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Abstract. In this paper, we study the existence and stability of solutions for impulsive pantograph
fractional integro-differential equation via y-Hilfer fractional derivative in a appropriate Banach
space. Our approach is based on fixed point theorems of Darbo’s and Monch via Kuratowski
measure of non-compactness. An example is given to illustrate our approach.
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1. INTRODUCTION

Fractional differential equations are one of the most successful and interesting
branches of mathematics. Its results can be used to prove some important properties
in many fields of science and engineering [18,20,22,24].

Many effective theoretical studies published by several researchers which reside
on the result of existence, uniqueness and the stability for differential equations in-
volving a fractional derivative with various conditions, see [10, 11]. The class of
impulsive fractional differential equations is distinguished from others by the mod-
eling of phenomena which undergo distortions, in particular in the field of medicine
and physics, see for example [0].

In the book [13], FeCkan et al. found a revised formula for the solutions of an
impulsive differential equation involving the Caputo derivative. In the references
[4,5,8,12], the authors are interested in the study of impulsive differential equations
involving the derivative of Riemann or that of Hilfer. One of the properties of solu-
tions is the stability in the sense of Hyers which is introduced in [16] by the study of
a question posed by Ulam.
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Recently, the stability in the sense of Ulam-Hyers and Ulam-Hyers-Rassias have
been studied by many researchers for certain differential problems considered, see
[1,2,23].

In view of the above considerations, we consider the following impulsive panto-
graph fractional integro-differential equation

1BV (1) = f0.5(0).30y(00)). 1€ (atinr], k=0,...m,
(B) Ayl = k(1 )), k=0,...,m,
3 y(ct) = MT(y),

where 7 @toi,ﬁ ¥ denote the left-sided y—Hilfer fractional derivative of order 0 < o, < 1
k

and of type B, 0 <P <1, y=0o+p(1—a), 8 >1—7. The operator Jtlf"{"" de-

notes the left-sided y—Riemann-Liouville fractional integral of order ¢ € {é, 1 —v},
f: (c,L] x E* — E a function satisfying some specified conditions, #, k =0,...,m
are pre-fixed ploints satisfying fo = c <t) < -+ <ty <tyy1 =L and, J; : E —
AN T

E. Ayl = T = 3(1). where y() =lim, _,y(). k=1,....m M € E,
or(t) =t +o(t—1t;),k=0,...,m with 0 < 6 < 1 and ¥ € C!([c,L],RT) satis-
fies W/(r) > 0, for all # € [c,L]. The y—Hilfer fractional derivative is in a general
form and in particular cases, it covers special cases. Pantograph equations arise in
electrodynamics [21]. Our conditions are also related of other systems mentioned
above, and in particular to the following recent papers. Initial value problems for
two different classes of implicit ¢-Hilfer fractional pantograph differential equations
are considered in [3]. ¢-Caputo differential inclusion boundary value problems are
studied in [7] supplemented with mixed integro-derivative conditions in the frame of
the ¢-Riemann-Liouville operators. Nonlinear impulsive pantograph fractional BVPs
under Caputo proportional fractional derivative are investigated in [17]. The signi-
ficance of our impulsive and initial conditions in (3) compare with the above results
relies on the fact that they are nonlocal.

This paper is organized in the following way. In Section 2 we give some general
results and preliminaries, in Section 3, we show the existence results for the prob-
lem (*B) based on fixed point theorems of Darbo’s and Monch and in Section 4, we
present a result about the stability in the sense of Ulam-Hyers-Rassias of Problem
(*B). Finally an illustrative example will be presented in Section 5.

