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ESTIMATION OF THE PARAMETERS
OF A STATIONARY GAUSSIAN MARKOY PROCESS -

M. ARATO

1. A continuous parameter stationary Gaussian Markov process is determined by three parameters
2 - - )

# 00, X )
p=MEW, o? =MIEW - 12,
M£G + 1) = ) (£() = ) = 0% exp (= A|7]) A

We shall consider the problem of estimating these parameters by means of a realization of the pro-
cess on the segment 0<Kt<€T. Of course the three parameters may be chosen in different ways. It
is essential, however, that the parameter a = 2202, interpreted as a '‘diffusion coefficient'’
M(d£)? = a-dt, be determined by exactly one realization (see for example [1]), so that our problem is
essentially that of estimating two parameters. The case where g is known is considered in [2].

We introduce the statistics

- m= (5O +EM], my =

+\E@d, m=Totrm a7

1+% 2

I

[ T

L= Uy (I8 (O) — BT -+ [E (T) — pl),
S = Yo {IE (O) — m + [E(T) — my}} = Y, [E (T) — £ O)F,

T
=g Eo—pra
1; |
s§=—~T-—S (& (H) — my)? dt.
(i}

. Ve sce that the four statistics my, mo, s%, s% form a natural set of sufficient statistics for our
problem. In the case where the value of the parameter g is known, the set of two parameters 331,
852 is a natral set. Finally, in the case where o is known, the weighted mean m is a sufficient
statistc. This case is elementary and well known: the ratio

m-p o?

—2, where or% =

e YTRY ), m

(Br+1+e”

is (0, 1}pormally distributed.

The transformation

t=t'T, f:.f'\/—f;

tcdaces the general problem to the case '
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(2)

T = 1, a=1.
the distribution of realizations of the pro-

Here A' = AT = x, i.c., to within a choice of scales,
by the unique parameter k. In §S2

' cess which is of interest to us, is chamacterized, for known g,

and 3 we assume that a reduction to case (2) has already taken place and in place of A, we write

k. Here o° = 1/2 k.
2. The space of realizations Rf &), 0<: < 1, may be considered as a product of lines £(¢)

on the space of realizations of the process 7(¢) = £(z) - £(0).
We introduce a measure V = L x ¥ in the space Rf, whete L is ordinary Lebesgue measure on

the line and ¥ is the well-known conditional measure of Wiener [1]. Then [2] the distribution P of

the process ¢ in the space Rf is absolut'ely continwous with respect to ¥ and is given by the des-
sity :

dP ™ : 2 1. 1 5

:{TIzJ; exP{-K[sOlf‘i-}.i Ksoz] . 3)

Formula (3) shows that the statistics 331 and sgz form a sufficient set of seatistics in the

case where p is known. Since

dP 1 1 1 2
log 7 =C+-2-103K-(331——2-)l<-—-2-x2332,
then the maximum likelihood equation has the form
1 2 _1 2
i_’.z —(801—-2-)—K302=0,

4 2 1 2 1 2 1 '
[ “2(10 ——2-802=0, d=—_2—801—-z, (4)

It is easy to verify that equation 4) élways has a unique positive solution
-~ 2 2
02=d+\/d‘+302.%, | (5)

It is pot bard to show that, for x —» e, the estimate o2 is asymptotically normal and equivaleat

to the estimate 332.

Theorem 1. For known p and K —» oo, the estimate

2 2
o "'s02

is asymptotically effective and the distribution of the ratio
2
23_12__ (6)
312)2/\/ k/2 :

tends to a (0, 1)-normal. -
For k — 0, the statistics s
any of these. The distribution of the ratio

51 and 352 are asymptotically equivalest so that we may restrict

2
S02

—_—

o

tends to the xz distribution with one degree of freedom as x —» 0:

2 t
s -y
P{.a—‘;zqz}_ﬂ/%{e wt/2 g, %)
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For the mean value «, the question of the use of the statistics sgl and 5(2)2 is more compli-
cated. It is not considered in detnil in [2]. Itis conceivable that the single statistic 332 may be
used without a very great loss of information. A probable hypothesis seems: for any a, 0<a<l,
and any 02> 0, the equation P (0? > y|o?) = a has a unique solution y = ¢ (0?). If this is so, then
the inverse function 02 = q.S; 1 (y) is also uniquely determined and gives the confidence limit UZ =
¢;1 (0) satisfying the condition : v
‘ Pio?< o2le?} = a for any o2, , - _ (8)

