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Abstract. In this article, we establish two new and different versions of fractional Hermite-
Hadamard type inequality for the convex functions with respect to a pair of functions. Moreover,
we establish a new Simpson’s type inequalities for differentiable convex functions with respect
to a pair of functions. We also prove two more Simpson’s type inequalities for differentiable
convex functions with respect to a pair of functions using the power mean and Holder’s inequal-
ities. It is also shown that the newly established inequalities are the extension of some existing
results. Finally, we add some mathematical examples and their graphs to show the validity of
newly established results.
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1. INTRODUCTION

The interesting concept of inequalities has long been a source of debate among
mathematicians. Only a few of the exciting applications include fractional calculus,
quantum calculus, operator theory, numerical analysis, operator equations, network
theory, and quantum information theory. Right now, this is a very dynamic research
topic and the interaction between diverse fields have enriched it. Applied sciences
need the use of numerical integration and definite integral estimate. Simpson’s rules,
which can be stated as follows, are fundamental among the numerical techniques:

(i) Simpson’s 1/3 rule
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Due to their importance in approximation theory, researchers have employed frac-
tional calculus to establish many fractional integral inequalities. Examples of in-
equalities that can be used to discover the bounds of numerical integration formulas
include Hermite-Hadamard, Simpson’s, midpoint, Ostrowski’s, and trapezoidal in-
equalities. The authors of [13] established the boundaries of the trapezoidal formula
and inequality of the Hermite-Hadamard type using Riemann-Liouville fractional in-
tegrals. Set [15] derived fractional Ostrowski’s type inequalities using differentiable
convexity. Through Riemann-Liouville fractional integrals, 1§can and Wu [7] derived
some bounds of numerical integration and inequality of Hermite-Hadamard type for
reciprocal convex functions. Sarikaya and Yildrim established midpoint bounds and
a new variant of fractional inequality of Hermite-Hadamard type in [14]. Sarikaya et
al. [12] used general convexity and Riemann-Liouville fractional integral operators
to find estimates for Simpson’s 1/3 formula. Using the Riemann-Liouville fractional
integrals, the authors derived some new boundaries for Simpson’s 1/3 formula in
[9]. An s-convexity was utilized by the authors of [3] to find various estimates for
Simpson’s 1/3 formula. Sarikaya and Ertugral [! 1] introduced a new class of frac-
tional integrals known as generalized fractional integrals in 2020, as well as Hermite-
Hadamard type inequalities linked to the newly defined class of integrals. Zhao et
al. used reciprocal convex functions and generalized fractional integral operators to
establish various estimates for a trapezoidal formula in [18]. Budak et al. [2] used
generalized fractional integrals to establish various estimates for Simpson’s 1/3 for-
mula for differentiable convex functions.

Sitthiwirattham et al. [17] have discovered some estimates for Simpson’s 3/8 for-
mula using the Riemann-Liouville fractional integrals operators. For other inequalit-
ies involving fractional integral operators, see [ 1,06, 16,19] and the references therein.

Motivated by the above-mentioned literature and applications of fractional in-
equalities, we use Riemann-Liouville fractional integrals to derive Hermite-Hadamard
inequality for convex functions with respect to a pair of functions. In addition, we
prove some important Simpson’s type inequalities for differentiable convex functions
with respect to a pair of functions. It is also shown that the results established in the
paper are the generalization of the results proved in [4, 10, 11].

2. FRACTIONAL INTEGRALS AND RELATED INEQUALITIES

In this section, we review several fundamental fractional integral notations and
concepts. We also address inequalities and various types of convexity. We use the
following notations throughout the work for the sake of brevity:

e A convex subset of a real vector space X is denoted by C.
e [ denotes an interval of R.
e [° denotes the interior of 1.
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Definition 1. A mapping § : C — R is called convex if
S+ (1-1)Y) <) +(1-1)F (1),
where »r,ye Cand T € [0,1].

