Extremes of the stochastic heat equation with additive Lévy noise
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Abstract

We analyze the spatial asymptotic properties of the solution to the stochastic heat equation
driven by an additive Lévy space-time white noise. For fixed time ¢ > 0 and space z € R?
we determine the exact tail behavior of the solution both for light-tailed and for heavy-tailed
Lévy jump measures. Based on these asymptotics we determine for any fixed time ¢ > 0 the
almost-sure growth rate of the solution as |z| — oco.

MSC2020 subject classifications: Primary: 60H15; 60F15; 60G70; secondary: 60G17, 60G51.
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1 Introduction

We consider the stochastic heat equation (SHE) on RY driven by an additive Lévy space-time white
noise A, with zero initial condition, given by

QY (t,2) = gAY(t,:c) +Atz),  (taz)e (0,00) x R,
Y (0,-) =0,

(1.1)

where A stands for the Laplacian, x > 0 is the diffusion constant, and the measure A is given by

A(dt,dx) = mdtdz + / z p(dt,dz,dz) + / z (p—v)(dt,dz,dz). (1.2)
(1,00) (0,1]

Here, m € R and p is a Poisson random measure on (0, 00) x R? x (0, 00) whose intensity measure v
takes the form v(d¢, dz, dz) = dt dz A(dz), with a Lévy measure satisfying [ . (1A22) A\(dz) < oo.
To exclude trivialities, we always assume that A is not identically zero.

In this case the mild solution to can be written explicitly in the form

Y(t,z) = /Ot [ (t = 5,2 —y) A(ds.dy) (1.3)
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where . iy

g(t,x) = We_m, t>0, zeRY, (1.4)
is the heat kernel. In our earlier paper [8] we obtained a complete description of the almost-sure
growth behavior of Y (¢,) at a fixed spatial point z € R? as t — co. In particular, t — Y (¢,x)
satisfies a weak law of large numbers but surprisingly violates the strong law of large numbers. In
the present paper we continue these investigations and analyze the almost-sure behavior for fixed
time ¢ > 0, as |z| — oo.

To this end, we determine in Sectionthe exact tail asymptotics for Y (¢, z) both for light-tailed
and for heavy-tailed Lévy measures. Note that since the heat kernel is singular at the origin, the
results of [13] 14}, 24] for moving-average processes with bounded kernels do not apply. In [7] we
proved that for any jump measure A, the (1 + %)—moment of Y (t,x) is infinite, which suggests a
power-law tail behavior. In Theorem [2] we show that this is indeed the case, regardless of whether
the noise itself is light- or heavy-tailed. Section [3| contains the tail asymptotics for sup,c4 Y (¢, x),
where A is a bounded Borel set. Based on these results, we determine in Section [4] the almost-sure
growth behavior of Y (¢,z) as |z| — oco. The behavior is very different from the behavior of the

Gaussian case, in which )
lim sup _Yta) = <4t> ’ (1.5)
jaloo (log |z)t/2 \7k
almost surely; see [I8, Eq. (6.3)]. All the proofs are gathered together in Section In our
companion paper [9] we address the same questions for the SHE with multiplicative Lévy noise.
Let us end this introductory section by stating necessary and sufficient conditions in terms of
the jump measure A for the existence of the integral . To our best knowledge, this result is
new. While many works have studied sufficient conditions for existence [I, 4, 5], 26], necessary
and sufficient conditions have only been derived for multiplicative noise [2] or for specific types of
noises such as a-stable noise [I1]. Introduce the measure 7, as

n(B) =v({(s,y,2) : s <t, g(s,y)z € B}), (1.6)
where B C (0,00) is a Borel set.

Theorem 1. Suppose that A is of the form .
(i) The integral defining Y (t,x) in (L1.3) exists if and only if (iff)
Jo1] 22 \(dz) < oo ifd=1,
/ (log 2)¥2 A(dz) < 00 and fioy Mgzl A(dz) <00 ifd=2,  (L7)
1,00 ’
(o) Jo A2/ N\(dz) <00 ifd>3.

In this case, 1 is a Lévy measure and Y (t,x) is infinitely divisible with characteristic function

E[¢'?Y )] = exp {19A + (ew” —1—iful(u < 1)) n(du)} , (1.8)
)

(0,00

where 1 stands for the indicator function and A € R is some explicit constant.



(ii) The integral
t
/ / / g(t_svx_y)zﬂ(ds’dyvdz) (19)
0 JR J(0,00)

/ (log2)¥2 A(dz) < o0 and /z)\(dz)<oo. (1.10)
(1,00) (0,1]

Remark 1. Note that is identical to the necessary and sufficient condition found in [2] for the
existence of solutions to the SHE with multiplicative noise in dimensions d = 1,2 but is weaker
than the necessary condition found in [2, Prop. 2.2] for d > 3. In other words, if d > 3, there are
Lévy noises for which the SHE with additive noise has a solution but the SHE with multiplicative
noise does not.

exists iff

Whenever f(o 1% A(dz) < oo, there is no need for compensation, so we assume without loss of
generality that m = [ ;2 A(dz). In this case,

t
vy = [ [ [ gt-se-yzdsdyds) = X gt -ma-mG
0 JR4 J(0,00) =i

where (7;, 1, (;) are the points of the Poisson random measure p. In what follows we always assume

that (|1.7)) holds.

2 Tail asymptotics

Since Y (¢, x) is infinitely divisible, its tail behavior is the same as the tail behavior of its Lévy
measure 7, whenever the tail is subexponential. This result was proved by [12] for nonnegative
infinitely divisible random variables and by [21, 22] in the general case. Therefore, we need to
determine the tail of the Lévy measure 7 in .

