some 20 years ago
with K = Ky being the unit disc of the plane. Let K and Ky be con-
vex bodies in R?, such that K contains the origin, and define the process
(Kyn,pn), n > 0, as follows: let p,4+1 be a uniform random point in K, and
set Kpt1 = Ky, N (pp1 + K). Clearly, (K,,) is a nested sequence of convex
bodies which converge to a non-empty limit object, again a convex body in
R?. What can we say about the distribution of this limit body? What can
we say about the speed of the process? In Figure[l|one can see the evolution
of the process up to n = 10 on the right, and K1 on the left, when K = K|
is a regular heptagon.

In [I] Ambrus, Kevei and Vigh investigated the process in 1 dimension,
when K = Ky = [—1,1]. In this case the limit object is a random unit
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Figure 1: The evolution of the process for K = K| being a regular heptagon

interval, whose center has the arcsine distribution (see Theorem 1 in [I]). So
even in the simplest case the process has very interesting features. Moreover,
in Theorem 2 in [I] it is shown that if r,, is the radius of the interval K,
then 4n(r,—1/2) converges in distribution to a standard exponential random
variable. The idea of the proof is to observe that (r, — 1/2) behaves as the
minimum of iid random variables, and thus obtain the limit theorem via
extreme value theory.

We also would like to point out the formal relationship between the
diminishing process and the so called Rényi’s Parking Problem from 1958
[9]. Rényi studied the following random process: consider an interval I
of length  >> 1, and sequentially and randomly pack (non-overlapping)
unit intervals into I. In each step we choose the center of the next unit
interval uniformly from the possible space. The process stops when there is
no space for placing a new unit interval. (Intuitively I is the parking lot and
the unit intervals are the cars.) The first possible question is to determine
the expectation M (x) of the covered space. Many other variants of this
problem has been studied in the last more than 50 years, for an up-to-date
state of the art we refer to Clay and Simanyi [4]. The connection between
the diminishing process and Rényi’s Parking Problem can be seen easily as
follows: if we choose in the definition of the diminishing process Ko = I,
and we drop the conditions we put on K, and define K as the complement
of the closed interval of length 2 centered at 0, then we get exactly Rényi’s
Parking Problem.

In the present paper we analyze the diminishing process in more general
cases. In Section [2| we consider the case, when instead of choosing pyt1
uniformly in the interval, we choose it according to a translated and scaled
version of a fixed distribution F. Again, the limit object is a random unit
interval. In Theorem (1| we determine the asymptotic behavior of the speed,



while in Theorem [2] we show that for appropriate choice of F' the distribution
of the center has the beta law. In Sections[Bland [l we consider the case when
K = Kj is a cube and a regular d-dimensional simplex, respectively. The
cube process can be represented as d independent interval processes, thus
the results in Section [3| follow from the corresponding results in [I]. In
the case of the simplex process, the limit object is also a random regular
simplex. The main result of this part is that the center of the limit simplex
in barycentric coordinates has multidimensional Dirichlet law, which is a
natural generalization of the beta laws to any dimension. The rate of the
process is also determined. The processes considered this far are ‘self-similar’
in the sense that at each step the process is a scaled and translated version
of the original one.

In Sections [B} [6] and [7] we consider diminishing processes in the plane.
In case of the pentagon process even the shape of the limiting object is
random. We prove that it is a pentagon with equal angles, however it is
not regular a.s. This process is not ‘self-similar’, and its behavior is more
complicated. We determine the rate of the convergence of the maximal
height, but as the area of the limit object is random, limit theorem with
deterministic normalization is not possible. Also the behavior of the center
of mass is intractable with our methods. Finally, in Section [7] we consider
regular polygons with odd number of vertices, i.e. K = Ky is a regular
polygon. Using the theory of stochastic orderings for random vectors we
prove that the rate of the speed is n=/2. We conjecture that in the case,
when the number of vertices is even the speed of the process is n~!. This is
established in case of square, but in general it is open.

2 One dimension, general density

In this section we consider the process in the interval [—1, 1], and the random
point is chosen according to a not necessarily uniform distribution.

Fix a distribution on [0, 1] with distribution function F, and in each
step we choose the random point according to this distribution. That
is, if the center and radius is (Z,,ry,) the random point p,4; is given by
2rnXn+1 + Zp — rn, where X, 11 is independent from Z,,,r,, and has dis-
tribution function F. The initial condition is (Zy,79) = (0,1), i.e. we start
from the interval [—1,1].

Let X, X1, Xo, ... iid random variables with distribution function F. It
is easy to see that for n > 0

N 3+ ramin{X, 1,1 — Xpia}, min{ X1, 1= Xopi} < 1- T
T, otherwise.
(1)

To simplify the recursions above we have to pose some assumptions on
F. The following lemmas contain these assumptions. To determine the
rapidness of the process we only need part (i), while for the limit distribution



of the center we need both parts. In fact, in both cases we only need the ‘if’
part. In the following, for a random variable X and an event A the notation
X|A stands for the conditional distribution of X given A.

Lemma 1. Let X be a random variable with distribution function F, such
that P{X € [0,1]} = 1.

(i) For all a € [0,1], for which P{X < a} > 0, the distributional equality
X|(X <a)2ax

holds, if and only if either X is a degenerate random variable at 0, or
F(z) =2°, x €0,1], for some § > 0.

(i) The random variables I(X < 1/2) and max{X,1—X} are independent
if and only if F(1/2) =0, or F(1/2) =1, or

1—F(1/2)

PO =1 T

F(1—-a-)

for all x € [1/2,1].

The simple proof of Lemmal[l]is given in the Appendix. As an immediate
consequence we obtain the following.

Lemma 2. LetY be a random variable in [0, 1] with continuous distribution
function F. Then for any a € (0,1) the distributional equality

2min{Y,1 - YV} (2min{Y¥;1 - Y} < a) 2 a2min{Y;1 - Y}
holds, and I(Y < 1/2) and max{Y,1 — Y} are independent if and only if

[ 2029, x€[0,1/2],
F(x)_{ 1= (1—)2°(1—a), o

Mm
—
~

[\
=

—~
[\
~

for some ¢ € [0,1] and § > 0.

During the analysis of diminishing processes we frequently end up with
a recursion of the following type.

