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Abstract—Qver the years, people are becoming more depend-
ent on Online Social Networks, through whom they constitute
various sorts of relationships. Furthermore, such areas present
spaces of interaction among users; they send more messages
and posts showing domains they are interested in to guarantee
the level of their popularity. This popularity depends on its own
rate, the number of comments the posted topic gets but; also on
the cost a user has to pay to accomplish his task on this network.
However, the selfish behavior of those subscribers is the root
cause of competition over popularity among those users. In this
paper, we aim to control the behavior of a social networks users
who try their best to increase their popularity in a competitive
manner. We formulate this competition as a non-cooperative
game. We propose an efficient game theoretical model to solve
this competition and find a situation of equilibrium for the said
game.

Index Terms—Social network, game theory, popularity, utility
function, content, publishing distribution, number of comments,
price of anarchy, Nash equilibrium, best response.

I. INTRODUCTION

Generally, social network users who have a specific type of
relationship try to maintain these relational links; but they also
seek to achieve a particular place within the network they use.
Moreover, by posting content that guarantees a good reputation
within the social network, each user looks to maximize his
profit in terms of popularity so he becomes more popular, then
he will attract more users to interact with him and precisely
make them react to content he publishes on his own news
feed, on the pages and the walls of the groups of his network.
As users reveal self-promotions in their target to reach their
objectives, many competitions are happening between those
users; each one seeks to maximize his profit. One of these
competitions is the conflict over popularity. Indeed, to have
a good level of popularity, users think about publishing more
content to be on the top of a timeline. This selfish behavior
causes competition between published content.

Thus, popularity on social networks has become a topic of
interest for researchers who want to establish analyses and
studies regarding these areas of interaction [1], [2], [3], [4],
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Currently, various works are done in this field and many
approaches are proposed to predict, optimize and estimate
popularity in online social networks [9], [10], [11]. Thus, in
[12], Reiffers-Masson et al. worked on solving the popularity
optimization problem. They presented an approach based on
flow control. Firstly, the authors developed a mathematical
model of popularity, then they proved the equivalence of
the popularity maximization problem with a pseudo concave
optimization problem, and finally, they provided an algorithm
converging to the optimal solution. In [13], authors presented
a game-theoretic approach to model the competition for the
popularity of contents in social networks; thus, they formu-
lated the interaction between contents in the form of a non-
cooperative game where they took into consideration the rate
as the main parameter, but the price and the cost of creating
the content also influence the utility function. This analysis
is based on the work done by Altman in [14], where the
author treated a competitive situation about popularity among
service providers, he modeled this competition as a non-
cooperative game and considered the creation of content by
service providers and the use of the acceleration method; this
tool ensuring the evolution of the content’s popularity in an
increasing way.

In this context, the game theory seems to be the most
effective tool to solve this kind of competition; it is an
approach that offers new perspectives and mechanisms beyond
what classical technics could do.

In this work, we focus on solving the popularity competition
problem, formulating it as a non-cooperative game where the
players are the content published on the social network walls.
We model the game, prove the existence and uniqueness of
the Nash equilibrium and then propose an efficient algorithm
to learn the equilibrium point.

To achieve the goal of our theoretical approach, we orga-
nized the rest of this paper as follows: in section II, we propose
the model of the non-cooperative game between contents
shared by selfish and competitive information providers, and
then present an efficient analysis employing technics from
algorithmic game theory, in particular, the best response al-
gorithm ensuring fast convergence to the Nash equilibrium. In
section III, we present some results illustrating the proposed
theoretical approach. Finally, we close our study with a general
conclusion in section IV.
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II. PROBLEM MODELISATION

In this section, we formulate the interaction between selfish
information providers (IPs), sharing content or posting mes-
sages, as a non-cooperative game between the contents shared
on social network walls.

To set up our model, we consider a game that describes a
social network with N contents (players). For each content,
there is an appropriate strategy to guarantee the maximization
of its popularity. This maximization is achieved taking into
consideration strategies of other contents.