For v > 0 introduce the moments and truncated moments of A\ as

my(A) = / 27 A(dz) and M, (z) = / 27 A(dz). (2.1)
(0,00) (0,z]
Lemma 1. Let D = (2wxt)¥2. For any r > 0,

dd/2 0o P
U2 ) Dret/(@+2)) 4y, (2.2
7T/<c(d+2)d/2+1f(g+1)/o e "u My 9/4(Dre )du. (2.2)

7(r) = nl(r,00) = -2/

From the representation above we immediately see that as soon as mj 9/4(\) < oo, then
7i(r) ~ cr~172/2 for some ¢ > 0. We can determine the tail even if this moment condition does
not hold, provided that X is regularly varying.

In the following, the class of regularly varying functions with index p € R is denoted by RV,.
For general theory on regular variation we refer to [3]. Write A(r) = A((r,0)). By Karamata’s
theorem, for a > 0, A € RV_,, iff the truncated moment M; /d in is also regularly varying.
However, for v = 0, the latter holds iff A belongs to the de Haan class (see e.g. [3, Thm. 3.7.1]).
Therefore, it is more difficult to determine the asymptotics of 77 for a = 0, and in fact the result
itself is surprising.



Lemma 2. Let \ satisfy (1.7)).
(i) Assume that myi9/q(A) < co. Then

dd/2

—1-2/d
/ Wml+2/d(/\)7

n(r) ~r r — 00.

(ii) Assume that X(r) = £(r)r=® for a € (0,1+ %], where £ is slowly varying, and if o« = 1+ %,
further assume that [°f(u)u~' du = co. Then as r — oo,

pDit2/d—a

e —
n(r) ~ (r)r drkad/2(1+ 2 — a)

L(r)yr "% drr(1 + %)d/z)_l ifoo=1+2,

z'fa<1+%,

where .,
L(r) :/ ((u)u~t du. (2.3)
1
(iii) Assume that o = 0 and N(z) = £(x) is slowly varying. Then as r — oo,

D1+2/d
27k (4 + 1) (1 + 2)’

7(r) ~ Lo(r)

where

Lo(r) = [ )y log />y
1
is slowly varying and Lo(r)/l(r) — oo as r — oo.

Ezample 1. Assume that X(r) = (logr)™? for r > e. Then (1.7) holds iff 3 > %. By substituting
u = (1+logy/logr)~!, we obtain

Lo(r) = (logr)¥?7#B(4, 5 - 9), r— oo,

where B is the usual beta function.

To determine the tail of the spatial supremum, we need the tail of the largest contribution to
Y (t,z) by a single atom. Without loss of generality, consider = 0 and define

Y (t) =supg(t — 7,m)G- (2.4)

7 <t

For r > 0 large, let
Sr={(s,9,2) : s €[0,1],9(s,y)z > r}.
Clearly, Y (t) < r iff u(S,) = 0, which shows that

P(Y(t) <1)=e V5 = 1), (2.5)

As a result we obtain the following.



Theorem 2. Let Y(t,z) be given in (1.3) and assume (1.7)).
(i) The tail function 7 has extended regular variation at infinity [3, p. 65], that is, there are

01,05 € R such that for any ¢ > 1,

0 imin n(cz) imsu n(cx) &2
< lzﬁoof (@) < lxﬂoop @) < ¢”2. (2.6)
(ii) As r — oo,
P(Y(t,z) >7r) ~P(Y(t) >1) ~n(r). (2.7)

(iii) For a € [0,1 + %), TE€RV_oiff \ € RV_o. Fora=1+ %, we have 1 € RV _1_5/4
iff o f§u?? [ XNuv)(logv)¥2"to~  dvdu is slowly varying. In particular, the latter holds if
myy24(A) < 00.

3 Spatial supremum

Let A € B(R?) be a Borel subset of R? with finite and positive Lebesgue measure and define
S0 @ralt = 7)) Y2 ) -arreory Hd =1,

mEA <t
o @t — 7)Y if d > 2,

ni€ATi<t

Xa(t) = (3.1)

where A is the closure of A. Since X 4(t) is a functional of a Poisson random measure, one easily
obtains necessary and sufficient conditions for the existence.
Define the measure 7 as

7(B) = (Leb x N)({(s,2) : (2mrs) ™22 € BN (Lygry,0), s<1}),  BEBRY,  (3.2)
where Leb is the Lebesgue measure. For a Borel set A let |A| be its Lebesgue measure.
Theorem 3. Suppose that |A| € (0,00). The sum X 4(t) is finite a.s. iff

/ 22/ log z|Ma=2) \(dz) < oo. (3.3)
(0,1)

Furthermore, if (3.3) holds then

E[e/X2®)] = exp {|A| / (1- e_ieu)T(du)}. (3.4)
(0,00)
Note that (3.3)) holds for any Lévy measure if d = 1. From (3.2]) we obtain that for r > 1
7(r) = ((r,00) = [
(0,00)
=1~ (27k) " My q(rD) + t X(rD) (3.5)
1

rD
_ —2/d 2/d—17
—" /0 u Au) du.

((@mm) = (2/r)24 A t) A(d2)

In specific cases, we can determine the asymptotic behavior of 7 explicitly.



