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Abstract:  The coevolution of hosts and symbionts based on virulence and mode of transmission is a complex and 12 
diverse biological phenomenon. We introduce a conceptual model to study the stable coexistence of an obligate 13 
symbiont (mutualist or parasite) with mixed-mode transmission and its host. The existence of evolutionarily and 14 
ecologically stable coexistence is analyzed in the framework of coevolutionary dynamics. Using an age-structured 15 
Leslie model for the host, we demonstrate how the obligate symbiont can modify the host’s life history parameters 16 
(survival and fecundity) and the long-term growth rate of the infected lineage. The evolutionary success of the 17 
symbionts is given by the long-term growth rate of the infected population (multi-level selection). When the 18 
symbiont is vertically transmitted, we find that the host and its symbiont can maximize the long-term growth rate 19 
of the infected lineage. Moreover, we provide conditions for the ecological and evolutionary stability of the 20 
resident host-symbiont pair in the coevolutionary model, which does not allow invasion by any rare mutants (each 21 
mutant dies out by ecological selection). We observed that ecological competition, clearing of infection, and 22 
density-dependent interactions could play a role in determining the criteria for evolutionary stability. 23 
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1. Introduction 41 

The coevolution of hosts and symbionts (mutualists and parasites, including pathogens) constitutes a complex and 42 
diverse biological phenomenon (Clayton et al. 2015; Gandon et al. 2008). The symbionts’ virulence and modes 43 
of transmission are two factors that significantly influence these processes. Virulence is usually defined as the 44 
parasites’ ability to reduce infected hosts’ survival and reproductive success. In our interpretation, mutualists 45 
exhibit negative virulence since they increase (rather than decrease) infected hosts’ survival and reproductive 46 
success. The modes of transmission of symbionts to the following host individual are typified according to the 47 
genetic relatedness between the former and the next host. Transmission from parent to offspring (in a more general 48 
form, transmission between close genetic kins) is called vertical transmission. Contrarily, we define horizontal 49 
transmission as the transfer of symbionts between genetically non-kin hosts. Most symbionts use a combination 50 
of vertical and horizontal transmission, which we call a mixed-mode transmission. A massive body of theoretical 51 
and empirical evidence unequivocally suggests that symbionts’ virulence and mode of transmission are 52 
interrelated characteristics (Ebert 2013; Ewald 1987). Exclusive vertical transmission is frequently found only in 53 
mutualistic interactions (Bright and Bulgheresi 2010). In this case, infected host populations outcompete non-54 
infected ones; thus, the infection reaches fixation in host populations (Ewald 1987). However, imperfect vertical 55 
transmission (when some offsprings fail to inherit the symbiont) can prevent symbiont fixation (Afkhami and 56 
Rudgers 2008). Contrarily, symbionts that transmit exclusively (or primarily) horizontally (like vector-borne and 57 
water-borne pathogens, mobile parasites, etc.) tend to be highly virulent, even lethal (Ebert 2013; Ewald 1987). 58 
The exclusively horizontal or exclusively vertical transmission systems are just the extremes of a continuum, 59 
while most of the real-life host-symbiont systems are characterized by mixed transmission. Hereafter we consider 60 
only such mixed-mode transmissions in host-symbiont systems. The symbionts’ effect on the host’s life history 61 
may also be quite complex; infections may increase or decrease host mortality, fecundity, or both. These effects 62 
may markedly differ between different developmental stages of the host; for instance, in the case of COVID-19, 63 
mortality differs between young and adult individuals (Liu et al. 2020). 64 

Our paper focuses on the evolutionarily stable coexistence of mixed (vertical and horizontal) transmission 65 
symbionts (such as parasites, pathogens, and mutualists) and their host. We only consider obligate (with no free-66 
living stages) and host-specific (connected to a single host species) symbionts. Furthermore, we consider the aging 67 
of the hosts, i.e., hosts have different developmental stages (juvenile and adult stages) and a finite lifespan. We 68 
investigate how symbionts of different types can modify a host’s life history. The conceptual model introduced in 69 
the coming sections focuses on the host-symbiont interactions and the symbionts’ effect on the survival rate and 70 
the fecundity of the infected host population. To ensure the ecological coexistence of infected and non-infected 71 
host populations, we consider density-dependent interactions, ecological competition, and horizontal infection 72 
between the populations. Moreover, we must also consider that infected hosts can lose their symbionts in a density-73 
independent way, e.g., by stochastic loss or recovery from infection – often called ‘clearing.’ In our view, three 74 
mechanisms play a significant role in the coevolution of the hosts and their symbionts: 1) the nature of the host-75 
symbiont interaction (how infection affects host mortality and fecundity), 2) the proportion of vertical and 76 
horizontal transmission, and 3) clearing of infected hosts. These mechanisms may not evolve independently. For 77 
example, in the case of mutualism, vertical transmission and low clearing rates (often zero) benefit both species. 78 
Contrarily, in the case of parasitism, the hosts benefit from getting rid of their symbionts (recovering from 79 
infection) or avoiding infections (both horizontal and vertical). To focus exclusively on the demographics of the 80 
infected population as defined by the host-symbiont interactions, we apply the following uniformity conditions: 81 
1) the transmission mode (proportion of vertical versus horizontal routes) is independent of the host phenotype, 82 
2) the frequency of clearing is also independent of the host phenotype, and 3) there is no difference in the 83 
competitive ability between different populations. 84 