Let V,Vi,... be a sequence of iid random variables with distribution
function P{V < z} = 2, x € [0,1], for some § > 0, and let (a,) be a
sequence of bounded nonnegative random variables, such that a, | a, a.s.,
where a > 0 is deterministic. Assume that ¢y = 1, and for n > 0, for some
c>0

S5
nVipi1, W.p. cz—",
b1 = { Wb ca, (3)

25
b, w.p. 1 —cg,

1
where cﬁ—’; € [0,1] and the abbreviation w.p. stands for ‘with probability’.



To be precise this means here and later on the following. On our proba-
bility space (£2, A, P) there is a filtration (F,),>0. The filtration is usually
generated by the random points p,, i.e. F, = o(p1,...,pn). The random
variables a, and ¢, are F, measurable, and almost surely a, | a > 0.
Conditionally on a, and ¢, let w,11 be a Bernoulli(c%) random variable
and independently V,,41 is a random variable with distribution function 20,
x € [0,1]. Then ¢,4+1 = £,Vy41 whenever wy41 = 1, and £,11 = £, oth-
erwise. (Here and in the following section a,, is simply a function of #,.
However, when dealing with the polygon process a,, is the area of K,,, and
it does depend on the chosen points, and not only on ¢,. This is the reason
of the complication.)

In the next lemma we determine the asymptotic behavior of such se-
quence £,. The idea of the proof is to show that ¢,, behaves like the min-
imum of n iid random variables, as in the proof of Theorem 1 in [I]. The
proof is deferred to the Appendix.

For § > 0, the Weibull(¢) distribution function is given by 1 — e~ for
x > 0, and 0 otherwise.

Lemma 3. Assume that ¢, is defined by (@ Then

1/5
(§n> 0 -2 Weibull(s).

Moreover, for any a > 0

i p(C) 6 =50 (3),

where T'(+) is the usual Gamma-function.
With the help of these lemmas we can analyze the speed of the process.

Theorem 1. Assume that for the distribution of X we have
P{2min{X,1 - X} <z} =2° zel0,1],

for some 6 > 0. Then as n — oo

1
Ant/? <rn - 2> AN Weibull(4),

P {4711/‘S (rn — ;) > m} S,

Moreover, for any o > 0

e (-3) =50 (5)

i.e. for any x > 0



Proof. Using the assumption and Lemma [l (i) we see that can be
rewritten as ( 1)5
| Vg, wop. (2—1,)°,

bnr1 = { Uy, w.p. 1—(2—r;1)9, (4)

with £, = r, — 1/2, and V, V4, ... are iid, P{V < z} = 2%, 2 € [0,1]. Now
the theorem follows from Lemma |3} with a,, = 7} | 1/2° = @ and ¢ = 2°. O

To determine the limit distribution of the center consider the thinned
process (ZL,Fn), which is obtained from the original process (Z,,r,) by
dropping those steps when nothing changes, i.e. when r, = r,1. Clearly,
the limit of the center is not affected. After some calculation we obtain the
recursion

~ ~ + QFn ma.X{Xn+1, 1-— Xn+1} -1

. sgn (X1 = 1/2),
)

- r .
'nt+1 = 5 +7n mln{XnJrl, 1- Xn+1}a

where X, 1 has the distribution of X conditioned on min{X,1 — X} <
1— (27,7t

Note that in (2)) in Lemma for ¢ = 1 the distribution is concentrated on
[0,1/2], in which case the center always moves towards —1/2, so the limit
distribution of the center is degenerate at —1/2. Similarly, for ¢ = 0 the
limit is deterministic 1/2. In the following theorem we exclude these cases.

For a > 0, 8 > 0 the random variable X has beta(c, ) law, if its density
is 22711 — 2)P~'B(a, B)~', x € (0,1), where B(x,y) = T'(z)I'(y)/T(z + y)
is the usual Beta function.

Theorem 2. Let us assume that for some ¢ € (0,1) and § > 0 (3) holds.
Then the distribution of Z is the translated beta(6(1 — ¢),dc) law, i.e. its
density function is

I'(9)

TG = a)iGg Y2+ 0T 2=z e (-1/2,1/2),

f&,c(:E) =

Proof. By Lemma |l| and we obtain the recursion

Zn—i—l == Zn + §n+lzn(1 - Vn—i—l)a

Zn-l—l = Zn‘/n—&—lv

(6)

where Zn =7, — 1/2, and &;,&s,... are iid random variables, such that
P{{i =1} =1—c=1—-P{{ = —1}, and independently from {;}9°,, the
sequence Vi, Vs, ... are iid B(6,1) random variables, i.e. with distribution

function P{V < z} = 2%. The initial value is (Zo, ) = (0,1/2).
Formula @ implies the infinite series representation of the limit

1



and thus the distributional equation perpetuity
p1
Zoo = 551(1—‘/1)+V12007 (8)

where on the right-hand side Vi, &1, Zo are independent.
Corollary 1.2 in Hitczenko and Letac [7] (or the proof of Theorem 3.4 in
Sethuraman [I0]) implies that Z., +1/2 has 5(6(1 — ¢), dc) distribution. O

Note that once we have the infinite series representation the proof
can be finished using the properties of GEM(J) (or Poisson—Dirichlet) law;
see Hirth [6], or Bertoin [2] Section 2.2.5.

Distributional equations of type

REZQ+ MR, R independent of (Q, M),

where R, are random vectors, and M is a random variable, are called
perpetuities. Equation is an example. Necessary and sufficient condi-
tions for the existence of a unique solution of one-dimensional perpetuities
is given by Goldie and Maller [5]. However, in special cases (for example for
M € [—-1,1]) the existence of a unique solution in any dimension was known
earlier, see Lemma 3.3 by Sethuraman [10]. Therefore, in above, or in d
dimension in below, the assertion that certain distribution G satisfies
the perpetuity equation is equivalent to saying that the perpetuity equation
has a unique solution G.

The perpetuities and are interesting in their own right, because
there are relatively few perpetuities when the exact solution is known. The
results of Sethuraman [10] (proof of Theorem 3.4; see also Theorem 1.1 in [7])
cover those equations which appear in our investigations. For more general
perpetuity equations with exact solutions we refer to the recent paper by
Hitczenko and Letac [7].

3 The cube

In the cube process K = Ky = [—1,1]%. Now the limiting convex body
is a cube of unit edgelength. Denote mj(n),...,mgy(n) the edgelengths of
the rectangular box K, and (Z1(n),...,Zg(n)) the center of K,. Proper-
ties of the uniform distribution imply that the processes (Z1(n), mi(n)),. ..,
(Z4(n), mq(n)) are d independent copies of the segment process. Therefore
the following theorem is a consequence of Theorem 1 and 2 in [1].