2. PRELIMINARY RESULTS

In this section, we introduce some notation and technical results which are used
throughout this paper. Let I = [a,b], b > a and (E, || -||) be a Banach space. C(I,E)
be the space of continuous functions on / with the norm

[[ulleo = sup{l[u(z)], z € I}.
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L'(1,E) is the space of E-valued Bochner integrable functions on / with the norm

b
Il = [ o) ar

Forallm > —1 and s,7 € [0,L] with r > s, we pose Ny y(7,5) = (W(r) —y(s))". We
consider the Banach spaces of functions

Ci—yy([a;b]) ={y € C((a,b],E) :  lim Ny_y(,a)y(t)) exists and finite}.
t—a
A norm in this space is given by

[Vllvy = sup Ni_yy(t,a)|ly(0)]l;
t€la,b]

and
PCI—Y:\U([CaL]) = {y : <C7L] —E: Yk € CI—Y,\U([tkatH»l]?E)
with y(t) = y(17), for all k=0,....m, }
with the norm

.....

where yy is the restriction of y to (#, 1], k=0,...,m. Let us now give the definition
of the measure of non-compactness in the sense of Kuratowski and its properties. For
all G C E, we denote by S;,(G) the set of all bounded subsets of G.

Definition 1 ([9,15]). Let D € S,(E). The Kuratowski measure of non-compactness
U of the subset D is defined as follows:

B(D) = inf{e > 0 : Q admits a finite cover by sets of diameter < e}.

Lemma 1 ([9, 15]). Let A,B € Sy(E). The following properties hold:
(i1) O(A) =0 if and only if A is relatively compact,
(i) O(A) = O(A), where A denotes the closure of A,
(i3) B(A+B) < B(A)+(B),
(is) A C B implies (A) < 9(B),
(is) O(a.A) =|al.O(A) foralla € R,
(ic) O({a}UA) =0(A) foralla € E,
(i7) B(A) =O(Conv(A)), where Conv(A) is the smallest convex that contains A.

Lemma 2 ([15]). If D is a equicontinuous and bounded subset of C([a,b],E), then
B(D(.) € C([a,b],RT)

9c(D) = max D(D()). ﬁ({/abw(t)dt:weD}) < /abﬁ(D(t))dt,

where D(t) = {w(t) : w € D} and O is the non-compactness measure on the space

C([a,D],E).
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We denote by 19’{(7“, and 9y, the Kuratowski measures of non-compactness defined
respectively on Ci—yy([tx,fk+1]), k=0,...,m and PC_yy([c,L]).
Lemma 3 ([15]). For all bounded subset D of PC_yy([c,L]), we have
Vyy(D) = (D
(D) hax v (Dk),

where Dy is the restriction of D on (ty,tx11].

Theorem 1 ([15]). Let p the Kuratowski measure of non-compactness on Banach
space E and G a closed, bounded and convex subset of E which contains the 0. Let
A be an operator from G to G, assume that A is continuous and satisfied, for every
subset V of G, we have the following implication:

V=A(V)U{0} or V=comA(V) = p(V)=0.
Then the set {w € G : A(w) = w} is nonempty.
Theorem 2 ([14]). Let p the Kuratowski measure of non-compactness on Banach

space E, G a nonempty, closed, bounded and convex subset of E and A be an continu-
ous operator from G to G such that, for all nonempty subset V of G:

P(A(V)) <¢p(V),
where 0 < ¢ < 1. Then A has a fixed point in G.

We begin with some definitions from the theory of fractional calculus.

Definition 2 ([18,25]). Let ¢ be an integrable function defined on (a, b],
(i) the y-Riemann- Liouville fractional integral of order o > 0 of the function £
is defined by

B0 = g7 L WOt yle9)0)ds,

(i1) the y-Riemann- Liouville fractional derivative of order o > 0 of the function
¢ is defined by

o) = ot () ([ WO wtrssas).

where I' is the gamma function and n = [ + 1 ([o] represents the integer
part of the real number ).

