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Abstract. In the present paper, we characterize Lie (Jordan) o-centralizers of generalized
matrix algebras. More precisely, we obtain some conditions under which every Lie o-centralizer
of a generalized matrix algebra can be expressed as the sum of a G-centralizer and a center-
valued mapping. Further, it is shown that under certain appropriate assumptions every Jordan
o-centralizer of a generalized matrix algebra is a o-centralizer. Finally, the main results are
applied to triangular algebras.
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1. INTRODUCTION

Let 4 be an algebra over a commutative unital ring & with center Z(A4). For
any a,b € 4, [a,b] = ab — ba (resp. aob = ab+ ba) denotes the Lie product (resp.
Jordan product). Let ¢ be an automorphism of 4. An X -linear mapping L: 4 — 4
is called a left o-centralizer (resp. right 6-centralizer) if L(ab) = L(a)o(b) (resp.
L(ab) = o(a)L(D)) for all a,b € 4. 1t is called a G-centralizer if it is both a left
c-centralizer as well as a right 6-centralizer. An X -linear mapping L: 4 — 4 is
called a Lie o-centralizer if L([a,b]) = [L(a),c(D)] (or L([a,b]) = [o(a),L(b)]) for
all a,b € 4. An R -linear mapping L : 4 — A4 is called a Jordan G-centralizer if
L(aob) = L(a) oo(b) (or L(aob) = c(a) o L(b)) for all a,b € 4. One can easily
see that the conditions L([a,b]) = [L(a),o(b)] (resp. L(aob) = L(a) o (b)) and
L([a,b]) = [o(a),L(D)] (resp. L(aob) = 6(a) o L(b)) are equivalent. Obviously, every
o-centralizer is a Lie o-centralizer as well as a Jordan o-centralizer but the converse
statements are not true in general. If d : 4 — 4 is a 6-centralizer and ¢ : 4 — Z(A4)
is a linear mapping, then d + ¢ is a Lie c-centralizer on 4 if and only if ¢([a,b]) =0
for all a,b € A. A Lie c-centralizer is called proper if it can be written as the sum of
a o-centralizer and a center-valued mapping.

The first author is partially supported by a research grant from NBHM (No.
02011/5/2020NBHM(R.P.) R & D 11/6243) and the second author by a research grant from DST
(No. DST/INSPIRE/03/2017/IF170834).

© 2023 Miskolc University Press


http://dx.doi.org/10.18514/MMN.2023.4038

580 M. ASHRAF AND M. A. ANSARI

Let R be a commutative ring with identity. A Morita context consists of two & -
algebras 4 and B, two bimodules 7Mz and 3N, and two bimodule homomorph-
isms called the pairings {arar 0 M Q5 N — A and Yo g : NQ g M — B satisfying
the following commutative diagrams:

Carnc®Iar Wacar® 1o

MON @M AM and NOM QN BN
B A A4 A4 B B
IM®‘V9\[M = I.‘?\(®CMN [~
MB = M N®a = A
B Aa

We denote this Morita context by (A, B, M, N, Carar, Warar) If (A, B, M, N\,
Carars Wagar) is a Morita context, then the set

(2 %)-100 %)

forms an % -algebra under the usual matrix operations, where at least one of the two
bimodules M and A is distinct from zero. Such an R -algebra is called a generalized
matrix algebra and it is denoted by G = G(A4, M, N, B).

Throughout the paper, we assume that 4 and B are unital algebras with identity
elements 14 and 14, respectively and M is a faithful (A4, B)-bimodule, but no any
restrictions on A(. In view of [19, Lemma 3.1], the center of G is given by

aeﬁl,meM,neﬂ\[,beﬂa}

Z(g):{aGBb acA, beB, an=mb, na=bn forall mec M, nGN},

where a ® b = g 2 > Define two natural projections Tg : G — A and

a

Tz G — Bbyng Z’Z =a and Ty ’Z =b. By [19, Lemmas 3.1

and 3.2], it is easy to see that m4(2Z(G)) C Z(A4), ng(2(G)) C Z(‘B) and there ex-
ists a unique algebra isomorphism & : w4(Z(G)) — ng(Z(G)) such that am = m&(a)
and na=¢&(a)nforallme M, n e N.

The aim of this paper is to characterize Lie (Jordan) 6-centralizers of generalized
matrix algebras. Over the past few decades, a lot of work concerning characteriz-
ations of Lie (Jordan) mappings on various rings and algebras have been done (see
[2,3,5,9,10,15,16,21] and references therein). A related problem in this area is to
characterize centralizers on various rings and algebras. Centralizers on different rings
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and algebras have been broadly examined by many algebraists (see [6—8] and refer-
ences therein). Zalar [20] introduced the notion of Jordan centralizers and proved that
every Jordan centralizer on a 2-torsion free semiprime ring is a centralizer. Vukman
and Kosi-Ulbl [17, 18] extensively studied centralizers mainly on semiprime rings.
In the year 2019, Fosner and Jing [6] introduced the notion of Lie centralizers and
investigated the additivity of Lie centralizers of triangular rings. Recently, in [14],
Liu studied the structure of nonlinear Lie centralizers of generalized matrix algebras.
Inspired by these results, in this paper we investigate Lie (Jordan) G-centralizers of
generalized matrix algebras. In fact, we prove that under certain restrictions every
Lie o-centralizer of a generalized matrix algebra is proper (Theorem 1), and every
Jordan c-centralizer of a generalized matrix algebra is a 6-centralizer (Theorem 2).
The study of group of automorphisms is an important key for understanding the
underlying algebraic structure. Hence, the study of group of automorphisms of vari-
ous kinds of algebraic structures have been extensively investigated in the literature
(see [1,4, 11-13] and references therein). However, it is not always possible to de-
termine all the automorphisms of the given algebraic structure in the general case.
For example, Boboc et al. in [4, Remark 4.8] explained that Morita context rings are
the rings with non-trivial idempotents, and hence there is virtually no hope of finding
all automorphisms of Morita context rings in the general case. Therefore, we shall
use the following class of automorphisms of a generalized matrix algebra G which,
under certain restrictions on G, coincides with the group of all automorphisms of G.