Theorem 3. For the speed of the cube process we have

ml(n) -1 W1
. D .

mg(n) — 1 Wy

)



where W1, ..., Wy are independent exponential random variables with param-
eter 1. For the maximum of the edgelengths m, = max{mi(n),...,mqg(n)}
we have

on(my, — 1) 25 W,

where P{W < z} = (1 —e™ )4, 2 > 0.
For the limit distribution of the center

Zl (n) Z1
. D .
: — | |
Zd(n) Zd
where Z1,...,Zq are independent translated arcsine random variables, that

is with density function
1 ( 1 1)
, o ze|——,=).
/(12 +2)(1/2— 1) 22

Remark. Similarly, the results obtained in Section 2] can be generalized
for a ‘non-uniform cube process’. The details are left to the interested reader.

4 The simplex

Now we turn to the simplex process in any dimension.

Let K be a regular d-dimensional simplex with centroid (0,0,...,0) and
vertices (eg,eq,...,eq), such that eg = (1,0,...,0). Let denote py = 1/d the
radius of the inscribed sphere of K.

Let the initial simplex be Ky = %K (for reasons explained below),
and for K, given, choose a random point p,4+; uniformly in K,, and let
Kny1 = Ky N (ppy1 + K). Let m, denote the height of K,. Then K,
is a nested sequence of regular simplicies and the limit object is a regular
simplex with height pg.

It turns out that this process can be investigated by the same methods
as for d = 1, in case of the segment process, in [I]. The idea is that for the
simplex in any dimension the process is ‘self-similar’, i.e. after each step the
process is a translated and scaled version of the original one.

4.1 The rapidness of the process

If in the (n + 1)st step the point p,41 falls close to the center, then nothing
happens, i.e. K11 = K,,. The ‘change regions’ are d + 1 congruent, regular
simplicies of height m,, — pg4, each of them sits at a vertex of K,. Note
that since the height of K, is < 2p4 then these simplicies are disjoint, so
the process is simpler. This is the reason we assume Ky = dLHK , since its
height mg = 2p4. Although, if we would start with a larger Ky, as m,, | pq
a.s., in a random number of steps the height of K, would be < 2pg4, thus
the assumption Ky = %K has no effect on the rapidness of the process.

8



Mn — P2 Pn+1
* 1 (mn - p2)hn+]

P2

Figure 2: The triangle process

Theorem 4. For the height process my,
d+1 1/d
(d+1) n1/d
Pd

Moreover, for any o >0

o [(d o+ 1)n]er o_an (o
i BT e (ma = ) =ar(5)

(My — pa) EN Weibull(d).

Proof. With disjoint change regions for the height process we have

d
M, — hpt1 (Mn — pa)  w.p. (d+1) (1 - n%) )

Mn41 = d
M, w.p. 1 —(d+1) ( - %) ,
where hq, ho, ... are iid random variables, with distribution function

Hy(z) =P{h<z}=1-P{h>z}=1-(1-2)¢ =ze€[0,1], (9

which is the distribution of the distance from the base of a uniformly dis-
tributed random point in a regular simplex with height 1, see Figure
Putting ¢,, = m,, — pq, we have ¢, | 0 a.s., and

d
0a(1 = hns1) wop. (d+1) (1— ;;Td) :

0, wp. 1—(d+1) (1 B %)d (10)

£n+1 =

The theorem follows from Lemmawith 6=d,c=d+1anda, = mfl 4 pg.
O



4.2 The limit distribution of the center

Let ¢, denote the center of the regular simplex K,. In this subsection we
determine the limit distribution of c,.

As we emphasized previously the limit distribution of n/?(m,, — py) is
not affected if we start from any smaller regular simplex, in particular which
has height 2p4. However, this is not true for the limit distribution of the
center c,. To handle the process we have to assume that the change regions
are disjoint, and so in each step the center can only move towards one of
the vertices, or stay.

In order to investigate the limit distribution of the centroid, we can
consider the thinned (centroid, height) process (¢, m,), skipping the steps
when nothing happens. Put ¢, = m, — pq.

Since the disjoint change regions have the same volume, in each step the
center moves towards any of the vertices with the same probability 1/(d+1),
according to the change region in which the chosen point falls. The size of
the shift is ﬁ‘ll - bphpy1, where £,hy, 41 is the distance of the chosen point
from the base of the change region. See Figure 2 Thus

C =C, + LZ hptie
n+1 — Cn d+ 1 n+1€&, 119 (11)
en-&-l = en(l - hn+1)7
where hi,hs,... are iid random variables with distribution function @,
€1,&2,. .. are independent, uniformly distributed random variables on the

set {0,1,...,d}, and the initial condition is ¢y = 0, £y = py.

To obtain a more symmetric description of the center process we intro-
duce the barycentric coordinates. The center of the limiting simplex falls in
K= ﬁ[(, i.e. in a regular simplex with height pg.

Put € = ﬁei, that is €, ..., ¢y are the vertices of K. To parametrize

the center we may use barycentric coordinates in terms of K. That is, for
¢, the center of K,,, we have ¢, = Z?:o A6, with Z;'i:o L=1, AL >0,
1 =0,1,...,d. It is well-known that this parametrization is unique. Put
Ap = (A2, ... 0%) € R We can rewrite in terms of the barycentric
coordinates of ¢,,. After some calculation we have

~ d

A'fl+1 = A’fl + mgnhn+1vfn+la

Zn—&-l = Zn(l - hn-‘,—l),

(12)

where v; is the constant —1 vector, except its jth coordinate being d. The
initial values are Ag = (1/(d+1),...,1/(d+ 1)), by = pa.

Before stating the theorem, we define the multidimensional Dirichlet dis-
tribution. Let ag,...,aq be positive numbers. The random vector X =
(Xo,...,Xg4) has Dirichlet(ayp,...,aq) distribution, if its components are

10



nonnegative, Xo + ...+ Xg =1, and (X1,...,Xy) has density function

L(ag+ ...+ aq)
I(ag)...T(aq)

ag—1,.a1—1 ag—1
Ty P

(1—x1—...—xy)

on the set {(x1,...,2q) 1 2; € (0,1),i = 1,---,d;Z?:135z‘ <1}

Theorem 5. The barycentric coordinates of the center of the limit simplex
have Dirichlet(d/(d + 1),...,d/(d + 1)) distribution.