For x — o and k — 0, this confidence limit passes to a confidence limit given by an asymp-
totic apprbach. '

3. Formula (3) is easily transformed to the following form:

55-- X exp l~x[3§—%+%xs§+.(1l—m1)2+%x(p-m2)k2]}. C))
Formula (9) shows that the set of four statistics my, Moy sf, s% is a sufficient set. The solu-
tion of the maximum likelibood equation here is complicated. We note only that the maximum likeli-
hood estimate is conanected with the relation '
!‘;= 2m, + l:mz' | (10)
2+k

In estimating o? (or x), it is natural to limit oneself to statistics independent of the initial
value on the axis. A sufficiest set of such statistics may, for example, consist of the three statistics
: s%,'sg, (m,; - mz)z. The case of large x does not present any difficelty since we have:

Theorem 2, For k —— v, the estimates

r™>my, o ~s %
are jointly dsympta;tically effective, and the distributions of the ratios

’
ng sg\/27x

Y-normal distributions.

63))

tend to a (0, 0; l; g

For x — 0, the statistics m; and m, are asymptotically equivalent and the .pair of statisdes
g are asymptotically independent of the parameters and of the statistics m j and m,. This
teduces to almose complete indefiniteness of the parameter G and to the impossibility of estimating

the parameter x from below (i.c., the parameter 0% from above).
_ Theorem 3. Let a>1/2 and let p(&), p(&) be real-valued (including the values * oo} fune-
tionals in Re, continuous* in the metric of Gy and satisfying the conditions '

Plp2p(@)l>a, Plp<p®)ira

3% and s

for all p and x.
Then
Pip(€) =~ =}>f(x, @), PIH(£) =+ =} > [k, a),

here the positive function f is independent of the choice of the functionels and

*Coatimity for functionals taking infinite values is meant as continuity induced by the topology on the ex-
temcdrd line, sugmented by the points toe, R(00)> moo, Fif-o0) < oo,
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f(l(, a)-—’% far k-0,
Theorem 4. Let o> 0 and let x(£) be a non-negative functional in Rg, continuous in the
Cpo.1) metric and satisfying the condition
Pic2x(@)}>a
for all p and k.
Then
Pix(£)=01>z(k, a),
where the positive function g is independent of the choice of the functional and
gk, @) —1 for k—0.

It is natural thatthe fonctions f and g tend to zero as x ~—» o for any fixed @ <1, This follows
from the possibility of obtaining an asympuoucally correct confidence limit for the parameters corre-
sponding to Theorem 2.

We intend to retum later to a metbod of constructing confidence limits for p and x(0?) which
involve no restrictions on the valae of the parameter x. The method of obtaining them is analogous
to the method presented in §2 of constructing confidence limits for o2 (x) when # is known. But

_in the case of two unknown parameters, this constraction naturally leads to the peculiarities noted
in Theorems 3 and 4. _

4. For applications it is convenient to return to the case of arbitrary T and a. We cite an ex-
ample of such a formulation related to the problem of estimating the parameters u and A. This evi-
dently is a consequencc of Theorem 2 (the change of parameter from 02 to A presents no difficul-
ties).

Theotem 5. For k=AT — o, the estimates

RNmy ANMb= —
23
are jointly effective and thedistribution of the ratios
my—p b~2A

V26?/AT " VavT

0 . .
01 Ynormal distribution.

tend to a (0, O;

5. In conclusion we note that our problem is closely connected with the problem of estimating
the parameters of a Gaussian Markov process with discrete parameter. For such a process, let
an =p, M(fn -~ p)z = 02, M(fn'l'l ~p (fn _.'#) = -azp-
The five quantities (sece [3])

m =g @), m= o

&ns

HMQ

. |
§=3En—8)% =1 M @ —my,
n=1
N—

R = D) Gnps — my) (En — my),

1

are sufficient statistics for the three parameters .3 02, 2
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The passage to tﬁc limit to our problem is accomplished for N—o,p— 1. Here k= NQ - pz)
goes into the parameter X of our problem. In this way we may hope to complete Luvsanceren’s inves-
tigation (4.

I wish to thank A. N. Kolmogorov and Ja. G. Sinal for their attention and help.

Moscow State University ‘ v Received 20/FEB/62

BIBLIOGRAPHY

[1] J. L. Doob, Stochastic processes, Wiley, New York, 1953.