Lemma 1. [+, Proposition 2.1] Let (Y,8,u,v,mo,ng) be a 6-tuple such thaty: 4 —
A and & : B — B are automorphisms, u: M — M is a (Y,d)-bimodule isomorphism,
v: N = N is a (3,7)-bimodule isomorphism, mo € M and ng € N are fixed elements,
such that the following conditions are satisfied:
(i) moN =0 and Nmg = 0,
(if) Mno=0and ngM =0,
(iii) u(m)v(n) =y(mn) and v(n)u(m) = &(nm) for allm € M and n € N(.
Then the mapping ¢ : G — G defined by

(3 8) = Costar-Eomren " 507

is an automorphism.

Let us denote the set of all automorphisms of G defined in Lemma 1 by Autd(G)
and the group of all automorphisms of G by Aut(G). Itis easy to see that Autd (G) is a
subgroup Aut(G) containing the identity automorphism. In [4, Theorem 4.7], Boboc
et al. proved that if G = G(A4, M, N\, B) is a generalized matrix algebra such that 4
and B have only trivial idempotents and both the bilinear mappings Casar, Wayas are
zero, then Aut)(G) UAut} (G) = Aut(G), where Aut}(G) is the set of all automorph-
isms of G as given in [4, Proposition 2.2]. Note that if 4 and ‘B are not isomorphic,
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then Aut} (G) = @. Therefore, if G = G(A, M, N\, B) is a generalized matrix algebra
such that 4 and B have only trivial idempotents, A4 and ‘B are not isomorphic and both
the bilinear mappings (g, Warar are zero, then Aut)(G) coincides with Aut(G).

2. 0-CENTRALIZERS OF GENERALIZED MATRIX ALGEBRAS

In this section, we give the structure of a 6-centralizer A : G — G with associated
automorphism ¢ of G as given in Lemma 1.

Proposition 1. Let A: G — G be a o-centralizer with associated automorphism
6 of G as given in Lemma 1. Then A is of the form

A( a m ) _ ( Ari(a) Ar1(a)mg —moBy(b) 4 Ci2(m) )
n b noAiq (a) — By (b)n() + Dy (n) By (b) ’
where Aj1 : A— A,Ci1p: M — M, Dy : N.— N and By, : B — B are R -linear
mappings satisfying the following conditions:
(i) Ayy is a Y-centralizer of A, By is a 8-centralizer of B;
(ii) Ap1(mn)=Cia(m)v(n) =u(m)Day(n), By (nm) = Dyj(n)u(
(iii) C]z(am) :An(a)u(m) = ’Y(a)Clz(m), C]z(mb) = C]z(ﬂ’l)&(b) = l/t(m)Bgz b);
(iv) Dz] (na) = v(n)A1 1 (a) = D21 (l’l)’Y(a), Dz] (bn) = S(b)Dgl (n )
Proof. Suppose that the o-centralizer A is of the form

A( a m ): ( All(a)-l—BH(b)-l-Cn(m)+D11(n) A12(d)+312(b)+C12(m)+D12(n) )
b Az1(a) + B2 (b) +Ca1(m) + Dat(n)  Ax(a)+Baa(b) +Coa(m)+Dxa(n) )’

where Ajq,B11,Ci1,Dq1 are R-linear mappings from A, B, M, A to 4, respect-
ively; A1z, B12,C12, D1 are R -linear mappings from 4, B, M, N to M , respectively;
A21, By,
C>1, D5 are R -linear mappings from A, B, M, N to A, respectively; and Ay, B2y, Cas,
D are R -linear mappings from 4, B, M, A to B, respectively.
Since A is a 6-centralizer, we have
Alxy) = A(x)o(y) = o(x)A(y

)
a 0 0 m\.
Let us choose x = 0 0 andy = 0o o )i (2.1). Then, we find that

( Cii(am) Ciz(am) > _ < 0 Aji(a)u(m) >
Cy1(am) Cx(am) 0 Azi(a)u(m)

) Y(@)Cra(m) +v(a)moCr2(m) >

noy(a)Cii(m) noy(a)Cia(m) '

forall x,y € G. 2.1

Thus,

1
Ciz(am) = A1 (a)u(m) = y(a)Ci2(m) +y(a)moCaz (m),
C21 (am) =0= n()'Y(a)Cn (m) and
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Caz(am) = Az (a)u(m) = noY(a)Ciz(m).
Putting a = 14, we get

Cn(m) = O,mQCQQ(m) = 0,C21 (m) =0 and ng(m) = noclz(m) =0.

Hence, Ci2(am) = Aj1(a)u(m) = y(a)Ci2(m). Similarly, choose x = ( rg ) and

o O

y= ( 8 2 in (2.1) to obtain Cy2(mb) = C12(m)d(b) = u(m)Bay(b).

00 a 0.
Ifwetakex-(n O)andy—<0 0>1n(2.l),thenwehave

( Dyy(na) Diz(na) > _ ( Dy (n)y(a) Dy (n)y(a)mo )
Dy (na) Dx(na) D1 (n)y(a) + Daz(n)noy(a) Dai(n)y(a)mo

B ( 0 0 >

— \v(n)Ay(a) v(n)Ap(a) )
This implies that Dy (na) = Dy1(n)y(a) =0, D12(na) = D1y (n)y(a)mo =0, Dy (na) =
Dy (n)y(a)+ Do (n)ngy(a) =v(n)Aj;(a) and Dy (na) = Dy (n)y(a)mo =v(n)A12(a).
Puttinga =14, we get Dy (n) =0, Dlz(n) =0,Dy (n)no =0and Dy (n) =Dy (n)mo

=0. Hence, Dy (na) = Dy (n)y(a) =v(n)A;1(a). Similarly, by taking x = < 8 2 >

and y = < 2 8 ) in (2.1), we can obtain Dy (bn) = B (b)v(n) = 8(b)Dy1 (n).