Lemma 3. Assume (3.3).
1) If mog(A) < oo, then T(r 2mk) "y g(N)r 2% as r — .
/d > /d
(ii) Assume that \(r) = £(r)r—® for a €0, ], where £ is slowly varying, and further assume
Sl (w)u du = 0 if a = %. Recalling the deﬁmtwn of L from (2 , we have as r — oo that

2tD™¢
7(r) ~ ¢ 2 —do
%(277/-@)_1L(r)7‘_2/d ifa=3%

L(r)yr ifa< %7

Introduce the notation
Xa(t) = sup {(2mn(t — 7)) %G i <t € A} (3.6)

To determine the tail of X 4(t), let T} = {(s,2) : s < t, (2mrs)"¥?2z > r}. Then X A(t) < r iff
w(A x T,) = 0, thus B
P(X 4(t) >7r)=1— ¢ 14T0), (3.7)

Theorem 4. Assume ({3.3)).
(i) The tail function T has extended regular variation at infinity.
(ii) For every bounded Borel set A,

P(XaA(t) > 1) ~P(Xat) > 1) ~|A|7(r), T — 00. (3.8)

(iii) For o € [0,%), TE€RV_aq iff \ € RV_o. For a = %, we have T € RV _y,q iff r —
fo w?/ =Y\ (u) du is slowly varying. In particular, the latter holds if masq(N) < oo or if\ € RV _3/4-

In order to determine the tail asymptotics of the local supremum of the solution, let us introduce
for each A € B(RY) the measure

dist(y,A)2

na(B) = V({(s,y,z) c s <t, (2ms) ¥2%e " 2z e BN (Lga=1y, oo)}), B e B(RY). (3.9)

If my,q(A) < oo or if A is regularly varying with index —a for some a € (0, %], one can express
74 in terms of 7 or .

Lemma 4. Let A be a bounded Borel set. Assume (3.3) and [ ) (log 2)42)\(dz) < oo.
(i) If maq(X) < 00 or A(r) = 0(r)r=24 and ¢ is slowly varying with [7° ¢(u)u™! du = oo, then

na(r) ~ |4 7(r), r — 00.

(it) If X(r) = £(r)r=® for o € (0, 2), where ¢ is slowly varying, then

_ adist(y,A4)% A)
/ (2mKs) —ad/20= =557 ds dy, r — 00.
Rd



Theorem 5. Let A be a bounded Borel set. Assume (3.3) and [ ) (log 2)42)\(dz) < co. Ifd =1,
further assume that
Jg € (0,2) : M,(1) < co. (3.10)

Then under the assumptions of Lemmal[{ (i) or (ii) we have that
P(squ(t,x) >7“> ~T4(r), r — 00.
€A

Remark 2. As the proof shows, even without the assumptions of Lemmal] (i) and (ii), the statement
of Theorem [f| continues to hold provided 77, is subexponential. We were not able to prove or
disprove this in general.

4 Growth rate

In what follows we assume (3.3). For » > 0 and 0 < r; < ry, we write

V(r)= {(S,z): z 7 € (r1,m2], s < t}. (4.1)

z
< ‘/‘ .
d/2 >7r, 8 S t}a (rla TQ) {(Sa Z) (27T/€S)

(27K s)
Recalling (3.2)) we have for r > 1
(Leb x X\)(V (1)) = 7(r). (4.2)

Note that 7(r) is a continuous strictly decreasing function, with 7(co) = 0 and 7(04) = oo
whenever A((0,1)) = oo. If my/4(\) < oo, then by (3.5)

7(r) < r 2 42mr) Hmg (V). (4.3)
From (3.5)) we further see that whenever f(071] 22/4 \(dz) = oo we have for any r > 0

sup  Y(t,y) = oo. (4.4)
y:lz—y|<r

Therefore, our standing assumption (3.3)) is optimal for d > 3 and almost optimal for d = 2.
For a more general result in this direction, see [6, Thm. 3.3]. Furthermore, by [6, Thm. 3.1], if
Ji0.11 7 Aldz) < oo for some p < 2 then for any fixed ¢ the function = — Y (¢,z) is a.s. continuous.

If [0 22/4 \(d2) = ma/q(A) < 00, the non-Gaussian analogue of (L.5) (see also [T0, Thm. 1.2])
reads as follows.

Theorem 6. Let f : (0,00) — (0,00) be nondecreasing and assume that (3.3) holds. If d =1,
further assume (3.10). Then almost surely

. SUP|y|<z Y(tvy) . SUP|y|<z Y(tvy)
limsup ———————— = or limsup ———=——— =0,

according to whether the following integral diverges or converges:
o0
/ rA17(f(r)) dr. (4.5)
1

7



The result says that there is no proper normalization. If ms, /d()\) < 00, then almost surely
there are infinitely many peaks in B(z) = {y : |y| < z} that are larger than % /2(logz)%?2 but
only finitely many that are larger than z @/ 2(log )%/ e,

Remark 3. If the Lévy measure is small in the sense that mg/q(A) < oo, then the large peaks
of Y(t,z) are caused by points very close to the time ¢t. (If we remove jumps close to (t,x),

this is equivalent to removing the singularity of ¢ in ([1.3)). The local spatial supremum of the
resulting process would have a finite moment of order %. In particular, its tail probability would
be o(r_z/d), which by the arguments of the proof of the theorem implies that the peaks will be
of smaller order.) However, if A € RV_, with a < %, then the peaks are caused by large jumps,
which are not necessarily close to t. Indeed, assume that the integral in diverges. For some

d € (0,t) and large K > 0 define
An={u{(s,y,2): s <t =06, |yl € [n,n +1], 2> Kf(n)}) > 1}.
Then as n — oo,
P(A,) ~ On"'A(f(n)) ~ Cn®'7(f(n),
showing that 2%, P(A4,) = co. By the second Borel Cantelli lemma A,, occurs infinitely often.

In line with the previous remark we show in our next and final result that the largest peaks of
r +— Y (t,x) are typically not attained at integer locations if ms/4(\) < oo. To this end, introduce
the process

t
B /0 /]R/((Loo) g(t - 87 T — y)ﬂ{‘x—ylgé, g(t—s,x—y)z>1} ,U(dS, dy? dz)’ lf d = 17

- t
‘/0 /R/(Opo) g(t — 5T — y)]]-{‘x_mg%} H(ds,dy, dZ), if d Z 27

which is infinitely divisible with Lévy measure

no(B) =v({(s,y,2): s <t, |yl < %, 9(s,9)z € BN (1yg=1y,00)}).