[2] C. T. Striebel, Ann. Math. Statist. 30 (1959), 559-567.

[3] Ju. V. Linaik, Izv. Akad. Nauk SSSR Ser. Mat. 14 (1950), 501-522.
[4] ¥. Luvsanceren, Dokl. Akad. Nauk SSSR 98 (1954), 723—726.

Translated by:

. Eizo Nishiura

SIMULTANEOUS APPROXIMATION OF ALMOST PERIODIC FUNCTIONS
AND THEIR DERIVATIVES

E. A. BREDIHINA |

1. Let W) be the class of all functions bounded in (— oo, ) that possess on the whole number
axis a bounded derivative of order r; let P and P;S,'”), respectively, be the classes of all periodic
and of all 2n-périodic functions from W, We shall count the uniform almost periodic function f(x)
as belonging to the class A, if N, x + 1) = 0(1), where Nf(x, % + 1) is the number of Fourier ex-
ponents of the function f(z) in the iaterval (x, x + 1). (The structural characteristic of the class As
is given in [5].) Denote the intersection of the classes W) and 4 s by W‘E’). It is obvious that Wy )5 PZ(').

~ Let us put
Sup [F® (x) — gf (9)|

Cs A(f) =Inf max = ,
AN £ () 0<hgr E ()

where g_(x) is an entire function of degree <o and E_(f) = lzzf) Sup | f(x) - g,(2) |;
‘ 8o(x) =x

Sup | F®) (x) — T (x) |

Ch () = Inf -
()= Inf " max )

»

n .
whete T ()= 2 a,cosvz+b, sinvz and EX(f) = Inf Sup |f(x)-T (x)}
n - T (%) = n

v=0 n

Let
C, r(W(’)) = Sup C, (f);
’ few(n 7

the quastides €, (7(7), €, (P(M), C* (P{?)) ace defined in a similar manner.
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MATEMATHKA

M. APATO

OLlEHKA [APAMETPOB CTALIMOHAPHOI'O
TAYCCOBCKOT'O MAPKOBCKOT'O MPOIECCA

(I pedcmagaero  arademiuion A. H. Koamozoposoim 23 11 1962)

§ 1. CranmonapHsiii rayCccoBCKHil MapKOBCKHII mpo1iece ¢ HemnpepLIBHBIM Bpe-
MeHeM omnpejielisieTcs TpeMsa Mapamerpamu W, 0%, A

W= ME (@), o*=MIE@—uP
ME(E+ 71 —w E @) —w = o exp (— 7))

Msr GyzieM paccMaTpHBarh 3allady OLEHKH STHX mapameTpoB TO peau3alnu
mpolecca Ha OTpeske 0Lt<<T. EcrecTBeHHO, UTO BHIGOpD Tpex Iapamerpos
" MOMKHO IIPOU3BOIHUTH Pas3/TUUHBIMU crnocoBamu. CyIrecTBeHHO, ORHAKO, |TO Ma-
pamerp a = 2hd?, MMEIoHET cMBbICT «Koa(bunmenta aubdysun» M (de)? = a dt,
onpeensercs Mo eIMHAYHON peaiusalui TOYHO (CM., HANPHMED, (1)), Tak 4TO
1o CyIeCTBY HAINa 3a/aya 3aK/IOYaeTcs B OUCHKE aByx napamerpos. Cayuai
‘mspecTHOTO | paccMotpen B ().

BBeleM CTaTHCTHKH

o ,
Py B Q) FEML m= = @ d = w=
- 0

& = Yy {[& (0) —pl® + [E (1) —pI%,
2 = 1/, {[E (0) — my® + [§ (T) — myJ?} = s B (1) —EOF,

',T
o= | [E () —pl e, | ‘

% & () — m,P dt.