The Hermite-Hadamard inequality (double inequality) is basic in the convex func-
tions theory, providing a two-sided estimate of the (integral) the mean value of a
convex function. In other words, if § : I — R is convex with ®,®, € I and ®©; < ®»,

then o
g(‘”“””z) < " (50 doe < S QU FT(®2) 2.1)

2 T -0 Jo, 2
B. Samet defined a new class of convex functions with respect to a pair of functions
in [10], as follows:

Definition 2. Let g,s : C — R be two mappings. A mapping § : C — R is called
(g,h)-convex, if the following inequality holds for M (s¢,y) = g (3¢) h (y) + g (y) h (5¢):
Fuet+ (-9 <TFC)+ (1D’ FM+1(1-DOM(7)  (22)
forallt€ [0,1] and 5,y C.
B. Samet also established the Hermite-Hadamard inequality (double inequality)

for a new class of convex functions in terms of a pair of functions, which he expressed
as:

Theorem 1 ([10]). Let §:1 C R — R be a (g,h)-convex function over [®;, ;]
with g, h: [0, 0] — R.If§ € L' (01,w,) and g,h € L* (w1,0,), then we have the
following fractional Hermite-Hadamard inequality:

W] + 1 ©2
2 — —x)h d
o+ 1 0
_2$< 1 2)— / g(x)h(w) + @y — ) dx
2 02 — 1 Joy (2.3)
1 e '
§(5)ds

W — )
< S (01) +F (02) N M (w1, )
- 3 6
Definition 3 ([5,8]). Let § € L; [0, ®;]. The Riemann-Liouville fractional integ-
rals (RLFIs) J(‘f)‘l 4§ and 182_13’ of order o > 0 with ®; > 0 are defined as follows:

Jo 18 () = F(i)]) /G)T(%—’C)O‘_IS(T)LZ’C, x> W

and | o
I F () = F(oc)/% (1— ) F (1) dr, 2 < o,

respectively, where I" is the well-known Gamma function.
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For the first time in 2013, Sarikaya et al. established the following fractional
Hermite-Hadmard type inequality:

Theorem 2 ([13]). For a positive convex function§: 1 CR — Rwith§ € L) [®;, @]
and 0 < @1 < 0, the following inequality holds:
T (01) +F (02)

W1 + W F((X,—I—l) a o
5(25%) < 5 g s+, (o] < TOE)

The following modified version of the fractional Hermite-Hadamard inequality
was then established by Sarikaya and Yildirim:

Theorem 3 ([ 14]). For a positive convex function§:1 CR — Rwith§ € L; [0, ®;],
0 < <y and ®y,0; € 1, the following inequality holds:

o] + o '(a+1) o o
< ot W) +J 040 ®
F( 7)< r o | 50+ g S0
< F(01) + 5 (02)
- 2
Remark 1. If we set o = 1 in inequalities (2.1) and (2.2), then we obtain the tradi-
tional Hermite-Hadamard inequality:

S<031+032) < 1 wzg(%)dKSM'

2 T -0 Jo, 2

3. HERMITE-HADAMARD INEQUALITY

Using the Riemann-Liouville fractional integrals, we prove two new Hermite-
Hadamard inequalities for (g, /)-convex functions in this section.

Theorem 4. Let §:1 C R — R be a (g,h)-convex function on [®;, ;] with g, h
[01,0,] = R.IFF € L' (01,00) and g,h € L* (01,,), then we have the following
fractional Hermite-Hadamard inequality:

2971 (o +1
2g<0)1+0)2>_ (oc+a) [ng+g<601+0)2>+182_9 (031-1-0)2)}

2 ((02—(1)1) 2 2
2“711—‘(0(4-1) o w; +w o W + Wy
e [ (5 a2 oY
[§ (@) +F(0)] (a4 1) | M(0d1,00)
- 2(0(+2) 2(0(%2)’

where Q () = g(x)h(®; + @ — ).

