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Abstract. In this paper, a new generalized Laplace transform is defined and its certain proper-
ties are given. By using the new transform, the solutions of fractional Bagley-Torvik and frac-
tional harmonic vibration problems are obtained, as application. Also transformations of some
elementary functions and the relationships between the new transform with other generalized
Laplace transforms are given in separate tables.
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1. INTRODUCTION

Integral transformations are very powerful tools used to solve differential and in-
tegral equations that arise in various fields of science. These transformations usually
consist of integrating the equation with a weight function of two variables, which
will result a simplification of the considered particular problem. Many problems in
the field of oscillation theory, thermal conductivity, neutron diffusion, hydrodynam-
ics, theory of elasticity and physical kinetics can be solved with the help of these
transformations.

The one of the most popular integral transformation is the Laplace transform [4]
which defined as

{x(®)} = | exp(-En)x(E)E,

where R (1) > 0, & > 0 and k(&) is a piecewise continuous and a-exponential func-
tion. There are many generalizations of Laplace transform in the literature such as,
Aboodh [1], HY [2], Novel [3], Elzaki [5], Gupta [7], Jafari [8], Kamal [9], Kashuri
[10], N [12], G [13], Mahgoub [15], Shedu [16], a-Laplace [17], Mohand [ 18], Sawi
[19], ARA [21], Sadik [22], M [23], Upadhyaya [24], Sumudu [25] and ZZ [26]
transforms (see Table 1 for details).
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In this paper, we defined a new generalization of Laplace transform, which has a
more general form than the transforms mentioned above. We determined some of its
properties such as, linearity, convolution and derivative formula. We also calculate
generalized Laplace transforms of some elementary functions and Caputo fractional
derivative. Finally, we used the generalized Laplace transform for obtaining the solu-
tions of fractional Bagley-Torvik and fractional harmonic vibration problems.

2. GENERALIZED LAPLACE TRANSFORM AND ITS PROPERTIES

In this section, we give the definitions of generalized Laplace (£,) and inverse
Laplace (£, ') transforms and some of their properties.

Definition 2.1. Let n € R — {0}, R(s") > 0, ¢ > 0 and f(7) is a piecewise con-
tinuous and a-exponential function. Then, the generalized Laplace and the inverse
Laplace transforms are defined respectively

S {05} i=Fole) =5 [ exp(=sf @),
and
2;1 {fn(s);t} = f(1).

Remark 2.1. For the special value n = 1, the generalized Laplace transform con-
verts to the classical Laplace transform. Also, the special cases of £, transform are
listed in Table 2.

Theorem 2.1. If a function f(t) is continuous or piecewise continuous and O~
exponential in every finite interval (0,T), then the function f(t) has a generalized
Laplace transform for all s" with R (s") > .

Proof. Let rewrite the generalized Laplace transform as follows:

S, (1)) = <s"1 /O " exp(—s") f(t)dt> + <s"1 /T " exp(—s"1) f(t)dt)
=hL+D.

The I; integral is convergent, since it can be written as the sum of integrals over
intervals where exp(—s"¢) f(¢) is continuous. Considering | f(r)| < Mexp(ai) for the
positive constant M and the entire ¢t > T in the range 0 <t < oo, we have

Bl < s [ exp(=sn)1(0)ar

< |9 M [exp(~1(s" —a))ds
0
_ Mls

@) > a). 0
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Throughout the paper, unless otherwise stated, we assumed that the functions f(¢)
and g(r) have £, transforms with n € R — {0}, R (s") > 0,1 > 0.

Theorem 2.2. Let f(t) and g(t) be functions whose £, transforms exist, and let
k1 and ky be constants. Then

Lolkif(t) +hag(t);s} =k La{f(2); s} + koL {g(t);s}
Proof. Applying the £, transform, we have

L f(r);s) =51 /Oooexp(—s”t)f(t)dt, (R(s") > o),

S {g(t)is) = 5! /O Cexp(—s")g(0)dr, (R(s") > o).