Proof. Let A be the barycentric coordinates of the center of the limit. From

(12) we obtain that

[e.o]

1
A=Ro+ D (1 =h1). (1= hp)hniave, ;.

n=0

Rearranging we get
R=h (ve, + A
= —V
g 1Ve 0
(o9}

~ 1
AO + ﬁ Z(l — hg) . (1 — hn)hn+lvfn+1

n=1

+(1 —hl)

Notice that the infinite sum in brackets is equal in distribution with A and

it is independent of hy and &;. Since ﬁvi + /~\0 = u;, where (u;);=0,... 4 are
the usual unit vectors in R4*!, we obtain the distributional equality

~ 'D ~

A = hug + (1 = h)A, (13)

where on the right-hand side &, h,K are independent. Applying now The-
orem 1.1 in [7] (or the results in the proof of Theorem 3.4 in [10]) with
Y = h ~ beta(1,d), and B = ug ~ Efzo ﬁ%i, we obtain obtain the theo-
rem. g

5 Regular polygons with an odd number of ver-
tices

Let k be an odd positive integer, and assume k£ > 5. Let K be a regular k-
gon with circumradius 1, centroid (0,0), such that (0,1) is a vertex and the
side vyvo is parallel to the x-axis. We denote the vectors pointing from the
origin to the vertices of K in the counterclockwise order by vy, ..., vg. (To
avoid confusion, we distinguish between points and vectors.) Put Ky = K,
and consider the process as before. For simplicity we usually omit & from our
notation, and assume that k is fixed, odd, and clear from the circumstances.

11



Obviously, K, is a polygon for each n, and since it is the intersection of
translated copies of K, its sides are parallel to the sides of K. However, note
that K, is not necessarily a k-gon. For convenience, we are still going to
consider K, as a (possibly degenerated) k-gon with the following definitions.
Let ¢; and £ be two parallel support lines of K,, with equations ¢;: (x, v;) =
a; and 0 (x, v;) = o}, where a; > of. Now, we denote K, N¢; by A; =
Ai(n) and we consider it as the ith vertex of K. Similarly, K, N ¢ is
denoted by s; = s;(n) and we call it the ith side of K. Note that with
these notation some vertices might coincide and correspondingly some sides
might degenerate into a point. We also introduce the ith height of K, as
mi(n) = o; — o). We put m,, = (my(n),ma(n),...,mg(n)), and m, =
max; m;(n).

The radius of the inscribed circle of K is denoted by py = cos(w/k). We
also introduce the notion of change region here:

Rl(n):Knm{x|<m’vl>2a;+pk}> Z:1a2a7k

Intuitively, the ith side moves, if we choose the next random point in R;.
(Note that, this is not entirely true, since a degenerated side can move in
other ways.) Obviously, if pp+1 ¢ U]f Ri(n), then K41 = K.

We define

00
Ky = ﬂ Kny
n=0

the so called limit object.

Lemma 4. The limit object Ko is a possibly degenerated, closed k-gon
whose sides are parallel to the sides of K. Furthermore, the maximal height
of K 1s exactly py almost surely.

Proof. Since K is the intersection of closed half-planes with possible outer
normals —vy, ..., —vg, it follows, that K, is a closed, possibly degenerated
k-gon with sides parallel to the sides of K.

First we show that no height of K is larger than p,. Suppose that
m1(00) > pg, in this case R1(o00) is of positive area. Observe that no point
was selected from Rj(co) by definition, which is a contradiction.

Next we prove that the maximal height of K, is at least pp. Clearly, it
is enough to see that m, > pj for every n. This follows from the observation
that if p,1 ¢ UY Ri(n), then K, 41 = K,. O

In the following lemma we show that K, always contains a small circle
of radius 1/10. In particular this implies that the area of K,, (and thus the
area of K, as well) is uniformly bounded from below by 7/100. To ease the
notation we put pg = 0.

Lemma 5. Let k > 5, and assume that

n
Kn = ﬂ(K+pj)a
j=0

12



where p; € ﬂin;lo(K + pm) for all j. Then K, contains a circle of radius
1/10.

Proof. Denote B the unit circle centered at the origin, which is the circum-
circle of K by definition. Also by definition pgB is the incircle of K. We

consider
n

By = ﬂ (B +pj),
§=0
and we observe that K,, C B, holds for all n.

We claim that for all j = 0,1,...,n, we have p; € B,,. By definition
pj € K; C Bj. Suppose that p; ¢ By, then there exist an index ng with
Jj < ng < n such that p; ¢ (B + py,), and thus p,, ¢ (B + p;). But by
definition p,, € By, C (B + p;), a contradiction.

We obtained that B, is the intersection of the unit circles B + p; such
that all centers p; are contained in B,,. This readily implies that the minimal
width of B, is at least one. Then Blaschke’s Theorem (see [8], p. 18, Th.
2-5.) implies that there exists = such that B/3 + x C B,,. Obviously for all
J < n we have that x € 2B/3 + p;, and thus p, > ps = cos7/5 ~ 0.809 >
2/3 +1/10 implies that for all j < n we have B/10 + 2 C K + pj, which
proves the statement. U

Lemma 6. There exists a 6 > 0 such that if every height of K, is smaller
than py + dx, then the change regions R; are pairwise disjoint.

Proof. We show that for every 7 # j R; and R; are disjoint.

First we show that the statement is true for adjacent regions. Suppose
that X € R1 NRa (see Figure |3).

According to Figure 3| we draw two lines parallel to £} and ¢, respectively
that are at distance exactly pi from the point X, these two lines meet in the
point M. Obviously, there exists a d; > 0 (depending only on k), such that
XM = pj, + 5. Readily follows that M(k+3)/2 = Pk + Ok, a contradiction.

Next we prove that if 2 < m < (k—1)/2, and X € R; N R, then
X € N]'R,;. This obviously implies the statement of the lemma. We
proceed by induction on m. For m = 2 we are done. Now we assume that
the statement is true till m — 1, and we prove it for m.

