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ABSTRACT. We describe Wasserstein isometries of the quantum bit state space
with respect to distinguished cost operators. We derive a Wigner-type result
for the cost operator involving all the Pauli matrices: in this case, the isome-
try group consists of unitary or anti-unitary conjugations. In the Bloch sphere
model this means that the isometry group coincides with the classical sym-
metry group O(3). On the other hand, for the cost generated by the qubit
“clock” and “shift” operators, we discovered non-surjective and non-injective
isometries as well, beyond the regular ones. This phenomenon mirrors certain
surprising properties of the quantum Wasserstein distance.

1. INTRODUCTION

The relevance of quadratic Wasserstein spaces has grown dramatically in recent
years due to their close connection with the theory of optimal transportation. Recall
that if (X,r) is complete and separable metric space, then the classical quadratic
Wasserstein space Wh(X) is the collection of those probability measures on the
Borel o-algebra B that satisfy [ r(z,20)? du(z) < oo for some zy € X, endowed
with the metric

s

do(p,v) == (inf/XXXr2(x,y) dﬂ(m,y))l/z.

The infimum above is taken over the set of all couplings (or transport plans), that
is, the set of all probability measures on X x X whose first marginal is x4 and
the second marginal is v. The Wasserstein distance quantifies the minimal effort
required to morph p into v when the cost of transporting a unit mass from x to
y is 72(x,y). Methods based on the theory of optimal transport and nice proper-
ties of Wasserstein spaces have achieved great success in several important fields
of pure mathematics including probability theory [7,8], theory of (stochastic) par-
tial differential equations [43, 44|, variational problems [23,24] and geometry of
metric spaces [49,56,62]. Besides theoretical applications, the geometric character-
istics of the Wasserstein metric (and other transport-related metrics) have given
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a momentum for research in many areas of applied sciences like image process-
ing [47,66], medical imaging [42, 63], inverse imaging problems [48], and machine
learning [2,22,29,54,55,61].

It is a general phenomenon that concepts and notions that are well-established
in the classical commutative world do not have a unique “best” extension in the
non-commutative world but there are many possible ways of generalization with
pros and cons. This is the case concerning optimal transportation as well. Non-
commutative optimal transport is a flourishing research field these days with several
different promising approaches such as that of Biane and Voiculescu [5], Carlen,
Maas, Datta, and Rouzé [11-15], Golse, Mouhot, and Paul [9,10,38-41], De Palma
and Trevisan [16,17], Zyczkowski and his collaborators [6,27, 28,69, 70], and Du-
venhage [20,21]. From our viewpoint, the most relevant approach is the one of De
Palma and Trevisan involving quantum channels. We aim to explore the structure
of isometries with respect to two distinguished quantum optimal transport dis-
tances. By isometry we mean a self-map of the state space preserving the quantum
Wasserstein distance, without any further assumptions on surjectivity or injectivity.
The existence of non-injective isometries is a surprising and fascinating phenome-
non that cannot occur in a genuine metric setting. However, according to many of
the approaches including that of De Palma and Trevisan [17] which we follow, the
quantum Wasserstein distance of states is mot a genuine metric, e.g., states may
have positive distance from themselves.

When working with a structure which carries a distance-structure, a natural
question arises: can we describe the structure of distance preserving maps? As
Hermann Weyl said in [67]: “Whenever you have to do with a structure—endowed
entity ¥ try to determine its group of automorphisms, the group of those ele-
ment—wise transformations which leave all structural relations undisturbed. You
can expect to gain a deep insight into the constitution of ¥ in this way.” In re-
cent years, there has been a lot of activity concerning such questions, see e.g.
[1,3,18,19,25,26,30-37,46,50-52,57,64]. We highlight three papers which deals
with the structure of Wasserstein isometries over Euclidean spaces [33, 35, 46].
In [46] Kloeckner described the isometry group of the quadratic Wasserstein space
Wa(R™). Later in [33] and [35] we gave a complete characterisation of isometries
of p-Wasserstein spaces over real and separable Hilbert spaces for all parameters
1 <p<oo.

In this paper, we consider the quantum case, namely we study Wasserstein isome-
tries of the quantum bit state space with respect to two distinguished cost operators.
In Theorem 1 we derive a Wigner-type result for the cost operator involving all the
Pauli matrices: in this case, the isometry group consists of unitary or anti-unitary
conjugations. In the Bloch sphere model this means that the isometry group coin-
cides with the classical symmetry group O(3). In Theorem 2 we provide a lower and
an upper bound for the isometry semigroup in the case when the cost is governed
by the “clock” and “shift” operators. In order to determine the actual isometry
semigroup, we performed some numerical test, see Section 5, which suggests that
the isometry semigroup coincides with the lower bound in Theorem 2. To the
best of our knowledge, this work is the first one concerning quantum Wasserstein
isometries.
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2. BASIC NOTIONS, NOTATION

Throughout this paper H will denote the Hilbert space C2. The symbol L(H)
stands for the set of all linear operators on H, and A < B means that B — A is
positive semidefinite. The set of quantum states will be denoted by S(#), that
is, S(H) = {p € LH)|p > 0, tryp = 1}. A state p € S(H) is called a pure
state if it is a rank one projection, i.e., there exist a unit vector ¥ € H such that
p = |1){2)]. The set of pure states will be denoted by Py (H). For a Il € L(H @ H*)
the partial trace try-II is defined by try ((trg-I1)A) = trygu- (II(A ® I3+)) for all
A € L(H), and similarly, the partial trace tryIl is defined by try-((tryI1)BT) =
tryeu- (I(Iy ® BT)) for all B € £(H). Using the canonical linear isomorphism
between L£(H) and H @ H*, for an operator A € L(H) the symbol ||A)) denotes the
corresponding vector in H ® H*.

