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Abstract

We study asymptotic properties of maximum likelihood estimators for Heston models based on
continuous time observations of the log-price process. We distinguish three cases: subcritical (also
called ergodic), critical and supercritical. In the subcritical case, asymptotic normality is proved for
all the parameters, while in the critical and supercritical cases, non-standard asymptotic behavior
is described.

1 Introduction

Affine processes and especially the Heston model have been frequently applied in financial mathematics
since they can be well-fitted to financial time series, and also due to their computational tractability.
They are characterized by their characteristic function which is exponentially affine in the state vari-
able. A precise mathematical formulation and a complete characterization of regular affine processes
are due to Duffie et al. [I9]. A very recent monograph of Baldeaux and Platen [4] gives a detailed
survey on affine processes and their applications in financial mathematics.

Let us consider a Heston model

t>0,

11) {dnz (a —bYy) dt + 01/ Y, AW,

dX¢ = (o = BY3) dt + 02y Vi (0dWs + /1 — 02 dBy),

where a >0, ba,5 €R, 01 >0, 09 >0, p€ (—1,1) and (Wy, By)i>o is a 2-dimensional standard
Wiener process. In this paper we study maximum likelihood estimator (MLE) of (a,b,«,3) based
on continuous time observations (Xt);cjo,r) With 7 > 0, starting the process (Y, X) from some
known non-random initial value (yo,70) € (0,00) x R.  We do not suppose the process (Y;)ic[o,7]
being observed, since it can be determined using the observations (Xt)te[QT}v see Remark 2.5l We do
not estimate the parameters oy, o9 and p, since these parameters could —in principle, at least—
be determined (rather than estimated) using the observations (X;)icpo,7], see Remark Further,
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it will turn out that for the calculation of the MLE of (a,b,«, ), one does not need to know the
values of the parameters oy > 0, 09 > 0, and p € (—1,1), see ([B4). Note also that (Y}, X})i=0
is a 2-dimensional affine diffusion process with state space [0,00) x R, see Proposition [ZIl In the
language of financial mathematics, provided that (3 = ¢2/2, one can interpret

o2
Sy i = exp {Xt —a+ 7225}
2
as the asset price, X; —a+ %t as the log-price (log-spot) and o9+/Y; as the volatility of the asset
price at time ¢ > 0. Indeed, using (LI)), by an application of Ito’s formula, if 3 = 03/2, then we
have

dS; = (a +03/2)S; dt + 091/ ViSi (0dW; + /1 — 02dBy),  t >0,

which is Equation (19) in Heston [22]. The squared volatility process (03Y;);>0 is a continuous time
continuous state branching process with immigration, also called Cox—Ingersoll-Ross (CIR) process,
first studied by Feller [21].

Parameter estimation for continuous time models has a long history, see, e.g., the monographs of
Liptser and Shiryaev [33] Chapter 17], Kutoyants [29] and Bishwal [13]. For estimating continuous time
models used in finance, Phillips and Yu [36] gave an overview of maximum likelihood and Gaussian
methods. Since the exact likelihood can be constructed only in special cases (e.g., geometric Brownian
motion, Ornstein—Uhlenbeck process, CIR process and inverse square-root process), much attention
has been devoted to the development of methods designed to approximate the likelihood.

Ait-Sahalia [I] provides closed-form expansions for the log-likelihood function of multivariate dif-
fusions based on discrete time observations. He proved that, under some conditions, the approximate
maximum likelihood exists almost surely, and the difference of the approximate and the true maxi-
mum likelihood converges in probability to 0 as the time interval separating observations tends to 0.
The above mentioned closed-form expansions for the Heston model can be found in Ait-Sahalia and
Kimmel [2] Appendix A.1]. We note that in Sgrensen [38] one can find a brief and concise summary
of the approach of Ait-Sahalia. In fact, Segrensen [38] gives a survey of estimation techniques for
stationary and ergodic (one-dimensional) diffusion processes observed at discrete time points. Besides
the above mentioned approach of Ait-Sahalia, she recalls estimating functions with special emphasis
on martingale estimating functions and so-called simple estimating functions, together with Bayesian
analysis of discretely observed diffusion processes.

Azencott and Gadhyan [3] considered another parametrization of the Heston model (IIJ), and
they investigated only the subcritical (also called ergodic) case, i.e., when b > 0 (see Definition
2.3). They developed an algorithm to estimate the parameters of the Heston model based on discrete
time observations for the asset price and the volatility. They supposed that o9 =1 and 8 = 1/2,
and estimated the parameters o7 and p as well. They assumed the time interval separating two
consecutive observations also to be unknown and used MLE based on Euler and Milstein discretization
schemes. They showed that parameter estimates derived from the Euler scheme using constrained
optimization of the approximate MLE are strongly consistent. Note that we obtain results also on the
asymptotic behavior of the MLE, and not only in the subcritical case.

Hurn et al. [23] developed a quasi-maximum likelihood procedure for estimating the parameters
of multi-dimensional diffusions based on discrete time obervations by replacing the original transition



density by a multivariate Gaussian density with first and second moments approximating the true
moments of the unknown density. For affine drift and diffusion functions, these moments are exactly
those of the true transitional density. As an example, the Heston stochastic volatility model has been
analyzed in the subcritical case. However, they did not investigate consistency or asymptotic behavior
of their estimators.

Recently, Varughese [4I] has studied parameter estimation for time inhomogeneous multi-
dimensional diffusion processes given by SDEs based on discrete time observations. The likelihood of
a diffusion process in question sampled at discrete time points has been estimated by a so-called sad-
dlepoint approximation. In general, the saddlepoint approximation is an algebraic expression based on
a random variable’s cumulant generation function. In cases where the first few moments of a random
variable are known but the corresponding probability density is difficult to obtain, the saddlepoint
approximation to the density can be calculated. The parameter estimates are taken to be the values
that maximize this approximate likelihood, which may be estimated by a Markov Chain Monte Carlo
(MCMC) procedure. However, the asymptotic properties of the estimators have not been studied. As
an example, the saddlepoint MCMC is used to fit a subcritical Heston model to the S&P 500 and the
VIX indices over the period December 2009-November 2010.

In case of the one-dimensional CIR process Y, the parameter estimation of @ and b goes back to
Overbeck and Rydén [34] (conditional least squares estimator (LSE)), Overbeck [35] (MLE), and see
also Bishwal [I3] Example 7.6] and the very recent papers of Ben Alaya and Kebaier [10], [T1] (MLE).
We also note that Li and Ma [31] started to investigate the asymptotic behaviour of the (weighted)
conditional LSE of the drift parameters for a CIR model driven by a stable noise (they call it a stable
CIR model) from some discretely observed low frequency data set.

To the best knowledge of the authors the parameter estimation problem for multi-dimensional
affine processes has not been tackled so far. Since affine processes are frequently used in financial
mathematics, the question of parameter estimation for them needs to be well-investigated. In Barczy
et al. [5] we started the discussion with a simple non-trivial 2-dimensional affine diffusion process given
by the SDE

(1.2)

{dnz(a—bmdt+mdwt, 0

dXt = (m — HXt) dt + \/?tdBt,

where a >0, b,m,0 € R, (W, By)i>0 is a 2-dimensional standard Wiener process. Chen and Joslin
[14] have found several applications of the model (I.2) in financial mathematics, see their equations
(25) and (26). In the special critical case b =0, 6 =0 we described the asymptotic behavior of the
LSE of (m,6) based on discrete time observations Xg, X1,...,X,, as n — oco. The description of
the asymptotic behavior of the LSE of (m,#) in the other critical cases b =0, 6 >0 or b > 0,
6 = 0 remained opened. In Barczy et al. [7] we dealt with the same model (I.2]) but in the so-called
subcritical (ergodic) case: b >0, 6 >0, and we considered the MLE of (a,b,m,f) and the LSE of
(m,d) based on continuous time observations. To carry out the analysis in the subcritical case, we
needed to examine the question of existence of a unique stationary distribution and ergodicity for the
model given by (I2)). We solved this problem in a companion paper Barczy et al. [6].

Next, we summarize our results comparing with those of Overbeck [35] and Ben Alaya and Kebaier
[10], [11], and give an overview of the structure of the paper. SectionRlis devoted to some preliminaries.
We recall that the SDE (LI) has a pathwise unique strong solution and show that it is a regular



affine process, see Proposition I We describe the asymptotic behaviour of the first moment of
(Yy, X¢)i=0, and, based on it, we introduce a classification of Heston processes given by the SDE
(1), see Proposition and Definition Namely, we call (Y, X¢)i>0 suberitical, critical or
supercritical if b > 0, b =0, or b < 0, respectively. We recall a result about existence of a
unique stationary distribution and ergodicity for the process (Y:)i>0 given by the first equation in
(LI in the subcritical case, see Theorem 224l From Section [l we will consider the Heston model (I.TI)
with a non-random initial value. In Section [3] we study the existence and uniqueness of the MLE of
(a,b,a, ) by giving an explicit formula for this MLE as well. It turned out that the MLE of (a,b)
based on the observations (Y;);co,7] for the CIR process Y is the same as the MLE of (a,b) based
on the observations (X;)cjor) for the Heston process (Y, X) given by the SDE (LI]), see formula
B4) and Overbeck [35, formula (2.2)] or Ben Alaya and Kebaier [I1, Section 3.1].

In Section [4] we investigate consistency of MLE. For subcritical Heston models we prove that the
MLE of (a,b,«,3) is strongly consistent whenever a € (0—2%, oo) (which is an extension of strong
consistency of the MLE of (a,b) proved by Overbeck [35, Theorem 2 (ii)], see Remark [L5), and
weakly consistent whenever a = 0—2% (which is an extension of weak consistency of the MLE of (a,b)
following from part 1 of Theorem 7 in Ben Alaya and Kebaier [11], see Remark [£5]), see Theorem (.11
For critical Heston models with a € (0—2%, oo), we obtain weak consistency of the MLE of (a,b,a, )
(as a consequence of Theorem [6.2)), which is an extension of weak consistency of the MLE of (a,b)
following from Theorem 6 in Ben Alaya and Kebaier [I1], see Remark For supercritical Heston
models a € [U—j,oo), we get strong consistency of the MLE of b, see Theorem [£4], and weak
consistency of the MLE of [, see Theorem [.I] and it turns out that the MLE of a¢ and « is not
even weakly consistent, see Corollary [[.3l This is an extension of Overbeck [35, Theorem 2, parts (i)
and (v)], see Remark [4.7]

Sections [ [6] and [ are devoted to study asymptotic behaviour of the MLE of (a,b,«, ) for
subcritical, critical and supercritical Heston models, respectively. In Section [ we show that the
MLE of (a,b,«, ) is asymptotically normal in the subcritical case with a € (02—%, oo), which is a
generalization of the asymptotic normality of the MLE of (a,b) proved by Ben Alaya and Kebaier [IT],
Theorem 5|, see Remark 5.2 We also show asymptotic normality with random scaling for the MLE of
(a,b,a, B) generalizing the asymptotic normality with random scaling for the MLE of (a,b) due to
Overbeck [35, Theorem 3 (iii)], see Remark 5.2l In Section [6] we describe the asymptotic behaviour of
the MLE in the critical case with a € (02—%, oo) generalizing the second part of Theorem 6 in Ben Alaya
and Kebaier [I1], see Remark It turns out that the MLE of a and « is asymptotically normal,
but we have a different limit behaviour for the MLE of b and 3, see Theorem[6.2l In Theorem [6.4] we
incorporate random scaling for the MLE of (a,b, a, 8) in case of critical Heston models generalizing
part (ii) of Theorem 3 in Overbeck [35], see Remark In Section [7 for supercritical Heston models
with a € [0—5,00), we prove that the MLE of a¢ and « has a weak limit without any scaling
(consequently, not weakly consistent, see Corollary [[3)), and the appropriately normalized MLE of
b and [ has a mixed normal limit distribution, which is a generalization of the second part of
Theorem 3 (i) of Overbeck [35], see Remark We also show asymptotic normality with random
scaling for the MLE of (b, ) generalizing the asymptotic normality with random scaling for the MLE
of b due to Overbeck [35] first part of Theorem 3 (i)], see Remark In the Appendix we recall
some limit theorems for continuous local martingales for studying asymptotic behaviour of the MLE
of (a,b,a,f).