. [ a O [ a 0.
Consider x = <0 0> y—< 0 O)m(Z.l).Then
)
)

<A11(ala2) Ap(aiaz ) < Ajr(ar)y(az) All(fll)Y(az)nm)
Axn(a1az Asi(ar)Y(a2) +Ax(ar)noy(az) Azi(ar)y(az)mo

:< Y(ai)Ari(az) Y(al)Alz(az)+Y(al)moA22(az))
noy(a)Ai(az) noY(ai)A2(az) '

From the above expression, we see that

Api(a1a2) = Api(a1)¥(az) = Y(ar)An (a2);
App(a1az) = Ar1(ar)Y(az)mo = y(ar)A12(az) +y(a1)moAxn(az);
Azi(a1az) = Azi(ar)Y(az) +Ax(ar)noy(az) = noy(ai)Ar (az);
Axn(aiaz) = Az (ar)Y(az)mo = noy(ai)A2(az).
Putting a, = 14, we get Ajx(ay) = Aq1(ar)mp and Ay (ay) = Azi(ay)mo = 0. Taking
a; =l g, wehave Ay (az) =noAy1(az), Axn(az) =noAiz2(az) =0. Since ay,a; € 4 are

arbitrary, we conclude that Aj; is a y-centralizer of 4, Ajz(a) = Ay (a)mo, Azi(a) =
npAi1(a) and Ay (a) = 0 for all a € 4. Repeating the same computational process
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0 0
0 b
Bzz(bl b1)Bay(by), for all by, by € B, i.e., By, is a d-centralizer of B and
Bll( 0 Bl ( = —man( ) 321(b) = —Bzz(b)n() for all b € B.

0
0

and choosmg x= < > and y = < in (2.1), we obtain By (b1b;) =
by

Putting x = ( " ) and y = < 2 n (2.1), we arrive at

(Gt At ) (el )= () ) ).

This yields A1y (mn) = C12(m)v(n) = u(m)Dy; (n). Similarly, choosing x = < 2 8 >
and y = ( 8 ’g > in (2.1), we get By, (nm) = Dy (n)u(m) = v(n)Ci2(m). U

If M is a faithful (A4, B)-bimodule, then condition (i) in Proposition 1 become
redundant and we obtain the following result:

Corollary 1. Let G = G(A, M , N, B) be a generalized matrix algebra with faith-
ful M and A: G — G be a G-centralizer with associated automorphism 6 of G as
given in Lemma 1. Then A is of the form

a m\ Aj1(a) Ay (a)mo —moBap(b) + Cia(m)
A< n b > o < l’loA]l( )—B;(b)no +D21(n) ; ’ B(z)z(zlf) . > )
where Aj1 : A— A, Cio: M — M, Dy : N.— N and By, : B — B are R-linear
mappings satisfying the following conditions:
(i) A1i(mn) =Ci2(m)v(n) =u(m)Dyi(n), Boz(nm) = Do (n)u(m ) v(n)Cia(m);
(if) Cia(am)=Ayi(a)u(m) =y(a)Ci2(m), Cr2(mb) = C2(m)d(b) = u(m)Ba (b);
(iii) D21(na) =v(n)A11(a) = Dai(n)y(a), D21 (bn) = 8(b)Dai(n) = Bzz( v ( )-

Proof. In view of Proposition 1, it is sufficient to show that if A is a faithful
(4, B)-bimodule, then Aj; is a y-centralizer of 4 and By, is a §-centralizer of B. For
allaj,a, € 4 and m € M, we see that

Ari(a1ap)u(m) = Crp(ayagm) = Ay (ay)u(agm) = Ay (ay)y(az)u(m).
Thus, {A11(a1a2) —A11(a1)Y(a2) } M = {0}. Since M is a faithful left 4-module, we
have Ay (alaz) =Aq (a1 )Y(az> Further,

A (alaz)u(m) = Clz(alazm) = y(al)Clz(agm) = Y(al)All (az)u(m)

forallay,a, € 4,m e M. Hence {A;(ajaz) —y(a1)Ay1(az) } M = {0} which implies
that Ay (ajaz) = y(ay)A11(az). Therefore, Aj; is a y-centralizer of 4. In a similar
manner, one can prove that By; is a d-centralizer of B. ]
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3. LIE 6-CENTRALIZERS OF GENERALIZED MATRIX ALGEBRAS

In this section, we prove that under certain conditions every Lie G-centralizer of
a generalized matrix algebra is proper. To prove this, we first characterize a Lie
o-centralizer £ : G — G with associated automorphism ¢ as given in Lemma 1.

Proposition 2. Let L : G — G be a Lie 6-centralizer with associated automorph-
ism 6 of G as given in Lemma 1. Then L is of the form

a m Rll(a)+S”(b)
L( n b ):< no(Ri1(a) +S11(b)) — (Raz(a) +S22(b))no + Uz1 (n)
(R11(a) +S11(b))mo — mo(Raz(a) + S22 (b)) + T12(m) )
Rzz(a) -‘rSzz(b) ’
whereR11 A— A4 811 @—)Z(ﬂ), Tiy: M—)M, Usy 29\[—)9\[, Rzz:ﬂ—)Z(@)
and Sy : B — B are R -linear mappings satisfying the following conditions:
(i) Riy isa Liey-centralizer of 4, Ry1(mn) —S11(nm) = Tio(m)v(n) = u(m)Uy; (n);
(i) Sap is a Lie d-centralizer of ‘B, Sxx(nm) — Ry (mn) = Uy (n)u(m) =v(n)Ti2(m);
(iit) Tiz(am)=Ri1(a)u(m) —u(m)Rn(a) =v(a)Ti2(m), Tio(mb) = Tio(m)8(b) =
u(m)Sx(b) — Si1(b)u(m);
(iv) Uai(na) =v(n)Rii(a) — Rn(a)v(n) = Ui (n)Y(a), Uzi(bn) = 8(b)U21(n) =
Sx(b)v(n) —v(n)S11(b);
(v) Rx([ar,az]) =0 and S11([b1,b2]) =0.