Elements of S(H) can be represented by vectors using the Bloch representation.
The Bloch vector b, of a state p € S(H) is defined by

R? > b, = (try (poj))?zl

where the o;’s are the Pauli operators

012[0 1} 02:[0 —i} 03:{1 0] 1)
10 i 0 0 -1

The positivity condition p > 0 ensures that ||b,||ps < 1, and hence we will denote
the Bloch ball by B2. The symbols U(n), SU(n), O(n), and SO(n) denote the
unitary, special unitary, orthogonal, and special orthogonal groups, respectively.
Following the convention of De Palma and Trevisan [17], the set of all couplings of

the quantum states p,w € S (H) is denoted by C (p,w), and is given by

Clp,w)={ITe S(HRH")

We remark that C (p,w) is never empty, because the trivial coupling w ® p? belongs
to C (p,w). According to the convention (2), we consider quadratic cost operators
of the form

try« Il = w, try Il = pT} . (2)

K
C=Y (4@ — Iy A7), (3)
j=1
where the A;’s are self-adjoint operators on H. The reason of this choice is that
the A;’s represent observable physical quantities and for a state II of the composite
system, the quantity trygyu-(ILC) is the expected quadratic difference between
outcomes on the first and second subsystems.
The corresponding quadratic quantum Wasserstein distance D¢ (p,w) of p and
w is defined by
1/2
D¢ (p,w) = ( inf trygus (T C)) . (4)
IIeC(p,w)
The main goal of this paper is to describe the structure of isometries, that is,
quantum Wasserstein distance preserving maps, of the qubit state space. As the
quantum version of the Wasserstein distance is not a genuine metric, e.g., states
may have a positive distance from themselves, we precisely state below what we
mean by isometry.
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Definition 1 (Quantum Wasserstein isometry). A map ® : S(H) — S(H) is
called a quantum Wasserstein isometry with respect to the cost operator C if

Do (@ (p),® (w)) = Do (p,w) ()
for all p,w € S(H).

Note that in Definition 1 there is no a priori assumption on the surjectivity or in-
jectivity of ®@. In fact, a typical quantum Wasserstein isometry described in Theorem
2 is neither surjective nor injective! See (32) for very simple examples of isometries
of this kind. The fact that states may have a positive distance from themselves
opens the door for non-injective isometries which cannot exist in a genuine metric
setting.

3. SYMMETRIC COST OPERATOR: A WIGNER-TYPE RESULT

Let us consider the cost operator which is symmetric in the sense that it involves
all the Pauli operators o1, 02,03 — see (1). The symmetric cost is defined by

, 4 0 0 —4

. 2 0 8 0 0
sym : z_; g;j ® I’H* - I’H & 0; ) = 0 0 8 0 ) (6)

= -4 0 0 4

and the corresponding quantum Wasserstein distance is denoted by Dgym, (-, ).
An important feature of the symmetric cost is that the induced distance Dy, is
invariant under unitary or anti-unitary conjugations (in short: Wigner symmetries).

Lemma 1. For any unitary or anti-unitary operator U and for any p,w € S (H)
we have

Doy (UpU*, UwU™) = Dy, (p,w) . (7)

Proof. We note first that in view of (2), for any U € U(2) and p,w € S (H) we
have

C(UpU*, UwU") ={UTIU" |TT € C (p,w)} (8)
where
U:=Uw((UT) (9)
is a unitary on H @ H*.
The relation {UITU* |IT € C(p,w)} € C(UpU*,UwU*) is justified as follows.

Let T = Y% A, © BT (A,, B, € L(#)) be a decomposition of a coupling Il €
C (p,w). Then

R
unu' = (ve (V7)) (ZA ® BT> (U2 U") =Y UAU" © (UBU*)"
and hence
R
tra- (UTIUY) (Z try-Bl) ) U* = UwU*
and very similarly, try (UTIU*) = (UpU*)", and unitary conjugation preserves

positivity. On the other hand, if ¥ € C(UpU*,UwU*), then U*SU € C(p,w),
where U* = U* @ UT, so the equation (8) is justified.
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The next step is to show that the symmetric cost defined by (6) is invariant
under conjugation by U, more precisely,

(Ve (UT)") Cogm (U @UT) = Coym, (10)

for any U € U(2). As (WU) ® ((vU)T) =U® (UT)" for any complex number
of modulus one, it is sufficient to prove (10) for U € SU(2).

Let U = { g %ﬂ } € SU(2), that is, a, 8 € C and |oz\2 + |ﬁ\2 = 1. Then
o> —ap —aB 18I
* A 2 _7 _—
ven) =| 0 o, L TS| ()
87 a8 @B o)

The spectral decomposition of the cost operator is

4 0 0 -4 100 1
0 8 0 0 000 0
Com=1 9 08 0 |=%]000o0]l"
400 4 100 1
1 00 -1 0000 00 0 0
i 0000 0 f J0o110f |0 1 -10
0 00 0 0110 0 -1 1 0]
100 1 000 0 00 0 0
that is,

Caym = 0 [[1)) (Tl + 4 - (|los)) (o] + [lo)) {{on]] + [[o2)) (o) -
Note that ||Ix))({I%]| is an eigenprojection of the normal operator U ® (UT)* , see
(11), and hence U® (U T) * commutes with the cost Cgym, which is a rank three pro-
jection up to a multiplicative constant. So we deduced that [Csym ,U® (UT)*} =
0 for any U € SU(2), which is equivalent to the desired equation (10). Therefore,
nym (UpU", UwU") = inf {trygp- (Coym®) | X € C(UpU™, UwU™)}
= inf {trugn- (CoymU ILUT) [I1 € C (p,w)}
= inf {trq.[®7.[* (u* Csymu H) |H eC (p, UJ)}
= inf {tr3g (Coym 1) [TLE€ C (p,w)} = D3, (pw), (12)
so (7) is proved for unitaries.

As for an anti-unitary U, let us note that UAU* = VAV* for some unitary
V € U(2). However, 7; ® ; = 0, ® g, for every j € {1,2,3}, hence Cyypm = Csym,
and C (p,w) = {II|II € C (p,w)} . Therefore,

Dgym (pv w) = inf {trH®H* (Caym ﬁ) | mec (p7 w)} = nym (,O,W)
for any p,w € S (H), and (7) is proved for anti-unitaries. O

Now we know that Wigner symmetries are quantum Wasserstein isometries with
respect to the distance induced by the symmetric transport cost operator (6). The
main result of this section is that all the quantum Wasserstein isometries with
respect to this cost are Wigner symmetries.
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Theorem 1. Let @ : S(H) — S(H) be a quantum Wasserstein isometry with
respect to the cost operator Csyy, given in (6). That is, assume that

Daym (®(p), @ () = Daym (p0)  (pow € S (H)).