Let \; be the publishing distribution of content i, 7; the price
it must pay to be published.

And «; the number of comments it will acquire and 3; the
price to pay for getting a comment.

We analyze the set game, starting with the development
of the utility function, then proving the existence and the
uniqueness of the Nash equilibrium, and ending with the
best response algorithm that guarantees convergence to the
equilibrium situation, already noticed.

Utility model

We consider that contents shared within a social network
are actors who do their best to improve their results in terms
of popularity within this structure of interactions.

G = [A,{A;,0;}, {U; ()}] denotes the non-cooperative
game of publishing distribution and number of acquired com-
ments, ./ is the set of contents, A;, ©; is the set of strategies
appropriate to the publishing distribution of content 7 and the
comments it has accumulated, A; = [0, A"**], ©; = [0, "]
and U,(. ) is its utility function which he seeks to maximize
by choosing the best strategy.

There is a tie between the publishing distribution, acquiring
comments, and the popularity of the specific content published
on the walls of social networks. Therefore, the utility function,
of each content looking to gain popularity, depends on its
revenue both in terms of the publishing distribution and in
terms the number of comments it requires within the social
network it propagates. But also, on the prices, it has to be
distributed and to achieve a comment. Formally, the objective
function of content ¢ is defined as follows:

Ui\, a,t) = Potpip(t)x > XjHpic(t)x Y aj—idi—Bio}

J J
ey

Where :

The first term Py is a positive constant ensuring non-
negative popularity. The second term, p;,(t) x > . A;, is
the impact of other contents’ publishing distribution on the
revenue of the content ¢ in terms of the publishing distribution.
The third term, p;.(t) X Y. ;aj, denotes the impact of the
number of comments other agents accumulate on the revenue
of the content ¢ concerning the number of acquired comments.
The fourth term, i/\?, is the cost the content 7 has to be
distributed and the last one, ﬁia?, is the cost the same content
has to pay to acquire a comment.

Following the work made in [12], arrivals are considered
Poisson Point Processes. Therefore, both p;, (t) and p;. (¢)
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follow an exponential distribution with rates, respectively, \;
and «;. Then the two parameters are expressed as follows:

pip (1) = fOT Xie~t dt s the probability for the content
1 to be distributed.

pic (t) = fOT ae”%t dt s the probability for the content
1 to acquire a comment.

When T tends to infinity, the probabilities are calculated as
shown below:

Pip (t) :/0 )\Z_efxit dt = [767}\”]80 =1

Pic (t) :/0 aiefm,t dt = [_efa/,:t]go -1

Based on these results, we describe the utility function using
the following formula:

Uilh o) =P+ N+ > aj— 7 —Bial  (2)
J J

III. GAME ANALYSIS

Given that the competition between contents is becoming
more popular, the natural solution of this non-cooperative
game will be allowed by the Nash equilibrium, which is
considered to be a strategic profile such that no content can
unilaterally increase its revenue. Using the tools of concave
game theory, we prove the existence and the uniqueness of
the Nash equilibrium point as presented in [15]. We assume
that a non-cooperative game G is concave if the utility func-
tions of all players are strictly concave with respect to their
corresponding strategies [15].

According to [15], a Nash equilibrium exists for a concave
game if the space of joint strategies is compact and convex,
and the utility function that a given player seeks to maximize
is concave with respect to his own strategy and continuous
at any point in the space of strategies through the understudy
system.

Let ¢ be the weighted sum of utility functions with non-
negative weights, it is defined by the following formula:

o= zU; 3)
i=1

To ensure the uniqueness of the Nash equilibrium, ¢ must
be diagonally strictly concave. Where, the concept of strict
diagonal concavity means that the control an individual content
has over its utility function is greater than the control that
others have over it. Thus, the uniqueness of the existing
equilibrium is demonstrated using the pseudo-gradient of the
weighted sum of utility functions discussed in [15].