Theorem 7. Let f : (0,00) — (0,00) be nondecreasing and assume that (1.7) holds. If d =1,
further assume (3.10)). Then

Yo(t, x) (4.6)

00 max Y (t,
/ Tdilﬁ(f(r)) dr < co = limsup yertlyl<e (ty) =0,
1 700 f(x)
00 max Y (t,
/ r 150 (f(r)) dr = co = limsup vezpise Y (1Y) = 00.
1 T—00 f(af)

The result above is optimal if 77(r) =< 7y (r) (i.e., 0 < liminf, ﬁ;(&?‘)) < limsup,_,, ﬁﬁ(’(%) < 00).
We end with a sufficient condition for the asymptotic equivalence of 7 and 7, and an example

where they are not.

Lemma 5. (i) If myy9/4(\) < oo, or if there exist § > 0 and C' > 0 such that for r,y > 1 large
enough

Cy~’, (4.7)

IN

then 7y(r) < 7(r) as r — oo.
(i) Under the assumptions of Lemmad (iii) we have 7jo(r) = o(7(r)) as r — oco.



5 Proofs

5.1 Proofs for Section [1]

Proof of Theorem[1. We start with the part (ii). By standard results on Poisson integrals (see
e.g. [19, Thm. 2.7]), the integral in (1.9) exists a.s. iff

///(1 Ag(s,y)z)dsdy A(dz) < oo,
where [[[ = fg Jra f(om). For any u > 0

g(s,y) <u <= s> 2rru®N 7 = Hi(u) or {s € (0, Hy(u))
(5.1)

and |y| > \/—nds log(2mrsu?/d) = \/Fads log(Hy(u)/s) =: Hg(s,u)}.
Note that if z < (2wkt)¥? =: D, then Hi(1/z) < t. Let
Ar={(s,9,2) : 2 < D,s < Hi(1/2),[y| < Ha(s,1/2)},
Ay ={(s,y.2) : 2> D,s < t,[y| < Ha(s,1/2)}
and
By ={(s,y,2) : t>s>Hi(1/2)},

Bg1 = {(Sayvz) :2<D,s< Hl(l/z)v ‘y| > H2(37 1/2)}7
By = {(S,y,Z) 12> D,s <t, ‘y| > H2($7 1/2)}

Then Ay, As, By, By, By form a partition of (0,] x R% x (0, 00). Moreover, by (5.1)), 1 < g(s,y)z
iff (s,y,2) € Ay U As.

Consider the upper incomplete gamma function I'(s,z) = [ u*"'e " du. For r < Hi(1/z),
by a change of variables v = log(H1(1/2)/s),

/Or Hy(s,1/z)%ds = /Or (lidslog Hl(sl/z)>d/2 N

= (Kd)d/zHl(l/z)d/2+l /log Hq(1/2) e A2 4 (5.2)

9 d/2+1
= (rd)/* <M> Hy(1/2)¥00(4 1, (2 + 1) log(H1(1/2) /7).

Therefore, on A1, after simplifying the constant,

Hi(1/2)
/// (LA g(s,y)z)dsdy N(dz) = / / 1 vgHa(s,1/2)% ds A(dz)
Ay (0,D] Jo
dd/2 142
S — /N
Tr(d + 2)4/2+ /(O,D} : (dz)



where vg = 74?2/ I'(4 +1) is the volume of the unit ball B(1). We see that this integral is finite iff
Jo1] 212/d \(d2) < 0o, On Ay,

// A2(1 A g(s,y)z) dsdy A(dz)

dd/2 2/d

= 1+2/dr<d+1 +1)1 ))\d .
T(2 + 1)mr(d + 2)3/2+1 /(D,oo>z F+ L+ Dlog 7 ) Ade)

Since I'(4 + 1,u) ~ e "ud’? as u — oo,

2/d

142/dn( d o
z /F<2—|—1( +1)log2 p”

) ~ (2mrt) (1 + %)d/Q (log 2)%2
as z — 0o, which implies that
/// (LAg(s,y)z)dsdy A(dz) < o0 <= / (log 2)¥2 A(dz) < oo
Ao (1,00)

On By,
///B1 9(s,y)zds dy A(dz) = /(o,m 2(t — Hi(1/2)) A(dz),

which is finite iff [ ;)2 A(dz) < oco. For any h > 0,

00 2 1“(2{ Lz)
/ g(s,y)dy = dvd(27rl<cs)*d/2/ e amrdldr = —2 25 (5.3)
[yl>h h I'(3)
Furthermore, for any a > 0,
/ T(4, 210g 2)ds = al(2)(1 — (1 + 2)~¥2), (5.4)

Therefore, by (5.3) and (5.4)),
/// (5,9)zdsdy A(dz) = (27k) "1 (1 — (1 + %)751/2)/ 2124 \(d2).