Then there exist a unitary or anti-unitary operator U acting on H = C? such that
®(p)=UpU"  (peS(H)). (13)

Conversely, any map of the form (13) is a quantum Wasserstein isometry with
respect to Csym,.

In other words, the isometry group of the quantum Wasserstein space defined
by the cost operator Csym coincides with the orthogonal group O(3) by the Bloch
representation.

Proof. Let
1 1 142z -yl
p2(1H+x01+y02+203)2[x+y2. 1- > ] (14)
and
1 1| 14+w wu—wi
w—2(IH+u01+vag+w03)—2[qum. 1w} (15)
be states on H. The cost of the trivial coupling of p and w is
3
tI‘H@’H* ((UJ & PT) Cs’qm) = trH@'H* (W & PT) 6IH®’H* —2 Z 0 ® U;r
j=1
3
=6— QZtrH (woj) - tryg= (pTajT) =6—2(zu+yv+zw) =6 —2(b,,b,) (16)
j=1

where b, = (z,y,z) € B and b,, = (u,v,w) € B? are the Bloch vectors of p and
w, respectively.

We see from (16) that D2, (p,w) < 8 for any p and w, and D2 ,, (p,w) = 8
if and only if b,, = —b, and ||b,|| = 1. This latter property amounts to p and w
being orthogonal pure states. Therefore,

x| D}y (py0) =8, (17)
and the maximum is attained if and only if p and w are orthogonal pure states.
Consequently, any quantum Wasserstein isometry with respect to Csyr, maps pure
states to pure states.

Now, we exploit the fact that if either p or w is a pure state, then the trivial
coupling is the only quantum coupling, that is, C (p,w) = {w ® pT} . This is the
quantum analogue of the classical fact that if either p or v is a Dirac mass, then the
only classical coupling of p and v is p X v. So, the quantum Wasserstein distance
of pure states p,w € Py (H) can be expressed in terms of their Bloch vectors as
follows:

D%, (pw)=6—2(by, b,y =4+]|b,—b|> (pwePi(H). (18)

This means that the squared Wasserstein distance of pure states is an affine im-
age of the Euclidean distance of the corresponding Bloch vectors. In the Bloch
representation, pure states correspond to the unit sphere 82 C R3. Therefore, if
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®: S(H) — S(H) is a Wasserstein isometry for Cyy,, then it acts on pure states
like an isometry of S2. Namely, there exists an O € O(3) such that

by =0(b,)  (pePi(H)). (19)

Observe now that if a Wasserstein isometry ® : S (H) — S (H) leaves the distin-
guished pure states w; := % (I +05), j €{1,2,3} invariant, then

® = Ids).
Indeed, if p € S (H) is given by (14), then by (16), we have
D2, (p,w1) =6 — 2z, D2, (p,ws) = 6 — 2y, D7, (p,ws) =6—2z.  (20)

sym sym sym

Therefore, if ® (w;) = w; for every j € {1,2, 3}, then the preserver equation (5) tells
us that all Bloch coordinates of p remain the same, that is, ® (p) = p. Consequently,
any Wasserstein isometry ® : S (H) — S (H) acts as an isometry of B3, namely,
there exists an O € O(3) such that

bay =0 (b)) (p€S(H)). (21)

It is clear that unitary conjugations on S (H) induce orientation preserving or-
thogonal transformations on the Bloch sphere B3. But the contrary is also true
by [58, Prop. VIL5.7], namely that for any O € SO(3) there exists a U € SU(2)
such that the action p — UpU™* is described by O in the Bloch sphere model.
Moreover, as p — p (taking the element-wise complex conjugate in the standard
basis) is an orientation reversing isometry in the Bloch sphere model — namely,
it is the reflection to the “x — z plane” as 7 = 01, 63 = 03, and o3 = —0y —,
for every O € O(3) there is a unitary or anti-unitary U such that p — UpU* is
described by O in the Bloch sphere model. Unitary conjugations correspond to
orientation-preserving isometries of B3, while anti-unitary conjugations correspond
to orientation-reversing isometries.
So (21) tells us that all isometries must be unitary or anti-unitary conjugations.
The converse statement has been proved in Lemma 1 and hence the proof is done.
O

4. NON-INJECTIVE AND NON-SURJECTIVE ISOMETRIES

We turn to the case when the cost operator involves the qubit “clock” and “shift”
operators which are intimately related to the finite dimensional approximations of
the position and momentum operators in quantum mechanics [59,60].

As the qubit “clock” operator is o3 and the “shift” is oy, let us define the
corresponding cost operator C., by

2 0 0 =2
0 6 -2 0
Cozi= > (050 B —Iy@o]) =al-2 Y qeal = | o 0 5
= 7= 2 0 0 2

(22)

We denote the corresponding quantum Wasserstein distance by D,.. We need some
additional definitions to state the main result of this section precisely.

Let G denote the group of transformations of S (H) generated by the maps
p > et92pe=to2 (t € R) and p — o3pos. That is,

G = ({prs "7 pe > |t e R} U{p > o3pos}). (23)
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Note that in the Bloch sphere model these transformations are rotations around
the “y axis” and the reflection to the “y — z plane” and hence G = O(2).

Let IC denote the group of self-maps of S (H) generated by taking the complex
conjugate in the standard basis, that is, by the map p — p. Note that every element
of G commutes with every element of I, and K is isomorphic to Cs, the cyclic group
of order 2.

Let S® (H) denote the set of all real symmetric states

SR(’H)z{l

3 (I3 + xo1 + z03)

2422 < 1} ,
and let ”PF (H) denote the set of all real symmetric pure states, that is,

Py (H) =P (H)NS* (H).
For a set D C S (H), we define

FOly =1{6:S(H) = S(H)|€(p) € {p,p} if pE D and £ (p) = pif p ¢ D}

We will consider the special cases where D = Py (H)\PR (H) or D = S (H)\S® (H) .
)
1,1}
is a unital semigroup. Moreover, the restriction of 1 to D is a bijection of D for
every 1 € G x K.