Definition 3 ([18,25]). Let v € C'(|a,b],E) a functions such that y/(¢) > 0, for
all 7 € [a,b]. The y-Hilfer fractional derivative of a function £ of order 0 < o < 1 and
type 0 < B < 1 is given by

H@“LB"WE(I) — B(i—a)y <

1 d

v dt> JU=R=)wp () = FI=1VRL DYV (1),

where Y=o+ (1 — ).
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Lemma 4 ([18]). Let o,,p € RY andt > a. We have then

(i1) jginp—l,w(f;a) = %Na—s—p—l,\y(tﬂ)‘

(i) HD™PYNy_ 1 y(1,a) = %Np_a_l,w(t,a),o <a<l,p>l.

We consider the spaces

Clnyv‘V([a’b]) = {u € leyy([a,b]), RL@Z+M S Cl—y,\y([a,b])},

]P)C}(—v,w([C?L]) = {” € PCi_yy([e,L]): RL@,?’Mk € Ci—y([txs k1)), £=0,. --7m},
and
PCP | (e,L)) = {u e PCy_yy([c,L)): H@;:‘;Bv"’uk € G y([te-te1]), k=0, ... m}

Lemma5 ([19]). LetO<a<1,0<B<landy=o+pB—0op. If f € Cly_y([a,b]),
then
FYDIY f =3V DI f and DIYIEY f = DP .

Lemma 6 ([19]). Let o : (a,b] — E be a function such that o(.) € Ci—yy([a,b]).
Then, a function y € CIY_YW([a,b]) is a solution of linear fractional differential prob-
lem:

3Ty @t) =0y,  y=o+p—ap.

a

{ 1p Py — o), 0<a<l,0<B<I;

if and only if y satisfies the following integral equation:

OoNy-1y(t,a) 1 /’ :
t) = . + S)Na—1.y(t,s)0(s)ds.
y() F(,Y) F(a) g \lj( ) o 17‘~|’( ) ( )
For any k € {1,...,m}, we define the constants E.];:iNyfl,w(tkfj+l»tkfj)»
i=1,... kby

ZKTE N1yt i) L =k
S Ny Tk—j+15te—j) = k—i .
JEIYRY S Hj:llNYflJ.lI(tk—j-‘rlvtk—j)v i=1,...k—1,

we also put

N,y_
T = L) max{ sup (o Ly(t, %) k= O,...,m} and
F<6+7) t€(ttiy1] NY—lﬂl/(Gk(t)vtk)

T :max{l,an(tkH,tk),k:k:0,...,m}, n>-—1.

Lemma7. Let f : (¢,L] x E* — E be a function such thatf(.,y(.),Ji’wy(ck(.))) €

Ci—yy ([t k1)) k=0,....m, forally € PCi_yy([c,L]). Ify € PCY—y,w([QLD' Then,
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y is a solution of Problem (V) if and only if y satisfies the following integral equation:

MNy-1y(6,0) + 5 S (5)Ny -1y (8,9) (5,9(5), 3o ¥y (04 (s)))ds, if t € o,
Ny—1,y(, %) [Ml_li:1 Ny_1,y(titiz1)
k
_ L E Nyt e 1 IO ()
y(t)_ i=1
k
+ ) B Ny (e e j)JI+ Y (1), 30 (0, (1))
i=1
+a Ju W (5)No 1y (t,5) £ (5,9(5), T ¥y(0(5)) ) ds, ift €I,

2.1
where I, = (ty,tir1],k=1,....m

Proof. First, we prove the necessity. Let y € PC} yy(le,L]) be a solution of ().
If t € (a,n], we have H’D“BW (t) = f(t,5(1), J,k’wy(ck( 1)), from Lemma 6, we get

¥(t) = MNy_ 1y (1,¢) + /\4/ oty (t,5) £ (5:3(5), 3 ¥y(0u(s)) ) ds.
If t € (t1,1,], then, from Lemma 6, we get

jtlfr_%\uy(tr)N 1 ty N ~Oy d
yit —W y—l,\v(f,tl)‘f‘m . W (s) a—l,w(fas)f(S,Y(s)anl )’(01(3))) s.