Proof. Suppose that the Lie o-centralizer L is of the form

s a m _ R11(a)+S“(b)+T11(m)+U11(n) Rlz(a)+S12(b)+T12(m)+U12(n)
n b Ra1(a) +821(b) + To1 (m) +Ua1(n)  Raz(a) +S22(b) + Toz(m) +Usa(n) |’

where Ry1,S11,T11,U;; are R -linear mappings from 4, B, M, N to A4, respectively;
R12,812,T12,Uy; are R -linear mappings from 4, B, M, N\ to M , respectively; Ra1, 521,
T»1, Uy are R -linear mappings from 4, B, M, N to A, respectively; Ry, 82, 152, Us
are R -linear mappings from 4, B, M, N\ to ‘B, respectively.

Since L is a Lie o-centralizer, we have

L([x,y]) = [L(x),0(y)] = [0(x), L(y)] forall x,y€ G. (3.1

|=
0 m
andy:( 0 0 )mto (3.1), we get

Choosing x = < g 8 )
< Tii(am) Tiz(am) ) _ < u(m)Ryi(a) Ryi(a)u(m) —u(m)Ryp(a) )
Ty (am) Th(am) 0 Ry (a)u(m)
_ [¥(a), T (m)] Y(a)Ti2(m) +v(a)moTaz(m) — Tiy (m)y(a)mo
noY(a)Ti1(m) — Toy (m)y(a) — Toa (m)noy(a) noY(a)Tiz(m) — To1 (m)y(a)mo ’
Thus, 71y (am) = u(m)Ry1(a) = [Y(a), T11(m)], Tia(am) = Ri1(a)u(m) —u(m)Ry (a) =
Y(a)Ti2(m) +Y(a)moTo2(m) — Th1 (m)Y(a)mo, Tar (am) = 0 = noy(a)Ti1 (m) — To1 (m)Y(a)
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—Tyn(m)ngy(a) and Thr(am) = Ry (a)u(m) = noy(a)Tia(m) — Ta1 (m)y(a)mg. Put-
ting a = 14, we get Ty1(m) = 0, Tr1(m) = 0, and Ty (m) = 0. Thus, Tiz2(am) =
Ruy(@)u(m) — u(m)Rys(a) = (@)Tio(m). Similarly, choose x = (o ) and y =

0 0
0 b

If we take x = ( 2 8 ) and y = ( a 0 > in (3.1), then we have

0 0
( Uii(na) Uy (na) >

to obtain T12(mb) = u(m)Sx(b) — S11(b)u(m) = Ti2(m)d(D).

Usi(na) Uxp(na)

— [U11(n),Y(a)] Uni(n)y(a)mo —Y(a)Ura(n) —y(a)moUna (n)
Uai (n)y(a) + Uz (n)noy(a) — noy(a)Ur (n) Uai (n)y(@)mo — noy(a)Ur2(n)

)
_ < —Ri2(a)v(n) 0 >
v(n)Ry1(a) —Rxp(a)v(n) v(n)Rix(a) )

Uii(na) = [Ur1(n),y(a)] = —Riz2(a)v(n)
Uiz(na) = Uni(n)y(a)mo —Y(a)Ur2(n) —Y(a)moUa(n) =0
Ui (na) = Uz (n)y(a) + Un(n)noy(a) — noy(a)Ui (n) = v(n)Ri1(a) — Rax(a)v(n)

Upz(na) = Uai(n)y(a)mo — noY(a)Ur2(n) = v(n)R12(a)
= Un1(n)y(a)mo — no¥(a)Utz(n).
Putting a = 14, we get U (n) = 0, Ujp(n) = 0 and Uy, (n) = 0. Hence, Uz (na) =
)

Usi(m)Y(@) = v(n)Ryi(a) = Raa(a)v(n). Similarly, take x = <8 2) and

y= ( S ) 0 obtain Us; (bn) = 8(b)Us1 (1) = Sas (b)v(n) — v(m)S11 (b).
Taking x = < aol 8 ) andy = < %2 8 > in (3.1), we get
<R11([al,a2]) Riz([a1,a2]) >
Ry

(la1,a2]) Raa([ar,az])
_ [R11(a1),Y(a2)] Ri1(ar)y(az)mo —y(az)Ri2(ar) —y(az2)moRy2(ar)
T\ Rar(ar)v(a2) + Raa(ar)ngy(az) — noy(az)Ry1 (ar) 0
_ [¥(a1),Ri1(a2)] Y(a1)R2(az) +v(a1)moRy2(a2) — Ry (az)v(ar)mo
noY(ai)Ri1(a2) — Ry (az)¥(ar) — Raa(az)noy(ar) 0 )
Thus, Ry ([a1,az]) = [R11(a1),Y(az)] = [y(a1),R11(az)], i.e., Ry is a Lie y-centralizer
of 4, Ri2([a1,az]) = Ri1(ar)v(az)mo —Y(az2)Riz(ar) —Y(az)moRa2(a1), Rai ([a1, a2]) =
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Ry (a1)’Y(a2) +R22(a1)noy( 2) (az)Rn (al) and Rzz([d] ,az]) =0. Taking a) =
aandazz 1;4,We gCtR12 = 1 mO—mQRzz( ) R21(a):noR11(a)—R22(a)n0

o

o . 0.
Similarly, choosing x = ( by ) and y = ( 0 by, |1 (3.1), we get

S11([b1,02]) =0, S12(b1) = S11(b1)mo —mpS22(b1), S21(b1) = noS11(b1) —S22(b1)no
and Sx([b1,b2]) = [S22(b1),8(b2)] = [8(b1),S22(b2)], i.e., Sxz is a Lie d-centralizer
of B.