In the proofs, mainly for the critical and supercritical cases, we extensively used the following
results of Ben Alaya and Kebaier [I0, Propositions 3 and 4], [II, Theorems 4 and 6]: for b > 0
and a = 0—2%, weak convergence of % OT%—j as T — oo0; for b=0 and a > 0—2%, the explicit
form of the moment generating function of the quadruplet (log Yr, Y, fOT Y ds, OT g,—‘:), T > 0; for
b<0 and a > 0—2%, a representation of the weak limit of (ebTYT, fOT gi,—f) as T — oo. However,
our results are not simple consequences of those of Ben Alaya and Kebaier, we will have to find
appropriate decompositions of the derived MLEs and then to investigate the joint weak convergence

of the components via continuity theorem.

In Barczy et al. [9], we study conditional least squares estimation for the drift parame-
ters (a,b,a,3) of the Heston model (1)) starting from some known non-random initial value
(Y0, 70) € [0,00) x R based on discrete time observations (Y;, X;)ieq1,... 0}, and in the subcritical
case we describe its asymptotic properties.

Finally, note that Benke and Pap [12] study local asymptotic properties of likelihood ratios of the
Heston model ([LI)) under the assumption a € (02—%, oo). Local asymptotic normality has been proved
in the subcritical case and for the submodel when b =0 and [ € R are known in the critical case.
Moreover, local asymptotic mixed normality has been shown for the submodel when a € (0—2%, oo)
and « € R are known in the supercritical case. As a consequence, there exist asymptotic minimax
bounds for arbitrary estimators in these models, the MLE (for the appropriate submodels in the critical
and supercritical cases) attains this bound for bounded loss function, and the MLE is asymptotically
efficient in Hajek’s convolution theorem sense, see Benke and Pap [12].

2 Preliminaries

Let N, Zy, R, Ry, Ry, R_ and R__ denote the sets of positive integers, non-negative
integers, real numbers, non-negative real numbers, positive real numbers, non-positive real numbers
and negative real numbers, respectively. For z,y € R, we will use the notations z Ay := min(z,y)
and 2 Vy := max(z,y). By || and |A|, we denote the Euclidean norm of a vector z € R?

dxd dxd
R Raxd

and the induced matrix norm of a matrix A € , respectively. By I, € we denote the

d-dimensional unit matrix.

Let (Q, F, ]P’) be a probability space. By C?(Ry xR,R) and C°(R; xR,R), we denote the set
of twice continuously differentiable real-valued functions on R, x R with compact support, and the
set of infinitely differentiable real-valued functions on R, x R with compact support, respectively.

The next proposition is about the existence and uniqueness of a strong solution of the SDE (IL.T])
stating also that (Y, X) is a regular affine process. Note that these statements for the first equation
of (LI)) are well known.

2.1 Proposition. Let (n9,(o) be a random vector independent of (Wi, By)ier, satisfying P(no €
Ry)=1. Then for all a € Ryy, ba,f €R, 01,00 € Ryy, o€ (—1,1), there is a (pathwise)
unique strong solution (Y;, Xi)ier, of the SDE (L) such that P((Yyp,Xo) = (10,¢0)) = 1 and



P(Y; € Ry forall t € Ry)=1. Further, for all s,t € Ry with s <t,

Y;gze_b(t_s) (Y:g‘i‘af e—b(s u)du_|_0-1ft —b(s— u\/_dw)

(2.1)
Xy = X, + [Ha— BY,) du+ oo [ /Yy (0dW,, + /1 — 02 dB,)

Moreover, (Y;, X;)ier, is a regular affine process with infinitesimal generator

(Af)(y, ) = (a = by) fi(y, z) + (o — By) fo(y, =)
(2.2)

1
+ 53/(0-%]0{/,1(3/733) + 2Q0'10'2f{/,2(y,33) + U%fé/,2(yv$))v

where (y,r) € Ry xR, f e C?(Ry xR,R), and f! and i 4,5 € {1,2}, denote the first and

second order partial derivatives of f with respect to its i-th, and i-th and j-th variables, respectively.

Proof. By a theorem due to Yamada and Watanabe (see, e.g., Karatzas and Shreve [27, Proposition
5.2.13]), the strong uniqueness holds for the first equation in (II). By Ikeda and Watanabe [24]
Example 8.2, page 221], there is a (pathwise) unique non-negative strong solution (Y;)icr, of the
first equation in ([LI)) with any initial value 7y such that P(ny € Ry) = 1. Clearly, the second
equation in (2] gives the (pathwise) unique strong solution (X;)ier, of the second equation in
(CI). Next, by an application of the It6’s formula for the process (Y;)ier,, we obtain

d(e"Y;) = be’Y; dt + e?'dY; = be'tY; dt + e ((a — bY;) dt + 01/, dW;) = ae® dt + o1t /Y, AW,

for all t € Ry, which implies the first equation in (2.I]).

Now we turn to check that (Y;, X¢)icr, is an affine process with the given infinitesimal generator.
We may and do suppose that the initial value is deterministic, say, (Yp, Xo) = (y0,20) € Ry x R,
since the infinitesimal generator of a time homogeneous Markov process does not depend on the initial
value of the Markov process. By Ito’s formula, for all f € C?(Ry x R,R) we have

t t
(Y, X1) = f(yo, m0) + 01 /0 F1(Ye, X))/ Ye dWs + 0 /0 F5(Ye, Xo)V/Ys (0dWs + /1 — 02 dBy)
t t
+/ fi(YS,Xs)<a—bYs>ds+/ F5(Ye, XJ)(0 — BY.) ds
—<01/f (Ys, X Yd8+290102/f12 Y;,X)Yds+02/ Y;,X)Yds>

— Flyo,0) + /O (Af)(Ye, X,)ds + My(f),  teRs,
where

t t
Mi(f) = al/ f{(Ys,Xs)\/?des-Hfz/ PV XOVYs (dW, + /T - 2dB,),  teRs,
0 0

and Af is given by (Z2). It is enough to show that (M;(f))cr, is a local martingale with respect
to the augmented filtration corresponding to (W;, By)icr, and (n9,(p), constructed as in Karatzas



and Shreve [27, Section 5.2]. However, it turns out that it is a square integrable martingale with
respect to this filtration, since

t t
/ E((f1(Ys, X4))*Ys) ds < Cl/ E(Y;)ds < oo,  te€Ry,,
0 0

t t
/ E((f5(Ys, X4))?Ys) ds < 02/ E(Y;)ds < oo,  te€R,,
0 0
with some constants C7,Cy € Ry, where the finiteness of the integrals follows by
(2.3) E(Y,) = e ®yo + a/ e U du, seRy,
0

see, e.g., Cox et al. [I5, Equation (19)] or Jeanblanc et al. [26, Theorem 6.3.3.1].

Finally, we check that the transition semigroup (F;);cr, Wwith state space Ry xR corresponding
to (Y, Xi¢)ier, is a regular affine semigroup having infinitesimal generator given by (2.2). With the

(EIHARHED

is a set of admissible parameters corresponding to the affine process (Y3, X;)icr,, where

notations of Dawson and Li [16],

(2.4) S =
00102 U%

2
07 90'10'2]

Hence Theorem 2.7 in Duffie et al. [I9] (see also Theorem 6.1 in Dawson and Li [16]) yields
that for this set of admissible parameters, there exists a regular affine semigroup (Q¢)icr, with
infinitesimal generator given by (Z2). By Theorem 2.7 in Duffie et al. [19], C*(Ry x R,R) is a
core of the infinitesimal generator corresponding to the affine semigroup (Q)ier,. Since we have
checked that the infinitesimal generators corresponding to the transition semigroups (P)icr, and
(Qt)ter, (defined on the Banach space of bounded real-valued functions on R4 x R) coincide on
C®(R4 x R,R), by the definition of a core, we get they coincide on the Banach space of bounded
real-valued functions on Ry x R. This yields that (Y}, Xy)icr, is a regular affine process with
infinitesimal generator (2.2]). We also note that we could have used Lemma 10.2 in Duffie et al. [19]
for concluding that (Y, X;)ier, is a regular affine process with infinitesimal generator (Z.2), since
we have checked that (M;(f))ier, is a martingale with respect to the filtration (F;);cr, for any
f€C?Ry x RR). |

Next we present a result about the first moment of (Y3, X;)icr,. We note that Hurn et al. [23]
Equation (23)] derived the same formula for the expectation of (Y, X;), t € Ry, by a different
method. Note also that the formula for E(Y;), ¢t € Ry, is well known.

2.2 Proposition. Let (Y;, X;)icr, be the unique strong solution of the SDE (1)) satisfying P(Yy €
Ry)=1 and E(Yp) < oo, E(|Xo|) <oco. Then

e bt 0

-5 fg e dy 1

E(Y;)
E(X¢)

E(Yp)
E(Xo)

N fot e bt dy 0| |a e R
8y (Jy e av)du t] |a)’ h




Consequently, if b€ Ry, then

: _ ¢ . -1 . . ﬁa
ImEF) =2 hm B =0 - 5
if b=0, then
L L 1
lim t7VE(Y) =a,  Jlim 7 E(X,) = —5 fa,

t—o0

if be R__, then

Ba
ﬁ-

lim e E(Y;) = E(Yp) — = lim e E(X;) = %E(YO) -

t—o0 b ’ t—o0

Proof. It is sufficient to prove the statement in the case when (Y, Xo) = (yo,zp) with an arbitrary
(y0,20) € Ry xR, since then the statement of the proposition follows by the law of total expectation.

The formula for E(Y;), t € R4, can be found, e.g., in Cox et al. [I5, Equation (19)] or Jeanblanc
et al. [26] Theorem 6.3.3.1]. Next we observe that

25) ([ Viuaew,+ vi=en.)

teR4

is a square integrable martingale, since
t 2
</ V Yu d(QWu + V 1— Q2Bu)>
0

where the finiteness of the integral follows from (2.3]).

t
E :/ E(Y,)du < oo,
0

Taking expectations of both sides of the second equation in (2.1]) and using the martingale property
of the process in (2.35]), we have

E(Xy) = o +/0 (a — BE(Y,)) du

t u
=1x0+ at — B/ (e_buyo + a/ e dv> du
0 0
t t u
= 29 —ﬁyo/ e_budu—l—at—ﬁa/ </ e_bvdv> du
0 0 0

Further, if b € R4y, then

for all t e Ry.

: _ 1 —bt, Qo bt _a
t&%loE(E)_tllglo(e 7o b(e 1))_b7
—bt —bt
.1 L z  Poer -1 Ba (e -1 _ pPa
Jim E(Xt)_tliglo<t+by0 " +O‘+bt< oY)
If b=0, then

. -1 T 1 o

tllglot E(E)—tll)rélot (yo + at) = a,

m 2E(X,) = lim (20 P o fa) _ fa

Jm ¢ E(Xt)_tll%(t? TR 2>_ 2



If beR__, then

bt T a. bt ): _a
i B0 = Jfim (w0 5 = 1) = -,

b
bt e bt B bt : o Ba L o
tligloe E(X:) = o tllgloe + 0 tllglo(l ¢ )+at1i>l}>lote 3 tlg&( —b te
_ B, b

Based on the asymptotic behavior of the expectations (E(Y;),E(X;)) as t — oo, we introduce a
classification of Heston processes given by the SDE (L]).

2.3 Definition. Let (Y;, X;)icr, be the unique strong solution of the SDE (L)) satisfying P(Yo €
Ry)=1. We call (Yy, Xi)ier, subcritical, critical or supercritical if b€ Ry, b=0 or be R__,
respectively.

In the sequel i>, Py and 2% will denote convergence in probability, in distribution and
almost surely, respectively.

The following result states the existence of a unique stationary distribution and the ergodicity for
the process (Y;)icr, given by the first equation in (L)) in the subcritical case, see, e.g., Feller [21],
Cox et al. [I5, Equation (20)], Li and Ma [31, Theorem 2.6] or Theorem 3.1 with « = 2 and Theorem
4.1 in Barczy et al. [6].

2.4 Theorem. Let a,b,o01 € Ryy. Let (Y;)icr, be the unique strong solution of the first equation
of the SDE (L)) satisfying P(Yy € Ry) = 1.

(i) Then Y; N Yo as t— oo, and the distribution of Yo, s given by

—2a/0?
(2.6) E(e M=) = (1 + J—%A> ” AeR
. == 2 3 +

i.e., Yoo has Gamma distribution with parameters 2a/oc? and 2b/o?, hence

F(%—I—/ﬂ) 2
BIE) = s we (< Zoo).
() r(%) 1

a1 1

Especially, E(Ys) = %. Further, if a € (C;—%,oo>, then T <ﬁ> 2

2a—07

(ii) Supposing that the random initial value Yy has the same distribution as Yo, the process
(Yy)ier, s strictly stationary.