3' ()

“r— =Y(t) N1 (0(t;)), we obtain
() = (y(11) + 31 ((17))) Ny (1,11)

t

+ r(loc) W ()Na—1,y(t,5) £ (5,3(5), 3 ¥y(1(5)))ds

By using the condition

= [1(y(t)) +MNy_1 y(t1,a )+jgiwf(’faY(ff)vjg’wy(ﬁl(fl)))}Nvfl,w(fyfl)

- / W (5)Na1y(1,5) £ (5,3(5), 32V5(01 (5))) .

3Ty (e)
If r € (12,13], by utilizing Lemma 6 and the condition % =y(ty) +hH()),
we arrive

3
W
F( \I‘! INa-1y(t S)f(svy(s)vjg’wy(ﬁz(s)))ds

= (L0(n )) +(t5 ) Ny-1,y(t,12)

y(t) = Ny_1,y(,12)
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e W Na (1. (55(6). 325 (02(5) ) s
:Ny_lvw(t,tz) [MNy_1 3y (11,20)Ny—1y (12,11) + Nyt (12,00) 11 (0(17)) + L2 (0(85))
+NHw(tz,t1)3§‘+f(tf,y(tf),Ji’wy(ﬁo(tl))) 3V F (15 5(15), 3001 (12)))
F( ‘I’, JNo— 1,y (t S)f(sa)’(s)a3?27WY(62(S)))‘ZS'
Ift € (1, tk+1] we continue the procedure and again using Lemmas 6 and the condi-

~1
J +YWY(tk )

tion —prr— = =y(t, ) +J(y(t, ), we find

k k
MT TNy 1y (.11 +ZE Ny 1y (e jit, e )0 (8))

i=1 i=1

y(#) = Ny—1,y(t, 1)

k
+ ZE NY Ly tk ]+latk J) wf(tla)’([t) Jt 1y(6tl 1(tl)))
i=1

Ix v WNoc 1y (1,8) £ (5,3(5), 35y (0 (s))) ds.

Conversely, assume that y satisfies the impulsive equation (2.1). If 7 € (19,11], by
using 6, we get

~1—, P, ~9,
3y (0) = M and DIy (1) = £(1,3(1), 3, Y3(0,, (1)), for eacht € (10,11].
By recurrence, if 7 € (f,+1], k= 1,...,m and according to Lemma 6, we get

HpEBYy (1) = £(1,9(),3¥y(04, (1)), for each 1 € (4, tx41)-

And, we can easily show that

Aoc,\v)”t:tk = Jk()’(tlj))'

3. EXISTENCE OF THE SOLUTION

Suppose that the function f : (¢,L] x E? — E verifies
Flu()v() € PCY_y ([, L)),

for all u(.),v(.) € PCy_y([c,L]), f(.,0,0) € C([c,L],E) and there exists A,B € R"
and A > 1 — o such that

(Hy) Forany u,v,u,v€ E andforall t €Iy, k=1,...,m
£ (t,u,v) — f(2,0,9) < ANy (1, 20)||u —ul| + By — .
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(Hj) For each nonempty, bounded set Q C PCi_yy([c,L]), for all ¢ € I,k =
0,...,m, we have

B(f(1,2(t), Ty Q(0k(1))) < ANy (1,1)3(Q(1))) + BT YQ(04 (1)),

where T¥Q(0x (1)) = {30¥y(0k (1)), y € PCy_yy([c,L])}, k=0,...,m.

Suppose that the functions J; : E — E, k= 1,...,m, are continuous and there exists
C € R* such that

(H3) Foranyu € E :
@)l < Cllull, k=1,...m.
(H4) For each nonempty, bounded set Q C PC;_yy([c,L]), we have
B(Q())) < CHQAN)), k=0,...,m.