Pick X € Ri N R,,. We may assume that X ¢ R; for any j =
2,3,...,m — 1, otherwise we would be done by applying the hypothesis
twice. We may also assume that we changed the coordinate system such
that the slope of ¢, is positive, the slope of | is negative, and the bisectors
of the line ¢ and ¢/, are vertical and horizontal, see Figure

Draw the translated copy Kx of K whose center is X, the incircle of
Kx is of radius py and of center X. Consider the vertices A(;y1)/241 and
A(k41)/24m—1 of Kp, and the vertices A,(k:+1)/2+1 and A/(k+1)/2+m—1 of Kx.
From the assumptions it clearly follows that the ‘horizontal distance’ (the

13



Figure 3: Adjacent change regions are disjoint

A/ A \ N 4. O\ X
(k+1)/2+’m‘/l/ ) \\.{‘y(kﬂ)/ﬂl

~

Figure 4: Non-adjacent change regions are disjoint
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A1 (n) A2 (n)

Figure 5: Change regions in a reduced state

difference of the z coordinates) of A(41)/241 and Agyjo4m—1 is larger
than the 'ho.rizont'al distanc‘e of A’(kﬂ)/QJr1 and A/(k+1)/2+m—1' But .this is
a contradiction, since the sides s1, $9,...,8n,—1 form a fixed angle with the
z-axis, and each of them is at most as long as the side length of K, and thus

the horizontal distance of A’( , and A’(k +1)/24m—1 is maximal. O

k+1)/2+

A configuration is called reduced if the change regions are disjoint. In a
reduced state it is possible to follow the process. That gives the importance
of the following simple corollary which readily follows from the fact that m,,

is componentwise monotone decreasing and my, | pk.

Corollary 1. The process a.s. reaches a reduced state in a random number
of steps. After reaching a reduced state, the process always stays in a reduced
state.

6 The pentagon

In this section we consider the pentagon process. This is the simplest case
when not only the position, but also the shape of the limit object is random.
We show that exactly one height of the limit object is ps, which allows us
to determine the speed of the process.

15



6.1 On the limit pentagon

First we prove that the process cannot degenerate in the following sense.

Lemma 7. K, is always a pentagon with equal inner angles.

Proof. The key observation is that the directions of the sides of K, are
prescribed, thus the only thing we have to show that a side cannot disappear.
Suppose the opposite, and seek a contradiction. Let K, be the first non-
pentagonal state, and first assume that it is a quadrilateral and the side
A1 As disappears. It easy to calculate the inner angles of K,,, three of them
equals the inner angle of a regular pentagon, 37/5 (at vertices Ay, A3 and
Ay), while the fourth one is 7/5 (at the vertex A;). Also note, that the side
lengths of K,, cannot exceed the side length of K. Thus K, is contained in a
deltoid, see Figure [6] where s is the side length of K. This implies that the
heights mo and my of K,, are at most s - sin(r/5) = 2 - sin?(7/5) ~ 0.69. A
simple argument shows that we may assume that A4 was a vertex of K, 1,
but A; and Ay were not. This implies that the side A1 A2 comes from K
(more precisely, A1 Ay C p,+0K), and so my > ps. But this is not possible,
since my < ps, a contradiction. Similar argument settles the case when K,
is a triangle. (|

Figure 6: The deltoid containing K,

By Corollary [I] in a random number of steps we reach a reduced state,
and so as in the simplex case we may and do assume that the process starts

16



from a reduced state. It also follows that in a reduced state the change
regions are always triangles.

Note that if the random point falls in R then beside mi, the oppo-
site heights m3 and my4 also decrease. Some calculation shows that if mq
decreases by x then ms and my4 both decreas by cx, with

V5—1

c=— (14)

being the ratio of the golden section. We say that m; and m; are competing
heights, if m; > p5, m; > ps, and they are not adjacent.

To describe the dynamics of the process we define the following vectors:
vi = (1,0,¢,¢,0), vo = (0,1,0,¢,¢), v3 = (¢,0,1,0,¢), v4 = (¢,¢,0,1,0),
and v = (0,¢,¢,0,1). With this notation, if in a reduced state in the
(n + 1)th step the random point falls in R;(n), then

my+1 = my — hn(mz(n) - P5)Vz’, (15)

where hi, ho, ... are iid with common distribution function Hs in @D, ie. h
is the distribution of the distance from the base of a uniformly chosen point
in a triangle with height 1. That is, hy41(m;i(n) — ps) is the distance of p,+1
and the side of R;(n) which is opposite to A;(n). The probability of this
event is |R;(n)|/|Ky|, where | - | is the area.

Lemma 8. The limit pentagon cannot have non-adjacent heights equal to
Ps-

Proof. Emphasizing that the process can be at any reduced state we omit
the index n.

Assume that there is a state with at least 2 competing heights > ps.
Let, say, m; be the maximum height, which has a competing pair, say ms.
If the maximum height has no competing pair > ps than its change has no
affect on the two competing heights. Thus m; will change eventually. So we
may and do assume that m; is the largest height.

Case 1: ¢(my — p5)/2 > m3 — ps, with ¢ defined in (14). Then the
probability that in the next change step the uniform random point falls in
R1is > 1/5, and given this the probability that m; decrease at least with
(m1 — p5)/2 equals P{h > 1/2} = 1/4. In this case mg decreases below ps,
and so the probability of this > 1/20.

Case 2: ¢(my — p5)/2 < m3 — ps. The probability that in the next
change step the random point falls in R3 is

(m3 — ps)* > (m3 — ps)* > c?

Siy(mi—ps)3 ~ Blm1—ps)* 207
We show that with positive probability we end up in a state corresponding
to Case 1. In the next step

my =mq — ch(ms — ps),

m4 = mg — h(ms — ps).
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We want an h € (0,1), such that ¢(m} — p5)/2 > mf — ps. Some calculation
shows that this happens if and only if

1 _
h> ; il S
-< 2mg — ps

where the right side is

_ =5 355

<22
2

The probability of this event is at least
_ _ 2
P {h > 3\/52 5} = (7 Z\/E) ~ 0.0213.

So we are almost in Case 1, but it can happen that m/ is not maximal.
Notice that

my = ps :ml—p5—0(m3—ﬂ5)h>1_c
m1 — Ps mi — Ps B ’

which implies that the probability of choosing in R1 in the next change step
is > (1 —c)?/5.

So we showed that starting from any state with at least two competing
heights > ps, the probability that in two change steps one of them decreases
below ps is

2 2 2
7—3v5)* (1 —
L CO=3VEP (A= o0 146
20 4 20
This proves that the process cannot have this configuration for infinite num-
ber of steps. O

Lemma 9. There is no non-regular pentagon with equal angles, in which
the two largest heights are consecutive.