Proof. Because (g, h)-convexity of §, we have

55 (Z71) S5+ T W +GI +h (6o,
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By letting » = —0) + 1+T0)2 and Y= 1“0) + —0)1, we have
O] + 0 1—7 147 147 1—7
4 <F(—== _rt It e
S< > ) S( 0 + > mz)+8< > ) + 7 w1>
1—1 147 1+7 1—1
h 0+ —o — W+ — 3.2
+ < 3 1+ 2 2>g< > n + 3 1> (3.2)

h 1+Tm+l—rw 1—1m+1+1®
2 2 3 18 3 1 3 2 |-

a—1

Multiplying the last inequality by T
[0,1], we have

4 [0+ m 2°T (o) o w; + oy o W]+
P (M7%) = oo [ (252 5 (252))

2°T (o) [ o]+ 0 o +0\]
———_|J* . Q J Q
+ (0)2_0)1)0( i o)+ < 2 + Wy — 2 ] )

and then integrating with respect to ¢ over

which implies that

o1+ 2(1711—‘(064-1) [ w1+ W] + 0 |
2 — J% Q J ¢ QO
3( 2 > (0 —o)® [ 2 e ]

o—1
< 2 F(OH-;) [ m1+3<0)1 +032> +J82_S<0)1 +602>] '

(02 — o)

As a result, the first inequality in (3.1) is established. We again use the (g,h)-
convexity to prove the second inequality as follows:

_ _ 2 2 )
S<Hm1+ 1+Tw2> < (14’5)3(031)+ (H;) S(m2)+1 4T M(o,0,)

2 2
3.3)
and

1 1— 1+1)? 1-1)? 1-12
S(Hwﬁrtmz) g( ZT) S(w1)+( 41) () + 4T M (o, ).

2 2
34

o=1 we add them and integ-

After multiplying the inequalities (3.3) and (3.4) with T
rate the resultant one with respect to ¢ over [0, 1], we have

1 1 1 1—
/0 % 13( ot ;L m2>dr+/ 70 1S< L +2Tc02)dr
+ -
SS(m1)4§(w2)/o T 1((1+T)2+(1—T)2>d'c

M(o,0;)

1
o—1 2
+ 5 /0 7 (1-1%)dr.
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Thus, the required inequality is obtained with simple computations and changes in
the integration variables. O]

Remark 2. By setting o = 1 in Theorem 4, we recapture the inequality presented
in Theorem 1.

Remark 3. If we choose h(s) = F(5) and g(3c) = 1 or h(sc) = 1 and g(5) = F(5¢)
in Theorem 4, then we obtain the Hermite-Hadamrd inequality given in Theorem 3.

Example 1. Let [®;,;] = [0, 1] and define the functions §,g,h : [0,1] — R by
T () = 5, g(5¢) = 3 and h(s) = 3 such that § is (g,h)-convex on [0,1]. Under
these assumptions, we have

o+ 2710 (o +1) o)+ O + 0
2 — J* . QO J* O
3( 2 ) (032*(,01)0( @1+ 2 + o2 2

o[ G) e [ (o) -]

1 o [ 202 + 600+ 3 20043 ]

[ST]

T3 216 | 29720 (a1 1) (0+2) (@13) | 220 (ot 1) (0t 2) (0 F 3)
oa+1
4(a+2)’

210 (a4 1) O] + oy ®; +
(252 (252
o

(@ —ap)”
1

1 (1 a1 1 1\*!
/ < - %) Wds+ (% > dx
0 \2 ! 2
3 N (200+3) (202 + 60+ 3)
2020 (ot + 1) (0 +2) (e +3) 2920 (o+ 1) (e +2) (o +3)

(20043) (20> + 60.43) +3
8(o+1)(o+2)(a+3) ’

. o
T ol-a

. o
T ol-a

and
[F (o) +F ()] (+1) M(wp,0) o+l

2(0+2) 2(04+2)  2(a+2)
We use MATLAB software to plot the function image of the above three functions,
as shown in Figure 1. From the position relationship of the image, we can see that
the inequalities relationship in Theorem 4 is tenable.