A. Publishing distribution game

The game G of publishing distribution is defined for fixed
values «; € ©; such as: G(a) = [, {\;}, {Ui(., @) }]

Definition 1: Publishing distributions’ vector A* =
(AT, ..., AN ) is a Nash equilibrium if for each ¢ € {1,..., N},

Us (A7 A%3) = max Us(Ai, A) @
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In other words, the definition 1 shows, clearly, that by reaching
the equilibrium point, no source could obtain a benefit by
changing its strategy unilaterally (individually).

Theorem 1: For the game G(«) which is concave, the Nash
equilibrium exists and it is unique.

Proof 1: To prove the existence of the equilibrium point,
we mention that the strategy space of each content A; is
defined by all frequencies in the closed interval bounded by the
minimum and maximum frequencies. Thus, the joint strategy
space A; is non-empty, convex, and compact. Moreover, the
utility functions are concave with respect to As as shown by
the second derivative test:

82 U, i ()\, Oz)

02)\;
Having reached the negativity of the second derivative, we
focus on the proof of the uniqueness of the equilibrium

situation. Following [15], we define the weighted sum of the
users’ utility functions as follows:

=—2v;, <0 ()

N
e\ a) = mU(Ni, M) 6)
i=1

The pseudo-gradient of the equation (6) is given by :

g\ ) = [21 VUL (A1, A1), L enVUN O, Aw)]”

Thus, the Jacobian matrix J of the pseudo-gradient is expressed
as follows:

9%U, 22U,
17552 193058
J =
2’Un . 9%Upn
IN axANoN TN,
221y, e 0
J = : - :
0 ©+ —2ZNYN

The found matrix J is a diagonal matrix with negative di-
agonal elements, so we can say that J is negatively defined.
Similarly, [J 4+ J7T] is negatively defined, and according to
[15], the weighted sum of utility functions is diagonally
strictly concave. Thus, the game G(«) admits a unique Nash
equilibrium.H

B. Number of acquired comments game

The game G of the number of acquired comments is
defined for fixed values X\; € A; such as: G(\) =

Definition 2: The number of acquired comments’ vector

a* = (af,...,al) is a Nash equilibrium if for each i €
{1,...,N},
Ui (af,a%;) = max Ui(aj, aZ;) @)

As it is already mentioned (in definition 1), the definition
2 allows to conclude that also no content (player) has the
advantage to change its strategy individually, as it is already
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noted in the last part reserved to the game of publishing
distribution of contents.

Theorem 2: For the game G(\) which is concave, Nash
equilibrium existes and it is unique.

Proof 2: Calculating the second derivative of the utility
function with respect to the number of comments, we find
that :

82Ui(/\, Oé)

90z —2p3; <0 ®)

Ensuring the existence of the Nash equilibrium, we turn
to the proof of its uniqueness. Following [15], we define the
weighted sum of users’ utility functions as follows:

¢(a,z) = ;Ui (06, a—y) )

s
Il
—

-

The pseudo-gradient of the equation (9) is given by :

g(a,x) = [, VU (a1, 1), ,enVUN (ozN,oz,N)]T

Thus, the Jacobian matrix J of the pseudo-gradient is expressed
as follows:

22U, . 2°U,
2]

1 a? 1 Oada N
J = : : :
*Un . . 9%Un
TN danOar TN da2
2218, - 0
0 o —2zNfBN

The found matrix J is a diagonal matrix with negative diagonal
elements, so we allowed to say that J is negatively defined.
Similarly, [J 4+ JT] is negatively defined, and according to
[15], the weighted sum of utility functions is diagonally
strictly concave. Thus, the game G(\) admits a unique Nash
equilibrium. W

C. Learning the Nash equilibrium

The above sections show that the Nash equilibrium exists
and it is unique. Indeed, we will develop a distributed algo-
rithm that converges to the Nash equilibrium of the publishing
distribution set and the number of acquired comments. The al-
gorithm 1 details the work done to learn the Nash equilibrium.
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Algorithm 1 Best Response Algorithm