Proof. As a first step we prove a somewhat surprising result that provides
a linear relationship between any four heights of the pentagon. We assume
that my, m3 and m4 are given, and we express mo as a linear combination of
the previous three. To simplify the calculations, we place the pentagon into a
new coordinate system such that A; is the origin and A; Ay agrees with the
z-axis, and the whole pentagon lies in the upper half plane. Recall that
—v; = (cos(37w/10),sin(37/10)), —v2 = (cos(77/10),sin(77/10)), —vz =
(cos(117m/10),sin(117/10)), —vg = (0, —1), —v5 = (cos(—m/10), sin(—7/10))
are the outer normals of the sides, as we defined earlier. From the setup the
equations of ¢5 = AsA; and ¢} = A; A readily follow: ¢5: (—uvs, (x,y)) =0
and ¢ : y = 0. Using the definition of m; we obtain ¢} : (—v1, (z,y)) = m;.
And again by the definition of mg and my, A4 is on the line of equation
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ly:y = my and As is on l3: (—vs, (z,y)) = —m3. We can express Az and
Ay by solving the system of equations:

mlsinlll—gr+mgsin?l’—g mlcoslll—gr+mgcos?1’—g
Az = . 871 ’ . &1 )
Sin 10 — Sin 10
i 37T
mi1 — My S1In 10
A4 = 31 > my | .
Cos 15

Now, we can find the equation of ¢, and ¢. After suitable simplifications,
introducing the golden ratio A = (v/5 +1)/2, we obtain

7 7
0y cos %x + sin %y = —my + Amy, (16)
0% cos I—Ox + sin I—gy = —mq + Ams. (17)

Thus As = ((—mq + Amg)/ cos(—n/10),0), and to obtain my we need to
calculate the distance between A5 and es:

Tro—mi+ Ams
10 cos(7/10)
= |)\m1 — ms — /\m4].

mo = |cos +mq — Amy

1
=‘<>\+1)m1—m3—)\m4

From and it readily follows that ms > m1/\ and Amy4 > my, hence
mo = —Amq + m3 + Amy. (18)

Now, suppose that m; and mo are the two largest heights. If ms # mg, then
we have a contradiction by . If my = mg, then since m; and mo are the
two largest, it follows that mq = mg = m3 = my, and hence the pentagon
is regular. O

As a consequence of the previous lemmas we obtain
Theorem 6. The limit pentagon has exactly one height equal to ps a.s.

Remark. With a rather tedious case analysis one can prove that for any
height of the limit pentagon m; > p5 + 2 — 4c ~ 0.33688, which is sharp.

6.2 Rapidness of the pentagon process

In the previous section we proved that the limit pentagon has exactly one
height equal to p5 a.s., i.e. after finite number of steps K, has only one height
greater than ps. This observation allows us to prove some asymptotic results
for the speed, however, as the area of the limit is now random, we cannot
prove limit theorem, only upper and lower bounds.

Let denote t* the maximum and ¢, the minimum of the area of the
possible limit pentagons. Note that ¢, > 7/100 by Lemma Then we have
the following.
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Theorem 7. For any x >0

_e 3m
et ghggng{\/ntanm(mn—pg,) >m}
. 3 _z2
< limsup P ntan —(m, —ps) >z p <e *.
n—o0 10

3T EVt
E/ntan l—o(mn —ps5) = e

where t denotes the area of the limit pentagon.

Moreover,

Proof. Put ¢, = |K,|. Once there is only one height > ps the limit
pentagon is determined and so is its area lim,,_ o, t, = t. The area of the
only non-empty change region |R;(n)| = (m, — ps)? tan ?1’—6. This means that
the height process ¢, = m,, — p5 behaves as

3

ZQ
0 {En(l — hpy1), w.p. 7+ tan %r,
n+1 —
10°

2
b, w.p. 1 — f—z tan

where h, hy, ho,... are iid, P{1 — h < 2} = 22, for z € [0,1]. Since t, | t
a.s., by Lemma [3[ with 6 = 2, a,, = t,, ¢ = tan(37/10) we obtain that given
t we have for any = > 0

n tan 3T
P flo(mn—pg,) >zt e,

3r _a?
P ntanﬁ(mn—p5)>x‘t —e .

The convergence of the moments also hold (as in Lemma [3), in particular

3T 3T
Em(mn—%) =E M(mn—%)ﬁ”

o0 a2 Evt
— E/ e tdr= i,
0 4\/7

and the theorem is proved. O

or

E
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Figure 7: The evolution of y/n(m, — p7) for 1800 iterations of the heptagon
process

7 Rapidness estimates

In general the polygon process is too complicated to say anything more about
the limit object than Lemmalfd] According to this lemma the maximal height
of the limit object is pi. Using stochastic majorization and minorization we
are able to determine the order of the convergence.

Theorem 8. For any x > 0 we have

0 < liminf P{v/n(m,, — px) > x} < limsup P{v/n(m, — px) >z} < 1.
n—oo n—oo

Proof. Let m, = (mi(n),...,mg(n)) be the height vector, m,, its maxi-
mum, and A, = Zle |Ri(n)| the area of the change regions. By Corollary
[[] we may and do assume that the change regions are already disjoint. The
probability of no change is the probability that the random point does not
fall in | Ri(n), is P{m,4+1 = m, } = 1— A, /|K,|. The probability of change
is A,/|K,|, in particular |R;(n)|/|Ky,| is the probability that we choose
the point in R;(n). In this case mi(n + 1) = m;(n) — hi, (mi(n) — p),
and all the other heights decrease at most with k% _,(m;(n) — p), where

v+1(mi(n) — p) is the distance from the base of a uniformly chosen point
in R;(n), and so hy,,, is the distance from the base of a uniformly chosen
point in R;(n)(m;(n) — p)~1, i.e. we scale the change region to have height
1. So we have that in case of change m, 1 > m,, — hflﬂ(mn — p)1, where

1 stands for the constant 1 vector, and so My, 11 > my, — hy, 1 (mn — p).