(iii) For all Borel measurable functions f:R — R such that E(|f(Yoo)]) < 00, we have

1T as
(2.7) T/o f(Ys)ds —= E(f(Yeo)) as T — oo.

In the next remark we explain why we suppose only that the process X is observed.



2.5 Remark. If a € Ryy, ba,8 €R, 01,00 € Ryy, o€ (—1,1), and (Yp, Xo) = (yo,20) €
Ryt xR, then, by the SDE (I1J),

t
<X>t:0§/ Y ds, teR,.
0

By Theorems 1.4.47 a) and 1.4.52 in Jacod and Shiryaev [25],

[t
Z(X —X¢71)2i><X>t as n—o00, teRy.

i
N n n
=1

This convergence holds almost surely along a suitable subsequence, the members of this sequence are
measurable functions of (Xs)sejo,q, hence, using Theorems 4.2.2 and 4.2.8 in Dudley [I8], we obtain
that (X); = o3 fot Y;ds is a measurable function of (Xs)scpq- Moreover,

(Xern — (X 0’_% b

(2.8) - = Y,ds 2% 62y,  as h—0, tcRy,
t

since Y has almost surely continuous sample paths. In particular,

X 2 rh Y,
< >h:&/ stsgag—ozag as h — 0,
h h

Yo Yo Jo Yo

hence, for any fixed T > 0, o3 is a measurable function of (Xj) sef0,7], 1-e., it can be determined

from a sample (X)scor (provided that (Y, X) starts from some known non-random initial value
(y0,20) € (0,00) x R). However, we also point out that this measurable function remains abstract.
Consequently, by (238]), for all ¢ € [0,7], Y; is a measurable function of (Xj)sc(o7), i.e., it can be
determined from a sample (X;)sejo,r) (provided that (Y, X) starts from some known non-random
initial value (yo,zo) € (0,00) x R). Finally, we note that the sample size T is fixed above, and it is
enough to know any short sample (Xj) sefo,7] to carry out the above calculations. O

Next we give statistics for the parameters o1, 0o and p using continuous time observations
(Xt)iejo,r) with some T > 0 (provided that (Y, X) starts from some known non-random initial
value (yo,x0) € (0,00) xR). Due to this result we do not consider the estimation of these parameters,
they are supposed to be known.

2.6 Remark. If a € Ryy, ba,f €R, 01,00 € Ryy, p€ (—1,1), and (Yp, Xo) = (yo,20) €
Ri4+ x R, then for all 7" > 0,

B 1
Jy Yods

Y)r (Y, X)r

=: St almost surely,
Y, X)r  (X)r

where ((Y,X);)ier, denotes the quadratic cross-variation process of Y and X, since, by the SDE

(I,

T T T
(Y)r = 0%/ Y, ds, (X)p = 0%/ Y, ds, (Y, X)p = QO’10'2/ Y, ds.
0 0 0

10



Here Sy is a statistic, i.c., there exists a measurable function Z : C([0,T],R) — R2%2 such that
St = E((Xs)sejo,r1), where C([0,T],R) denotes the space of continuous real-valued functions defined
on [0,T], since

1 Ty, —ve, | [ve—via |
(2.9) T Z n " n T £ 5, as n — 0o,
IV Y & | X - X | | X - X

where [z| denotes the integer part of a real number x € R, the convergence in (Z3J) holds
almost surely along a suitable subsequence, by Remark 25 the members of the sequence in (Z9) are
measurable functions of (Xj).c(o,r), and one can use Theorems 4.2.2 and 4.2.8 in Dudley [I8]. Next
we prove (Z9). By Theorems 1.4.47 a) and 1.4.52 in Jacod and Shiryaev [25],

[nT | [nT |
S -V 5 (VD (X - X )? 5 (X7,
i:1 n n i:1 n n

[nT) .

> (Vi - Vi) (Xi — Xima) — (Y, X)r

=1

as n — oco. Consequently,

T

M Y —Yia | | Yi—Yia | T .
DN noow —></ sts>ST
i—1 XL‘—XQ XL'—XQ 0

as n — 0o, see, e.g., van der Vaart [40, Theorem 2.7, part (vi)]. Moreover,

1 S,
— g Yion 25 Y, ds as n — oo
n
, 0
=1

since Y has almost surely continuous sample paths. Here IP’( fOT Y,ds € R++) = 1. Indeed, if
w € Q is such that [0,7] 2 s — Ys(w) is continuous and Yi(w) € Ry for all ¢t € Ry, then we
have fOT Yi(w)ds = 0 if and only if Yi(w) =0 for all s € [0,7]. Using the method of the proof
of Theorem 3.1 in Barczy et. al [5], we get P( fOT Y; = 0) = 0, as desired. Hence (23] follows by
properties of convergence in probability. O

3 Existence and uniqueness of MLE

From this section, we will consider the Heston model (L)) with a known non-random initial value
(Yo, x0) € Ry4 xR, and we equip (Q, F, IP’) with the augmented filtration (F;);er, corresponding to
(Wi, By)ier,, constructed as in Karatzas and Shreve [27), Section 5.2|. Note that (F;)cr, satisfies
the usual conditions, i.e., the filtration (F)ier . is right-continuous and Fq contains all the P-null
sets in F.

Let P(y,x) denote the probability measure induced by (Y;, Xi)ier, on the measurable space
(C(R4, Ry x R),B(C(RL, R4 x R))) endowed with the natural filtration (G;)ier,, given by Gy :=
o7 (B(C(R, Ry x R))), t € Ry, where ¢;: C(Ry,Ry xR) = C(Ry,Ry x R) is the mapping

11



oi(f)(s) == f(tNs), s,t € Ry, fe CRLRE xR). Here C(Ri,Ry x R) denotes the set of
R4 x R-valued continuous functions defined on Ry, and B(C(R4,Ri x R)) is the Borel o-algebra
on it. Further, for all T"€ Ry 1, let Py, x) 7 := Py x)|g, be the restriction of Py x) to Gr.

3.1 Lemma. Let a € [C;—%,oo), ba,B R, 01,00 € Ryy, and o€ (—1,1). Let (Y;, Xi)ier, and
(ﬁ,gt)teR+ be the unique strong solutions of the SDE (ILT)) with initial values (yo,zo) € Ry X R,
(Yo, o) € Ryp xR such that (yo,z0) = (Yo, To), corresponding to the parameters (a,b,«, 3, 01,09, 0)
and (a%,0,0,0,al,ag,g), respectively. Then for all T € Ry, the measures Py, x)r and P(?,X),T
are absolutely continuous with respect to each other, and the Radon-Nikodym derivative of P, x)r
with respect to P(?,X),T (the so called likelihood ratio) takes the form

7
a—bYy — o]

LY (Y, X sepo) = exp { /oT Yi o — BY, i j}i
_E/Ti a—bYs—U% 1 a—bY;—I—J% ds}
2Jo Yo | a-py, o= BY, ’
where S is defined in ([24]).
Proof. First note that the SDE (I.I]) can be written in the matrix form
dY; b 0| | Y a o 0 dW;
(3.1) dX’; :<[—ﬁ . Xi + a)dt—l—\/?t 0219 o/ T=F dB: . teR,.

2
91

Note also that under the condition a € [7,00), we have P(Y; €e Ryy forall teRy) =1, see,
e.g., page 442 in Revuz and Yor [37].

We intend to use formula (7.139) in Section 7.6.4 of Liptser and Shiryaev [32]. We have to check
their condition (7.137) which takes the form

T T
T 2 2
1 [a—by, ] 1 .
(32) P / R -] |7 s | ds<oo) =1, VTeR,.
0o Ys |a—pBY, a—-BY,| Ys|o 0

Here note that the matrix S is invertible, since 01,09 € Ryy and p € (—1,1). Since Y has
continuous sample paths almost surely, condition ([B.2]) holds if

1
(3.3) ]P’</0 ?ds<oo> =1 for all T € Ry.

s

Since Y has continuous sample paths almost surely and P(Y; € Ryy, Vt € Ry) = 1, we have
P(infycporYs € Ryy) = 1 for all T € Ry, which yields (33). Note that under the condition

a € [0—2%, oo), Theorems 1 and 3 in Ben Alaya and Kebaier [10] also imply (83]). Applying formula
(7.139) in Section 7.6.4 of Liptser and Shiryaev [32] we obtain the statement.

We call the attention that conditions (4.110) and (4.111) are also required for Section 7.6.4 in
Liptser and Shiryaev [32], but the Lipschitz condition (4.110) in Liptser and Shiryaev [32] does not
hold for the SDE (LI). However, we can use formula (7.139) in Liptser and Shiryaev [32], since

12



they use their conditions (4.110) and (4.111) only in order to ensure that the SDE they consider in
Section 7.6.4 has a unique strong solution (see, the proof of Theorem 7.19 in Liptser and Shiryaev

[32]). By Proposition 2] under the conditions of the present lemma, there is a (pathwise) unique
strong solution of the SDE (IJ). O

By Lemma 3] under its conditions the log-likelihood function satisfies

(1— 0*)1og LX) (v, X seton)

T . 2 - . 2
:/ 1 [(a bY; of  ola—pBYs) v, + ola—bYs —of) Lo BY dx,
o Ys o1 0102 01079 03

1 (T 1 [(a—0bYs)? —of  20(a—bYy)(a—BY;) (o — BY;)?
[ ¥l o * Jo-

O'% 0102 O'%

Y,
T T
dYy dX, dY, dX,
ol ) 2
0o \07Ys 0102Y; 0 o1 0102

T 0 dYs odYs; dX;
Ta - 2 5 T3
0 0109Y 02Y 0109 03

1, (T d Tas 1, (TYids 1 T q Ty,d
_—a2/ 28 +ab/ —j——bz/ 328——a2/ i + ﬁ/ — — = / 828
2 Jo oiYs o or 2 Jo o 2 Jo 0 03
T T T 2
ods ods oYy ds T oo1dX, 1 o7ds
+ ax — ba+a6/ +bﬁ/ —— + 3
/0 0102Y ( ) 0 0102 0102 02Ys 2 )y Y

1 Ty, T ooy dX 1 J2ds
=0'dpr—-6"A 0—/ s S Rl 1
T 5 T + A~ +2 T

where o i fT av, _ edXs \ |
a 0 \o?Ys 0102Ys
b I (_% n M)
2
._ . 4lo1,02,0) o 0 o1 0102
0 .= , dr = d; ((Y;,Xs)se[oﬂp]) = ,
o fT _odYs | dX,
0 0102Ys 2YS
_B_ f 0dYs _ dXs
0 g102 027
[ (T _ds Tds (T _ods T ods
0 O’%YS 0 cr% 0 o0102Ys 0 o102
_ (T ds fT Ysds ds T ods (T oYids
2
. plo1,02,0) o 0 of U 0 o102 0 o102
Ar = A ((Ys, Xo)sep,m)) = - . . .
_ ods ods f ds ds
0 o102Ys 0 o102 02Y5 0 Ug
T ods T oYsds T ds fT Ysds ds
| 0 o102 0 o109 0 U% 0 02

If we fix 01,090 € Ryy, o0 € (—1,1), the initial value (yp,x9) € Ryy xR, and T € R4,
then the probability measures Py x)r induced by (Y%, Xi)ier, corresponding to the parameters
(a,b,a,3,01,02,0), where a € [02—1,00), b,a, B € R, are absolutely continuous with respect to
each other. Hence it does not matter which measure is taken as a reference measure for defining the

MLE (we have chosen the measure corresponding to the parameters (07,0,0,0, 07,02, 0)). For more
details, see, e.g., Liptser and Shiryaev [32] page 35].
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The random symmetric matrix Ap can be written as a Kronecker product of a deterministic
symmetric matrix and a random symmetric matrix, namely,

1 ) T ds _ [T
A P o109 0 s Jo 1ds
T pr—
__e 1 T T
o102 o3 —fo 1ds fO Y, ds

The first matrix is strictly positive definite. The second matrix is strictly positive definite if and only
if fOT Ysds OT g,—‘: > T?. The eigenvalues of A7 coincides with the products of the eigenvalues of the
two matrices in question (taking into account their multiplicities), hence the matrix A is strictly
positive definite if and only if fOT Y, ds fOT gi,—‘: > T2, and in this case the inverse A;l has the form
(applying the identity (A® B)™' = A '@ B™1)

fOTYSds T
S®
1 e 17" Tas  _p 17 T ds
A_l _ g _0'10'2 0 Ys _ T 0 Ts
T 1 B T T )
L & -7 [Tv,ds (1— 02) (fo Y, ds [ dy—j_T2)