55 =

SaNy ©

Ml YBU/MM, YTO YETHIPE CTATHCTHUKHU /7y, My, s, s& 06pasyioT eCTeCTBEHHBIH
JOCTaTOUHbIH HAGOP CTATHCTHK Halel 3aiatd. B cayuae M3BeCTHOTO 3HAUEHASA
napamerpa |1 TAKUM eCTECTBEHHLIM HaGopoM SBJISETCA COBOKYIHOCTb JIBYX

CTATHCTHK Si, Stp. F1AKOHEI, B Ciyuae H3BECTHOIO 6% 1oCTATOUHOH CTATHCTHKOMH -
qRJISETCS B3BEIEHHOE cpefee m. DTOT Cydail saeMenTapen i XOpOILLO H3Be-
CTeH: OTHOIIEHHE ) )

— o 2
T_G_*.L, | e 61= 2—(%7)2 (4 + 1 +e™), (1)

1

umeer (0,1)-HOpMAaJIBHOE paclpeleneHue.
TIpeoGpasoBanue

. t=1¢T, E=¢ VTa
TpuBOAXT OOMIYIO 337auy K CJIydaio
T=1a=1 ]

ITpu stoM A" = AT = %, T. €. C TOUHOCTHIO JIO BEIGOpa MaciiTaGoB pacmupe-
JleJieHne MHTEPECYIOIUK HAC peanusaiuii mpouecca xapakrepuayercs TpH H3-
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BECTHOM |4 €IHHCTBEHHBIM mapamMeTpoM ¥. B §§2 u 3 M1 npesnosaraeM, 4to mpu-
BeJleHHe K CIydaio (2) yxe CHenaHo u BMecTO A nuuteM %. ITpu sTom 02 = 1/2x.

§ 2. IlpocrpancTBo peamusauuit Ry & (£), 0 < £ < 1, MoxHO paccMaTpu-
BATb KaK IIPOM3BEJCHUEe YHCIOBOM npsivoit § (0) Ha mpocTpaHcTBo peanmsammii
npouecca n(f) = § (f) — & (0).

Beenem B mpoctpancrse R; Mepy V = L X W, tae L — 06bIuHAaS /1eGeroBCKas
Mepa Ha TpsaAMoil, a W — Xopomio u3BecTHasl ycJIOBHas Mepa Bunepa (V). Torga
(*) pacnpenenenue P mpomecca & B mpoctparcTBe R; aGcosoTHO HEIIpephLIBHO
OTHOCHTeNbHO V ¥ JaeTcsl MIOTHOCTBIO. '

apP Dy 9 1 1
Sy Tor{ofa-trial o

®opmyana (3) U IOKA3HIBAET, YTO B C/Iyyae H3BECTHOTO IL CTATHCTHKH Sj; H Sy
00pasyioT JIOCTAaTOUHHIH HaGOp CTaTHCTHK, Tak Kak ' ‘

. dP
log —- = C + Yy log % — (sh; — V) % — 1/ %253y,
TO ypaBHEHHE HAHGOJBLIETO NPABONONOGHS HMEET BHJ

1 \ ‘
P (S01 — Y2) — % 55 = 0,

. 04 —_ 2d02— 1/2 ng = 0, d = 1/2 Sgl -_— 1/4. \ (4)

Jlerko npoBepuTh, UTO ypaBHeHUe (4) BCerjia HMMeeT eIHHCTBEHHOE MOJONKH™
Te/JbHOE penreHye v :

o =d -+ Vd+sY,. (5)
Herpyaso mokasare, 4TO IpH % — oo OIEHKA 02 aCHMITOTHYECKH HOpMaJib-

Hasfi H 3KBHBAJNEHTHA OLEHKE Sg.
- Teopewma 1. [Tpu ussecnuomp un — oo oyenka

0% ~ Sg

aeumnmomuuecki spphexmusna 1 pacnpedeseniie OMHOWEHIS
, 2
i B (6)
_ soa/V %2
cmpemumes £ (0,1)-Hopmarotomy .-
Ilpu % — O cratucTHRM S5 U S5, ACHMITOTHYECKH 3KBUBAJEHTHBI, TaK UTO
MOXKXHO OTpaHHYUTLCH 060l M3 HUX. Pacnpe;[eﬂeﬂne OTHOIIECHU A

2
02

52

S

npu % — 0 cTpeMuTCsl K paclpefiesieHuto %2 ¢ OZHOH CTENeHbI0 CBOGOALL:

Q] T
02, 2 : —u2/o 7
— - —\ e#2dy,
p { p) <Z } NS ]/ - S - . ( )
‘ A
2 )
Ilpn cpennnx sHaueHHAX %X BONPOC 00 HCIOJb30OBAHWUH CTATHCTHK Sg M Sy