We want to construct simple processes, serving as lower and upper bound
for m,. In order to do so we recall same basic properties of stochastic
ordering. For random variables X and Y we say that X is stochastically
larger than Y (VY <4 X) if P{X <z} < P{Y < z} for any x € R. This
is equivalent to the condition Ef(X) > Ef(Y) for any increasing function
f. For random vectors the definition is somewhat trickier. In R* a set U
is an upper set if for x; € U, xo > x1 imply xo € U. For k-dimensional
random vectors X and Y we have Y <y X if P{X € U} > P{Y € U} for
any upper set U. This is equivalent to the condition Ef(X) > Ef(Y) for
any componentwise increasing function f : R¥ — R. We refer to Shaked and
Shanthikumar [I1] chapter 1.A and chapters 6.A and 6.B.

The first step is to obtain a stochastic majorant and minorant for h?,
for any type of scaled change regions. Let us fix such a region, and let
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t, be the area of those points in the region, which are farther than 1 —
from the base. If h is the distance of the random point from the base then
P{h > 1—z} = t;/t;. The angle of the upper vertex is < k—fﬂ, and the
corresponding angle bisector is orthogonal to the base, so for all = € [0, 1]

(k=2)r (k—2)m
72]{ =x tan72k .

By Lemma [5| a disc of radius 1/10 is contained in K, which together with
convexity imply that the angle of the upper vertex is > 2 arcsin %. Therefore

1
t, < §x 2z tan

1
ty > x%tan [ arcsin — | =: 226;.
xr — < 20) 1
Summarizing, we have
t
226 < P{h>1—-z}= t—x < 22eq,
1

where ¢; = tan (kglf)w >> 1. Note that d; in the lower bound does not

depend on k. For = > 0 put

H*(z) = min{z%¢c,1}, (19)
2 x
H*(.%') _ { 1’ 517 . ; [Ea 1)7 (20)

for the corresponding distribution functions of 1 — h.
The previous reasoning also shows that

51 (mi(n) — )2 < [Ri ()] < ca(ma(n) — pi)2
and so
01(my, — pk)2 < A, < key(my, — pk)2. (21)

By the trivial bound and by Lemmal5 we have the following upper and lower
bounds for the area:
w/100 < |K,| < |K| < 7. (22)

The lower bound. Using (21 and the change probability can be
estimated as

An 100]{301
<

Ko = 7 (mn — Pk)2 =: ca(my — pk)Q-
Let us define the process
r_ " — \h D. I 2
whr = { g (et Wbl @)
m, w.p. 1 —ca(m), — pr)~,

where h, hy, ho, ..., iid, and 1 — h has distribution function H* in . We
claim that

P{mni1 < xlmy =y} < Plmyy, < zlmy, =y} (24)
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Indeed, m!, decreases with higher probability, and if it decreases, decreases
larger. Putting ¢}, = m], — px

;o _J G(1=hpg1) wep. ca(01)?,
ntl e, w.p. 1 —ca(0))%

We can write £, ; = min{¢;,,Up41}, with Upy; independent from ¢, and
having distribution function

14

!
clchQ, x<\/’c‘—l,
PUnn <o} =0 (67, we [l bl

anything, = > £),.
If V has distribution function
H(z) = min {e1 02?1}, (25)

then min{/;,, Uy 1} >¢ min{¢},, V'} for any n and ¢;,. For Vi, V3,. .. iid with
distribution function H, put V,, = min{Vi,...,V,}. We obtained that for
all n

P{l,1 <all, =y} <P{V,, <alV, =y},

combining this with we deduce
P{en—i-l < zll, = y} < P{Kn—i—l < $|Kn = y}' (26)

We claim that these inequalities imply the unconditional inequality.
The latter process can be written as (we assume that the process starts
from a sufficiently small state)

Vv w.p. 1 — ClCQK%,

Y o

v { Vyknir, wp. creVy,
Yn+1 —

where ki, ko, ... are iid with distribution function P{k < 2z} = 22, = € [0, 1].
Short calculation gives that

1, x>y,

P{Vn-i-léx‘vn:y}:{ 6102372 x<y

which is decreasing in y for any fix x.

Let us assume that ¢y = V), and it is sufficiently small. The law of total
probability and imply P{¢; <z} < P{V; < z}. Assume that for any
x>0, P{l, <z} <P{V, <z} for some n > 1. Then

Pl <) = /P{£n+1 < alt, = y}dP{, < y)
< [P, < alV, = )dP{t < 1)
< [PV <alV, = )aPV, <)
= P{Kn+1 g IE},
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where we used the law of total probability, , the induction hypothesis,
the monotonicity of the conditional probabilities, and that for two distribu-
tion functions F, G, such that F(z) < G(z), and for a monotone decreasing
function f we have [ fdF < [ fdG ([1I] chapter 1.A). So we proved that
V., <s ¢y for every n.

For the asymptotic behaviour of V,, we have

P {\/ClCQ\/ﬁKn > :c} — 6712,

and since V,, <g ¢p,, we obtain

liminf P {«/clcg\/ﬁ(mn — pg) > a:} > e e,

n—0o0

In particular we have
E [\/clcg\/ﬁ(mn — pk)] = / P {\/clcg\/ﬁ(mn - pr) > x} dx
0
> / P{\/@\/ﬁzn > x} dx
0

e 2
— / e ¥ dx,
0

where at the last convergence we used the uniform integrability of /nV,,.

Upper bound. Now we turn to the construction of the upper bound
process. If the random point falls in the change region R;(n) then we have
mi(n + 1) = m;(n) — %1 (mi(n) — pi), and the other heights may change
or may not. In any case my 1 < m, — e;h;_ (m;(n) — py), where e; is
the ith standard, k£ dimensional unitvector. The probability of this event is

|Ri(n)|/|Ky| for which by and

Ri(m) _ &
|Kn| — 7

(mi(n) — pr)% =t es(mi(n) — pr)%.