Hence we have

2(1 — 0*) log LYY ((v4, X,) seom)

T T T 2
dy, dX, d
— (60— A7'dr)TAr(0 — A7'dy) + df Ag'dr — 2 +2/ 9‘717+/ a1ds
0o Ys o 02Ys o Ys

provided that fOTsts fOT g,—‘: > T%. Recall that 01,00 € Ry, and p € (—1,1) are supposed to
(Y. X),(Y,X)

be known. Then maximizing (1 — ¢?)log Ly ((Y:%XS)SE[O,T]) in (a,b,a,3) € R* gives the
MLE of (a,b,a,3) based on the observations (Xi);co,;y having the form
_aT_
- b
Or=| | =A;'dp,
ar
fr.

provided that fOT Y, ds fOT %—j > T?. The random vector dr can be expressed as

1 T dYs o T dXs
o2 0 Y. - 0 Y.
dr=| 7 | @ P I R .
" o102 _fo dY o3 _fo dX

14



Applying the identity (A ® B)(C ® D) = (AC) ® (BD), we can calculate

fOT Y, ds T
&

S dr
T d
T 0 Y.
— -foTYSdS T _ on)E/S
=5 7 @ Tq T,
S
oo T o v [~ Jo dYs
5] JiYeas T ||
+1S| 77| @ Ty .
—_ S
o | T o vl L= Jo 4Xs
[1—92 [y f”’f—ﬂYT“”) +[ 0 ]® Jo Yeds i S~ T(Xp — o)
n T _ 2 T T
ol r e | ol [ g o
Consequently, we obtain
— - T T
ar [ Yeds d)f—T(YT—yo)
(3.4) br = 1 TfT 5 - — Y fo
Gr|  fy Yeds Jg 2 -T2 fOYdde{s— (X1 —0)|
o | Ty - (Xr—w0) fy

provided that fOT Y, ds OT ‘)i,—j > T?. In fact, it turned out that for the calculation of the MLE of
(a,b,a, 3), one does not need to know the values of the parameters o1,09 € Ry, and p € (—1,1).
Note that the MLE of (a,b) based on the observations (Xi);cjo,7] for the Heston model (Y, X) is
the same as the MLE of (a,b) based on the observations (Y;)co7] for the CIR process Y, see,
e.g., Overbeck [35] formula (2.2)] or Ben Alaya and Kebaier [I1, Section 3.1].

In the next remark we point out that the MLE ([B4]) of (a,b,«,3) can be approximated using
discrete time observations for X, which can be reassuring for practical applications, where data in
continuous record is not available.

3.2 Remark. For the stochastic integrals fOT d}),is nd [ T dis in (34), we have

XX (Tax, Y- Ya g /TdY;
— — as n — o9,
0

Yi —1 0 Y:q Yd

i=1 = i=1 — s

following from Proposition 1.4.44 in Jacod and Shiryaev [25] with the Riemann sequence of determinis-
tic subdivisions (L AT ); e ™ € No Thus, there exist measurable functions @, ¥ : C([0,7],R) — R

such that fOT dés = ®((Xs)sepo,r)) and fT d¥s — = W((Xs)selo,r]), since the convergences in (3.5)
hold almost surely along suitable Subsequences, by Remark 23], the members of both sequences in

([.5) are measurable functions of (Xs)sc(o,77, and one can use Theorems 4.2.2 and 4.2.8 in Dudley
[18]. Moreover, since Y has continuous sample paths almost surely,

— Yio1 Ysd d —
nz / S as n — 0o, an Y@ / Y,S as n — 00,
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hence the right hand side of (3.4)) is a measurable function of (Xs)scjo,77, i-., it is a statistic. Further,
one can define a sequence (EM)%N of estimators of @ = (a,b,a, 3)7 based only on the discrete
time observations (Yz , X )26{1 J|lnT|3 such that GTn x, OT as n — oo. This is also called
infill asymptotics. This phenomenon is similar to the approximate MLE, used by Ait-Sahalia [I], as

discussed in the Introduction. O

Using the SDE (L.I]) one can check that

_EZT—a— -foTYd deis T(Yr —yo) —afo Yyds dejJraTz
by —b 1 T [y e — (Yr—yo) [y & 0[] Yods [} & +b1?
ar—o|  JTVids [T -T2 | [TYods [T 85— T(Xp — o) — a7 Yods [T & 4 aT?
[Br =5, | Ty $— (X —a0) fy 2By Yeds [} £+ 8T |
o1 [ Vds TdW;—aleO VY AW, ]
O_leT dw, _ fT ds \/—des
) T vds fT & 712 g [Ty,ds fT AV _ Gy fOTWdW ’
I U2TfT dWs - oT ?fs 0 \/—dW
provided that fo Y ds Tdf > T2, where the process
W, = oW, +/1-0’B,,  s€Ry,

is a standard Wiener process.

The next lemma is about the existence of (aT,ET, ar, BT)

2
3.3 Lemma. If a € [%1,

T Tl
]P’(/ sts/ —ds>T2>:1 forall TER,,
0 0 Ys

and Xog=x9 € R,

oo), beR, o1 Ry, and Yo=yo € Rys, then

(3.7)

and hence, supposing also that a, € R, o9 € R4y, o€ (—1,1), there exists a

unique MLE (&T,ZT,&T,BT) forall T € Ry,.

Proof. First note that P(Y; e Ry, forall t€Ry) =1 as it was detailed in the proof of Lemma
B We have P( fOT Yids <o) =1 forall T € Ry, since Y has continuous trajectories almost

surely, and further, f Tl ds <o0)=1 by B3). For each T € R4, put
Ap :={w € Q: t— Yi(w) is continuous and positive on [0,7]}.

Then Ar € F, P(Ar) =1, and for all w € Ap, by the Cauchy—Schwarz’s inequality, we have

T T ,
/OYs(w)ds/O mdse[T,oo),

and [y Ya(w)ds [y g ds = T2 if and only if Kp(w)Vs(w) = $£
with some Kr(w),Lr(w) € Ry satisfying Kr(w)? + Ly(w)? € Roy.

for almost every s € [0,7]
Clearly, Kr(w) =0 would
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1/2
imply Lp(w) =0, thus Kp(w)# 0 and Yi(w) = (IL(Z;((Z))) for almost every s € [0,7]. Hence

Yi(w) = yo forall s e [0,7] if we Ar and fOT s(w)ds fo Y oy ds = T?. Since the quadratic
variation of a deterministic process is the identically zero process, the quadratic variation process
((Y)t)ejo,rp of (Yi)ieo,r) should be identically zero on the event

ATﬂ{weﬁz/OTYs(w)ds/oTYS}w) _T2}.

Since (Y); = o7 fo Ysds, t € Ry, we have fo w)ds =0 for all ¢ € [0,7] on the event
T T ,
ATO{WGQ:/OYS(w)ds/O Y. —T}.
However, {w eQ: fo w)ds = 0} N Ar =0, since ¢t — Y;(w) is continuous and positive on [0, 7]
for all w e Ap. Consequently, since P(Ar) =1, we have P (fo Y ds fo v ds= T2> =0. ]

4 Consistency of MLE

First we consider the case of subcritical Heston models, i.e., when b€ R, .

4.1 Theorem. If b € Ry, «a,f € R, 01,00 € Ryy, 0 € (—1,1), and (YO,XO) (yo,x0) €
Ryt xR, then the MLE of (a,b,«,3) is strongly consistent, i.e., (aT,bT,aT,ﬁT) (a b,a,B) a

2
T — oo, whenever a € (%,oo), and it is weakly consistent, i.e., (aT,bT,aT,BT) (a,b, a,ﬁ)

ag
as T — oo, whenever a = .

Proof. In both cases we have to show coordinate-wise convergences. Indeed, for the almost sure
convergence, one can use that the intersection of four events with probability one is an event with
probability one, and for the convergence in probability one can apply, e.g., van der Vaart [40, Theorem
2.7, part (vi)].

By Lemma B3] there exists a unique MLE (aT,ZT,aT,BT) of (a,b,a,B) for all T € Ry,
which has the form given in ([84]). By (8.6]), we have

T dW. -
lo 7 oy e Ve dW
02 - s T T Ty g
~ Ys 0 YS 0o -
(4.1) ar — o = 1

T foT Y ds T foT ;1,:
. T T ds 2 /- . T T ds .
provided that [ Ysds [; §2 > T? (implying [y Ysds [; §¥ € Ryy) which holds a.s.

2
First we consider the case of a € (C;—l, oo). The strong consistency of the MLE of (a,b) has

been proved by Overbeck [35, Theorem 2, part (ii)]. By part (i) of Theorem 24 E(Y,) = § and
E <YL> = %Lz—bQ, and hence, part (iii) of Theorem [2.4] implies
[ee] —0'1

(4.2) l/TYdsﬁﬂE(Y) and 1 Tﬁﬁ)E — as T — o0
. T 0 s 00 T 0 Y, .
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Further, since E(Yy),E (é) e Ryy, (E2) yields

T ds as.

T
/ Y, ds =% 0o and — -3 as T — oo.
0 0o Ys

Applying a strong law of large numbers for continuous local martingales (see, e.g., Theorem [A.T]), we

obtain
02'0— ‘;3 -0
~ a.s. 2617(;E
ar —a —» — =0 as T — oo,
11— a 2b
Ry

2a701
where we also used that the denominator above is not zero due to o3 € R .

Next we consider the case of a = 02—% Weak consistency of the MLE of (a,b) follows from part
1 of Theorem 7 in Ben Alaya and Kebaier [IT]. We have again E(Y,) = § € R4, implying

1 T a.s T a.s
(4.3) T/ Yids — E(Yy) and / Y,ds — oo as T — oo.
0 0

Due to Ben Alaya and Kebaier [10, Proposition 4], we have

1 Tds p
4.4 — — T

(4.4) ) T =T as T — oo,

where 7 := inf{t € Ry, : W, = J%} with a standard Wiener process (W;)ier,. Since P(1 €

Ry4) =1, we conclude

1 1 1 1

D
T T TLTE—H)TO as — 00,
T Jo Y, 72 Jo Vi
and hence,
(4.5) _ 0 as T — oo
' 1 (Tds ’
T Jo V5
implying also
1 1 1 P
TQ_TLTQ_H) as T — oo.
0 Y TJo Y
Since the function R, 37T fT#ds is monotone decreasing, we obtain
0 Ys
1 a.s. T ds as,
—— — 0 and — 00 as T — oo.
T ds 0 Ys
0 Vs

Using (A1) and a strong law of large numbers for continuous local martingales (see, e.g., Theorem

[A.T]), we obtain

P oy-0-0-0

ar — o — .o 0 as T — oo.
~b.

Here we have convergence only in probability because of (£.3]).
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By (B4), we have

os  do as o JT Y aw,
T T ds : T
~ A P ¢ Jo Ysds
(4.6) pr—pB= 1= T
T ds
T f() Y‘s 0 Ys

provided that fo Ysds T ds > > T2 (implying fo Ysds T ds > € Ry 1) which holds a.s.

2
First we consider the case of a € (0—21, oo). Applying again a strong law of large numbers for

continuous local martingales (see, e.g., Theorem [AT]), we obtain
=2~ -0—09-0
5T—5as E(te) T =0 as T — oo,
IE(YOO)]E<i>

where we also used that the denominator above is not zero due to o3 € R .

2
5. Using [@35) and (G), we obtain

Next we consider the case of a =

P, E(Y ) 0—02-0

Br—pB— T =0 as 1T — oo.
=m0 0
In order to handle supercritical Heston models, i.e., when b € R__, we need the following integral

version of the Toeplitz Lemma, due to Dietz and Kutoyants [17].

4.2 Lemma. Let {7 :T € Ry} be a family of probability measures on Ry such that op([0,T]) =1
for all T € Ry, and limp_o pr([0,K]) =0 for all K € Ryy. Then for every bounded and
measurable function f:R4y — R for which the limit f(co) :=limy_,~ f(t) exists, we have

lim / " 1(t) pr(t) = f(co).

T—o00 0

As a special case, we have the following integral version of the Kronecker Lemma, see Kiichler and
Serensen [30, Lemma B.3.2].

4.3 Lemma. Let a : Ry — Ry  be a measurable function. Put b(T fo t)ydt, T € Ry.
Suppose that limp_,o, b(T) = co. Then for every bounded and measumble functzon f Ry - R for
which the limit  f(o0) :=limy_, f(t) exists, we have

1 /7
lim —/0 a(t)f(t)dt = f(o0).