(Hs) T\ T, (mCF(oc+1)+(m+1)(ATK+BT*T5)> <T(o+1),
where T = max {T] Ty }

Our first result concerning the existence of solutions of the problem (3) for which
we have used the fixed point theorem of Monch’s is as follows:

Theorem 3. We assume that the hypotheses from (Hy) to (Hs) are satisfied, then
problem () has at least one solution in ]P)@l(—%w([c’l‘])‘

Proof. Consider the operator A : PC_yy([c,L]) = PCi_yy([c,L]) defined by

k
M| [Ny 1yt tic1) +
i=1 i=1

agls

Ay(1) = Ny-1y(t, %) '

B N1y (tk—j 1, 1= )i (0 (87))

k
—k—i ~OL ~0,
+ Zd/;:ﬁNy—l,w(lk—jH Jk—j)J:jt\lvf(tiay(ti):Jti,\‘l,y(ct,'_l (1))

t

gy, Y ONa 1yl (55365, 33 v (0x(5)) s,

for any t € I,k = 1,...,m. From the definition of the operator A and Lemma 7, we
see that the fixed points of A are solutions of problem (3). For this reason, it suffices
to verify the axioms of Theorem 1, it is done in four steps.

First step. We start to prove that A is continuous. Let € > 0 and {y, },ey — y in
PCi_yy([c,L]). The hypothesis (Hy) and (H3) confirm the existence of an integer
n; € Nsuch that, foralln > ny andt € I, k =0, ...,m, we have

[(a+1)e
(2m+ 1)(ATy, + BT*T5) To T,
(3.1

1 (2,3 (2), 30 ¥y (00(6))) = £(2,(0), T ¥y (o) || <
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and

k(5 )) = Iy < (3.2)

€
2mT;n71'
Thus, forallr € I, k=0,...,m, we have
k
Ny 1y (1) [1Ava (1) = Ay (@) || < Y T2 Wi (7)) = Ty (t0) |

=1
k
~Ys NS-, 5
+ ZTynil‘JZWHf(tiJrl,yn(tiJrl)’Jt,- Y9u(0i(tis1))) — £ (tis1,3(ti1), Ty Yy (0i(ti41)) ) |
=

T‘ o / W (N1 (t,) [ (5:0(5). T 3a(0k(5))) = £ (5:(5). 9 3(0(s)) s

By equations (3.1) and (3.2), we get

||Ayl’l - AyH]P)Cl—mw <

N m

Thus, A is continuous on PC;_yy([c,L]).

Second step. Now we will prove that A is bounded. Let y € PC;_yy([c,L]), from
(Hy) it is easy to deduce that Ny € PC;_yy([c,L]). Using (Hy) and (H3), for all
y €D ={y e PCi_yy([c,L]): H)’HPCW < x} andt € Iy, we get

k
Nty (2,15 Ay (Ol < IMI T+ T3 Y N1y (1106 (50) |
i=1
k

+TY—1ZN1 A tt,tz 1) w”f(t,,y(tl) Jt, |y(6tz 1(tt)))H
i= 1

) [ Ny (15)1 5060, 350 ) s

(m+ l)Ta -1

<72 (M| +C

(f* +K(ATX+BT*T5)>,
where f* = sup;c(.. 1) (I/(2,0,0)])).

Third step. We prove that (AD); is equicontinuous for all bounded subset D of
PCi_yy([c,L]), k=1,...,m, where (AD); the restriction of AD on the interval I,
let Dy be the subset which was previously defined. It suffices to prove that (ADy )k
is equicontinuous in Ci_yy([tx,fx41]). Let y € (Dx)x and 11,1, € Iy with 1y < 1, from
(Hy), we have

N1y (2, 5) Ay (£2) = N1y (11, 5) Ay(11) |
N; YAl I, Ik

Sr(/ W () Now 111, 8) = No 1y (12,) | £(5, (), 35y (0k(5))) s
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[N1—yy(72,2) — Ni—yy(t1,%)]
I'(a)