Instead of h' we put the stochastically smaller h, for which 1 — h has
distribution function H, defined in . Note that for this h we have
P{h = 0} = 1 — 6;. We define the k-dimensional process m,, as follows.
Let i € {1,2,...,k} such that n +1 =i (mod k). Then define

_ [y — el (Mi(n) — pr) wep. ca(mi(n) — pr)3,
Mo+l = { m,,, w.p. 1 —cs(mi(n) — pr)2, (27)

where hq, ho, ... are iid and 1—h has distribution function H, in , that is
in each step at most one component decreases, and component ¢ can decrease
only in steps ¢k + ¢, £ € N. From the construction it is clear that for each
y € R* and for each upper set U

P{m, i € Ulm, = y} < P{fi,.1 € Ui, = y}. (28)
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Now we show that P{m,,+; € U|m,, =y} is a monotone increasing function
of y for any fixed upper set U. To do so, let n + 1 = ¢ (mod k), and define
uwi(y) = inf{u : (y1,-.-,¥%i-1,%,Yit1,...,yx) € U}. We may assume that
y € U, mi(n) > pr and u;(y) > pg, otherwise the statement is obvious.
Recall that in one step only coordinate ¢ can change, and so by we have
P{m,; 1 €eUm,=y}=1-P{m,1 ¢Um, =y}
=1-P{mi(n+1) < u(y)m, =y}
Yi—p
=1—c3(uiy) — p)3-
By the properties of the upper set we have that y <y’ = w;(y) > ui(y’)
and so the conditional probability is monotone increasing. As in the case
of the lower estimation this allows us to prove the majorization m,, <g m,
as follows: If my = myg in distribution, then we have the majorization for
n = 1, and if it is true for some n > 1, then for any upper set U

P{m,; €U} = /P{mn+1 € Um, =y}dP{m, <y}
< /P{ffln_H € Um, =y}dP{m, <y}

< / P{fi,, € Ul = y}dP{ii, < y}
= P{I/I\ln+1 € U},

where we used the law of total probability, , the induction hypothesis,
the monotonicity of the conditional probabilities, and that for two distribu-
tion functions F, G, such that F(x) < G(x) (understood componentwise),
and for a monotone increasing function f we have [ fdF < [ fdG ([11],
chapter 6.B).
Putting
H(zx) = min{cz2?, 1}, (29)

as before we see that
mi(n) — p=min{W;; : j < |n/k]},

where {W;; :i=1,2,...,k;j € N} are iid random variables with distribu-
tion function H. We have

P {\/c;Tnlril;E(kmin{Wm i< |n/k]} < :c}

=[1-P {\/C:Tnmin{Wi,kj 15 < [n/k]} >}
) [1_ (1_ xng)m/m]
— (1—ewif>k.
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~ Cox

Figure 8: Change regions of different shapes

This, together with the stochastic majorization m,, <y m,, implies that

k
22
limsup P {\/can(my, — pi) >z} <1— <1 - ek) .

n—oo

In particular we have
E[Van(m, - o) = [ P{an(m, - o) > yhdy
0
< / P {can(my, — pr >y} dy
0

o0 y2 k
— / 1-— <1 — e‘k) dy.
0

8 Concluding remarks

The major difference between regular polygons with odd and even number
of vertices hides in the fact that while in the odd case the change regions are
always triangles, in the even case change regions might be trapezoids or (in
the degenerated case) triangles, hence their area might be of different order
(see Figure . We conjecture that in the latter case the ‘typical’ change
regions are trapezoids, which would imply that the speed of the process is
1/n. (Compare with Theorem [8) where we obtained 1/4/n for the speed in
the odd case.) This conjecture is well supported by numerical experiments.
We conclude the paper with the results of some computer simulations, see
Figure |§| and Figure It is transparent that y/n and n are the right
normalizations, respectively.
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Figure 9: 1/100(m1pp — p7) for 200 outcomes of the heptagon process (the
minimal value is 0.215, the maximal value is 1.078)
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Figure 10:  100(mig0 — ps) for 200 outcomes of the octagon process (the
minimal value is 0.236, the maximal value is 5.381)

Appendix

Proof of Lemma (1} To prove part (i) note that the distributional equality
means

F(z) = F(a)F(z/a),

for all 0 < z < a. The monotonicity of F' easily implies that the solution has
the stated form for some § > 0. The ‘if” part follows by simple calculation.
We turn to part (ii). For any = € [1/2,1]

P{I(X <1/2)=0, max{X,1 - X} >z} =P{X >z} =1—- F(z),

and
P{I(X <1/2) =0} P{max{X,1 - X} >z}
=1-F1/2)1—-F(x)+ F1—z-)).

Solving the equation for F' we obtain the statement. O

Proof of Lemma [3| After some calculation one obtains that given ¢,, and

Gny Pnt1 2 min{¢,, Y}, where Y is a nonnegative random variable, such
that Y is uniformly distributed on [0, a,/c].

For any ¢ > 0let U®), 1(5), 2(5), ... be iid nonnegative random variables,
such that
P U(E) < — ) ¢ , E |:0’ 1/5
O <oy =2, weolare)d],

that is (U()9 ~ Uniform[0, (a + €)/c]. Put
M =min{U® U, ... U©.

Since a,, is decreasing, Y >4 U (0), therefore

ln > min{U?, U, U0 = MO,
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P { (%) v MO > x} — e_xé,

we have
1/6 1/6
limian{(Cn) l >x} > lim P{(Cn> MO >9:} =,
n—00 a n—00 a

To prove the reverse inequality, let us fix ¢ > 0, 8 > 0. Given that
anp < a-+¢e we have Y <g U(a), and thus given that alpn) < a+ewe have

}:: M

. (&) 77(e) (e)
Oy <gt mm{UlE , 26 s U : L(1-B)n]"

[(1=B)n]
By the law of total probability

P{(C:)Wzn >az}
= P{(?)l/(sén > x’amnj < a—i—&?} ‘P{ag, <a+e}
cn

1/5
+P{(a> £n>x‘awnj 2a+5}-P{aL5nJ >a+e}

cen\ 1/6
= P{<a> ML(fl)—ﬁ)nJ = f‘f} +P{apg, >a+e}.

By the assumption a, | a > 0 a.s., so the second term goes to 0, while from
extreme value theory (see e.g. [3], p.192) we have

. c 1/6 (e) _ —2?-4(1-P)
lim P {(n) Mt(lfﬁ)nj > =¢ = ate )

n—o00 a
that is, by the stochastic dominance

1/6 .
limsup P {(Cn) 0, > 1;} < o e (1-8)
a

n—oo

Since € > 0 and 8 > 0 are as small as we want, we obtain

1/8
limsup P { (En) by > x} < e_xé,
a

n—o0

and the convergence in distribution is proved.

Once we have the distributional convergence, to prove the moment con-
vergence it is enough to show that {n®/%¢®} is uniformly integrable (see
e.g. [3] Theorem 25.12). Since a, is bounded, for some n > 0 we have

an < a+nas. for all n > 1, and thus £, <g MTS”). Therefore

5 n
i C _.0_c
P{n'/%0, > 2} <P{n' MM >z} = <1 B 77> <e e,

and the uniform integrability follows. O
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