T—o0 b( )

The next theorem states strong consistency of the MLE of b in the supercritical case. Overbeck
[35) Theorem 2, part (i)] contains this result for CIR processes with a slightly incomplete proof.

2
4.4 Theorem. If a € [%,oo), beR__, a,fER, 01,00 € Ryy, p€(—1,1), and (Yp,Xo) =
(Yo, x0) € Ryqy X R, then the MLE of b is strongly consistent, i.e., br 25 b as T — .
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Proof. By Lemma B3] there exists a unique MLE br of b forall T € R4+ which has the form
given in ([34]). First we check that

t
B 1) = BOGIY) = %, v [ o0

for all s,t € Ry with 0 < s <t, where FY denotes the o-algebra o({Y,, u € [0,s]}). The
first equality follows from the Markov property of the process (Y})ier,. The second equality is a
consequence of the time-homogeneity of the Markov process Y and

t
E(}/t | (YE))XO) = (y07$0)) = e_bty(] + (1/ e—b(t—u) du7 te R-H
0
valid for all (yo,z0) € Ry x R, following from Proposition Thus
t
E(e"Y; | FY) = &Y, + a/ e du > Y,
S

for all s,t € R, with 0 < s < t, consequently, the process (e®Y})icr . is a non-negative
submartingale with respect to the filtration (F} );er,. Moreover,

t o0
E(eth;):yo—l—a/ eb“du<y0+a/ ebudu:yo—%<oo, teRy,
0 0

hence, by the submartingale convergence theorem, there exists a non-negative random variable V
such that

(4.7) My, 25y as t — oo.

Note that the distribution of V' coincides with the distribution of 37_1 /b, Where (JZ)teR . isa CIR
process given by the SDE

dj;t:adt—l—O'l j}vtth, te Ry,

with initial value j)vo =90, where (W;)icr, is a standard Wiener process, see Ben Alaya and Kebaier
[10, Proposition 3]. Consequently, P(V € Ryy) =1 dueto P(J; € Ryy, VteRy) =1. If we
such that Ry > ¢+ Yy(w) is continuous and e”Y;(w) — V(w) as t — oo, then, by the integral
Kronecker Lemma B3 with f(t) = €Y (w) and a(t) =e ", t € R,, we have

t
_ e (Y, (w)) du — V(w) as t — oo.
fg e~btudu Jo

—b
Here fg e tdy = ¢ _tb_l, t € Ry, thus we conclude

t a.s V
4.8 elt Y, du — —— as t — oo.
b
0
Further,
t d a.s 0 d
(4.9) 071:;)/0 71: as t — oo,



where OOO% L 1/ °y Vydu, see Ben-Alaya and Kebaier [I0, Proposition 4]. Consequently,
P(fo° ¥ eRyy) = 1 due to P(Jy € Ryy, Vi€ R,) =1.

Since P(Y; € Ry for all ¢t € Ry) = 1, one can apply Itd’s rule to the function f(z) = logz,
r € Ry, for which f'(z)=1/z, f"(z)=—1/2% =z €R,,, and we obtain

tdy, 01 tds

Yy 0 Vs’

(4.10) logY; = logyo + / t e Ry,
0

for all b e R, see von Weizsécker and Winkler [43] Theorem 8.1.1].
Using ([B4) and (£I0Q), we have

2
T dy.
Tfo YSS _ Yr—yo T(logYr—logyo) YT_ZIO—%T
ds T T d T
/5 B fo Ys dsfo 7: f() Ys ds B f() Ys ds YZ f() Ys ds
=" - 1— ;
I ) Yeds [ & I ) Yeds [ &

provided that fOT Ysds f r d‘: > T? (implying fOTYs ds f 2 € Ryy) which holds a.s. Applying
(&7), (A8) and ([#9]), we conclude

2
TebT 1og(ebTYTT)—bT2ebTT—cdrebT logyo T Vp—etTyo— L TeT 0logV—0 _ V-0
o oo S
ZT _ (CbT fO Ys ds) 0 T: ObT fO YS ds a.s. ~ b f() 7‘5 o — b
1—T12e — 1 o 1-0 —v 1=
@ TV a) T & TirE
as T — oo. O

4.5 Remark. For subcritical (i.e., b € R;;) CIR models with a € (02—%, 00), Overbeck [35, Theorem
2, part (ii)] proved strong consistency of the MLE of (a,b). For subcritical (i.e., b € Ryy) CIR
2

models with a = 0—21, weak consistency of the MLE of (a,b) follows from part 1 of Theorem 7 in
Ben Alaya and Kebaier [11]. O

4.6 Remark. For critical (i.e., b = 0) CIR models with a € [C;—%,oo), weak consistency of the

MLE of (a,b) follows from Theorem 2 (iii) in Overbeck [35] or Theorem 6 in Ben Alaya and Kebaier
2

[11]. For critical Heston models with a € (02—1, o0), weak consistency of the MLE of (a,b,«,3) is a

consequence of Theorem O

4.7 Remark. For supercritical (i.e., b € R__) CIR models with a € [U—j,oo), Overbeck [35]
Theorem 2, parts (i) and (v)] proved that the MLE of b is strongly consistent, however, there is no
strongly consistent estimator of a. See also Ben Alaya and Kebaier [I1l Theorem 7, part 2]. For
supercritical Heston models with a € [02—%, oo), it will turn out that the MLE of @ and « is not
even weakly consistent, but the MLE of S is weakly consistent, see Theorem [Z.1] O

5 Asymptotic behaviour of MLE: subcritical case

We consider subcritical Heston models, i.e., when b€ Ry .
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2
5.1 Theorem. If a € (%,oo), beR ,, a,€R, 01,00 € R4y, p€(—1,1), and (Yo, Xo) =
(y0,20) € Ry x R, then the MLE of (a,b,c,3) is asymptotically normal, i.e.,

EiT —a
N 2b !
bT - b D 2a—0c2 _1
(5.1) VT — N, [0,S® 1 as T — oo,
aT — —1 %
| Br — B

where S is defined in (2.4]).

With a random scaling, we have

_aT_a_
T ds 0
1 > =T br —b D
(5.2) 712<I2® 0 Y T T de 1/2 ) N — Ny (0,S ® I)
(fy =)V 0 (fy Yeds [y $—17) ar — o
| Ar — 6]
as T — oo.

Proof. By Lemma [3.3] there exists a unique MLE (’dT,ZT, ar, BT) of (a,b,a,) forall T € Ry,
which has the form given in ([8.4). By (8.6]), we have

T T o T
%fo}/sds' f (j/m};:—\/—lffo\/?sdws

VT (ar —a) =
T ds ’
%fo Ysds % 0 73_1
N i %5%-%{@%
VT (b —b) = L T g ;
TfOYd Ti_
Ty T oo T =
YT s Wy
VT(ar —a) = T ,
Tfo Yods -7 [y 7 —1
T AW, 1 T ds o T foe
VI(Gy - ) = D0 T g o VAT
- Tds
TfOYd Ys

provided that fOT Ysds fOT Y% ds > T? which holds a.s. Consequently,

_aT_a_
br—b 1 LTy ds 1 1
VT ~ 7 Ty ds - L (T ds <I2® rlo T ds ﬁMT
ar —a 7Jo Yeds -1 [y ¥ - TOYé,

| Br =B
-1
T ds
Llds 1
= I2® o Y. —MT7
-1 fTYSdS T
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where
t AW,
01 0 —YS

—01 fg \/?des

t dW,
o2 Jo

| —02 fot \/?s dWs_

. teR,.

Next, we show that
1
VT

where Z is a 4-dimensional standard normally distributed random vector and 1 € R**? such that

(5.3) My 2, nZ as T — oo,

m' =8 B()

ofos(1—0¢*>)€R,y and E <—> E(Ya)—1= s ERLy,

so m can be chosen, for instance, as the uniquely defined symmetric positive definite square root of
the Kronecker product of the two matrices in question. The process (M;)ier, is a 4-dimensional
continuous local martingale with quadratic variation process

t 1
—d —t
(M) =8® Jo v ds ’ ; teRy.
—t Jo Ysds
By Theorem 2.4 we have
E (3= -1
QM) Q) 5 S <Y°°> as t — oo
-1 E(YOO)

with Q(t) :=t1/2I,, t € R.,. Hence, Theorem [A.2 yields (5.3). Then Slutsky’s lemma yields

aT—CL

~ -1
br —b E (< -1
VT r 2, I,® <Y°°) nZ2N4(O,21) as T — oo,

ar — o -1 E(Ys)
_ET — B
where (applying the identities (A® B)' = A" @ B and (A® B)(C ® D) = (AC) ® (BD))
1 —1\ T
E (3 —1 E (3 -1 E (3= -1
i=|I,® (YOO> S® <Y°°> I, ® <Y°°>
-1 E(Ya) 1 E(Va) 1 E(Va)
-1 1\ T
1 -1 E(L -1 E (L -1
= (I,SI,) ® (Yoo> <Yoo) (Yoo>

-1 E(Yoo) -1 IE(Yoo) -1 E(Yoo)
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S®{E<YL> o1

1 E(Ya)

which yields (B.1]) recalling E(Ys) =3 and E <ﬁ> —

2a—07

Slutsky’s lemma and (B.1]) yield

_aT_a_
T ds n
1 e =T br—»5
T dsy\1/2 I® b . T T q o\ 1/2 AT
o ) 0 (fo Yeds [y 32 —17) ar -«
| Br — B
ar —a
1 <I® %foT% -1 >\/T br —b
= - 2 s
(F 1y #)"” (b Jy Yods- 4 fi ¢ —1)"? ar—a
| Br =B
-1
D 1 E(y-) ~1 E(y=) -1
2 ;
— 12 I, ® 1/2 N[0, 8S®
(E(s-))Y 0 (E(Ye)E(35) - 1) 1 E(Ys)

2/\f4(0,22) as T — oo,

where (applying the identities (A® B)' = A" @ B and (A® B)(C ® D) = (AC) ® (BD))

~1
! E(y:) -1 (=) 1
= E(v-) (Iz@ 0 (E(Y)E(3L) - 1) ) <S® 1 E(Ya) )

E(? (E@@m(;) - 1)”2])

= I,ST

By

o[ [EGE) -1 E(yr) 1] [BEGE) 0

0 EVEGL)-DY | -1 Eva)] | -1 (BYR)EGE) -1

=S®I,

(L) 1 1 [B(L) 0 E(s%) 1

-1 E(e)] EGE) [ -1 EBORERL) DL 0 (EVREGR) -1
Thus we obtain (5.2)). O
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5.2 Remark. For subcritical (i.e., b € Ry;) CIR models, for the MLE of (a,b), Ben Alaya and
Kebaier [I1, Theorems 5 and 7] proved asymptotic normality whenever a € (%1, oo), and derived a

limit theorem with a non-normal limit distribution whenever a = 0—2% For subcritical (i.e., b€ R4.)
CIR models, for the MLE of (a,b), with random scaling, Overbeck [35, Theorem 3 (iii)] showed
asymptotic normality. O

6 Asymptotic behaviour of MLE: critical case

We consider critical Heston models, i.e., when b= 0. First we present an auxiliary lemma.

6.1 Lemma. The mapping C(R4,R) > f — (fo du)te]R+ € C(R4,R) s continuous, hence
measurable, where C(R4,R) denotes the set of real-valued continuous functions defined on Ry.

Proof. The space C(R4,R) is topologized by the locally uniform metric

51ufg 22 len{ , Sup ‘f(t)_g(t)’}a fagEC(R-HR)a
N=1 te[0,N]

see, e.g., Jacod and Shiryaev [25] Chapter VI, Section 1]. Let f € C(R+, R) and f, € C(R4,R),

n € N, such that &,(f,fn) = 0 as n — oco. Put F(t) := fo s)ds, t € Ry, and Fy(t) :=

fo fa(s)ds, t € Ry, m € N. Then supyon) |[F(t) — Fu(t)] < Nsupte o,n [f () = fa(t)] for all

N €N, hence for each K € N, we have

s E) = S 2 Vmindi s ) - R} + 22 “ain{1, sup [F(0) - Fulo)]

N=K+1 t€[0,N] te[0,N]

< Y 2 S Vainf LN s 1) 01}

N=K+1 N=1 t<[0,N]

K
<o 3 Nz Vi1, s 170~ 0]

N—1 te[0,N]

K(K +1)

N=2K
+ 2

<27 K 1 61,(f, f) o(f, fn) = 275 as n— oo

Di\gls

Consequently,
lim sup 6y, (F, Fy,) < 2K for all K €N,

n— o0

thus we obtain the statement.