N ) [ (3Nl 9)1£(5,905), 3 (ols) s

[V 6N yl12.9)6.5(6.7 ¥ (04(5) s

F(a) 1
* L AKT), +BxT*Ts 1
< A ® [ W N1y (115) = Noc1y(2,)lds
F(OL) 17
S N1y (2, 1) — N1y (t1,10)] /" /
+ i ’ S)No—1.w(t2,s5)ds
(o) " V' ()Na-1,y(2,5)
AX|N;_ w2,k Ni— tlatk
N1y Fgw il / W (5)Na 1y (12,5) N1y (5,0 ds

BKT* [N _y(t2,1) — Ni_y (11,1
[ 1 Y:‘V( zr(k(i) 1 'Y,\V(l k)]/ W/(S)N(xfl,\y(tbS)NSerfl’\y(Satk)ds
Ik

f* —I—AKT;L —l—BKT*TS
F((X) / \V, N(X I\V(t27 )d

[+ ARy
= T+l 22Ny (12,11) +Nogy (11, 1) = Ny (12, )]
S Ta+AxDg a1 + BT Ty 5401
_|_
[No+1)
Taking 1, tends towards #;, we get that, the last inequality tends to zero. Then (ADy)x
is equicontinuous in Ci—yy([tx, tk+1]), k=0,...,m
Final step. We verify that A satisfies the assumptions of theorem 1. We pose

D = {y 6 ]P)(C]_Y-,W([C7L]) : ||y||]P)(cy,\y S R}7

where R is a real number verifies the following equality

W1-a(t2, k) —P1-a(t1,1)],

Ty, (F(OH— D) ||M|| + (m+ I)Tuf*>

R> (3.3)

C(a+1)—T7 Ty (mCF(OH—l) (m+ 1)(AT;L+BT*T5)>

First, we now show that A is defined from D to D, Indeed, for any y € D, by above
conditions (Hy), (Hs) and by according to a little calculation, for all # € I, we have

m

IN - 0) < ol (Tt DI+ 0n+ )7

+ Ty T CT (0.4 1) + (m+ 1)(ATy + BT*Ts) | R
—m m .
T(o+1) A o
From inequality (3.3), we obtain

¥y €D | Ayllec,y, <R
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Then A remains defined from D to D. Note that D is bounded, convex and closed
subset of PCyy([a,L]) and A is continuous on D, we can easily show the following
equality

O}y (NV)ie) = sup {0 (Ny_yy (1,0)AV (1)), t € It }
forallV C D, k=0,...,m. Next, we need to prove the following implication
V Ceonv{A(V)U{0}} = Oy (V) =0, forany V C D.

Let V C D such that V C conv{A(V)U{0}}. From (H3), (Hg), Lemmas 1-2 and the
previous steps, for all ¢ € I, we have

AT T;’i fis1
B (Ni_py(AV) (1)) Z[ W (5)Ng1y(ti1,5)0% (AV))ds
BT*TxT" -
+7“Z W ()Na 1y (ti41,5)0%  (AV))ds +CTI", Zﬁ AV))
F(OC) i=0" 1 par
ATy, +BT*T; (! .
T /tk W (5)No 1,y (2, 8) Oy (AV i) ds.
Thus,
Tyni] |:(m+ I)ATkJr(x + (m—|— 1)BT*T5+(X —I—mCF(Oﬁ—I— 1)
Sry(AV) < By (AV).

I'a+1)

By condition (Hs), we get Oy (AV) = 0, that is Oy (V) = 0. From Theorem 1, A
has a fixed point y € D which is a solution of Problem (*}3). Let us now show that the
fixed point of A is included in PC} wylle.L]), Lett € I, k=0,...,m. So, we have

k

k
M TNy 1y (83,11 +ZE SNy (s e I ())
i=1 i=1

F(#) = Ny—1,y(t, 1)

+

'[\’J*

|
— L

E‘ NY 1\|f(tk J1s - J)J f(l‘,,y(t,) Jt, 1y(6tl 1(tl)))
1
t

T Ve WNa 1y (1,5) £ (5.5(5), 33 ' 5(0k(5)) ) ds.