Theorem 5. Let §: 1 C R — R be a (g,h)-convex function on [®;, ;] with g,h :
[0,0,] = R.IFF € L' (0,00) and g,h € L* (01,m,), then we have the following
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FIGURE 1. The image description for Theorem 4.

fractional Hermite-Hadamard inequality:
O] + 0 2% (a4 1
23< 1+ 2> B (+1)

V80 Q(02) 4, Q(01)]
2 2

2 (@ —ap)®
27 T(a+ 1) [a o
(o —o)* [Jwﬁ(@wrfmlzﬂ_%(ml)} (3.5)
< B0 + ()] [2_ o(a+3) ] M (o1, 0;) o (o +3)
N 4 (a+1)(a+2)]  4(a+1)(a+2)

where Q (3c) = g () h(®) + @, — ).

Proof. If we follow the steps used in the last theorem for s = %ml + 50 and
Y= 301+ %(02, then one can obtain the desired inequality. O

Remark 4. By setting o = 1 in Theorem 5, we recapture the inequality presented
in Theorem 1.

Remark 5. If we choose h(s) = §(5) and g(3c) = 1 or h(s) = 1 and g(3) = F(5¢)
in Theorem 5, then we have the following Hermite-Hadamrd inequality proved by
Dragomir et al. in [4]:

®1 + o 24710 (o +1) [, 0] + 0 o ®1 + 0y
F(03%) T s (M1 s ()]
ég(ml);g((ﬂz)

Example 2. Let [0;,0;] = [0,1] and define the functions §,g,h: [0,1] — R by
T(5) = 52, g(5) = s and h(sc) = »* such that § is (g,h)-convex on [0,1]. Under
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these assumptions, we have

o)+ 2710 (a4 1)
2 — [gwgm+J8‘mszw}
%( 2 ) (0 —ap)* 757+ (62) 22— (1)

= l_% [ﬁl(l—%y)(l%(l—%)zd%—f-/oé %0‘—1%(1—%)261%]

1 o

4 21—« [2‘”3 (ot+2) (ot +3) +2‘“3 (u+1)(oe+2)(o+3)
I o 202+1200+18
4 16 (+1) (a+2) (oe+3)
1

4

o+4 o2 +7o+ 14 ]

B a(o+3)
4 (ot 1)(at2)
29 (ot 1) T g o
= zfi_a ﬁl (1—%)0571%361%4-/05 %0‘_1%361%]
_a (o+4) (o +50+12) 1
-2l 203 (o4 1) (o +-2) (o +3) 293 (o +-3)
P+ 607+ 170+ 24
- 8(a+ 1) (a+2) (a+3)’
and
[T (1) +F ()] [2_ o(o+3) ] M (®1,0;) 0 (a+3)
(+1)(o+2) 4(a+1)(a+2)
_1[2_ a(o+3) }
4 (a+1)(a+2)]"

We use MATLAB software to plot the function image of the above three functions,
as shown in Figure 2. From the position relationship of the image, we can see that
the inequalities relationship in Theorem 5 is tenable.

4. SIMPSON’S TYPE INEQUALITIES

We prove new Simpson’s type inequalities for differentiable convex functions with
respect to a pair of functions in this section. The following result and notations will
1
be used to prove the inequalities in this section that are dependent on ® = (%) *:
1|0
T 1
A (@,0) = / dt
0

2 3
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T
= ———\da R
EACOAEAEDE

3 0c+2+2(oc+2) 6

1 (04 1
A3(m,oc):/r12—3‘dr

0

o 1 T 1 ™ 1
2 2

= ———|d ——=]d

/0 (3 2>t+mr(2 3)1

ma+3 1 1

oc—|—3+2(oc+3) 9

561

Lemma 1 ([3]). Ler § : [01,0;] — R be a differentiable mapping over (®;,;)

and §' € L' [0, 0] with ©; < @,. Then, we have the following equality:

)-xel]

1 ®; + 0
6[3(w1)+4§( 5
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201 1

" oo _(Z;;a) [J&J(w‘ H’)Z) +ng;§<"" ;L(’”)] @.1)
(=) | § (ot F o)
el (5 5)

’ F (Tt o)

dt

Theorem 6. In addition of Lemma 1, if |§'| is (g,h)-mapping, then we have the
following new fractional Simpson’s inequality:

W1 + Wy

‘é [3<ml)+43< : )4—3(0)2)]

_zaflr(ochl) [fo S<ml+m2)+J°‘ S<0)1+032>”
O]+ Wy—

(@2 —@1)° 2 2 4.2)
<o [m (un)r;\s O (4, (@,0) + 45 (03, 0)
+M(°°21"°2) (A) (@,0) — A3 (m,a))] :

Proof. From (4.1) and modulus properties, we have

] + W2

‘é [S(w1)+43 <2> —1-3(0)2)}

21T (o +1) [ o) + ) o o + o)
oo 3737 (27| e

[§ (5ro2+ o)

_ Ilge
S TA LR "
’ +[§ (o2 + o))
Using the (g, h)-convexity, we get

1 0]+ 0
'6 [3(0)1)+4S< 12 2>+§(m2)}

206711—‘(0(,—1—1) o+ ®; + Wy

- |2 J
oo (8737 e (25
141242

<(0)2—(01) /1 I | %Ig’(fﬂz)! i
- 2 0|2 3

2 )
+1+‘E4 21 |8f/((01)|+14‘l: M(O)l,(l)z)
2
« 1’ L2203 (@ )|
- dr
2 3 2 2
AT F ()| 4+ 155 M (o, 00)

1
+/
0
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M((l)],(l)z)

_m—o 1] (o) + [ (@) 2 2
== /0 2_3“ 5 (1+7°)+ 5 (1-1)|dr
== [m O 4 (@.0) +4 (000
92 (4 (0,00 - 2 .0
Thus, the proof is finished. U

Remark 6. In Theorem 6, if we set o = 1, then we recapture the following Simpson’s
inequality:

L (555)esi] L [
< (02— o) [7372796 (I3 (@) + |3 (@2)]) *72717161”("’1"”2)] ,

which is established by Samet in [10, Theorem 3.3].

Corollary 1. If we choose h(x) = |§' ()| and g(3¢) =1 or h(») = 1 and g(») =
)| in Theorem 6, then we have the following inequality
5 in Th 6, th h he following i li

0] + 0y

‘é [S(w1)+43( 5 >+S(coz)]

2T (ot 1) [Ja +g<w1 +0)2> Lo g(‘”‘ +0)2>H

(0 — 1) 2 2
W — M

<

A1 (@,0) [|F (01)] + |5 (@2)]].

Remark 7. If we take oo = 1 in Corollary 1, then we have the following Simpson
inequality

'é [3(m1)+43<m1 ;O)z) +S(wz)} - mziml /:23(”)‘1%’
< 3@ =) 12 60)| + 3 (@2)]).

72
which is proved by Sarikaya et al. in [11].