Let us take a closer look at the algebraic structure of transformations of S (H)

R
generated by the elements of G x I and ]-'{(Z(ﬁ)\ﬂ (H)). For every v € G x IC, the
map

Note that in these special cases ]-'{(? endowed with the composition operation

emvtogon (eI

R
is an automorphism of ]:{(7_)1 (E)\Pl (H))

R
of G x K and }"{(i(ﬁ)\ﬂ ) can be written in a simple form: ® = 1) o £ for some

R
b eGxKand €€ f{(iﬁm (1)),
So the algebraic structure of transformations of S (%) generated by the elements

R
of G x K and .77{(7_)1(;;)\7)1 ) is the semidirect product

. Therefore, any composition ® of elements

P1(H)\ P (H)
(G X K) Xy, ]-'{(71,1} )

where X, is defined by the standard action
(01(¥)) (§) =9~ oo (24)

R
That is, the action of an element (¢, £) € (G x K) X, ]-"{(Z(z;)\?)l ) on the state

space S (H) is given by (v,€) (p) = (o &) (p), and the product of (¢p',¢') and
(¥,¢) is

(W', €)% (1,8) = (W o, (p1(9)) (€) 0 &) = (W' op, y™ 0 0gpof),
and hence for p € S (H),
(W, €)% (1, €) (p) = (¥ oo™ 0 0tpol) (p) = (W 0 & 0ol (p).
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R
Very similarly, the elements of G give rise to automorphisms of F {(fﬁ)}\s (40)
by conjugation, and the algebraic structure generated by the elements of G and
}-(S(H)\SR(H)) i th i d
(—1,1} 1s the semidirect product
(SAN\S*(H)
G Xy F {-1,1} )
where X, is defined by the standard action
(02(1)) (€) =9~ o0& 0. (25)

Let Isom (Wém) (S (7—[))) denote the semigroup of quantum Wasserstein isome-

tries of the state space S (H) with respect to the cost operator C,, given in (22).

.
Theorem 2. If 1 € G x K = O(2) x Cs and ¢ € f{(fi(ﬁ)m @) then the map

D = 1p o & belongs to the semigroup Isom (WQ(M) (S (7—[))) . On the other hand, if

® € Isom (WQ(M) (S (’H))) , then there exists a unique ¥ € G =2 O(2) and a unique
R
S }_{(f(ﬁ)}\s *0) such that ® = o . In other words,

(SD\S*(H))

Pi(H)\PF(H Tz
(0(2) x C2)1><¢1}'( FONPED) C Isom (Wg( )(5 (H))) C O(2)xp, Fy_ 11y

{_171}

where the semidirect products X ,, and X, are defined by the standard actions (24)
and (25), respectively.

Proof. Let us start with proving the lower bound in (26). First we show that
the orthogonal group O(2), identified with G defined in (23), is a subgroup of the
Wasserstein isometry semigroup. That is, with U(t) := €2 (¢t € R), the unitary
similarity transformation

p=URpUR)"  (peS(H)) (27)

is a quantum Wasserstein isometry for every ¢ € R, and the anti-unitary similarity
transformation

p—ospoy  (peS(H)) (28)

is also a quantum Wasserstein isometry.
. T * | cost sint
Let U(t) :==U(t)® (U(t)")" . Note that U(t) = [ st cost |- Weshow that
the “clock and shift” cost defined in (22) is invariant under conjugation by U(t),

that is,

U) CozU)" = Co (29)
for all ¢ € R. Indeed,
« | cos2t —sin2t « | sin2t cos2t
Ut)osU(t)" = —sin2t —cos2t } and U(t)onU(#)" = [ cos2t —sin2t ] ’
and hence

UL) Coz U =U) [ 4Ten- —2 D> 050 0] | UL)"
j=1,3
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=dlyen- —2 Y U)oU) @ (UMW) o] U
j=1,3
cos? 2t —cos2tsin2t —cos2tsin2t sin? 2t
— cos 2t sin 2t —cos? 2t sin? 2t cos 2t sin 2t
— cos 2t sin 2t sin? 2t —cos? 2t cos 2t sin 2t
sin? 2t cos 2t sin 2t cos 2t sin 2t cos? 2t

sin? 2t cos2tsin2t  cos2tsin 2t cos? 2t
cos 2t sin 2t —sin? 2t cos? 2t — cos 2t sin 2t
cos 2t sin 2t cos? 2t —sin? 2t — cos 2t sin 2t
cos? 2t —cos2tsin2t —cos2tsin2t sin® 2t
4—-2 0 0 -2
0 4+2 =2 0

- 0 -2 442 0 = Cs..

-2 0 0 4-2

Now, using (8), an argument very similar to (12) shows that this unitary invari-
ance of the cost (29) implies

Do (U()pU (1), U)wU (1)) = Doz (p,w)  (pw € S(H)).

The next step is considering the anti-unitary similarity transformation (28). Note
that if IT € C (p,w) and T = -7 | A4, @ BT (A,, B, € L(H)), then

(03 ® ) ZA ® BT (03 ®03) ZO’gA 03 @ (03B, 03)T
and hence
{(os@ (o)) T (e @ o)

However, the inclusion in the other direction can be shown very similarly: if ¥ €
C (o3pos, o3w0}) , then

(032 08) T (052 (o7)") € C o),
and hence (30) holds with equality. With this in hand,

IMeC(p,w)y CC(o3poy,o3w0s). (30)
3 3

D?_ (03p0}, 03w03) = inf {tryen- (Ce-X) | X € C (03p03, 03w003)}
= inf {tr%@m* (C’m (03 ® (Ug)*) I (o3 ® Ug)) ‘ IT € C (p, w)}
= inf {trm;w ((U§ ®03) Cys (03 ® (a{)*) ﬁ) ‘ Hec (p,w)}

= inf {tryeu- (C.. ) |TT € C (p,w)} = D2, (p,w), (31)
where we used that cost (22) is invariant under the transformation (28) in the sense
that

(739 0F) o (029 (1))
= Z (055505 @ o3ly-05 — 031305 ® 030705)2
je{1,3}

= Z (O’j & Iy« — Iy ®O']T)2 =Cps.
j=1,3
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So this anti-unitary similarity transformation (28) is also a Wasserstein isometry.
To see that the map p +— p is also isometric, we only have to note that

D2, (p,w) = inf {trygn- (C..3) | T € C (p,0)}
= inf {trf;.@q{* (Cmﬁ) ’ IT € C (p, w)} = inf {trg_@;{* (CTZH) ‘ IT € C (p, w)}
= inf {tryen- (CeI) |TT € C (p,w)} = D2_ (p,w).