1: Initialization of publishing distribution and number of
acquired comments vectors A and «, randomly;
2: For each content 7 € .4/, at the iteration ¢ :

a) A\i(t+ 1) =argmax (U;(Ai, A_;)) .
Ai€A]

b) «;(t+ 1) = argmax (U; (o, —;))
a; €0,]

3 IFVie N,
it +1) = Ni(8)] < € and |a;(t+1) — as(t)] < e, STOP.

4: ELSE, t <t + 1 and go back to step (2)

D. Price of anarchy

The price of Anarchy was introduced by Koutsoupias and
Papadimitriou, in their work [16]. Then the book [17] devel-
oped central ideas of it, but also multiple kinds of works have
been produced around this concept. Furthermore, the work
established by Roughgarden and Tardos [18] made this main
measure of loss of equilibrias efficiency more popular. In fact,
they employed the price of anarchy in atomic and nonatomic
congestion games. Moreover, PoA has also appeared for
facilitating a location in [17] and for creating a network in
[19]. Thereby, the price of anarchy is considered to be a tool
for resolving the issue of multiple equilibriums adopting a
worst-case approach. This approach defines that loss as the
worst-case ratio comparing the global efficiency measure at an
outcome, to the optimal value of that efficiency measure. In
a noncooperative game, the price of anarchy is defined as the
ratio between the worst utility function value of equilibrium
and the one of an optimal outcome. According to [20], the
inefficiency caused by the players self-promotion is measured
as the quotient between the social welfare, that Maille and
Tuffin presented as the sum of the utilities of all providers in
the system) in [21], obtained at the Nash equilibrium and the
maximum value of the social welfare, as shown in (10).

POA)\ =
PoA, =

min Wy g ()
max W ()

min Wy g («)
max W (a)

(10)

Where:

max W(A) = maxy Zf\il U;(\)
max W (a) = max, Zf\]:l Ui(a)
is a system presenting the social welfare function for each

parameter,
and

N *
Wne(A) = 2%1 Ui(A7)
Wie(a) =222, Ui(a”)
is a system presenting the sum of utilities of all contents

at a frequency Nash equilibrium and a number of acquired
comments Nash equilibrium.
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IV. NUMERICAL INVESTIGATIONS

We propose to numerically study the interaction game
between the contents on the walls and the news feeds of a
social network, taking into account the previous expressions
of the utilities. To illustrate our work and show how to
take advantage of our theoretical analysis, we perform the
numerical part considering the best response algorithm and
the expression of the utility function of each content.

To do so, we consider a system with two contents; two
players seeking to maximize their respective revenues. Each
content varies its own decision parameters - publishing distri-
bution and the number of comments it receives - taking into
account those of its opponent.

Taking into account the expression of the utility function
given by the equation (2), we start with the graphical represen-
tation of this function, in the case of the publishing distribution
game on the one hand and the number of comments game on
the other hand.

x 10°
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Fig. 1: Publishing distribution game: Utility function with respect to A.

Utilty function

5 10 15 20 25 30
NoC

Fig. 2: Number of acquired comments game: Utility function with respect
to Noc.

Figures 1 and 2 present the evolution of the utility functions
of the contents as a function of the two parameters; the
publishing frequency and the number of acquired comments.
We notice that the plotted curves reveal the concavity of the
function for all the values of the decision parameters already
mentioned (A and NoC). Therefore, the Nash equilibrium for
both cases exists and it is also unique.
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Concerning the learning of the Nash equilibrium of publish-
ing frequency and also of the number of comments, we use
the best response algorithm (algorithm 1) .

Figures 3 and 4 illustrate the convergence to the Nash
equilibrium of posting frequency and to the Nash equilibrium
of number of comments acquired. We remark that this con-
vergence is ensured after a few rounds (almost 5 iterations
are sufficient to reach the Nash equilibrium), which means
that the learning speed of the Nash equilibrium is relatively
high. These numerically completed investigations reinforce,
then, the results that we have already proved theoretically.

We move on to study the impact of the publishing price
and the comment acquisition price on the performance of the
treated system.