If we consider x = <

(59)

a

-

) andy = ( 8 2 ) in (3.1), then we have

_ 0 —R11(a)mpd(b) + R12(a)d(b) +mod(b)Rya (b)

 \ —R2d8(b)ng +8(b)noR11(a) — 8(b)R21 (a) [R22(a),d(b)]

_ [¥(a),S11(b)] ¥(@)S12(b) +v(a)moS22(b) — S11(b)¥(a)mo
noY(a)Sp — S21(b)Y(a) — S2(b)noy(a) 0 '

This gives [Rx2(a),d(b)] =0 and [y(a),S11(b)] =0 for all a € 4, b € B. Since y
and d are automorphisms of 4 and ‘B, respectively, we conclude Ry (a) € Z(‘B) and
Sii(b) € 2(A).

Furthermore, if we take x = ( 8 ’g ) andy = ( 2 0 > in (3.1), then we have

< Ry (mn) — Sy (nm)  Ri2(mn) — Si2(nm) > _ < le(n(z))v(n) 0 )

Ry (mn) — Sa1(nm)  Roa(mn) — Sy (nm) 0 —v(n)Tia2(n)

_ ( u(m>gzl(”) _U21(?a>u(m> )

This implies that Ryj(mn) — Sii(nm) = Tia(m)v(n) = wu(m)U(n) and
Rz (mn) — Sy (nm) = —v(n)Tia(n) = —Uypi (n)u(m). O
If M is a faithful (A4, B)-bimodule, then condition (v) in the above theorem can

be obtained using condition (iii). Thus, we have

Corollary 2. Let G = G(A, M, N, B) be a generalized matrix algebra with faith-
ful M and L : G — G be a Lie 6-centralizer with associated automorphism 6 of G
as given in Lemma 1. Then L is of the form

L( z ’Z ):
( Rii(a)+511(b) no(R11(a) +S11(b)) — (Raz(a) +S22(b))no + Uay (n) )
(R” (a) + 511 (b))mo —my (Rzg (a) + 8527 (b)) + T]z(m) Ry» (a) +522(b) ’

whereRll A—4, 8 : B — Z(ﬂ), Tis: M — M, Uy : 9\[—) 9\[, Ry»: 44— Z(B)
and Sy : B — B are R -linear mappings satisfying the following conditions:
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(i) Ryy is a Lie Y-centralizer of A, Ryi(mn)— Si1(nm) = Tia(m)v(n)

=u(m)Uy (n);

(ii) Sy is a Lie &-centralizer of ‘B, Sx(nm) — Ry(mn) = Ui (n)u(m)
=v(n)Ti2(m);

(iii) le(am) = R11 (a)u(m) — M(m)Rzz(a) = Y(a)le(m), le(mb) = le(m)?)(b) =
M(m)Szz(b) — Su(b)u(m);

(iv) Uai(na) = v(n)Rii(a) — Raa(a)v(n) = Uri(n)Y(a), Uai(bn) = 8(b)Uai(n) =
Sx(b)v(n) —v(n)S11(b).

The following proposition gives necessary and sufficient conditions for a Lie ©-
centralizer with associated automorphism ¢ of G as given in Lemma 1 to be proper.

Proposition 3. Let G = G(A, M, N, B) be a generalized matrix algebra. A Lie
o-centralizer L : G — G of the form presented in Proposition 2 is proper if and only
if there exist linear mappings g : A — Z(A4) and Ly : B — Z(‘B) satisfying the
following conditions:

(i) Ry1 — Vg is a y-centralizer of A and Sy, — Uy is a 8-centralizer of B;
(ii) La(a) BRa(a) € Z(G) and S11(b) B Lg(b) € Z(G) forallac A, b € B,

(iii) £q(mn) = S11(nm) and Ry (mn) = Lg(nm) for allm € M, n € NL.

Proof. Assume that L is a Lie o-centralizer of G of the form presented in Propos-
ition 2 and there exist linear mappings {7 : 4 — Z(A4) and {5 : B — Z(‘B) satisfying
conditions (i) — (iii). Define two mappings A and 7 as follows:

A( a m ) _ < (R11 —La)(a) (Ri1 —£a)(a)mo —mo (S22 — Lp)(b) + Ti2(m) )
no b )\ no(Rii—Lz)(a)— (S22 —Lg)(b)no+Uai(n) (S22 — L) (D)

T< Z ’Z ) N < Eﬂ(a)gS“(b) Rzz(d)i%(l’) )

It is easy to see that A and T are R -linear mappings and £ = A + t. Moreover, it
follows from Proposition 1 that A is a 6-centralizer of G. It only remains to show that
1(G) C Z(G). Using assumption (ii), we have
(La(a) +S11(b))m = La(a)m+S11(b)m = mRa(a) + mlg(b) = m(Ryz(a) + ls(D))
for all m € M. Similarly, n(¢4(a) + S11(b)) = (Rxn(a) + L5(b))n for all n € AL
Hence, it follows that ©1(G) C Z(G).