The last step in proving the lower bound in (26) is showing the isometric property
of maps of the form

5(0)5{1 p L pES(H)\Pl(H)
z7(p+p)+exlp)5(p—0) p€Pi(H)
where €3: Py (H) — {—1,1} is an arbitrary function.

Let p and w be defined as in (14) and (15). The cost of the trivial coupling of p
and w is

(32)

tr’i—[@?—[* ((W ® pT) sz) = trq.[@f;_[* (w ® pT) 417'[@7-[* -2 Z ] ® 0’;
j=1,3

=4-2 Z try (woj) - trag- (pTo;‘-F) =4-2(zu+ 2w). (33)
j=1,3

Recall that C (p,w) = {w ® pT} if either p or w is a pure state. So the isometric
property of (32) holds because by (33), for any state p and any pure state w given
as in (14) and (15) we have

D3 (6(w),€(p) = D3, (w, p) = 4 = 2(zu + zw)

where we used that ¢ defined in (32) does not change the first and third elements
of the Bloch vectors of p and w. So if at least one of the states involved is pure, the
distance does not depend on the second elements of their Bloch vectors at all.

So any composition of the transformations in G x K = O(2) x C and maps from

R
f{(fi(ﬁ)\ﬂ (H)), that is, maps of the form (32), are Wasserstein isometries with

respect to C,. In other words,

P1(H)\PT(H xz
(02) x Ca) ey FOLTH) € tsom (W47 (5 (1))
so the lower bound in (26) is proved.
To prove the upper bound in (26), let us recall the transport costs of trivial
couplings given in (33). An immediate consequence of (33) is that
D2 (p,w) =6 34
JJoax D (psw) (34)
and the maximum is attained if and only if p and w are orthogonal pure states with
real elements, that is,

1 1
P=35 (Iy + cosaoy +sinaos) and w = 3 (I3 — cosaoy — sinaos)

for some a € R.
Consequently, any quantum Wasserstein isometry with respect to C';, maps real
symmetric pure states to real symmetric pure states.
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Another easy consequence of (33) is that the quantum Wasserstein distance of
real symmetric pure states p,w € P (H) can be expressed in terms of their Bloch
vectors as follows:

D:. (pw) =4—=2(by,by) =2+|b, —b,|[*  (pwePl(H)). (35)
Therefore, any map ® : S (H) — S (H) satisfying
Dy: (@ (p),®(w)) = Dy (psw) (p,w €S (H))

acts on real symmetric pure states as an isometry of the circle S' representing
P (H) in the Bloch sphere model. That is, there exists an O € O(2) such that

ba(,) = O (b,) (pePF(H)). (36)

However, we have seen before that the elements of O(2) identified with the elements
of G are Wasserstein isometries. Therefore, for any isometry ® there exists a unique
Y € G such that £ := ¢y~ o ® is a Wasserstein isometry that leaves every real
symmetric pure state fixed. In particular, w; = 3 (I, + 01) and w3 = 3 (I, + 03)
are fixed by &, and hence (33) tells us that for p € S (H) given as in (14) we have

DQQfZ (5(,0) ’wl) =4-2z= D92cz (p7w1) and Dfﬁz (5(,0) ’w3) =4-2z= D?cz (,O,UJS) .

(37)
Consequently, £ cannot change the “x” and “z” coordinate of the Bloch vector of a
state p. In other words, ¢ leaves the line segment

é(z,z) ::{;(IH—FZ‘O'l —|—y0’2+20'3);y2§1—x2_2;2} (38)
invariant, that is, £ (K(m’z)) C Lz,

Moreover, the “y” coordinate of the Bloch vector of a state is also quite fixed:
it is either left invariant, or mapped to its negative.

To show this, we shall utilise the result of De Palma and Trevisan which is an
explicit formula for the self-distances of states [17, Corollary 1]. It tells us that for
any quadratic cost operator C' we have

D¢ (p.p) = trusn- (C |lVe)) (V) (39)

where ||/p)){(v/p|| € S(H ®H*) is the canonical purification of the state p €
S (H) — see [45].
Notice that the eigenvalues of C,., are 8,4,4,0, and that its spectral decomposi-
tion is
Coz = 2||o1))(onll + 4]|o2)) {o2|| + 2]|os)) {{os]] -

Consider an arbitrary non-tracial state p written in its spectral decomposition

o) 00 (e o)

where o is the vector containing the Pauli matrices, |[b,|| = (2A — 1), A € (3,1]
and hence A = 1 (1 + ||b,||) . Therefore

1

P=3

1
(IH+bp'U):/\'2(IH+

2 b, || 2 [[by ]
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(4{E 8y,4z) - > >

_ (\FA - m)Q ((z,y,2) - o] |(2, 2y, 2) - o)) = (1 - zﬁ\/ﬁ) (2+ 22

2 y2
:2(1— 1—||b,,|> 1+ .
b, ||

For fixed x and z, this expression is strictly monotone increasing in y2, and hence the
preserver equation D2_ (¢ (p), & (p)) = D2, (p,p) tells us that the second element

and
Diz(p’ p) = <<\[||Ca:z”\[>>
< 2 (x’yvz)'

<\mﬁ ZER )

R
of the Bloch vector of & (p) is either y or —y. This means that £ € F{(Sﬁ)}\s (H)),
and hence
S(HO\S* (M)
@:¢of€0@)mnfém} )
as desired. (]

5. NUMERICS ON THE CLOCK AND SHIFT CASE

We performed some numerical test using Wolfram Mathematica [68] to study
Theorem 2 where we obtained a lower and an upper bound for the isometry semi-
group, see (26). The Mathematica notebook along with its pdf image is available
online, see [65].

These numerical tests suggest that the truth in Theorem 2 is the lower bound.
That is,

R
tsom (W™ (8 (H))) = (0(2) x ) sy, P30 V1),
The meaning of (42) is that Wasserstein isometries fixing real symmetric pure
states behave uniformly on mixed states: they either send all mixed states to their
conjugate, or they leave all mixed states fixed. This is in striking contrast with
the behaviour of isometries on pure states, where the conjugate can be taken or
omitted independently, see (32).