We present another short proof. Applying Problem 3.11.26 in Ethier and Kurtz [20] and Proposi-
tion VI.1.17 in Jacod and Shiryaev [25], the mapping C(Ry,R) > f fo u)du)icr, € C(R4,R)
is continuous, hence measurable. O

The next result can be considered as a generalization of part 2 of Theorem 6 in Ben Alaya and
Kebaier [I1] for critical Heston models.
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6.2 Theorem. If a € (U—j,oo), b=0, a,f0€R, 01,00 € Ryy, 0€ (-1,1) and (Yy,Xo) =

(yo,z0) € Ryy x R, then

ViegT(ar — a) (a B ;) 1/2 S\/2z,
Vieg T (ar —
(6.1) o8 (,C\MT @) N o as T — oo,
TbT fO Vs ds
—~ (ic—Xl
i T(ﬂT—ﬁ) i Jo Vs ds

where (i, Xy)ier, is the unique strong solution of the SDE

(6.2)

{dyt:adt—FO'l\/JTtth, teR
+>

dX;, = adt + o9/ Vi (0dWs + /1 — 02 dBy),

with initial value (Yo, Xo) = (0,0), where W, By)icr, is a 2-dimensional standard Wiener process,
Zy is a 2-dimensional standard normally distributed random vector independent of (371, fol YV, dt, Xl),
S s defined in (2.4)), and S2 denotes its uniquely determined symmetric, positive definite square
T00t.

Proof. By Lemma 33| there exists a unique MLE (aT,ET, ar, ET) of (a,b,a,B) forall T € Ry,
which has the form given in ([8.4]). By (3.6]), we have

T dW, 1
1 . 0 \/?g o @ Toq f(;\/y_s AW,
1/2 1/2 T
;g T4 Y. d
ﬁ i~ _ (logT f 2) (fo Y:) logT f Ys f() sdads
ceT(ar —a)= I E— :
Iy Jy Yeds [y g2
T dWs 1 ~
1 72 Jo \/T: _ \/logT Too fOT VYs dWy

(logT fT d:) 2 (fT d_z)l/Q logT T d: f0TY5d8

ViegT(ar — a) = 10 = T I ;

T ds
T2 fo Ysds v

1 1 o1 [y dwﬁ  Toy [T VYadW,
T
. T2f0 Ys ds (fT d:)1/2 (dez) Jo Ysds
Tbr = = T T ,
T
T2 fo Ys ds f,z
and
T dWs —~
1 1 a2 [y fys _ Toa [ VY dWs
Yods (T ds )2 (/T as Jo Yeds
2 72 do Vo (Js Ys) (fo Ys) o
T(/BT - 5) = 1 )
1- 7T—dé

7 fo Ys ds v

provided that fOT Ysds fOT Y% ds > T? which holds a.s. It is known that

1 Tds p o? !
) = _ 21
(6.3) o T/o YS—><a 2> as T — oo,
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see, e.g., Overbeck [35) Lemma 5] or Ben Alaya and Kebaier [10, Proposition 2]. Consequently,

1 Ta
a.s. S a.s.
i 0 and — S 00 as T — oo,

(6.4)
0 Ys o Y

where we used that ( 0 %) ter, 1 monotone increasing and convergence in probability implies the

existence of a subsequence which converges almost surely. Note that

Toy [ VYedWs  (Yr—y0) —a

6.5 = , TeR,,

D T 7 Iy Yods o

6o 1% Jo VY5 AWy 030 Tay i VY5 dW, Lo/l i VYL dB, TR
foTYSdS 91 fOTsts (% foTYSdS)l/2 (foTYSdS)l/2

Consequently, ([6.1]) will follow from

TdW6 T aW, T

o1y A o v JTYedB, 1 1 [T b 1

(6.7) ( Tan s T A 1E T 127—YT,—2/ Y, ds —><51/2Z2,Zs,y1,/ ysd3>
TE WE ™ T, :

0 Ys 0 Ys

as T — oo, where Z3 is a standard normally distributed random variable independent of
(Z2, 01, fo Vsds), from (E3), 64), @), (E06), Slutsky’s lemma, continuous mapping theorem,
and ]P’(fo Vsds € R++) =1 (which has been shown in the proof of Theorem 3.1 in Barczy et al. [3]).
Indeed,

1 1/2 _ 0 Vi—a ]
_ - —UW/Q(S Z2)1 72 T 1L d
VIog T (ar — a) (=) (=) Jo Pude
Xi—«a
/logT( ar — a) i) 1 (a_£)71/2 (51/2Z2)2 - (a_:,)i)fl ‘/‘013)3 ds
1——2+—.0 ’ i —a
ATbT Jo Vs ds = 0-(8"225); — 4
T(Br - §) b £y
i T ] ; 1 0 (Sl/2Z )2 . Xi—a
fO Vsd f() Vs ds -

as T — oo, where §Y2Z, = ((Sl/2Z) (Sl/2Z2)2)T, since
! - VI— 2 X —
(6.8) Z2,y1,/ Vods, BN BVIZE <Z2,y1,/ Vds, S >
0 o1 fo V. ds (fo ysds) fo Y, ds
The statement (G.8)) is equivalent to
1 _ N— 2
(6.9) yl,/ Vo ds, 22 Jfl ¢ 021 %2 3 <y1,/ ysds >
0 71 Jo Ysds  ( [y Vads)

since Z is independent of (Z3, ), fol Ysds) and of (Y, fol Vs ds, X1). The equality of the distribu-
tions in (63) follows from the equality of their characteristic functions. Namely, for all (q1,q,7) € R?
and T S R++,

B em) 1
E| exp 1q1y1—|—1q2/ Y.ds +ir 720 Vi —a + 021 ! ﬁ/z y1,/ Vs ds
1 fy Yeds  (fy Vids) 0
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= exp{ i1 +ig2 ysds+ e Moo gl o=@y Uy [y
f Vs d (flyd)l/2
o Vs ds o Vs ds 0
Vi—a 1 ,02(1— 0?)
+ s ds + ir 222 P2 20
{thl IQ2/ Vs ds o fo ysds}exp{ 5" fo Vo ds }

- — 2
Efexp IQ1y1+IQ2/ Vods +ir | 222 N1 —a + 0'21\/1—91/223
o1 fo V. ds (fo ysds)

1
=E Vi + / Prds ir 2 & |
<exp{1ql L) S Jo Vsds 2 Jy Y ds

thus

Further, by (6.2]),

1 1
Xl_a:U2/ \/ys(QdWs+v1—Q2st)Z%lg(yl—a)-l-@\/l—f/ vV Vs dBs,
0 0

hence for all (qi1,q2,7) € R® and T € R,,, we have

Xl—Oé
fol Ysds

. ! [0 Yi—a | o9\/1—0? /
=E . d = s dBs 5 0,1
(exp{lqul + 1q2/0 Vsds +ir < o 11, ds s ds R Vs,s € [0,1]

1 —
=exp Qi@ + iQ2/ Vs ds + ITLQM
0 fo YV, ds

\/ _Q
xE(exp{ foysds /\/ysdB}‘ys,se[O 1])

_ 1 2 1— 2
=exp i + le/ Vs ds +ir 22 S o exp ——T2M )
fo Vs ds 2 [y Ysds
where the last equality follows from the independence of ();)ier, and (Bi)ier, yielding that the
conditional distribution of fol VYsdBs given (Vs)sepo,1) is normal. Thus

1 X —
E| exp iQ1y1+iq2/ Vsds +ir 11 @
0 fO yst
_ 1 2 1— 2
=F <exp{1q1y1+1q2/ yst—FlT%Q Jfl a —7"202(1 0 )})7
1

and hence we obtain (6.9]).
Now we turn to prove (6.7). Using that

T aw. dB
6.10 02/ ——L =y | —= \/1—9/ TcR,y,
( ) 0 /—YS 0 /— ++

1
E <GXP{iQ1y1 + g2 / Vs ds +ir
0

Vs, s €0, 1])




and

0 0
(6.11) 71 71
oop 02\ 1 —p?| |o2p 0o2y/1— p?

by continuous mapping theorem, to prove (6.1), it is sufficient to verify

T aw, T dBs T T 1

o vv.  Joywe  Jo VYedBs 11 D

(612) ) ) 7_YT7_ }/Sds — Z27Z37y17 ySdS
o S ()" (J) Yeas) 2 T T2 0

=S,

as T — oo. First we prove

1., 1 (T !
6.13 vy, — | Yids) 2 (1, | Y.ds as T — oo.
2
T T2 o

By part (ii) of Remark 2.7 in Barczy et al. [5], we have

<%yTt> ek,

Indeed, by Proposition 2.1 ();)icr, is a regular affine process, and the so-called admissible set of
parameters corresponding to ()y)icr, takes the form (0, %O’%, a,0,0,0), and then part (ii) of Remark
2.7 in Barczy et al. [5] can be applied. Hence, by Lemma [6.1] we obtain

1 T
<y1,/ Vs ds) D (lyT,%/ Vs ds) for all T € Ryy.
0 T T o

Then, by Slutsky’s lemma, in order to prove (G.I3]), it suffices to show convergences

19

(V)ier, forall T e Ry,.

1

1
T T2

T(YT -Vr) LN 0,

T
(6.14) / (Ys — V) ds N 0, as T — oo.
0

By (3.21) in Barczy et al. [5], we have
(6.15) E(Y: - W) <w, teRy,

hence

E <'%(YT )

(o0

as T — oo implying (6.14). Thus we conclude (6.13)).

1
< —yo — 0,
> T

<i/TE(yY ~ V) ds < 2yo = 0
\T2 0 s s \TyO 5

We will prove (6.12)) using continuity theorem. Applying (£I0]), one can write

T 2 T
dW o ds
1 * —log Yy —1 + (== — TeR
(6.16) 0’1/0 v og Y7 — log o (2 a>/0 v €eRyy,
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hence fo dWS is measurable with respect to the o-algebra o(Ys,s € [0,7)). For all
(Ul,UQ,Ug,’Ul,’Ug) €R’> and T € Ry,, we have

T aw, T dB,
E| expq iug f; \/}71/2 iug fT \/}7;/2 ius fo \/_d?p
(Jo ) (fo %) (Jo Yads)

1 1T
—i—wlTYT—ngﬁ ; Y, ds

Ys, s € [0,T]>

Jo Y 17
= exp{iul(oi +iv = YT +w2T2 / sts}
0

Jo )

T
. (5 1 us
X E(exp{l/ < + \/Ys>st} Ys,s€[0 T])
T dt\1/2 T 1/2 ) )
o \(fg )2V (f) viar)
Jo Y 17
:exp{im% +1v1TYT—|—1v2T2/ Y. ds
( 0 7) 0
1T Wi o1 u3 2uous
xexp{——/ < TR Yo+ — = 5 | ds
2 Jo 0 _f fo Y, dt (Jo d?ffo Ytdt)/
Jo S 17 1 Tu
: s 2 2 2U3
:exp{lulﬁ+w1 Y +ivy 2/ Ysds pexpd —=(uj +u3) — - - 5 (>
(%) T T Jo 2 (o §¢ Jo vean)

where we used the independence of Y and B. Consequently, the joint characteristic function of the
random vector on the left hand side of (6.12)) takes the form

Jo Jo R Jo V¥2dB Lt
E(exp{iul = i 5 + iug = \/Ti 5 + iusg OT s 182 +iv] = YT + ivg— 5 / Y, ds
S R S R T S R A A

0 Ys 0 Ys
22 Tugug
— e (u2+u3)/2E<exp{§T(u1,vl,vg)— Ta Ty g 1/2}>,
(fo ?tfo t t)
where
T daws,
) 0 VY. )
Er(ur, v, va) == 1“1(T\8/;/_1/2+1U1 YT+1U2 / Y, ds.
0 Y:

Ben Alaya and Kebaier [I1, proof of Theorem 6] proved

2 T4
logYr —logyo + (& —a F v, 1 (T !
(617) : (2 ) 0 Y57_T7—2/ }/;ds 2) 0-72173}17/ ysds
log T’ T°T% )y / o}
=3
as T — oo, where Z; is a 1-dimensional standard normally distributed random variable independent

f (yl, fol V), dt). Using (6.16]) we have

fT(\i/mYL: - \/15?01 <logYT—10gy0+ <_—a> OT%)
( ng%)l/z - (1 TfT ds)1/2
s og

-5

) TeRiq,
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and, by ([6.3) and (G.I7), we conclude

oY% ve 1T !
(6.18) <(;f“;/2%ﬁ/ sts> 2, (Zl,yl,/ ysds> as T — o0,
gs 0 0
0 Ys

thus we derived joint convergence of three coordinates of the left hand side of (612]). Hence