Conversely, suppose that £ is proper, that is, L = A+ T, where A is a 6-centralizer

and T is a center-valued mapping. In view of the representations of £ and A, the
mapping T = L — A has the following form:

a mY\ [ (Ri—An)(a)+S1(b) 0
T( n b >_< ! ! 0 ! Rzz(a)+(522—322)(b) >

Set £ = Ry1 —Aj; and £ = Sy, — Byy. Then, it is straightforward to check that ¢4
and /g are the desired mappings satisfying assumptions (i) — (iii). O

and
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By Corollary 1, if M is a faithful (4, B)-bimodule, then condition (i) of the above
proposition becomes superfluous. Thus, as a consequence of Proposition 3, we have
the following corollary:

Corollary 3. Let G = G(A, M ,N,B) be a generalized matrix algebra and
L : G — G be a Lie 6-centralizer with associated automorphism 6 of G as given
in Lemma 1. If L is proper, then the following conditions hold:

(i) R (A) € mp(2(G)) and $11(B) S na(2(G));
(if) S11(nm)@ Ry (mn) € Z(G) forallm e M, n € N.
The converse also holds provided M is faithful.

Proof. If L is a proper Lie o-centralizer of G, then the required conditions follow
directly from Proposition 3. For the converse, suppose that M is a faithful (4, B)-
bimodule and L is a Lie o-centralizer of G of the form presented in Proposition 2
satisfying (i) and (if). Since M is faithful, there exists a unique algebra isomorphism
£:1mq2(2(G)) = ng(Z(G)) such that a®&(a) € Z(G) forall a € mgq(Z(G)). Define
lq:A— Z(A)and lg: B — Z(B) by fq =& ' oRy and £ = £ 0 Sy, respectively.
It is easy to verify that £4 and £z are linear mappings satisfying the hypotheses of
Proposition 3. Therefore, £ is proper. O

Now we are in a position to give a sufficient condition for a Lie 6-centralizer with
associated automorphism 6 of G as given in Lemma 1 to be proper.

Corollary 4. Let G = G(A, M , N, B) be a generalized matrix algebra with faith-
ful M. A Lie 6-centralizer with associated automorphism G of G as given in Lemma
1 is proper if the following conditions hold:

(i) ma(2(G)) = 2(A), n3(2(G)) = Z(B) and
(ii) either A or B does not contain nonzero central ideals.

Proof. Suppose that L is a Lie o-centralizer of G of the form presented in Propos-
ition 2. We shall use Corollary 3 to prove that L is proper. Obviously, the condition
R (A) Crg(2(G)) and S11(B) C na(2(G)) of Corollary 3 follows from the as-
sumption (/). We only need to show that S, (nm) ® Ry (mn) € Z(G) forallm € M,
n € AL. Without loss of generality, assume that 4 does not contain nonzero central
ideals. Define £4(a) = &' (Rx(a)). Then £4(a) ® Ry(a) € Z(G) forall a € 4. Set
Ay =Ry — g and v(a,b) = {4(a)+ S11(b). Using Proposition 2(iii), one can easily
show that Ay is a y-centralizer. Again, using Proposition 2, we have

v(mn,—nm) = {q(mn) — S11(nm) = Ry (mn) — Ay (mn) — Sy1(nm)
= Tio(m)v(n) — Ay (mn)
for all m € M, n € AL. Thus, using the fact that Ay; is a y-centralizer, we have
v(amn,—nam) = Ti2(am)v(n) — Ay (amn) = y(a)Tio(m)v(n) —y(a)A1; (mn)
= Y(a)(Tiz(m)v(n) — A1 (mn)) = y(a)v(mn, —nm)
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for all a € 4. Since 7y is an automorphism of 4, the set Av(mn,—nm) is a central
ideal of 4 for each m € M, n € N[. Hence, {4(mn) — S11(nm) = v(mn,—nm) = 0.
Therefore, S1; (nm) @ Ry (mn) = 4(mn) ® Ry (mn) € Z(G). O

Recall that if G = G(A4, M, N[, B) is a generalized matrix algebra such that 4 and
B have only trivial idempotents, A4 and B are not isomorphic and both the bilinear
mappings Carar, Waar are zero, then the class of all automorphisms presented in
Lemma 1 coincides with the group of all automorphisms of G. Thus, in view of
Corollary 4, we have the first main result of the paper which characterizes an arbitrary
Lie o-centralizer of a generalized matrix algebra.

Theorem 1. Let G = G(A, M, N, B) be a generalized matrix algebra. Then every
Lie c-centralizer of G is proper if the following conditions hold:
(i) 72(2(G)) = Z2(A4) and M is a faithful left A-module;
(ii) mg(2(G)) = Z(B) and M is a faithful right B-module;
(iii) A and ‘B have only trivial idempotents and A and ‘B are not isomorphic;
(iv) either A or B does not contain nonzero central ideals;
)

i
(v) both the bilinear mappings Coror, Waas are zero.

4. JORDAN 6-CENTRALIZER OF GENERALIZED MATRIX ALGEBRAS

In this section, we show that under certain restrictions every Jordan c-centralizer
of a generalized matrix algebra is a c-centralizer. We begin this section with the
following proposition which provides the structure of a Jordan o-centralizer with
associated automorphism ¢ as given in Lemma 1.

Proposition 4. Let G = G(A, M ,N,B) be a 2-torsion free generalized matrix
algebra. Then a Jordan 6-centralizer J : G — G with associated automorphism 6 of
G as given in Lemma 1 is of the form
7 a m\ _ Ry (a) Rll(a)mo — mOSzz(b) + T]g(m)

n b noR11 (a) — 82 (b)l’l() +Us (n) S (b) ’
whereRU A—4, 811 B — Z(ﬂ), Tis: M — M, Uy : 9\[—> 9\[, S11:4—> Z(@)
and Sy; : ‘B — B are R -linear mappings satisfying the following conditions:

(i) Ry is a Jordan y-centralizer of A, Sy is a Jordan §-centralizer of ‘B,

(ii) Ri1(mn)=Tia(m)v(n) = u(m)Usi(n), Saz(nm) = Uzy (n)u(m) = v(n)Ti2(m);

(iii) Tia2(am) = Ry (a)u(m) =y(a)Tia(m), Tio(mb) = Ti2(m)d(b) = u(m)Sxn(b);

(iv) Uy (na) = v(n)R11 (a) = Uy (I’l)’Y(Cl), Uy (bl’l) = 6<b)U21 (l’l) = Szz(b)v(n).