The argument supporting this uniform property of the isometries reads as follows.
Assume that an isometry ¢ leaves every element of PR () and hence S® (H) fixed.
That is, we factor out by G = O(2). Now, for every state p € S (H) we have either
E(p)=por&(p)=p

We choose the distinguished mixed state

1 1
=g (IH + 202) (43)

and show numerical evidences that suggest that if £ sends 7 to its conjugate, then it

sends all mized states to their conjugates. And vice versa: if 7 is left invariant then

so are all the mixed states. Note that there seems to be a crucial difference between

mixed and pure states: as (32) shows, the pure states may be left invariant or sent

to their conjugates completely independently of the action of £ on other states.
The following numerical results suggest that

D,. (p, 77) < Dy, (ﬁv 77) (44)

(42)
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for any p € S (H) \ P1 (H) with [b,], > 0, that is, with positive “y” coordinate in
the Bloch model.
In the experiment shown in Figure 1 we fix the o9 component of

1
P=5 (I3 + oy + yoo + z03)

asy = 1/2 (yellow) and y = —1/2 (blue), and we let both « and z run from —4/3/8
to 1/3/8.

x 05"
FIGURE 1. y = £1/2, —/3/8 < z,z < /3/8

It is clear from the picture that

1 1 1 1
D, (5 <IH +xo1 + 50’2 + 203) ,T)) < D,, (5 (IH +x01 — 502 + ZO’3> ,77)
(45)
if 22 + 22 < 3/4 (mixed p) and the two sides of (45) coincide for 22 + 22 = 3/4

(pure p).
In the second experiment we increased |y| to 4/5. In this case the difference

between D, (p,n) and D, (p,n) is even more visible, see Figure 2.

" 0.4
oo "2

—0.4

FIGURE 2. y = +4/5, —1/9/50 < z,z < /9/50

A natural guess is that if |y| is small, then so is the difference between the two
sides of (44). This is indeed the case: the difference is so small that it cannot
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be seen well on 2-dimensional plot. But a 1-dimensional section that we obtain
by letting x = z shows again that we have strict inequality for mixed states and
equality for pure states — see Figure 3.

-02 02 04 05

FIGURE 3. y = +1/9, —/40/81 <z = z < /40/81

Acknowledgement. We are grateful to the anonymous reviewer for his/her valu-
able comments and insightful suggestions.

(1

REFERENCES

Z. M. BALOGH, K. FASSLER, H. SOBRINO, Isometric embeddings into Heisenberg groups,
Geom. Dedicata, 195 (2018), 163-192.

[2] M. ARJOVSKY, S. CHINTALA AND L. BoTrTOoU, Wasserstein Generative Adversarial Networks,
Proccedings of Machine Learning Research, 70 (2017), 214-223.

[3] J. BERTRAND AND B. KLOECKNER, A geometric study of Wasserstein spaces: isometric rigid-
ity in negative curvature, Int. Math. Res. Notices, 2016, 1368—1386.

[4] J. BERTRAND AND B. KLOECKNER, A geometric study of Wasserstein spaces: Hadamard
spaces, J. Topol. Anal., 4 (2012), 515-542.

[5] P. BIANE AND D. VOICULESCU, A free probability analogue of the Wasserstein metric on the
trace-state space, Geom. Funct. Anal., 11 (2001), 1125-1138.

[6] R. BISTRON, M. ECKSTEIN, AND K. ZYCZKOWSKI Monotonicity of the quantum 2-Wasserstein
distance arXiv preprint, arXiv:2204.07405, 2022.

[7] E. BoissarD, T. LE Goulc AND J.-M. LOUBES, Distributions template estimate with Wasser-
stein metric, Bernoulli, 21 (2015), 740-759.

[8] O. BUTKOVSKY, Subgeometric rates of convergence of Markov processes in the Wasserstein
metric, Annals of Appl. Prob., 24 (2014), 526-552.

[9] E. CacrioTl, F. GOLSE AND T. PAUL, Quantum Optimal Transport is Cheaper, J. Stat. Phys.,
181 (2020), 149-162.

[10] E. CacrioTl, F. GOLSE AND T. PAUL, Towards Optimal Transport for Quantum Densities,
arXiv preprint, arXiv:2101.03256, 2021.

[11] E.A. CARLEN AND J. MAAS, An Analog of the 2-Wasserstein Metric in Non-Commutative
Probability Under Which the Fermionic Fokker-Planck Equation is Gradient Flow for the
Entropy, Commun. Math. Phys., 331 (2014), 837-926.

[12] E.A. CARLEN AND J. MaAS, Gradient flow and entropy inequalities for quantum Markov
semigroups with detailed balance, J. Funct. Anal., 273 (2017), 1810-1869.

[13] E.A. CARLEN AND J. MaAAS, Non-commutative calculus, optimal transport and functional
inequalities in dissipative quantum systems, Journal of Statistical Physics, 178 (2020), 319—
378.

[14] N. Darta AND C. RouzE, Concentration of quantum states fromgquantum functional and

transportation cost inequalities, Journal of Mathematical Physics, 60 (2019), 012202.



16

[15]
[16]
(17)
(18]
(19]

[20]
(21]

(22]
23]
24]
[25]
[26]

27]

28]
[29]
[30]
[31]
[32]
[33]
[34]
[35]
[36]
[37]
[38]
[39]
[40]
[41]

42]

GYORGY PAL GEHER, JOZSEF PITRIK, TAMAS TITKOS, AND DANIEL VIROSZTEK

N. DaTTA AND C. ROUZE, Relating relative entropy, optimal transport and fisher information:
A quantum HWI inequality, Ann. Henri Poincaré, 21 (2020), 2115-2150.

G. DE PALMA, M. MARVIAN, D. TREVISAN AND S. LLOYD, The quantum Wasserstein distance
of order 1, IEEE Trans. Inf. Theory 67(2021), 6627—6643

G. DE PALMA AND D. TREVISAN, Quantum optimal transport with quantum channels, Ann.
Henri Poincaré, 22 (2021), 3199-3234.

G. DOLINAR, B. KuzMmaA, D. MITROVIC, Isometries of probability measures with respect to the
total variation distance, J. Math. Anal. Appl., (2021), Paper No. 125829.