Example 3. Let [0,0;] = [0,1] and define the functions §,g,4: [0,1] — R by
F(x) = ”74, g(5¢) = s and h(3) = 32 such that §'(5¢) = 5> and |F'| is (g, h)-convex
on [0, 1]. Under these assumptions, we have

W1 + Wy

‘é [3(0)1)+43< > ) +S(m2)}
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2T (ot 1) [Ja +g<m1 +(Dz> Lo S(m] +wz>”

(0 — op)* 2 2

5 o [ ri/1 ot 1 NN,
:976_23741 /0 (2—%> %d%—i—/; (%—2> ¥ dx

r 3
20+ (o 4-1) (04-2) (0+3) (0 +4)

R
96 23~ 201(0-+4) (0+2)° 43
i +2a+1a((x+1)(oc+2)(06+3)(0€+4)
5 o(at4)(at2)’+3

9 8(a+1)(a+2)(a+3)(a+4)

and
@ — o 3 (01)]+ |3 (o2))
2 2
M (0,
0 (01 @.0) - 4 @.0)
(A (m,0) +A3 (@,00))
2 .
We use MATLAB software to plot the function image of the above three functions,

(A1 (@,0) +4; (@,0))

0.12

The curve of the left term
The curve of the right term

FIGURE 3. The image description for Theorem 6.

as shown in Figure 3. From the position relationship of the image, we can see that
the inequalities relationship in Theorem 6 is tenable.
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Theorem 7. We assume that the conditions of Lemma 1. If |§'|?, ¢ > 1 is (g,h)-
mapping, then we have the following new fractional Simpson’s inequality:

é%ﬁm0+4s<m“Hm>+3«mﬂ

2
I'o+1)

2 m—o)° [, 8 () + T, F ()] ‘

)
< (032—031)@% (o, p) x [(’3/(ml)‘q‘”‘3/(‘1’322)|q+2M(031,®2)>q

ﬂ@@MM«WmW+Mﬂmmf
* 12 ’

where
% 1

1

1 1 _
and;—i—a—l.

Proof. Taking modulus in (4.1) and using Holder’s inequality, we have

0 + 2

|50 +a5 (252 50

_zocfll—‘((x—i-]) [_]0‘ 8(0)1—!—0)2)_1_]& S<0)1—|—(,02>:H
o o)+ wy—

(0 — o) 2
_ (o —o) /1 w 1] [F (et o) 4
<= — == T
2P 13 (550 + Hran))|

1

1 1 1— q\q

(0 — ) g 1P ’ <f0 ‘3/(%0)24—7“"(01”)‘1
< N2 U -

=T </o 23 dT) 8 .

+ (13 (0 + ) |)”

Applying convexity of |§|?, we obtain

0] + 0y

‘é [3(w1)+45< 5 >+S(wz)]

2% (a4 1) |:J0L g<0)1+0)2>+]a g((er(nz)H
O+ 2 Wy — 2

(@2 — )"
3 (Fror+ 5 a)|
—‘ dat
+[8 (o + o)
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< (0)2;0)]) </01

) 2
((1 :T) |3/(m2)‘q+ (1;1) ‘S’ (0)1)|q+ IZ‘TZM((’JD(DZO

2 3

b 2
<(141) |3 (@) |7+ (IZT) |3 (01)]"+ 1412M<m1’0)2)>]

1
(18 (5o + 570 [")*
1
(013 (ot i) [)’
Thus, the proof is finished. 0

Corollary 2. In Theorem 7, if we set 0. = 1, then we obtain the following new
Simpson’s inequality:

®; +

\é [s<m1>+4s (2> +s<m2>}

[(o+1) o o
_m [Ju)1+% (0)2) +Jm2*3’ <('0])] ’

0)2—0)1( 1 I 1 >/’
= @D )
. [(l%’<w2>|’f+7|s'<w1>|q+zM<w1,wz>)5

12

13 (@) +7|F ()7 +2M (o1, )\ ¢
(oI R o)

5. CONCLUDING REMARKS

This paper introduces two fresh versions of Hermite-Hadamard type inequalities
for convex functions in the context of fractional calculus, utilizing a pair of functions.
Additionally, we have shown new Simpson’s type inequalities for convex functions
using fractional integrals. We have demonstrated through examples that these new
inequalities are valid and a progression of existing ones. It is an intriguing challenge
for future researchers to explore similar inequalities for other fractional integrals.
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