‘Gonee cuoxen. B (%) om mogpoGHO He paccMOTpeH. MoxHo aymars, uto Ges
'09eHb GOJIBIION MOTEPH MH(POPMALMH MOMKHO I0JIb30BAThCsl OJJHON CTaTHCTHKOM

s%. Ham xamercss BeposiTHO# rumotesa: mpu JoGoil o, 0 < a < 1, u moGom

o - — 2
0? > 0 ypaBHenHe P (6° > y|0%) = o nMeeT eJMHCTBEHHOE pellleHue y = @ (0%).
Ecsin 310 TaK, 10 o6paTHas GyHKuE 02 = @, (y) TOXKe ONpeleJeHa OLHO3HAYHO
14,



M OCTABJSET JOBEPHTENBHYIO TpaHHIY 02 = ¢, (0), yIOBIeTBOpSIOMYO yC-
JIOBHIO ‘
P{0® < 03|0% = « nmpu aoboM . (8)
Tlpu % — oo M IpH % — 0 3Ta JOBepHTeNbHAs TPAHMIA NEPEHIeT B JOBEPH™
TeNIbHYIO TPAHKIY, OOCTABIAEMYIO ACHMITOTHYECKHM IIOJXOJOM.
§ 3. ®opmyna (3) merko-mpeoGpasyercs CaeAyOHEM 006pasoM:

9DV exp 8 =y Yy sk (o my Yo (o)l (9)

- 9
®opmysaa (9) nokaseiBaeT, 4TO HAGOp UETHIPEX CTATUCTHK My, My, S, Ss
SIBJISIETCS OCTATOUHBIM HaGopoM. Pemenre ypaBHEHHI HaHOOJBINETO IIPABJO-
nojo6us 3z1ech ciaoxkHee, OTMETHM JHIIb, YTO. OLUEHKH HAHOOJBINEro IPaBAoINo-
JIOOUSA CBSI3aHB COOTHOIIEHHEM
~ 2m1+’;\0m2 : 10
L (19)
Ipu omenke 0® (MJIM %) €CTECTBEHHO OTPAHHUUBATHLCA CTATHCTHKAMH, He 3a-
BHCSILIMMH OT Hauasa oTcuera Ha oc §. JlocraTounbifi HaG0p TaKHUX CTATHCTHK
MOXKHO COCTABHTb, HANPHMED, M3 TPEX CTaTHCTHK S;, S5, (71; — mg)®. Cayuai
GoMbIIKX % He IIPeACTABJsIeT 3aTpPyJHEHHH, TaK KaK HMEEeT MECTO:
Teopewma 2. [Ipu % — oo oyenku '

B~ My, 02"’52

COBMECTIHO QCUMRIMOMmuUYeckl hhexmugrer, a pacnpedeneriie OMHOUEH UL

My — W S;"‘Gz ) . (11)
253 s2V2/n

cmpemumes K (O, 0; ](1) (1) >-n0pma/sz0My.

ITpu % — O CTATHCTHKH /11, U MMy ACHMITOTHYECKH 3KBHBAJICHTHE, a Iapa cra-

THCTHK S; M S; aCHMITOTHYECKH He3aBACHMA OT NapamMeTpoB H OT CTAaTHCTHK
1y ¥ My, DTO IPUBOJMT K MOUTH TOJIHOH HeONpeesIeHHOCTH apamMerpa @ 1 K He-
BOSMOXKHOCTH OLEHUTH [IApAMETp % CHU3Y (T. e. IapaMerp o° CBepXy).

Teopema 3. lyemo a >, up (§), pu (§) — Oeticmsumensrote, Ul pas-

Hole — o0, Ul ~+ oo, Henpepeistoe' 8 mempuke Cpoq1™ PyHKyUOKAL & NpO=
cmparcmee Ry, yoosremeopsoujue npu cex | U % YcAoeUam

Pup@ize, P<p@)> o
Toeda : ‘
Piu(E) = —oo} >/ (x, @), P{u(E) =~ o0} =70 )
20e noaoscumenvran GyHKyUs [ He sasucum om evi60pa PYHKYUOKAN0E U
fe, o) — Yy npu % — 0.
Teo p ema 4. [Myemo o >0 u n (E) — neompuyamendubitl Herpepoigolil

"6 mempure Cpyyy pynKyuonanr & npocmparcmee Ry, ydosaemeopstomul npi ecex
W U % YeAoBUKD

P >x (8>

Toz0a o
P (8 =0>g (),

2de NOA0KHCUTNEAbHAS qbyﬂm;u;i g He 3asucum om evibopa zpynlfquOHaﬂa u
g 0 -1 npu »— 0.