Proof. Suppose that the Jordan ¢-centralizer J is of the form

gl @ m = Rula@)+Su)+Ti(m)+Un(n)  Riz(a)+S12(b) + Tia(m) + Ura(n)
n b Ry (a) + 571 (b) + 1 (m) + Uy (n) Ry (a) +522(b) + 15 (m) + Uy (n) ’

where Ry1,S11,T11,U;; are R -linear mappings from 4, B, M, N to A4, respectively;
R12,812,T12,U; are R -linear mappings from 4, B, M, N to M , respectively; Ra1, 521,
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151, Uy are R -linear mappings from 4, B, M, A to A, respectively; Raz, S22, 152, U
are R -linear mappings from 4, B, M, A to B, respectively.
Since J is a Jordan o-centralizer, we have

J(xoy) =J(x)oo(y) =o(x)oJ(y) forall x,y€G. 4.1)
Let us choose x = < > andy = ( 0 0 > in (4.1). Then
T 12(am) m)R Rii(a)u(m) +u(m)Raz(a)
(T; am)) ( 21 11 o @) 22 )

Ju
:< Y(a) o Ti1(m) Y(a)Ti2(m) +v(a)moTo (m )+T11(m)Y(a)m0>

noy(a)Ti1(m) + Ta1 (m)y(a) + Toa(m)noy(a) noy(a)Tiz(m) + o1 (m)y(a)mo '
This yields Tji(am) = u(m)Ra(a) = Y(a) o Tii(m), Tiz(am) = Ryy(a)u(m)
‘H/t( )Rzz( ) (a)le(m) + ( )moTzz(m) + Tll( ) (a)m Tzl(am) =0
= noY(a)Ti1(m) + Tar(m)y(a) + Ta(m)noy(a) and Txn(am) = Ry (a)u(m)
= noy(a)le(m) + Tzl(m)’Y my. Putting a =14, we get T]]( ) =0, Tz]( ) 0,
and Try(m) = 0. Thus, Ti12(am) = Ryi(a)u(m) + u(m)Ra(a) = y(a)Ti2(m). Simil-

ajm
(am
. m 00 .
arly, choosing x = 0 0 ) and y = < 0 b > to obtain Tja(mb) = u(m)Sx»(b) +
S]](b)M(M) = T12(m)8( )

b
. 0 a 0.
Takmgx:< O>andy:<0 0>1n(4.1),weget
)
)

<U11(na) U]z(l’la
U21(na) Uzz(l’la

_ ( Uii(n)oy(a) Uni(n)y(a)mo +(a)U2(n) +v(a)moUxn (n) >
Uai (n)y(a) + Una (n)noy(a) +noy(a)Uri (n) Ua1 (n)y(a)mo + noy(a)Urz (n)

_( Riz(a)v(n) 0 >

v(n)Ry1(a) + Ry (a)v(n) v(n)Rix(a) )

Thus, Uy (na) = Uyi(n)oy(a) = Riz2(a)v(n), Ur2(na) = Uri(n)Y(a)mo +Y(a)Ur2(n) +

Y(a)moUx(n) = 0, Us(na) = Ux(n)y(a) + Un(n)noy(a) + noy(a)Uni(n)

= v(n)Rii(a) + Rnp(a)v(n) and Uxn(na) = Ux(n)y(a)mo + noy(a)Uia(n)

= v(n)Rlz(a) = U21( ) ( )m() —{-no’Y(a)Ulz(n). Putting a = 14, we get Ull(n) =0,

Ulz(n) =0and Uzz( ) 0. Hence U21 (na) = U21 (n)y(a) = V(H)Rll(a) +R22(a)v(n)
Similarly, by taking x = 8 2 and y = 2 8 in (4.1), one can obtain

Ui (bn) = 8(b)Upi (n) = S (b)v(n) +

V

If we consider x = a1 0 > and y =
)
)

8 > in (4.1). Then

Rll(al Oaz) (a1 oay
Rzl(al Oaz) (al oay
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_ ( Ri1(ay) oy(az) Ry1(ar)y(az)mo +y(az)Ri2(ar) +v(az)moRaz (ar) )
T\ Rai(a1)¥(az) 4+ Raz(ar)noY(az) + noy(az)Rui (ar) 0

( Y(a1)oRii(a2) Y(a1)Ri2(a2) +y(a1)moRaz (az) + Ri1 (az)y(ar )mo >
noY(ai)Ri1(az) + Rai(a2)y(ar) + Roz(az)noy(ar) 0 :

It follows from the above relation that Rjj(a; o az) = Rj(ay) o Y(az) + y(a1)
oRyi(az), i.e., Ry; is a Jordan y-centralizer on 4, Ry2(a;) = Ry1(a1)mo + moRxp(ay),
Ry1(ar) =noRyi(ay) + Rz (ay)ng, and Ry (aj oap) = 0. Symmetrically, consider x =
< 8 l?l ) and y = ( 8 l?z ) in (4.1) to obtain S;1(b; o by) = 0,
S12(b1) = S11(b1)mo+moS22(b1), S21(b1) =noS11(b1) +S22(b1)ng and Sxz (b1 oby) =
S22(b1) oY(by) +y(b1) 0 S22 (b2), i.e., Spy is a Jordan d-centralizer on B.