With R (s") > max {a, 0, }, we have
S, (ki f(1) +hog(t);5) = 5! /0 " exp(—s"t) (ki f (1) + kog (1)) dr

= ks /Ow exp(—s"t) f(t)dt + ks" ! /Ooo exp(—s"t)g(t)dt
=k L, {f(t);s} +ka Ly {g(t);s}. O

Example 2.1. Consider the function f(¢) = exp(at) for t > 0. If we apply the £,
transform, we get

£, {exp(at);s} = s"fl/ exp(—s"t)exp(ar)dt
0

— 5! <}5I30/0A exp (—1(s" —a))dt)

n—1

= s77 for all R(s") > a.
sT—a

Example 2.2. If we apply £, transform to the function f(¢) = ", where m is a
positive integer, then we get
m!

L {t" s} = ST

To see this, we use induction. For m = 1, we have
L {t;s}t = s”_l/ exp(—s"t)tdt
0

. texp(—s"t

e hm( p(~s"1)
A—roo

1

_Sn—H'
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For m = k, let the following equation be true:

k!
N
fgn{t ’S}_W. (21)
For m = k+ 1, considering equation (2.1), we have

Ln {tkH;S} :s"*l/ exp(—s"1)t* L dr
0

A
. (rkﬂexp(—m

A—roo —gn 0 NE

+ (k+1) /OA exp(—s”t)t'%lt)

(k+1) k!
sn gnk+l1
(k1)
ook 41T

Definition 2.2. Let () and g(¢) be two functions that are piecewise continuous on
every finite closed interval 0 < ¢ < b and of exponential order. The function denoted
by f * g which defined by

t
fyse) =5 [ e -Dg)ar
is called the convolution of the functions f(z) and g(z).

Theorem 2.3 (Convolution Theorem). Denoting £, transforms of f(t) by fy(s)
and g(t) by 8,(s), we have

S {f(1)%8(t):5} = fu(5)8n(s)-

Proof. By using the definitions of convolution and the £, transform, we have

S F() % g(t)is) = 5! /0 " exp(—s"t)s"! /0 "t —1)g(x)dudr

(¢ [ otsmnten) (5 ot
= &n()/(s). -

Theorem 2.4 (Translation Property). Suppose f(t) is a function such that £,{ f(t) }
exist for R(s") > a. For any constant a,

Lo {expan)f(0):s} = —— L { F(0):(5" )" |

for R(s") > a+a.

Proof. Using the £, transform, we have

£, {explat) f(1);s} = 5! /0 " exp(—s"t) exp(ar) f(t)dt
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_ (Sns_a)nnl(s"—a)n"l/owexp (= (6" =ap)"s) ey

e OHCEOL S .

(v —a)"

The new generalized Laplace transform of some functions, which can be obtained
by direct calculations, are listed in Table 3. Also the graphics of the generalized
Laplace transform of the functions sin(z), cos(¢) and exp(¢) can be found in Figure 1
for the valuesof n=—1,n=1and n = 2.
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FIGURE 1. The graphics of the £, transforms of the functions
sin(t),cos(z) and exp(r) forn=—1,n=1and n = 2.
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Theorem 2.5 (£, Transforms of Derivatives). The £, transform of the function

f(k) (t) is obtained as:

2 {0 @)ss} = fu(s) = L (Y 0),

m=0
where fO(t)exp(—s") =0, (i=0,1,....r—1) ast — oo,
Proof. We again use induction. For k = 1, we have

S {f ()5} =5 /0 " exp(—s) (1)t

A

¢ lim (eXP(—S”t)f(t>
= s”f,,(s) - s"flf(O)7

in which we assumed f(7) exp (—s"t) — 0 as t — oo.
For k = r, let the following equation be true

0

r—1
£, {f(r) (t);s} — Srnfn(s) o Snfl mgo(sn)rflfmf(m) (0)

For k = r+ 1, considering equation (2.3), we have

2 {Fr D ()isf = /0 " exp(—s") £V (1)dt

=g (- F1(0) + 5" /0 ) exp(—s"1) f) (t)dt>

r

_ S(H»l)nfn(s) _Snfl Z (Sn)rfmf(m) (())7

m=0

in which we assumed £\ (¢)exp (—s") =0, (i=0,1,...,r) ast — oo,

A
+5" /0 exp(—s"t)f(t)dt)

2.2)

2.3)

0

Theorem 2.6. The £, transform of the Caputo fractional derivative of order O is

obtained as:

m—1
L {GDf(1);5} = 5" fuls) = Y, s "1 r0(0).
k=0

2.4)

Proof. The Caputo fractional derivative [20] for R(a) > 0, m — 1 < R(a) < m,

m € N is given by
1

oD f(t) = 70() /(:(t —’C)miailf(m) (t)dt.