By entering X Q):Q on both sides and utilizing Lemma 6, we find
k

RL@ZJ() RLQ)““"’f( 5(1), 35 Y504, (1))

=KL P £ (1, 5(1), 30 ¥5(0,, (1)) -
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Thus, according to the hypotheses on f, we deduce that *-DY. 5(r) € Cf(,y(lk), k =
k

0,...,m, from the definition of PC! y(le:L]), we conclude that the fixed point y of

A is an element of such space. O

Our present result is based on the Darbo’s fixed point theorem.

Theorem 4. Suppose that the conditions (Hy) — (Hs) are valid. Then, the problem
(°B) has at least one solution. Moreover its solutions belong to PC} _ wlleL]) C

PCP (e, L).

Proof. By Lemma 7, the solutions of Problem (3) and fixed points of operator A
are coincident. We will prove that A satisfies the conditions of Darbo’s fixed point
Theorem 2. According to what precedes the operator A is defined from D to D,
continuous, bounded and that AD is equicontinuous, it suffices to prove that there
exists a real 0 < & < 1 such that

Byy(AV) <EByy(V), forall vV C D.

LetVCDandt €I, k=0,...,m. From (H), (Hy) and by using Lemmas 1-3, we
have

O Ny (,5) (AV) (1)) =© ({NHW t,0)Au(t), ueV})
ATme /LH

)N 1.y (tir1,8)0y, (AV);)ds

BT TsTm tit] ;
/ (5)Na 1y (ti21,5)8], ((AV);)ds
ti

+CT,", Z ﬁw (AV)))
i=0

AT, +BT*Ty [, )
S /, W (5)Na 1y (8, 5)8%  ((AV ) )ds.
So, from (Hs) there exists a real 0 < & < 1 such that

By (AV) < EOyy(V), forall V C D,

where & = T(Hl) [(m+ 1)ATy o+ (m+1)BT*Ts o+ mCT(0t+ 1)]. So, Theorem 2
assures us that the operator has at least one fixed point y. Method similar to that of
the last step of our first result, we find that its fixed points belong to PC! _yylle,L]) C

PCP (e, L) O
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4. STABILITY

Forany e >0,{>0and0: (¢,L] — R™ be a continuous function, we consider the
following system of inequalities

©) {IH@“B"’O f(ty()”?+“’y<ck()))||<se(z), el k=0,....m
Ayl — ()l <eCk=1,..

Definition 4. Problem (*3) is said to be stable in the sense of Ulam-Hyers-Rassias
according to (6, ) if there is a real number X ¢), for all solution @ € PC;_yy([c,L])
of problem (&) there exists a solution y € PC_y([c,L]) of problem (*B) such that

lyv(t) —@(r)]| < €X(6,0) (G(I) + C), forallz € (c,L].

Remark 1. A function ® of PC;_yy([c,L]) is called solution of problem (&) if
there exists a function @ € C([c,L)) and constants px € E, k = 0,...,m satisfies
llo(7)]| <€B(r) and ||px|| < €L, t € Iy, k=0,...,m, such that ® is a solution of the
following problem

{ Ty (0) = £, 30,300 1) + 00), 1€ Dy k=0,...om
Ayyylo =JI(( ) +pes k=1,....m
In the following we give a result about the stability in the sense of Ulam-Hyers-

Rassias of Problem (B3). We are interested in studying the case where 8 : (¢,L] — R™
is a constant function.

Theorem 5. Suppose that the conditions (Hy) — (Hs) are valid. Then, the problem
(*B) is stable in the sense of Ulam-Hyers-Rassias according to (6,0).