G. DOLINAR, L. MOLNAR, Isometries of the space of distribution functions with respect to
the Kolmogorov—Smirnov metric, J. Math. Anal. Appl., 348 (2008), 494-498.

Rocco DUVENHAGE, Optimal quantum channels, Phys. Rev. A, 104 (2021), 032604.
Rocco DUVENHAGE, Quadratic Wasserstein metrics for von Neumann algebras via transport
plans , to appear in J. Oper. Theory, arXiv:2012.03564.

T.A. EL MOSELHY AND Y.M. MARZOUK, Bayesian inference with optimal maps, Journal of
Computational Physics, 231 (2012), 7815-7850.

A. FicaLLl, F. MAGGI AND A. PRATELLI, A mass transportation approach to quantitative
isoperimetric inequalities, Invent. Math., 182 (2010), 167-211.

A. FicaLLl AND F. MAGca1, On the Shape of Liquid Drops and Crystals in the Small Mass
Regime, Arch Rational Mech. Anal., 201 (2011), 143—-207.

R.J. FLEMING AND J.E. JAMISON, Isometries on Banach Spaces: Function Spaces, Chapman
and Hall/CRC, Boca Raton, FL, 2003.

R.J. FLEMING AND J.E. JAMISON, Isometries on Banach spaces. Vol. 2. Vector-valued func-
tion spaces, Chapman and Hall/CRC, Boca Raton, FL, 2008.

S. FRIEDLAND, M. ECKSTEIN, S. COLE, AND K. ZYCZKOWSKI, Quantum Monge—Kantorovich
problem and transport distance between density matrices, arXiv preprint, arXiv:2102.07787,
2021.

S. FRIEDLAND, M. ECKSTEIN, S. COLE, AND K. ZYCzZKOWSKI, Quantum Optimal Transport,
arXiv preprint, arXiv:2105.06922, 2021.

C. FROGNER, C. ZHANG, H. MoBAHI, M. ARAYA AND T.A. POGGIO, Learning with a Wasser-
stein loss, Advances in Neural Information Processing Systems, 2015: 2044-2052.

GY.P. GEHER, Surjective Kuiper isometries, Houston J. Math. 44 (2018), 263-281.

Gvy.P. GEHER, T. TITKOS, A characterisation of isometries with respect to the Lévy-
Prokhorov metric, Annali della Scuola Normale Superiore di Pisa - Classe di Scienze, Vol.
XIX (2019), 655-677.

GvY.P. GEHER, T. TITKOS, D. VIROSZTEK, On isometric embeddings of Wasserstein spaces —
the discrete case, J. Math. Anal. Appl. 480 (2019), 123435.

GY.P. GEHER, T. T1TKOS, D. VIROSZTEK, Isometric sudy of Wasserstein spaces — the real
line, Trans. Amer. Math. Soc. 373 (2020), 5855-—-5883.

GvY.P. GEHER, T. TiTkoS, D. VIROSZTEK, Dirac masses and isometric rigidity, RIMS
Kokyuroku, 2125 (2020), 34-41.

Gv. P. GEHER, T. TITKOS, D. VIROSZTEK, The isometry group of Wasserstein spaces: the
Hilbertian case, J. London Math. Soc (2022). https://doi.org/10.1112/jlms.12676.

Gy. P. GEHER, T. TiTKOS, D. VIROSZTEK, Isometric rigidity of the Wasserstein torus and
the Wasserstein sphere, Mathematika (2022), arXiv:2203.04054.

G. Kiss, T. TITKOS, Isometric rigidity of Wasserstein spaces: the graph metric case, Proc.
Amer. Math. Soc. 150 (2022), 4083-4097.

F. Gorsg, C. MounoT AND T. PAUL, On the mean-field and classical limits of quantum
mechanics, Commun. Math. Phys., 343 (2016), 165-205.

F. GoLsE AND T. PAUL, The Schrédinger equation in the mean-field and semiclassical regime,
Arch. Rational Mech. Anal., 223 (2017), 57-94.

F. GoLsE AND T. PAuL, Wave packets and the quadratic Monge—Kantorovich distance in
quantum mechanics, Comptes Rendus Mathematique, 356 (2018), 177-197.

F. GOLSE AND T'. PAUL, Optimal transport pseudometrics for quantum and classical densities,
J. Funct. Anal., 282 (2022), Paper No. 109417.

A. GRAMFORT, GABRIEL PEYRE AND MARcO CUTURI, Fast optimal transport averaging of
neuroimaging data, Information Processing in Medical Imaging - 24th International Confer-
ence, IPMI 2015, pages 261-272, 2015.


 https://doi.org/10.1112/jlms.12676
https://arxiv.org/abs/2203.04054

[43]

[44]
[45]
[46]

[47)

(48]
[49]
[50]
[51]
[52]
(53]
[54]
[55]
[56]
[57]
58]
[59]
[60]
[61]
[62]

[63]

[64]
[65]

[66]

[67)
(68]

(69]

QUANTUM WASSERSTEIN ISOMETRIES ON THE QUBIT STATE SPACE 17

M. HAIRER, J.C. MATTINGLY AND M. SCHEUTZOW, Asymptotic coupling and a general form
of Harris’theorem with applications to stochastic delay equations, Probab. Theory Related
Fields, 149 (2011), 223-259.

M. HAIRER AND J.C. MATTINGLY, Spectral gaps in Wasserstein distances and the 2D sto-
chastic Navier—Stokes equations, Ann. Probab., 36 (2008), 2050-2091.

A.S. HOLEVO, Quantum Systems, Channels, Information: A Mathematical Introduction,
Texts and Monographs in Theoretical Physics, De Gruyter, Oxford, 2019.

B. KLOECKNER, A geometric study of Wasserstein spaces: FEuclidean spaces, Annali della
Scuola Normale Superiore di Pisa - Classe di Scienze, IX (2010), 297-323.

S. KoLourl, S.R. PARK AND G.K. ROHDE, The Radon cumulative distribution transform and
its application to image classification, IEEE Transactions on Image Processing, 25 (2016):
920-934.