(0,D]

Finally, on By, we use (5.3) and the asymptotics F(%l, u) ~ e “ud?=1 to obtain that

/// g(s,y)zdsdy A(dz) < oo <= / (log 2)¥?>71 A(dz) <
Bos (1,00)

By [19, Thm. 2.7 (ii)] the characteristic function of the integral in (1.9) is

exp{ /// — e9969)2) ds dy )\(dz)} = exp {_/(O,oo)(l ) n(du)} . (5.5)

10



To prove the existence of Y (t,z) defined as a compensated integral, we use the stochastic
integration theory of [23]. By writing

t
Vitw)=mtt [ [ [ glt—sa—y)z(u-v)(dsdy.dz)
0 Jrd J(0,1]

t
+/ / / g(t_s7x_y)zu(d37dy7dz)
0 JR4 J(1,00)
= mt + Y5(t,x) + Y(¢, z)

(5.6)

and the previously proved existence result for Yy (¢, x), it is enough to deal with Y(¢,x), that is,
we may assume that there are only small jumps. Spelling out [23, Thm. 2.7] to our setting, we
obtain that Y'(¢,z) exists iff

/t/ / 9(s,1)z1(g(s,y)z > 1)dsdy \(dz) < oo, (5.7)
0 JR4 J(0,1]
and .
/ / / (1A g(s,y)?2%) dsdy M(dz) < oo. (5.8)
0o Jre J(0,1)

To check (5.7)), as in (5.3]) write

n2

1 2Ks
g(s,y)dy = 7/ e Uud/2-1 qu..
/ylsh L(3) o
Thus, as in (5.4)),
Hi(1/2) [H3(s,1/2)/(2x5)
/ 1 / 2 e " u??" duds = Hy(1/2)(1+ 3)"°T(9),
0 0

which gives that

/t/ / g(s,y)zn(g(s,y)z>1)dsdyA(dz)=(1+§)—d/2/ SHi(1/2) A(d2).
o Jr J(0,1] (0,1]

The latter integral exists iff [ 2124 \(dz) < .
For (j5.8]), by the previous calculations, we only have to deal with the integral on B; U Baj. As

/Rd 9(s,y)* dy = 27%(mr) 42572,

/// g(s,y)?2%dsdy A\(dz) < oo
By
iff the second part of (|1.7]) holds. Finally, for A > 0,

we obtain that

r(g, %)

2’ ks

2
y dy = )
Jyon e = e

11



and for a > 0,

a 9 1 1\—d/2 _ 2
/ s7I20(4 dlog @) ds = al~Y/2T(4) (3 +dd) . ’
0 _

where the last fraction is % if d = 2. Thus,

2(1 4 Ly=42 2
// g(s,y)?2% dsdy A(dz) = 27 (k) ~¥2 222 J_ 5 / 22Hi(1/2)' %2 \(dz),
B21 (011}

which is finite iff f(o,l} 2142/d \(d2) < oo. In summary, (5.7) and (5.8) hold iff (I.7)) holds.
By [23, Thm. 2.7 (iv)], the characteristic function of Y(¢, x) is

A t
E[eYst2)] = exp{iﬁ/ / / 1(g(s,y)z > 1)g(s,y)zdsdy A(dz)
0 JrJ(0,1]
oo .
+ / (619“ —1—if(u A 1)) n(du)}.
0
Combining with (5.5]), we obtain (|1.8]). O

5.2 Proofs for Section [2]
Proof of Lemma(ll By (5.1) and (5.2)) and Fubini’s theorem, we have

Hi(r/z)At
7(r) = / / vgHo(s,7/2)%ds A(dz)
(0,00) JO

B d4/2 2\ 14+2/d H(r)2)
" J0.00) w(d + 2)32HT(4 + 1) (r) T (5 +1,(5 +1)log W) A(dz) (5.9

dd/2 /oo efuud/2M1+2/d(Dreud/(dJrQ)) du,
mi(d +2)Y24HT (4 + 1) Jo

_ p—(1+2/d)

proving the exact formula for 7(r). O

Proof of Lemmal[2. (i) If my15/4()\) < 0o, the asymptotic result follows immediately from (2.2)).
(ii) Integration by parts gives for any v > 0 that

M, (r) = /(0 [ FA) = /0 " N ) du — (). (5.10)

Thus, as r — oo, we have by Karamata’s theorem (see [3, Prop. 1.5.8 and 1.5.9a]) that for v > «,

a . a
o r g(r)'y—a’ (5.11)

M (r) ~ r7A(r)

while for v = a,
Mo (r) ~ a / ((y)y~ dy = aL(r), (5.12)
1

where L is slowly varying and L(r)/{(r) — oo as r — 00.

12



By (5.11) with vy =1+ % (or (5.12) for a =1+ %) and properties of slowly varying functions,

oo M (Drevd/(d+2))
Msagalr) [ et/ =208

du ~ M r /OO ey /2( peud/(d+2)y142/d—a g,
My 27a(r) rs/alr) ( )

d 2 d/2+1
= M1+2/d(7’)D1+2/d7a (+d> r'g+1),
(0%

where the use of Lebesgue’s dominated convergence theorem is justified by Potter’s bounds.
(iii) For a = 0 the truncated moment M; /4 is not necessarily regularly varying, therefore
more care is needed. First we analyze Lo, which is finite by (1.7) and satisfies, for any large K,

/My Ylog y)?*~ 1 dy ~ £(r) /y (logy)¥*~1 dy.

Since the latter integral goes to infinity as K — oo, we obtain that Lo(r)/¢(r) — oo as r — o0.
Next, for a > 1,

(ar) / Lry)y logy/a)d/2 Ldy,

thus
Lo(r) = Lo(ar) = /j Ury)y ™ (logy)"* ! dy + /aoo (ry)y™" ((logy)*~! = (logy/a)**7) dy,

which implies
lim Lo(r) — Lo(ar)

7—00 LQ(T‘) - 07

that is, Lo(r) is indeed slowly varying. Furthermore, for any a > 1,
/ (ry)y logy)d/2 Ly, 7 — 00. (5.13)

Next we turn to 77(r). Changing variables y = Dre%¥/(4+2) in ([2.2)), we obtain

D1+2/d

00 d/2
N —2-2/d (4 y) M dw.
n(r) 7d7mF(%—l—1) D Y (Og Dr 1+2/d(y) Y

By Fubini’s theorem,

/ y~2 2 (logy/r)™? M yo4(y) dy:/(o ]Z”Q/d A(dz) T‘l_z/dfl w27 (log u)™/* du
+/ z1+2/d7“_1_2/d/ w24 log u)¥? du A(dz)
(r,00) z/r