# HenpepblBHOCTb /1S GYHKIMOHAJIOB, NIPHHEMAIOMEX GeCKOHEUHEIE BHAUCHHS, ToHEMaeTCA
K4K HeNpephBHOCTb, HHIYUMPOBAHHAS TONOJOTHeH Ha PACHIMPEHHOH NPAMOH, TIOTIOJTHEHHOH
ToukaMu oo, K (00) > — o0, [ (— c0)<oo.
) 15



EcrecTBeHHO, 4TO IPH % — oo QYHKUUHM [ ¥ g IpH JHOGOM (GUKCHPOBAHHOM
o<1 crpemarcs K Hymo. IT0 BHITEKAET M3 BO3MOKHOCTH [OMYUHTh ACHMITOTH-
YeCKH IPABUJIBHbIE [JOBEPHTENbHEIE IPAHULEL /s TAPAMETPOB B COOTBETCTBH
C TeopeMol 2. :

Mel paccunThIBaEM BIIOCJAEACTBHH BEPHYTHCS K COCOGAM IOCTPOGHHS JIOBe-
PUTeILHBIX TPAHHI VIS b ¥ % (0%), IDHIOJHBIX Ge3 BCAKMX OrpaHHYeHHH HA 3Ha-
4eHMS napameTpa %. MeToX WX NONyueHHS aHAIOTHUEH H3JIOKEHEOMY B § 2
cnocofy TOCTPOEHHS! JOBEPHTENbHBIX IPAHUL A 62 (X) NpH H3BECTHOM [L.
Ho B caydae JBYX HEH3BECTHBIX I1aPaMETPOB 3TO IOCTPOEHHE, €CTECTBEHHO,
NPUBOAUT K OCOGEHHOCTAM, OTMEUEHHBIM B TeopeMax 3 H 4. ,

§ 4. [lnst nmpuMerenuil yIoGHO BEpHYThCS K CAYHAIO MPOH3BOMLHBIX T H .
Ilpusenem mpuMep Taroii HOPMYIHUPOBKH, OTHECEHHBIH K BoIlpocy 00 OHeHKe
napameTpos [t ¥ A. ITO OY4EBHJHOE CELCTBUE TeopeMbl 2 (Tepexos OT napamerpa
0% X A He IpPEeICTaBAsieT 3aTpyIHEHuH).

Teopewma b [lpu = AT — co oyenxu

p“ —~ m27 7\' id b - d{)‘
2s;

COBMECMKO acumnmomuiecki spexmustol, a pachpedesere OMHOWEHUT

my — W b— A
VAT ~~ V2MT
10
0 1‘>-Hopma/sz0My.

cmpenumes K (0, 0;

A 5. B sak/oueHue 3amMerTdM, yTO Hamla 3ajaYa TECHO CBSI3aHA C 3ajaued
OLEHKH IIapaMeTpPOB I'ayCCOBCKOrO MapKOBCKOrO IIpoIecca € JIHCKPETHHIM Bpe-
meHeM. IlycTe mnst Taxoro' mporecca

ME, =p, ME, —p? =02 MG —w (E—p) - o2p.

TlapaMeTpoB Tenepb TPHU: W, 6> H p, IOCTATOUHBIX CTATHCTHK — IATH (M. (%))

N
ml:é‘(gl‘l"gN)’ My = %‘ng

/=

' 1 5 1
Si = % (‘EN - 51)2, SZ = N (En —_ m‘z)z?
n

I
LA

1

Ne
R = 2 Enpr — mz) (En — my).

Ipenenbuniii mepexoll K Hame# safade ocymectsisiercs upu N — oo, p — 1.
[Tpu sTtoM % = N (1 — p®) mepexonur B mapamerp » zamrefl 3ajgaqn. Ha sTom my-
T¥ MOXKHO HaJeATbCs MOJYUYHTb 3aBepLIeHHe HcciefoBanuii Jlyscaunnepena (4).

Bripaxalo G1arogapHOCTh MOeMy pyKoBomuTemo axax. A. H. Kommoro-
poy u . I'. Cunalo 32 BHHMaHHe W MOMOIILb.

MOCKOBCKHHl TOCYJApCTBEHHBH YHHBEPCHTET “ IToctynmao

uMm, M. B. JlomoHocoBa - : 20 II 1962
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