S a 0 0 0.
Considering x = 0 0 andy-(o b>1n (4.1), we have

0
0
0 —R11(a)mod(b) + R12(a)d(b) — mpd(b)Raa(b)
—R225( )I’lo — S(b)noRU( ) + 5(b)R21 (a) R22 (a) o S(b)

_ Y(a) o S11(b) Y(a)S12(b) +v(a)moSx(b) + S11(b)y(a)mo
—\ noY(@)Sy + S21(b)y(a) + S2a(b)noy(a) 0 '

It follows from the above equation that Ry (a) 0 8(b) =0 and y(a) o Sy (b) = 0 for all
a€ A4, be B. Putting b = 15 and a = 14 in the above equations, respectively, we
get 2Ry (a) = 0and 281, (b) = 0. Since G is 2-torsion free, we obtain Rz (a) = 0 and
S11(b) =0.

Furthermore, if we choose x = < 8 ’g > and y = ( 2 8 > in (4.1), then we

have

< R Ri1(mn) Ry2(mn) + S12(nm) > _ ( Tiz(m)v(n) 0 >
21

mn) + Sy (nm) S22 (nm) 0 v(n)Ti2(n)
_ < u(m)Uy;(n) 0 )
0 Ui (n)u(m) |-

Thus, Ry (mn) = Ti2(m)v(n) = u(m)Usi (n) and Sz (nm) = v(n)Ti2(n) = Usi (n)u(m).
U

If M is a faithful (A4, B)-bimodule, then condition (i) in Proposition 4 become
superfluous.
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Corollary 5. Let G = G(A, M, N, B) be a 2-torsion free generalized matrix al-
gebra with faithful M. Then a Jordan G-centralizer J : G — G with associated auto-
morphism & of G as given in Lemma 1 is of the form

J a m _ Ry (a) R“(a)mo — moSzz(b) + le(m)
n b noR11 (a) —S» (b)no + Uy (n) AYY) (b) ’
WhereR11 A— 4, 811 $—>Z(ﬂ), Ti>: M—>M, U Z.‘N:—>f7\£, S11 1./'21—>Z<Q3>
and S2 : B — B are R -linear mappings satisfying the following conditions:
(i) Ryi(mn)=Tia(m)v(n) = u(m)Usi(n), Sx(nm) = Uzy (n)u(m) = v(n)Ti2(m);
(ii) Tia(am) = Ry1(a)u(m) =y(a)Ti2(m), Tio(mb) = Ti2(m)d(b) = u(m)Sx(b);
(iii) Uzi(na) =v(n)Ryi(a) = Uy (n)Y(a), Uzi(bn) = 8(b)Us (n) = Sx(b)v(n).
Proof. In view of Proposition 4, it suffices to show that if M is a faithful (4, B)-
bimodule, then R;; is a Jordan y-centralizer of 4 and Sy; is a Jordan §-centralizer of
B. For any ay,a; € 4 and m € M, we have
Rii(ajoay)m =Ty ((aj oaz)m) = Tz (ajaam+ azaym)
= Ry1(ay)u(aym) +y(az) T2 (aym)
= Ri1(a1)y(a2)u(m) +v(az)Rui(ar)u(m) = (Rii(ar) o¥(az))u(m).
This implies that {R;;(a; ocaz) — Ry1(ar) oY(az) } M = {0}. Since M is faithful as
a left 4-module, we conclude Ry (aj caz) = Ryi(a;) oy(az). Thus, Ry is a Jordan
y-centralizer of 4. Similarly, we can show that S,; is a Jordan d-centralizer of B. [

Combining Corollaries 1 and 5, we get the following proposition:

Proposition 5. Let G = G(A, M, N, B) be a 2-torsion free generalized matrix
algebra with faithful M. Then a Jordan G-centralizer of G with associated auto-
morphism & of G as given in Lemma 1 is a G-centralizer.

In view of Proposition 5, we now obtain the second main result of the paper which
characterizes an arbitrary Jordan c-centralizer of a generalized matrix algebra.

Theorem 2. Let G = G(A, M, N, B) be a 2-torsion free generalized matrix al-
gebra with faithful M . Then every Jordan G-centralizer of G is a G-centralizer if the
following conditions hold:

(i) A4 and B have only trivial idempotents;
(ii) A4 and ‘B are not isomorphic;
(iii) both the bilinear mappings Caror, Wayar are zero.

5. APPLICATIONS

In this section, we apply Theorems 1 and 2 to triangular algebras. Recall that a
triangular algebra is an algebra

A = Tri(4, M, B) = { ( 8 ’Z )

aeﬂl,me:M,beQ%}



594 M. ASHRAF AND M. A. ANSARI

with the usual matrix operations consisting of two unital algebras A4, B and an
(A4,B)-bimodule M. Triangular algebras are classical example of generalized mat-
rix algebras. Indeed, if we take A’ = {0} in the definition of generalized matrix
algebra G = G(A, M ,N,B), then G exactly degenerates to a triangular algebra
A =Tri(A4,M,B). Itis easy to see that the conditions “either 4 or B does not contain
nonzero central ideals” and “both the bilinear mappings {asa, Waras are zero” are not
required in case of triangular algebras. Further, in the case where 20 = Tri(A4, M, B)
is a triangular algebras such that 4 and B have only trivial idempotents, we have
Aut§() = Aut(G). Hence the condition “4 and B are not isomorphic” in Theorems
1 and 2 also become redundant. Therefore, as an application of Theorems 1 and 2,
we have the following results:

Corollary 6. Let 20 = Tri(A, M ,B) be a triangular algebra. Suppose that A and
B have only trivial idempotents and M is a faithful (A, B)-bimodule. Then every Lie
c-centralizer of A is proper if t4(Z2(G)) = 2(A) and ng(2(G)) = Z(‘B).

Corollary 7. Let 2 = Tri(A,M,B) be a 2-torsion free triangular algebra.
Suppose that A and ‘B have only trivial idempotents and M is a faithful (4, B)-
bimodule. Then every Jordan G-centralizer of A is a G-centralizer.
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