_ 7;172/11/ ZHAF(1Y 2/r) A(d),
(0,00)

13



where a V b = max{a,b} and f(y) = [* u=?=%/%(logu)%? du. Using the fundamental theorem of

calculus to write z1t2/4f (1V z/r) as an integral, exchanging the two resulting integrals by Fubini’s
theorem, and changing variables y = z/r, we obtain

T,fle/d/ AT2Apy 2/r) A(dz)
(0,00)

Using that
(14 2),2/ /yoo u—2—2/d[(log w)¥/? — (logy)d/Q] du = 42/ /yoo w2241 )42 .
we end up with
(/D) = deF”d [ R+ s ay

(5.14)
+/ X(ry)%yz/d/ v 272/ log )2 du dy |.
1 Yy

As y — oo,

y2/d/ w224 (1og )42 dy ~ (14 %)71y71(10gy)d/2717
Y

so for K large enough,

/ X(Ty)?f/d/ “272/(log ) dvdy ~ (142 / Xry)y~ (log )21 dy
K y
~ (14 3) 7 Lo(r),
where the last asymptotic follows from (5.13)). Since ¢(r)/Lo(r) — 0 as 7 — oo,
pi+2/d

/D)~ 27T1£F(g +1)(1+ %)LO(T)’

as claimed. O

Proof of Theorem[3. (i) Starting from the first line of ., we can also write 7j(r) as

d/2 ! d/2 224 a2
n(r) = vq(kd) /0 s /(T(Qws)d/2700) (log 277/15r2/d> A(dz)ds

(2t)1+d/2,{d/20d —1—2/d /7” 2/d / ( z >d/2
= log — A(dz)d
7 T ; v (Do) og Do (dz) dv,

14

(5.15)




where we changed variables v = (s5/t)%?r to go from the first to the second line. By the fundamental
theorem of calculus we have log7(r) = C + [{ £(v)v~! dv with

B (2t)1+d/2ﬁd/2vd /1 2/d/ < z)d/Q
C =log 7 + log ; v (Do) log Do A(dz) dw,
o) = 2 oy (o8 55)2 MAz)
Y w2/ J(Du,00) (108 Z=)42 N(dz) du

(1+2).
Since u = [(py,o0)(log ﬁ)d/z A(dz) is decreasing in u, we have —(1 +
now follows from [3, Thm. 2.2.6].

(ii) By (i) and [3, Thm. 2.0.7], 7 has dominated variation [3 p. 54] and 7(r + s)/7(r) — 1 as
r — oo for any s > 0. Hence 7 is subexponential [I5, Thm. 1] and follows from and [21],
Thm. 3.1] (see also [22, Thm. 5.1]).

(iii) By the representation theorem of regularly varying functions 77 € RV_, iff lim, o £(r) =
1+ 2 — o. By Karamata’s theorem ([3, Thm. 1.6.1]) this holds for o < 1+ 2 iff f € RV_,, where

) < &(v) < 0. The claim

ISHIN

f(r) = /(mo) (log i)d/z Adz) = ;l/roo )‘(Zz) (log i)dm_l dz. (5.16)

Consider the kernel k(u) = (log u_l)d/z_lll(o’l)(u). Define the Mellin convolution of fi; and fa by

M ee _
0¥ R0 = [T Rem A0,
see e.g. [3, Sect. 4]. With this notation f(r) =k ¥ A(r). The Mellin transform of k, that is,
1
k(z) = / =" Y log )¥2 1 dt = i9/2T(9),
0

is defined and nonzero whenever Rz < 0 and /z is chosen such that arg(,/z) € (3, 37). Therefore,
we can apply [3, Thm. 4.8.3]. (It is easy to check that the Tauberian condition is satisfied since A

is decreasing; see also [3 Exercise 1.11.14].) Therefore, k ¥ A € RV_, implies that A € RV_,, as
claimed. The other direction was proved in Lemma
fa=1+ %, then lim,_, &(r) = 0 iff

1+2/d
T G
Jo u??f(u)du
which holds iff [ u?/?f(u) du is slowly varying, see [3, Thm. 8.3.1] or [I6, Thm. 1.1]. Using the
first identity in (5.16]), we can easily verify that the latter holds if m9/4()\) < 0. O

5.3 Proofs for Section [3|

Proof of Theorem[3. Without loss of generality, assume x = % If d = 1, then by [19, Thm. 2.7
Xa(t) exists iff

///]l(s_d/2z S 1, yeA)dsdyrdz) = [A] [ (22 At)A(d2) < oo,
(0.5)
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which is true for any Lévy measure. If d > 2, X 4(¢) exists iff

///(1 As~221(y € A))dsdy A(dz) = [4] /Ot /(0700)(1 A s7Y22) ds M(dz) < oo.

For z < t%2, we have f(f(l A s~z ds = 22/ + Zf;z/d s~%2ds, while for z > t%2, we have
J5(1As7422)ds = t. Thus,

t t
/ / (LA s~%22)ds A(dz) = / 224 \(dz) + / z/ 572 ds N(dz) + t A(tY?),
0 J(0,00) (0,44/2] (0,44/2]  Jz2/d

which is finite iff (3.3]) holds. The identity (3.4)) follows from [19, Thm. 2.7 (ii)]. O
Proof of Lemmal[3. (i) is an immediate consequence of (3.5). (ii) follows from ([3.5)) combined with

Karamata’s theorem. O

Proof of Theorem[]]. Recall (3.7). Then, as in Theorem [2} claims (i) and (ii) follow by writing
log7(r) = C + [ €(w)u~! du with
(Du)?IX\(Du) 9