1
(6.19) E(exp{&r(uy,v1,v2)}) — E(exp{iulZl +in Y + ivg/ Vs ds}) as T — oo
0

for all (uy,vi,v2) € R3. Using |exp{ér(ui,vi,ve)}| =1, we have

TUQ’LL3
T T
(Jo ¥ Jo Yedt)

T T 1/2
(Jo e [y, ar)

1)—)0 as T — oo,

E(exp{&p(ul,vl,vg) — 73 }) — E(exp{&p(ul,vl,vg)})'

< E<| exp{&r(u1,v1,v2)}|

E(e p{ TU2U3
- Py T T T 172 (
(Jo 8 Jg vear)”

by the moment convergence theorem (see, e.g., Stroock [39, Lemma 2.2.1]). Indeed, by (64]), ([6.I3)),
continuous mapping theorem and Slutsky’s lemma,

Tususg UU3 P
expyq — T T 12}—1 = eXp{_ T T 12}—1 — 0 as T—>OO,
{ (fo %fo Ytdt)/ (0 d?ﬁ'%fo Ytdt)/

and the family

TUQU{),
expq — T T 12}—1,T€R++
{c@%hnww

is uniformly integrable, since, by Cauchy—Schwarz inequality,
2

2
T |ugus] } 2
1| < exp{ + 1| < (exp{lugusl} +1)
T 4t T 1/2

(Jo % Jo Yedt)

T T 1/2
(e " ypar)

for all T'e Ryy. Using (619), we conclude

T dW, fT dB; fT Y-dB T
S S 1 1
E<exp{iu1;7 e iy Y 0 +iv1—YT+ivg—/ sts}>
o\ 1/2 T das\1/2 T 172 2
( 0 (}jf_) ( 0 (}jf_) (fo sts) r = Jo

1
_y o~ (u3tud)/2 E<exp{iulZ1 +in 1 + ivg/ Vs d8}> as T — oo.
0

Note that, since Z; is independent of (i, fol Vsds), we have

1
o~ (u3+u3)/2 E<exp{iu1Z1 +iv1 Yy + ive / Vs ds})
0
) ) ) 1
_ E(elu1Z1) E(elu2Z2) E(elu323) E <exp{i1}1yl + ivg / Vs dS}) ,
0
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where (Zy,73) is a 2-dimensional standard normally distributed random vector, independent of
(Z1, 1, [} Vs ds), hence we obtain BIZ) with Zo := (Z1, Zs). O

6.3 Remark. (i) As a consequence of Theorem we get back the description of the asymptotic

behavior of the MLE of (a,b) for the CIR process (Y;)icr, in the critical case whenever a € (0—2%, 0)
proved by Ben Alaya and Kebaier [11l, Theorem 6, part 2]. We note that Ben Alaya and Kebaier [11]
Theorem 6, part 1] described the asymptotic behavior of the MLE of (a,b) in the critical case for

2
the CIR process (Y})ier, Wwith a = %1 as well.
2
(ii) Theorem [6.2] does not cover the case a = %, we renounce to consider it.

(iii) Ben Alaya and Kebaier’s proof of part 2 of their Theorem 6 relies on an explicit form of the
moment generating-Laplace transform of the quadruplet

t tdS
(ngt,Yt,/ Vs, [ —>, teR,.
0 0 Ys

Using this explicit form, they derived convergence (6.17]), which is a corner stone of the proof of our
Theorem 0O

The next theorem can be considered as a counterpart of Theorem by incorporating random
scaling.

6.4 Theorem. If a € (0—2%,00), b=0, a,fER, 0,00 €Ry, o€ (~-1,1) and (Yo, Xo) =
(Yo, x0) € Ryqp X R, then

[ (Jy )" @r-a) | s\2z,
T ds 1/2 /~ B a—y
K ] Y e
0 s T a—X;
(T veds) > Br—p)|  L(EY.a)™

where (Vi, X;)ier, is the unique strong solution of the SDE ([6.2) with initial value (Yo, Xp) = (0,0),
Z4y is a 2-dimensional standard normally distributed random vector independent of (yl, fol Y, dt, Xl),
and S is defined in (2.4).

Proof. By Lemma [3.3] there exists a unique MLE (’dT,ZT, ar, BT) of (a,b,a,3) forall T € Ry,
which has the form given in ([8.4). By (8.6]), we have

o fy B 1 Toy [ V/Ys W
T ds)\ /2 T as)\ /2 T
([ 8T
b T—4)= 1 1 J
0 Y, - ———s
FlngT Yods [ g
T dW. ——
! 1/2 ! 1/2 sl \/)17;2 - UlfOT YSdlI;ZS
S S T
T 1/2. (% 1Ty, ds) (fOT %> ( T %) (fy Yeds)
Y;dS bT = 1 1 )
0 I T Yeds [T &
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T dWs

To [i \/Ys dW

92 Jo v, 1
N2 N T,
T ds\1/2, (re)” (g™ v
< 7) (ar —a) = 1 1 '
0 s — 1 [T 3. s
%IOTYSdsz dé
and
oo [T dWs T —~
1 1 2Jo v, o2 fy VYsdWs

T ds)1/2

T 1/2 ~ LQOTYSds 1/2 0T$ 1/2 T ds fOTsts 1/2
(/0 Y, ds) (Gr—py = ) ( s) () e

T ds
T2 fO Ys ds v

provided that fOT Ysds fOT YLS ds > T? which holds a.s. We have

(6.21) o1 fOT VY dW, _Yr—yo—adl _ +(Yr —yo) —a TeR,,
(g Yeds)'™  (J Yeds)"™ (5 f) Yeds)"”
6.2 o2 Jy VYedWy _ 00 Jy VY5 dW, ¢—f0 VYidB,
(6.22) T /2~ 5. T 1/2 1/2° € R+t
(Jo Ysds) (Jo Ysds) (fo Y, ds)

hence ([620) follows from (G3)), (64), (€3), ©6), 1), G, [GI0), Slutsky’s lemma, continuous

mapping theorem, and P( fol Vsds € Ry4) =1 (which has been shown in the proof of Theorem 3.1
in Barczy et al. [5]). Indeed,

T ) 2y —a) (81222)1 —0- ie

Uo YS) o= (812Z45)9 —0- gcl —a

s\ 1/2/~ _
(o &)7@r—o) | o 1 22/ Vs ds
T 1/23 1_ _ 1 1 .0-(SY2z7 Vi—a
(;kYﬁg 4 RO [ L E N VRN

Jo Y. (Br — B 1 0.(S\27.,), - __X-a

L -(fol . ds)1/2 0 ( 2)2 (fol 9. ds)l/z_

as T — oo, where SY2Z,= ((Sl/ng)l, (Sl/ng)g)T, since
Yi—a

Zy,Y /137 ds, 722 +
27 17 S 7——
0 o1 (fo1 y8d3)1/2

which can be shown in the same way as (6.8]).

oo/ 1 — Q223)

6.5 Remark. For a critical (i.e., b = 0) CIR models with a € (U—j,oo), using random scaling,
Overbeck [35 Theorem 3, part (ii)] has already described the asymptotic behaviour of ap and bp

separately, but he did not consider their joint asymptotic behaviour. O

7 Asymptotic behaviour of MLE: supercritical case

We consider supercritical Heston models, i.e., when b€ R__.

33



2
(y0,20) € Ryy x R, then

7.1 Theorem. If a € [o—%,oo), beR__, a,fE€R, 01,00 € Ryy, p€(—1,1), and (Yp, Xo) =

[ ar —a ] [ % |
ar —« D 2Y 4 gy\/1— 0? ( ”by ) 1/2Z
T —
_bT/2(B _ 5) < V- 1/b> 51/222

as T — oo, where (jt)teﬂh is a CIR process given by the SDE
dY, = adt + o1 \/ Yy AWy,  tERy,
with initial value 50 =10, where Wy)ier, s a standard Wiener process,

~ logY 1, —lo 2
5. gy_ll//bb~ g Yo Lo
Jo 7 Yudu 2

)

Z1 1s a 1-dimensional standard normally distributed random variable, Zo is a 2-dimensional stan-
dard normally distributed random vector such that (y_l/b, fo_l/b Vudu), Zy and Zo are independent,
and S is defined in (24).

With a random scaling, we have

ar —a 5
D o 1/b 55
7.2 1/2 a2y 4 1 — 3 7
T P TN Y e (RO
1/2 S’z
(Jo veds) " (Br—p)] ’

as T — oo.

Proof. By Lemma [3.3] there exists a unique MLE (aT,ET, ar, ET) of (a,b,a,B) forall T € Ry,
which has the form given in ([34]). By (B.6) and

T 1117 T T

dW dW dB
o ——L =0 —= +09y/1 — 2/ =
2/0 VY. w/o N P NV,

we obtain - aw
0 —\/—5 B TebT/2 1 o1 fOT VY AW,
T d T ds /2 /2
~ . 0 v 0 v (ebT fOT Y ds) / (fOT Y, ds) /
ar —a = T2ebT )
_ T -
ebT fo Y ds YZ
T dw. T dB —
o020 T Vo o2/ 1— 9/2 Jo \/ﬁ/Q _ Te:[ij/2 1 - o2 fOT VY dll;lgs
ds 1 s\1! ds T 1 T
R 0 Vs (OTg,—S) (OTg,—S) 0 Y. (ebT 1o sts) (fo Y, ds)
ar —a = 1 T2e0T s

bT T ds
e fo Ys ds v
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o1 [ VY AW

T dWs
TPT/2  O1)o 1
T T d 1/2 172
_bT/2 /5 By — T [y Yeds [y §5 (etT Ty, ds) / (fOT Y ds) /
¢ ( T ) - 1 T2ebT ’
ebT f() Y, ds T g,z
and
T T .
TebT/2 o20 dwi + 1-2 Jo c\l/}ff_i _ 1 o2 fOT VYs dW
T T d 1/2 1/2 1/2 1/2
e\ RE e @) e Ee” (e
1 T2ebT 5
T [ Yeds [y 42

e—bT/2(BT _ B) _
provided that fo Yids [ v TL -ds > T? which holds a.s. Applying ([@I0), one can write
TeRyy,

T qw, 2 T ds
o =logYr —1lo + < > — + b7,
1/0 NoA grr gYo B Y,
thus, by (A1) and (9],
T dW,
o1 fo Nl log(ebTYT) — log yo a% as. logV —logyo a%
(7:3) Tds T d to e s Ty T
0 Ys 0 Ys 0 Ys
as T — oo. By Theorem 4 in Ben Alaya and Kebaier [11]
logV —1 lo 37_ —lo 2 -
og OOdi)gyo +% D 108 _11//bb~ g Yo % Ca—D
0 Ts fO yu d’LL
Moreover, [A.8) and (49]) yield
T2ebT as 0
(7.4) 7 i v = =0 as T — oo
T [y Yads [y ¢ (-%)Jo ¥
T bT/2
© it LV =0 as T'— oo
0

ebtT fOT Y, ds
T ds

(7.5)
Consequently, (1)) will follow from
T dBs —~
f VYs 01 fo VY, AW U2foT\/?de8 MY ebT/TY ds hiid
T @ 1/2 bl T T 1/2 9 bl 0 S 9 0 Ys
(7.6) < 0 Ys) (fo sts) (fo st8>
- y —1/b _
D <Z1,S'1/2Z2,y_1/b,—y_bl/b,/ yudu> as T — o0
0
from (A.8), (Z3), (Z4), (Z5), Slutsky’s lemma, continuous mapping theorem and P(Y_;/, € Ry4) =1
SV Y, dueRyy) =1 (dueto P(Ph € Ryy, Vi€ Ry) =1). Indeed
_ _ -
Gr — o o,
—bT/2(b _ b)
-e—bT/2(5T _ 5)-
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QN 92V 1-¢? 0 1 Sl VA
) lev + (ffl/bfiu du>1/2 1 f071/b§u du (_37;/17)1/2( 2)2
D
— ~
1= Vo1 01b~ 37?1/1)1)_ y ' 1/2(51/2Z2)1
o [P D, du R — (_ —b1/b)

as T — oo, where SY2Z,= ((51/2Z2)1,(51/2Z2)2)T-
Using that

T . T T
o [ VVidWo=os [ VW, + /T2 [ VidB,  TeR,
0 0 0

and (G.I1J), by continuous mapping theorem, to prove (7.0)), it is sufficient to verify

T dB, T T
VYL dW, VY2 dB, g ’
o A Jo ebTYT,ebT/ Y, dS,/ ds

T ds 1/27 T 1/27 T 1/2° ; ; }/s
(7.7) ( 0 Ys) (fo sts) (fo sts)
~ Y —1/b _
P, (Zl,Z2,y—1/b7_y_bl/b,/ yudu> as T — oo,
0

Applying Theorem [A2] for the continuous local martingale M; := fg VYsdWs, t € Ry, with
quadratic variation process (M), = ngsds, t € Ry, for Q(t) := &2, t € Ryy, and for
v = (V, —%, Ooo %—j) (defined also on (2, F,IP)), we obtain

¢ Vo [®ds ARE: V. [®ds

Vg [FR) 2 ((5) eveg [
€ S sy ¥y ) — y Vo 9

< 0 b’ )y Y, b 2 b )y Y,

as t — 0o, where & is a standard normally distributed random variable independent of V and

OOO dy—j. Indeed, by @8], we have e (M), = e ngst 25 —% as t — oo. Here, by Ben Alaya

and Kebaier [11, Theorem 4],

~ 1/2 ~
v\ 2 V. [®ds) p Yo ~ Yo [TV
((‘3) avyp [ %) 25E) vt S,

where Z5 is a standard normally distributed random variable independent of 5_1 /p and fo_l/ b Y, du.