Proof. Lete > 0,® € PC_yy([c,L]) be any solution of Problem (&) and y be the
solution of the following problem

H@g’ﬁ’wy() Flty(),3 ‘Vy(ck(t))), te€h, k=0,....m

(m) AY,\Vy|tk ()’(I )) kzlavma
jlﬂ"’y( ) = 3 TYG(65),k=0,...,m

From Lemma 6 the solution y of the previous problem is written in the following
form

~l=vv

J,k )’(tk ) 1 !

Ny_1wlt,t) +=— "(5)No—1.w(t,8)f (s, s,TJB’W or(s)))ds.
F('Y) Y- 17‘41( k) F(Q) Ikllj() o 17‘4!( )f( y() t y( k( )))
Since @ is a solution of Problem (&) and by utilizing the remark 1, we have

{ H@;ZF’B’WG)(I) = f(hm(t)ajif’rwm(ﬁk(t))) +(p(t)a tel= ([kytk—i-l]a k= 0,...,m

AY,Wm|tk = Jk(GS(tk_)) +pr, k=0,...,m

y(t)=
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Thus, forallt € Iy, k=0,...,m, ® is given by

1=,
I+ Vo5

o(t) = 500 Ny-1y(t,%)
- r(loo V(5N 1y(£,5) (@(ﬂ +f(s@<S>733""“("k(”))>ds'

Since ’J;:Y’\"y(t,j) = J;IY"“m(t,j). So, forall t € (tx,tx41], k=0,...,m, we have
k k

() — (1) < 217 (1,800, 35 8(0(1))) — £ (1500, 35y (0(0) |+ 3% (0|
From (H3), we get

To (AT, + BT*Ts) €Ty
1— o— <% g
( Tarn )@ Mecw = 7T

Thus, for all € (¢, L], we obtain

Ty—lToc
o) —y@)| < 0 €.
Thus, the proof is completed. g
5. EXAMPLE

Wepose y(t)=t,m=1,t0=0,t;, =05, b =1,6=1,a=B=A=358=0.5and
E={01y2,-5yn,) 2 supyn| < oo}, with [[y][ = sup|ya|.
We take the following problem
@Yy (1) = ( f,,(t,y(t),ji’wy(ck(t))))::l, t€ (e,tenr] © (0,1), k=0,1 (5.1)

To:"¥y(07) = (1,0,...,0,...). (5.2)

-
Apydli—y =105 ), (5.3)

with

-3,
30V va(ok(t)) N Vi—1;

N&‘V J—

yu(t),k=0,1,n € N* and

1
Ji(u) = To™ forallu € E.

We can easily see that f : (tx,%+1] X E — E, k=0,1 and J; : E — E are continuous
and there exists A =B =C = 11—0 such that

| f(t,u,v)—f(t,u,9)|| <AVt —t|lu—7||+B||lv—||, for all € I and u,v,u,v € E and
|1 ()] = C||ul|, for all u € E.
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So, (Hj) and (Hy) are valid. Next, let Q be a bounded subset of PCy,([0,1]), we
have

o( 70,003 (00) ) < 15 (Vimas(a ) + (s ¥areu) ). s

and

19<J1 (Q(t)> < % <Q(t)>.

Thus, (H;) and (H3) are satisfied. A quick calculation gives us

Ty Ty (mCF(OH— 1)+ (m+ 1)(AT;L—|—BT*T5)) <TI'(a+1).

So, (Hs) holds. By virtue of Theorem 3 or 4 the problem (5.1)-(5.3) has at least one
solution. Moreover, from Theorem 5, we have for any constant function 6 : (0,1] —
[0,00) and { > 0, the problem (5.1)-(5.3) is stable in the sense of Ulam-Hyers-Rassias
according to (0,).

6. CONCLUSION

In this paper, we study the existence of a solution and its Ulam-Hyears-Rassias
stability for certain pantograph fractional integro-differential equations with impuls-
ive conditions. The significance of our work is that these conditions are nonlocal.
The future consideration will be to consider non-instantaneous impulsive conditions.
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