J. LELLMANN, D.A. LoRENZ, C. SCHONLIEB AND T. VALKONEN, Imaging with Kantorovich—
Rubinstein discrepancy, STAM Journal on Imaging Sciences, 7(2014), 2833-2859.

J. LoTrT AND C. VILLANI, Ricci curvature for metric-measure spaces via optimal transport,
Ann. of Math., 169 (2009), 903-991.

L. MOLNAR, Lévy isometries of the space of probability distribution functions, J. Math. Anal.
Appl. 380 (2011), 847-852.

D. MONCLAIR, Isometries of Lorentz surfaces and convergence groups, Math. Ann. 363 (2015),
101-141.

P. NIEMIEC, Isometry groups of proper metric spaces, Trans. Amer. Math. Soc., 366 (2014),
2597-2623.

D. PETZ, Quantum Information Theory and Quantum Statistics, Book series: Theoretical
and Mathematical Physics, Springer-Verlag Berlin Heidelberg, 2008.

G. PEYRE AND M. CUTURI, Computational Optimal Transport, Foundations and Trends in
Machine Learning, 51 (2019), pp. 1-44.

A. RampAs, N.G. TRILLOS AND M. CUTURI, On Wasserstein Two-Sample Testing and Re-
lated Famalies of Nonparametric Tests, Entropy, 19 (2017), 47.

M.-K. vON RENESSE AND K.-T. STURM, Transport inequalities, gradient estimates, entropy,
and Ricci curvature, Comm. Pure Appl. Math., 58 (2005), 923-940.

J. SANTOS-RODRIGUEZ, On isometries of compact LP—-Wasserstein spaces, Advances in Math-
ematics, Volume 409, Part A, 2022, 108632.

B. SIMON, Representations of Finite and Compact Groups, Graduate Studies in Math., vol.
10, American Mathematical Society, Providence, RI, 1996.

T.S. SANTHANAM AND A.R. TEKUMALLA, Quantum mechanics in finite dimension, Found.
Phys., 6 (1976), 583-587.

A. SINGH AND S.M. CARROLL, Modeling position and momentum in finite-dimensional Hilbert
spaces via generalized Pauli operators, arXiv preprint, arXiv:1806.10134, 2018.

S. SrivasTavA, C. L1 AND D.B. DUNSON, Scalable Bayes via Barycenter in Wasserstein
Space, Proccedings of Machine Learning Research, 19(2018), 1-35.

K.-T. STURM, On the geometry of metric measure spaces, I, II, Acta Mathematica, 196
(2006), 65-131, 133-177.

Z. Su, W. ZENG, Y. WANG, Z.L. Lu AND X. Gu, Shape classification using Wasserstein
distance for brain morphometry analysis, Information Processing in Medical Imaging. IPMI
2015. Lecture Notes in Computer Science, vol 9123. Springer, Cham.

D. VIROSZTEK, Maps on probability measures preserving certain distances — a survey and
some new results,, Acta Sci. Math. (Szeged) 84 (2018), 65-80.

D.VIROSZTEK, Wolfram notebook: https://users.renyi.hu/~dviroszt/QW-isom-supporting-
data.nb, pdf image: https://users.renyi.hu/~dviroszt/QW-isom-supporting-data.pdf

W. WANG, D. SLEPCEV, S. Basu, J.A. OzoLEK AND G.K. ROHDE, A linear optimal trans-
portation framework for quantifying and visualizing variations in sets of images, Interna-
tional journal of computer vision, 101 (2013), 254-269.

H. WEYL, Symmetry, Princeton University Press, 1952.

WOLFRAM RESEARCH, INC., Mathematica, Version 13.0.0, Publisher: Wolfram Research, Inc.
URL: https://www.wolfram.com/mathematica, Place of publication: Champaign, Illinois
Date of publication: 2021

K. ZYCZKOWSKI AND W. SLOMCZYNSKI, The Monge distance between quantum states, J. Phys.
A: Math. Gen., 31 (1998), 9095-9104.


https://users.renyi.hu/~dviroszt/QW-isom-supporting-data.nb
https://users.renyi.hu/~dviroszt/QW-isom-supporting-data.nb
https://users.renyi.hu/~dviroszt/QW-isom-supporting-data.pdf
https://www.wolfram.com/mathematica

18 GYORGY PAL GEHER, JOZSEF PITRIK, TAMAS TITKOS, AND DANIEL VIROSZTEK

[70] K. ZYCZKOWSKI AND W. SLOMCZYNSKI, The Monge metric on the sphere and geometry of
quantum states, J. Phys. A: Math. Gen., 34 (2001), 6689-6722.

GYORCGY PAL GEHER, RIVERLANE, 59 ST ANDREW’S ST, CAMBRIDGE CB2 3DD, UNITED KING-
DOM
Email address: gehergyuri@gmail.com

J6zSEF PITRIK, WIGNER RESEARCH CENTRE FOR PHYSICS, BUDAPEST H-1525, HUNGARY, AND
ALFRED RENYI INSTITUTE OF MATHEMATICS, REALTANODA U. 13-15., BunDAPEST H-1053, HUN-
GARY, AND DEPARTMENT OF ANALYSIS, INSTITUTE OF MATHEMATICS, BUDAPEST UNIVERSITY OF
TECHNOLOGY AND EcoNoMIcs, MUEGYETEM RKP. 3., BUDAPEST H-1111, HUNGARY

Email address: pitrik.jozsef@renyi.hu

TamMmAs TITKOS, ALFRED RENYI INSTITUTE OF MATHEMATICS, REALTANODA U. 13-15., Bu-
DAPEST H-1053, HUNGARY, AND BBS UNIVERSITY OF APPLIED SCIENCES, ALKOTMANY U. 9.,
BupapreEST H-1054, HUNGARY

Email address: titkos.tamas@renyi.hu

DANIEL VIROSZTEK, ALFRED RENYI INSTITUTE OF MATHEMATICS, REALTANODA U. 13-15.,
BupaPEST H-1053, HUNGARY
Email address: virosztek.daniel@renyi.hu



	1. Introduction
	2. Basic notions, notation
	3.  Symmetric cost operator: a Wigner-type result
	4. Non-injective and non-surjective isometries
	5. Numerics on the clock and shift case
	References