D
C = —log(mkd) + lo / u? =X (u du, u) = — — =
g( ) g 0 ( ) 5( ) fODu,UQ/d,I)\(U) dv d

where ¢ satisfies —2 < &(u) < 0. For (iii), we have as in Theorem [2[ that T € RV_, iff
lim, 00 £(r) = 2/d — o, which for a < 2 holds iff X € RV_,, as claimed. If « = 2 then using [3]
Thm. 8.3.1] lim, 00 £(r) = 0 iff [ u? 97 X(u) du is slowly varying. This holds if ma/q(A) < oo or
XeRV_ya. 0

Proof of Lemmal[{ (i) If my/4()\) < 0o, choose € > 0 and observe that for r > 1,

ar) < ///n((zms)*d/% > 1)1 yesr) dsdy A(dz)

is s 2
+ ///1((27TH8)_d/2€_d s r)]l{ygAs} dsdy A(dz) (5.17)
ist(y, 2
< |A%[7(r) + ///]l<(27rfis)_d/2@_dl e z > r)]l{y¢As} ds dy A(dz).
dist(y,A)2

where A° = {x € R? : dist(x, A) < e}. Since [[[(27rs) te™ " dns ﬂ{y¢Ae}22/d dsdy A(dz) < oo,
the last term in the previous display is o(r~%/%), which together with Lemma [3{ (i) shows that
lim sup,_, o 74 (r)/7(r) < |A®|, which converges to |A| by letting ¢ — 0. The opposite relation
follows from the fact that

Talr) > / / / 1((2mrs) 22 > 1)1, oy dsdy A(d2) = [Af7(r).

If X(r) = r=%/%(r), one can use Potter’s bounds, dominated convergence and Lemma 3 (ii) to
show that the last integral in ((5.17)) is

is s 2
~ T_Q/df(’l”) ///(27r/§3)_1@_d ta(lZsA) ]l{y§§A5} ds dy = 0(?(7“))'
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The remaining proof is the same as in the case my /d()\) < 00.
(i) If X(r) = r=*¢(r) for some a € (0,2), a direct calculation shows that for r > 1,

/// (2mks) 42 *dmézsA z > T) dsdy A(dz)
r~*(r / d (2mKs) —ad/2g adlsggsA ds dy. O
R

Proof of Theorem [5 Note that for d > 2 condition (3.3) implies summable jumps, in which case we
assume that Y (¢, z) has the form (1.11)). For d = 1, note that Y (¢,z) = Y}(¢,z)+Y.(¢t,2)+ Y] (¢, x),

where
Yi(t, ) m“‘/// (t = s,2 = Y)2(Lf(onp—s))-1/22<1) — Lz<1y) dsdy A(d2),
I(t, ) /// Y2 orp—s)-1/2:<1) (0 — v)(ds, dy, dz), (5.18)
Y/ (t,z) = ///g(t = 8,2 = Y) 2L (onp(1—s))-1/2251) 1(ds, dy, d2).

A straightforward computation shows that Y;(¢,z) < oo for all Lévy measures A. Furthermore, by
(3.10) and the proof of [9, Thm. 3.8] one can show that

P<sup Y.(t,z)] < oo) =1. (5.19)
€A

For completeness, we sketch the proof. We use [20, Thm. 1] (with o = p = 2) and Minkowski’s
integral inequality to obtain

E[Y/(t,z) = Y{(t,2")|’]
= C///Mt —s,2—y) = g(t = 5,2" — Y2 L grpig)) 172201y ¥(ds, dy, d2)

for all 2,2’ € R. We have on the set (27k(t —s)) /22 < 1

le—y> o'y 2

lg(t = 5,2 — ) = glt — 5,2 = y)[222 = C(t — 5)7122|e 7 — e 2
< Clg((t —s),x —y) —g((t = 5), 2" —y)[729,

where ¢ is the exponent from (3.10) (which satisfies ¢ < 2). With this estimate and again [26),
Lemme A2|, we conclude that

E[|Y{(t,z) - Y{(t,a")]’] < Cla —2'P7".

Since 3 — ¢ > 1, it follows from [17, Thm. 4.3] that

E

sup Yi(t,)*| < BY/(1,07)+ E| sup Vi(t.) = ¥{(t,a)"] < s,
TEA r,x' €A

which shows ([5.19)).
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Next, choose r > 0 such that A C B(r) = {x € R?: |z| < r}. Then

sup Vi (1) < [ [ [ @rn(t = )21 e g or aent- oy 2eon) sy )

—d/2 7dist(y,B(r))2
+ ///(2%@ —5)) e T 2l api), d>2 o (2rk(t—s)-1/22>1) #(ds, dy, dz).

The first term on the right-hand side is simply Xp()(t), which is finite a.s. by Theorem
The second term has the same distribution as Y}/(¢,0), which is finite a.s. as well. Therefore,
Sup,geq Y (t,x) < oo a.s. for all d. The assertion of the theorem now follows from Lemma 4| (which
implies that 774 is subexponential under the stated assumptions) and [25, Thm. 3.1]. O

5.4 Proofs for Section [l
For 0 < r <1’ let B(r,r') = {z e R: r < |z| < o'}

Proof of Theorem[f. First assume that (4.5)) converges and let K > 0. We start with d > 2. Since
B(n,n+1) can be covered with O(n%~!) many unit cubes and Y is stationary in space, Theorem
shows that

P( sup  Y(ty) > @) < Cnd—1P< sup Y(t,y) > f(”)>

yeB(n,n+1) ye[0,1)d K
(5.20)

< Cnd_lP(X[OJ]d(t) > f;?)