By (&7), (£3), [£9) and Lemma[A.3] we obtain
t t t t )
<ebt/2/ \/stWs,etht,ebt/ sts,/ §> - (ebt/z/ \/stWs,V,—K,/ §> RN
0 0 0 Ys 0 b Jo Ys

as t — oo, hence

T T T ds D
<ebT/2/ VY, dWS,ebTYT,ebT/ sts,/ ?> —
0 0 0 s
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~ 1/2 ~ 1
2, <—y_b1/b> Z2,y—1/ba_y_bl/b,/ Vu du as T — oo.
0

Applying continuous mapping theorem, since ]P’(J~}_1 /b € Ry1) =1, we obtain

. _
/stWs T T _ a —-1/b _
(7.8) o X AW, g Y, / Y, ds, / ds o, <Z2,y_1/b,——y a3 / yudu>
(7 va) o T T h

as T — oo, hence we derived joint convergence of four coordinates of the left hand side of ([Z.7]).

We will prove (7.7)) using continuity theorem. Applying (LI]), one can write
T T
01/ \/stWSZYT—yo—/ (a —bYs)ds, TeRyy,
0 0

hence fOT VYsdWy is measurable with respect to the o-algebra o(Ys,s € [0,7]). For all
(uy,u2,u3,v1,v2,v3) € RS and T € Ry, we have

T dBs T T
oo A BRI E
OT %> <f0T Y dS) (fOT Y ds)

T T
d
+ ivlebTYT + ivgebT / Y, ds + ivs / il
0 0o Y

s

T
V4 }/5 dWs T T d
- exp{%fo—l/z + w1V o e / Y. ds + ivg / 73}
(Jo Yeds) 0 o Yo

x E| exp i/T o ! + o VY, |dB,
0 ( T@)l/z\/z <f0TYtdt>l/2

0 Y:

T
VY, dW, r Tdq
= exp{iquo—sl/s2 + ivlebTYT + ivgebT/ Y,ds + ivg/ ?s
(Jo vads) ’ o

2
1 (T Uq 1 us
-z =t VY| d
XeXp{ 2/0 << Tdt)l/Z v <f0T)tdt>l/2 ) S}

0 Y

T
VY, dW, r Tdq
= exp{iquo—sl/s2 + ivlebTYT + ivgebT/ Y,ds + ivg/ ?s
(Jo vads) ’ o

1 TU1U3
com{ -0 o) - T
(o vaae f )

Y, s € [0,T]>

Ys, s € [0,T]>
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where we used the independence of Y and B. Consequently, the characteristic function of the
random vector on the left hand side of (T.7)) takes the form

T S
o R T yviaw,  [TYidB,
E| exp< iug . 1/2—1—1u2 o 1/2+IU3 . 173
fo %) <f0 st8> (fo sts)
T T ds
+ 01" Yy + ivge?T / Y, ds + iv3 / —
0 o Ys
B _(u2+u2)/2 TUlUg
= e TR | expq &r(ug, v1,v2,v3) — 72 ()
(J5 veat Jy )

where

T
VY5 dW, T Ta
fT(UQ, V1, V2, 1)3) = iUQfO—” + i’UlebTYT + ivgebT / Y; ds + i?)g / —S
(ng:SdS> / 0 0 YTS

By ([ED, for all (UQ,Ul,UQ,Ug) S R4,

E(exp{&r(ug,vi,v2,v3)})

. .~ . Yo\ . [V
— E( expq iugZs +1iv1Y_1p + iv2 — + ivg YV, du
0

as T — oo. Using |exp{&r(ug,v1,v2,v3)} =1, we have

(7.9)

TU1U3

(v 7 )"
Tuqug B
exp{ (5 veat fy dt) } 1

)—)O as T — oo,

E <exp{£T(uQ, vy, Vg, V3) — }) — E(exp{&r(ug, vy, v, Ug)})'

)

E (! exp{&r(ug,v1,v2,v3)}

T
:E<exp{— Uis }—1
(5 vea T a)"?
by dominated convergence theorem, since, by (48] and (£.9]),
T T bT/2 s
(S vear Jf dt) (7 Jy viae f dt)

and, by Cauchy—Schwarz inequality,

exp{ TU1U3 } 1
— R
<f Yedt fi dt) /

T|uqus|

gexp{
<f deth dt

>1/2 } + 1 < exp{lugus|} +1
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for all T'e Ryy. Using (Z9), we conclude
R EYeaw, [T dB,
E{ expq i1 ———""07 +iup——— s Fiug———— 75
T ds T T
)™ ) e

T T
d
+ ivlebTYT + ivgebT / Y, ds + ivg / il
0 o Ys

—(u2+u2)/2 . .5 . y—l/b . AN
— e \TU/E R expl iugdy + iv1Y_q +ive | — + ivg Y, du
/ b 0

as T — oo. Note that, since Z, is independent of jiv_l /p and fo_l/ b Vu du, we have

N 1
e—<u?+“§>/2E<exp{iuQZQ i Yy + v <— y‘bl/ b) +ivg / Vu du})
0

iuy Z iug Z iug Z: . . Y1 . —1b
=E(e" ) E(e"?)E(e"* ) E| expq iviV_y +ivz 5 + ivg Vudu p,
0

where (Z1,Z3) is a 2-dimensional standard normally distributed random vector, independent of
(Z2, Y11, fo_l/b Yy du), hence we obtain (1) with Zs := (Z3, Z3).

Finally, we prove (Z.2)). In a similar way, by (3.0, we have

T dw,
TebT/2 g1 0 \/Y_: o fOT\/)TSdWS
1/2 1/2 Tadas Y1 1/2
T / ~ (ebT fOT Y ds) / 0 Vs (fOT Ys ds) /
Ysds (bT - b) = 1 T2ebT >
0 ebT fOT Ys ds OT ;1,—:

and

T2 20 i T L /17 v o [T Vs dW,

AR Eravae) T RS @) T W) ") )"
([ )" G- ,
0

ebT fOT Ys ds OT ;i,—:

provided that fOT Y, ds fOT Yls ds > T? which holds a.s. By (@), we get
TebT/2 ﬁ) 0

172 12
(7 fy veds) (%)

b
hence (@), (T3), (C4), (C3), (C4), (7)), Slutsky’s lemma, continuous mapping theorem and
POV € Riy) =1, P(f;"Vydu € Ryy) =1 (due to P € Ryy, Vt € Ry) = 1) yield
the second statement. Indeed,

=0 as T — o0,

aT—CL
ar — «
D
/2 ~ —

(foT Y ds)l (br —b)
(S veas)” Br - )
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_ 0 1 1/2
foﬁl/byu du (_Jll/z))l/2 (577 Z2)1
b

ﬂi} Jzﬂ 7 _ 0~ ) L Sl/gz
(G + <f071/b . du>1/2 1 fofl/b Vo du (_ yl/b)l/z( 2)2
o, 1 ’ b
1-— _ 0 ~#1/2])_(‘91/2Z2)1
_@ JY F du (‘#)
i <_%/b) (S /" P du) _
as T — oo, where SY2Z,y = ((51/2Z2)1, (51/2Z2)2)T. .

7.2 Remark. Overbeck [35] Theorem 3| has already derived the asymptotic behaviour of by with
non-random and random scaling for supercritical CIR processes. We also note that Ben Alaya and
Kebaier [10, Theorem 1, Case 3] described the asymptotic behavior of the MLE of b for supercritical
CIR processes supposing that a € Ry, is known. It turns out that in this case the limit distribution
is different from that we have in (Z1]). O

7.3 Corollary. Under the conditions of Theorem[7.1], the MLEs of b and [ are weakly consistent,
however, the MLEs of a and o are not weakly consistent. (Recall also that earlier it turned out
that the MLE of b is in fact strongly consistent, see Theorem [{.7).)

Proof. In order to show that the MLEs of a and « are not weakly consistent, it suffices to
show P(V # 0) > 0, since Z; is independent of the random vector (YV_y, fo_l/ b Yy du), and
IP’(fO_l/b Vo du > 0) =1 (see the end of Remark ). We have

- - 2 —1/b _ -
PV =0)= ]P’<10g Y 1 — logyo = (a - %) /0 Yu dU> <SP(Voipp = w0) <1,

where yo € Ry . Indeed, by Tkeda and Watanabe [24] page 222],

5 O'% —2a/0%
E(eM-1) = (1 R
(e ) ( + (—2b))\> . AERy,

hence 37_1/1) has Gamma distribution with parameters 2a/c} and —2b/0?. O
Appendix

A Limit theorems for continuous local martingales

In what follows we recall some limit theorems for continuous local martingales. We use these limit
theorems for studying the asymptotic behaviour of the MLE of (a,b,«, ). First we recall a strong
law of large numbers for continuous local martingales.
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A.1 Theorem. (Liptser and Shiryaev [33, Lemma 17.4]) Let (Q,F,(F;)er,,P) be a filtered
probability space satisfying the usual conditions. Let (My)ier, be a square-integrable continuous local
martingale with respect to the filtration (Fi)ier, such that P(My = 0) = 1. Let (&)icr, be a
progressively measurable process such that

]P’</t§5d<M>u < oo> =1, teRy,
0

and
t

(A1) / Ed(M), 2% o as t — oo,
0

where ((M)¢)ier, denotes the quadratic variation process of M. Then

Jy&udM, .

(A.2) S 0 as t— oo.
Jo &2 d(M)y

If (My)ier, is a standard Wiener process, the progressive measurability of (&)ier, can be relaved
to measurability and adaptedness to the filtration (Fi)er, -

The next theorem is about the asymptotic behaviour of continuous multivariate local martingales,
see van Zanten [42] Theorem 4.1].

A.2 Theorem. (van Zanten [42, Theorem 4.1]) Let (Q,F,(F;)er,,P) be a filtered probability
space satisfying the usual conditions. Let (My)ier, be a d-dimensional square-integrable continuous
local martingale with respect to the filtration (Fy)ier, such that P(My = 0) = 1. Suppose that
there exists a function Q : Ry — R™*? such that Q(t) is an invertible (non-random) matriz for all
teRy, lim,o |Q()]| =0 and

Q(t)(M), Q(t)T N nnT as t— oo,

where M is a dxd random matriz. Then, for each RE-valued random vector v defined on (Q,F,P),
we have
(QW)My,v) 2> mZ,v)  as t— o,

where Z is a d-dimensional standard normally distributed random vector independent of (n,v).

We note that Theorem remains true if the function @ is defined only on an interval [tg,c0)
with some ¢y € Ry,.

To derive consequences of Theorem [A.2] one can use the following lemma which is a multidimen-
sional version of Lemma 3 due to Kétai and Mogyorédi [28], see Barczy and Pap [8, Lemma 3].

A.3 Lemma. Let (Uy)ier, be a k-dimensional stochastic process such that U; converges in

distribution as t — oo. Let (Vt)t€R+ be an L-dimensional stochastic process such that V3 & 1%
as t — oo, where V is an {-dimensional random vector. If g :RF x RY — R? is a continuous
function, then

gU, Vi) —g(U, V) 0 as t— oo.
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