T f
/

Lo/ |
// |
d/

/

75

Best Response i.
a
&
T

05 1 15 2 2.5 3 3.5 a a5 5
Round

Fig. 3: Publishing frequency game: Convergence to the Nash equilibrium
of A.

T |

Best Response NoC
H
T

—e—NocC|

—#—NoC,

o 05 1 15 2 2.5 3 3.5 a a5 5
Round

Fig. 4: Number of acquired comments game: Convergence to the Nash
equilibrium of NoC.

Figures 5 and 6 describe the impact of the publishing
price on the Nash equilibrium utility function and publishing
distribution. With increasing values of the price of publishing
content on the timelines of a social network -, the equilibrium
utility functions and publishing frequencies decrease. While
when the price is low, the publishing frequencies and utility
functions are higher. As a result, increasing the publishing
price ~y leads to the adoption of a content publishing frequency
which is lower.
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On the other hand, the price of obtaining a comment has a
large influence on the values of the utility functions but also on
the number of acquired comments (NoC) at the equilibrium.

——U,

Utility at the equilibrium

Fig. 5: Publishing distribution game: Impact of the price y on the utility
function at the equilibrium.

) at the equilibium

L
2 a 6 B 10 12 14
v

Fig. 6: Publishing distribution game: Impact of the price y on the
publishing distribution at the equilibrium.

The curves, in Figures 7 and 8, illustrate the impact of
the price of acquiring a comment, respectively, on the utility
function and the number of acquired comments of both of
contents (players) at Nash equilibrium. According to the
graphs, increasing the price of obtaining a comment S leads to
the decrease of the values at Nash equilibrium concerning the
utility function and the number of aquired comments. So, with
a low price of getting a comment, the number of comments
obtained and the utility function at the Nash equilibrium have
higher values for both players which encourages the contents
to look for acquiring more comments. Whereas, for a very high
price, the contents concur to weaken the number of acquired
comments.

To measure the efficiency of the Nash equilibrium, in our
study, we propose to analyze the evolution of the price of
anarchy as a function of the prices v and /.
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Utility at the equilibrium

Fig. 7: NoC game : Impact of the price f§ on the utility function at the
equilibrium.

—%—NoC]
R —e—NoC,

NoC at the equilibrium
® 5
T T

Fig. 8: NoC game : Impact of the price § on the NoC at the equilibrium.

The impact of prices (publishing price and comment ac-
quisition price) on the efficiency of the studied system is
represented in Figures 9 and 10. The two curves reveal that the
PoA increases with respect to the publishing price (comment
acquisition price). For a publishing price and a comment
acquisition price which are low, PoA is low. Subsequently,
players behave in a highly selfish and individual manner
to maximize their gain in terms of popularity. However, by
increasing prices, the PoA increases and thus the players
move, in their decision making, towards the Nash equilibrium
strategies of publishing frequency and strategies of number of
acquired comments. Thus, the Nash equilibrium is fair and
socially efficient in both cases.
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Fig. 9: Publishing game: Price of anarchy with respect to the price vy.

Fig. 10: NoC game: Price of anarchy with respect to the price 3.

V. CONCLUSION

In this paper, we proposed a theoretical approach using
game theory to model the interactions between contents posted
on social network news feeds as players through a class of two-
parameter Nash equilibrium models. The model is based on a
simple function describing the behavior of the contents. In fact,
we took into account the characteristics of the content itself (its
publishing frequency and the number of comments it receives),
but also those of other contents sharing the same structure.
We proved the existence and the uniqueness of the Nash
equilibrium point and developed the distributed best response
algorithm that allows to learn this equilibrium point in a finite
number of iterations. In short, the numerically obtained results
validate the work established to study user reactions; they
can be extended to general considerations on networks. In
this context, the existence and the uniqueness of the Nash
equilibrium, in the proposed approach, help us to confirm
the stability within the under study social network. Since the
progression of popularity is considered as a primordial step
that cannot be ignored in order to see one’s web visibility
explode, information providers employ it to dominate social
networks they are subscribed to. Then maximize their profit
while communicating through the network.
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