I'(m—
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For g(t) = £ (1), we have
1 1
oD f (1 :7/ t—1)" % lg(1)dr.
D0 = fm gy ) 0" 5@

Multiplied each sides by j:—::, we have

oD f(t) = l)sn_l <S”1 /t(t —’E)malg(‘c)ch:) .

I'(m—a 0
Considering the Convolution Theorem and applying the £, transform to both sides
of the equation, we have

L {GDEf(t)ss} =578, (s).

Using equation (2.2), we have
m—1
La{GDPF ()5} = s fuls) = Y s 1 £ 0 0). 0
k=0

3. APPLICATIONS OF £,, TRANSFORM TO DIFFERENTIAL PROBLEMS
Problem 3.1. Let the fractional Bagley-Torvik differential equation be given:
3
Y (%) +6Diy(x) +y(x) =x+1, y(0)=y'(0) = 1.

Considering equation (2.4) for m = 2 and applying the £, transform to the Bagley-
Torvik differential equation, we have

& W)+ 8, {5D§y<x>} 2 ()} = L0 )+ 8, {1)

N _ _ 3n 3n_ n_ R 1 1
s29u(s) — 52— 45T P, (s) —s2 52 1+yn(s):snj+;
R 3n - _ n_ I, 1 1
yn(s)(s2”+s2 +1)—s2" SR L lzan 5

Then
n(s) sl gl el el Bl e 1 +1
S) = = —.
n §2n _|_s37" +1 sl N

By applying the £, ! transform, we have

7 ()} = £, {sn1+1 } e {i}

y(x)=x+1.

Problem 3.2. Let 1 < R(a) < 2 and the fractional harmonic vibration differential
equation be given:

6D%y(x) +wy(x) =0, ¥(0) =co, ¥'(0) = ci.
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Considering equation (2.4) for m = 2 and applying the £, transform to the har-
monic vibration differential equation, we have

S 6Dy ()} +w’ Ly {y(x)} =0
s¥9n(s) =% 1p(0) =1y (0) +w?Fu(s) = 0
S yn(s)_COsom—l —cys Om n— 1+W yn(s) =0
Then
C()SWHI Cls(xnfnfl

= +
SO‘"—I-W2 Socn_|_w2
cos ! crs !

1 4 w2s—on 1 +wls—on

=cp Z(_l)kWst—ockn—l T Z(_l)kWst—ockn—n—l‘

By applying the £, ! transform, we obtain

e {yn = co Z k 2k£;1 {s—(xkn—l } te Z(_l)kw2k2;1 {s—ockn—n—l}
k=0

() ()
OZ 0ck+1 1x,§al‘(ak+2)
= coEq.1 (—w X ) +ci1xEq2 (—wzx“) ,

where Eq g(x) is the Mittag-Leffler function with two parameters [6], which defined

as

oo xk

Fos®) = X ok B

Remark 3.1. For the graphics of the approximate solution of Problem 3.2, we
define the function y,(x) with finite sums as

w2 (x)k p ( szoc)k

co +ci1x _—.

Z (ok+1) k;) I'(ok+2)

The graphics of the approximate solution y;(x) of the fractional harmonic vibration
problem for the special values ¢ = c¢; =w =1 with a0 = g, %, 8 2 can be found in

Figure 2.

wl
(o)
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FIGURE 2. The behavior of approximate solution y;(x) of Problem
3.2 for different values of o, where 1 < R(a) < 2.

4. CONCLUSIONS

In this article, we introduced the generalized Laplace £, and inverse Laplace £, !
transforms and examine their certain properties. Our motivation in doing this was
to define an integral transform that has a more general form than many Laplace-
like integral transforms found in the literature. We also presented a transformation
table for £, transform (Table 1), and another table containing the relationships with
other transforms (Table 2). Then, we use generalized Laplace and inverse Laplace
transforms to arrive the analytical solutions of fractional Bagley-Torvik and harmonic
vibration problems. Finally, we examined the behavior for different alpha values of
the approximate solutions of the fractional harmonic vibration problem on a graph
(Figure 2).