<2007 (f(n)/K) < C'n 7 (f(n)),

which is summable by hypothesis. In the last inequality we also used that 7T is extended regularly
varying. So by the first Borel-Cantelli lemma,

f(n)

sup  Y(t,y) >
yeB(n,n+1)

only happens finitely often and hence

su Y (¢,
lim sup HPlyl<w = 1Y) (t:9) <K !

almost surely, proving the claim since K was arbitrary. If d = 1, recall the decomposition (5.18)).
We can apply (5.20) to Y} (t,x), while |Y;(t,z) + Y](t,z)| has a smaller tail by (5.19)) (in d = 1,
the tail of Y/(¢,z) is no smaller than Cr~2 by Lemma (3| (i)). Therefore, the final bound in ([5.20)

remains true.

For the converse statement, assume that the integral in diverges. If d = 1, we consider
again the decomposition (5.18). As before, we let Yy/(t,z) = Y (t,z) if d > 2. For K > 0 large
consider the events

Ap ={p({(s,y,2): (s,2) e V(Kf(n+1)), ye B(n,n+1)}) >1}, n>1 (5.21)

18



By and Theorem 4] (i),
P(A,) ~vg((n+ 1) —nHF(K f(n+1)) > Cn® 17 (f(n +1)).

Since the integral in (4.5 diverges, we have that > >°, P(A4,) = co. Noting that the A,’s are
independent, the second Borel-Cantelli lemma implies that A,, occurs infinitely often. On A,

sup (1) > Kf(n+1).
yEB(n,n+1)

Thus, almost surely,

. Sup|y|<z Yy (£, 9)
lim sup

which proves the claim for d > 2 since K > 0 is arbitrarily large.

If d = 1, note that the proof above shows that Y} (¢,2) develops infinitely many peaks larger
than z'/2 on B(z) (because 7(r) decreases no faster than shown in Lemma [3| (i)). So if we show
that Y] (¢, z)|+ |Y (¢, z)| from can only have finitely many peaks of that size, then the proof
in d = 1 will be complete. For |Y;(t,x)|, this is trivial. For |Y](¢, z)|, this is a simple consequence
of and the arguments in the first part of the proof. O

> K,

Proof of Theorem[7. The upper bound proof is essentially the same as for Theorem [0} except that

(5.20) should be replaced by

P( max Y(t,y) > f(n)) < Cnd_lP<Y(t70) > f(n))

y€Z4 yeB(n,n+1) K K

< O 9(f(n)/K) < C'nd=Yq(f(n)).

For the lower bound proof, if d = 1, we consider the decomposition Y (¢, z) = At+Y, (¢, z)+Y}' (¢, x),
where A is the same constant as in Theorem [I] and

Y/ (t,x) /// (t = s,2 = y)2lg(t—sa—y)-<1} (0 — v)(ds,dy,dz),

Y/ (t, ) /// (t = s,2 = y)2l{g(t—sa—y)->1} #(ds, dy, dz).

If d > 2, we let V/'(t,x) = Y(t,z). Clearly, Y,(¢t,z) > Yy(¢,z) from ([4.6) and P(Yo(t,z) > r) ~
7o(r) similarly to Theorem [2| Because the (Yy(t,2)),cz¢ are independent and

> > P(Yo(t,y) > Kf(n+1)) Z f(n+1)K) = o0,
n=1yeZiNB(n,n+1) n=1

the second Borel-Cantelli lemma shows that Y,"(t, )/ f(x) > Yy(¢,z)/ f(x) > K for infinitely many
x € Z% If d = 1, then as in the proof of Theorem |§| one can show that the peaks of |Y!(¢,z)| are
of lower order. O

19



Proof of Lemma[J. Recall H; and Hy from (5.1). For r > 1
B Hi(r/z)At 1 d
M) = mo((roo)) = [ [T ) A HaGs,r /) ds A(a),

For fixed u > 0 the map s — Hy(s,u) is increasing on [0, (2rkeu®/9)~1], and decreasing on
[(2rkeu?/¥) =1, Hy(u)], with global maximum Hy((2rreu? =1 u) = /d/(2re)u—"/?. In particu-
lar, Ha(s,u) < & whenever u > (2d/(me))¥?. Therefore, as in the proof of Lemma

Hi(r/z)At 1 d
/ / va(l A Hy(s,r/2))? ds A(dz)
(0,(me/ (24211 Jo

dd/2 . 1+2/d Hl(’f’/Z)
— s D(4+1,(¢d+1)1 ))\d
mr(d 4 2)4/2H10 (4 4 1) /(0,(27re/d)d/2r} (7’> (2 (3 +1)log Hy(r/z) Nt (d2)

> Clrflfz/dMHz/d(Cz?”)-

At the same time, if v > 0 is small enough, then

Hi(u)At
/ (3 A Hy(s,u))? ds >
0

W =+

Thus there exists c3 such that
Hi(r/z)At d o
/ / vd(% A Ho(s,r/z))*ds A(dz) > eqgA(esr).
(ezr,00) JO
It follows that there are finite constants ci, co, C1, Cs > 0 depending only on d and ¢ such that

61T7172/dM1+2/d(027‘) + 1\ (ear) < 7p(r) < Clr7172/dM1+2/d(021“) + C1 A (Cor). (5.22)

(The second inequality is an easy consequence of the first two displays in this proof.)

From (5.22)) and Lemma [2 (i) we see that 7o(r) < 7(r) whenever m; 9/4(\) < oo. If (4.7)
holds, using F(% +1,7) ~ e "r%? as r — 0o, we have

/(TD@O) <i>1+2/dr<§l +1 (% +1)log m> A(dz)

<C (log(z/r))¥? XM(dz) = C / Oo(log(z/r))d/2—1X(z)z—1 dz
(rD,00) rD

< OX() [ (log )21y~ dy = CX(),
D

which implies 75, (r) < 7(r).
On the other hand, (ii) follows from Lemma [2] (iii) and (5.22)). O
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