We should say that the solutions of the application problems we obtained with
the generalized Laplace transform are in full agreement with the results obtained
in the literature (see for example [11, 14]). As a result of these applications, we
saw that the newly defined generalized Laplace transform is much more general and
quite compatible with fractional problems. We conclude this research by stating that
the generalized Laplace transform plays a very important role in finding analytical
solutions of fractional problems, and therefore the results presented in this article are
very important for application.
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TABLE 1. Generalized Laplace transforms

Aboodh Transform

[11: A{x(n)} = ¢ Jo" exp(~&n)x(n)dn

HY Transform

[2]: HY {x(n)} =& [y"exp (—&™M) k(n)dn

Novel Transform

[31: M, {x(M)} = Jg exp(=En)n"k(M)dn

Laplace Transform

[41: £{x()} = [y exp(—&n)x(n)dn

Elzaki Transform

[51: E{x()} =& Ji"exp (-1 ) k(n)dn

Gupta Transform

71 R{x()} = & 5" exp(—

n)k(n)dn

Kamal Transform

:
): K {x(m)} = fi7exp () wn)an

Kashuri Transform

K {e() = L5 exp (~2 ) xin

N-Transform

I: N{x()} = J5 exp(— iﬂ)K(un)

G-Transform

I: G{x()} =&* J5"exp (~1) x(n

Mahgoub Transform

[

I: M{x(n)} =& J" exp(—&n)x(n)dn

Shedu Transform

[

S {x(m)} = J;"exp (=) k(m)an

a-Laplace Transform [

I £a{k()} = fi"exp (~&en ) k(n)dn

Mohand Transform

[

J: M{x(n)} =€ J;"exp(—&n)x(n)dn

Sawi Transform

[

ARA Transform

[

I: Go {x(n)} =& [g" exp(—En)n" " 'k(n)dn

Sadik Transform

[

1: S{x(n ngo exp( £ ) x(n
(=
(=

J: S{x(m)} = g Jo" exp (~€*n) x(n)dn

M-Transform

[

1: Mo, {(n)} (u,) = fi~ SRS

Upadhyaya Transform [

1 U{xM)} =M fg exp (—Aam) k(Asn)dn

Sumudu Transform

[

I ()} = & Jiexp (=) k(mdn

77 Transform

[

I: H{x(M)} =& J5 exp(—&n)x(un)dn
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TABLE 2. Relationships of £, transform with other transforms

Laplace Transform

Li{xMm)} = £{x(n)}

Sumudu Transform

SL1{x(n)} = {x(n)}

N-Transform

Li{x(un)} =N{x(n)}

Elzaki Transform

&L 1{xm)} =E{xMm)}

Aboodh Transform

£€1{x(n)} = A{x(m)}

Kashuri Transform

&8 2 {x(m)} = K{xMm)}

Novel Transform

Li{n"kM)} =M, {x(n)}

M-Transform

&1 { g | = Mo {x())

a-Laplace Transform

&% £, {k(n)} = Lafx(m)}

Kamal Transform

&8 1 {x(m)} =K {x(m)}

77 Transform

CLi{x(um)} = H {x(n)}

Mahgoub Transform

ELi{xM)} =M {x(n)}

G-Transform

E42L 1 {x(n)} = G{x(m)}

Mohand Transform

&€ {x(m)} = M{x(n)}

Sadik Transform

g Pee {x(n)} =5 {xMm)}

HY Transform

Lo {x(m)} = HY {x(n)}

Sawi Transform

£ {xm)} =8{x(n)}

Shedu Transform

e {xm): s} =s{xm)}

Upadhyaya Transform

ML {k(Asm)i A} = U {x(n)}

ARA Transform

&8 {n"'x(M)} = Gu{x(n)}

Gupta Transform

zLi{xM)} = R{xMm)}

607
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TABLE 3. £, transform table

1) L, {f(t);s} =51 [5 exp(—s"t) f(t)dt
I g
exp(at) %
sin(at) %
cos(at) %
sinh(at) Sg}f:z
cosh(at) %
1? &
explan)r” el
exp(at) sin(bt) %
exp(at)cos(bt) ﬂ%
f(t) s fu(s) ="' £(0)
f'(t) s2 fu(s) —s* 7L F(0) ="' £(0)
[ s fu(s) = "L F(0) =2 £1(0) — 5" £7(0)
F9 () s fu(s) = 5" Lo (M)A (0)

somfn (S) _ Zﬁz_:lo SOLn—nm—lf(m) (0)
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