We have two objectives that we would like to attain in this paper. Firstly, we are looking for an evolutionary stable 85 
host-symbiont pair in the framework of a coevolutionary ecological model (Cressman and Garay 2003a, b) which 86 
does not allow any rare mutant to invade the resident system (Maynard Smith and Price 1973). From a 87 
mathematical point of view, we give the evolutionary stability condition by the local asymptotical stability of the 88 
coevolutionary differential equations combined with the uninvadability of rare mutants into the stable resident 89 
system. Secondly, we are interested in the possible connection between the Evolutionarily Stable Strategy (ESS) 90 
definition in game theory (Maynard Smith and Price 1973) and the stability conditions of our coevolutionary 91 
dynamics. Here we focus on the strict Nash equilibrium game solution, which claims that no mutant can increase 92 
its benefit at the ESS by unilaterally changing its strategy. 93 
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The remaining part of the paper is organized into several sections. Section 2 introduces the preliminaries for the 94 
model; section 3 describes the effect of infection on the life history of the host; section 4 deals with the description 95 
and stability analysis of the resident system; section 5 introduces mutants into the resident system; section 6 96 
analyses the possible connection between our dynamical model and game theory, and finally section 7 concludes 97 
the manuscript with discussions, inferences, and biological examples. 98 

 99 

2. Methods 100 

The general framework of our selection situation belongs to the multi-species group (multilevel) selection models 101 
(Simon 2014) since the host, together with its symbionts, form a well-defined ‘group’ (namely an infected 102 
individual). This group selection model has the following main features: 103 

1) Group formation process: groups can reproduce by means of host reproduction and vertical transmission. 104 
Horizontal transmission may change non-infected host lineages to infected ones; thus, new groups can appear. 105 
Finally, groups may dissolve due to clearing. The novelty of this paper is the inclusion of mixed-mode 106 
transmission and clearing. We assume that the group formation dynamics is based on host-symbiont interactions. 107 
The horizontal infection and clearing are independent of the survival rate and fecundity of the infected populations. 108 
Note that the dynamics of the model is connected to the standard epidemic models (Hethcote 2000; Kermack and 109 
McKendrick 1927; Tsay et al. 2020), focusing on horizontal transmission, which only connects infected and non-110 
infected individuals. The main reason we cannot simply apply the standard epidemic models is the inclusion of 111 
vertical transmission, which connects the generations. 112 

2) Group payoff: the symbionts’ and hosts’ fitnesses together determine the infected population’s evolutionary 113 
success. Moreover, the evolutionary success (fitness) of the symbionts – since they are obligate – is given by the 114 
evolutionary success of the infected population. Thus, ‘groups’ have a well-defined payoff, i.e., the long-term 115 
growth rate of the infected population. 116 

Since the obligate symbiont and its host together determine the evolutionary success of the infected host 117 
population, the evolutionary success of vertically transmitted parasites or mutualists can be obtained by following 118 
the infected host lineages. Game theory is thus one of the inevitable methods that can be applied to the model 119 
(Ezoe 2009; Noë and Hammerstein 1995). However, this ‘shared interest’ (similar to group selection theory) 120 
makes the direct application of the evolutionary matrix game challenging (Ezoe 2009; Maynard Smith and Price 121 
1973). The adaptive dynamics method (Dercole and Rinaldi 2008; Genkai-Kato and Yamamura 1999) can also 122 
be applied to this problem but cannot be generalized if the number of species and age-classes are high. We now 123 
mention here a few relevant models on the evolutionary stability of vertically transmitted symbionts (Akçay 2015; 124 
Friesen and Jones 2012) without providing a comprehensive literature overview. Ferdy and Godelle 2005 125 
investigated how symbionts’ transmission mode (horizontal or vertical) and virulence should coevolve, and the 126 
basic structure of their ecological model is similar to ours. Some studies investigated how host demography affects 127 
host-symbiont coexistence using real-life examples (Afkhami and Rudgers 2008; Bibian et al. 2016; Chung et al. 128 
2015). We consider that the infected host's life-history parameters (such as survival rate and fecundity) at a time 129 
are determined by the symbiont and the host. Our starting point is the well-known Leslie demography model 130 
(Bibian et al. 2016; Caswell 2001; Charlesworth 1980); thus, the long-term growth rates of the different 131 
populations are given implicitly. We utilize our formerly published Kin Demographic Selection Model (Garay et 132 
al. 2016) for a single species. The three main assumptions of this model are: 1) different phenotypes are 133 
determined by their hereditary life-history strategies, 2) the survival rate depending on total density is the same 134 
for all individuals, independent of their phenotype and age, and 3) the behavior within the kin and the density-135 
dependent survival process is independent. The main idea behind this model is that the evolutionarily best 136 
phenotype maximizes its phenotypic long-term growth rate. We assume age-structured Leslie models where 137 
phenotype A and B can be described by their population vectors (containing the number of individuals at 138 
𝑛 different ages): 𝑿(𝑡), 𝒀(𝑡) ∈ ℝ𝑛, respectively, and populations of A and B are governed by the corresponding 139 
Leslie matrices: 𝑳A,  𝑳B  ∈ ℝ

𝑛×𝑛. The discrete dynamics for phenotype A is: 𝑿(𝑡 + 1) = 𝑳A𝑿(𝑡), and similarly, 140 
for phenotype 𝐵. Population vector 𝑿(𝑡) asymptotically tends to the equilibrium age-structure distribution 141 
represented by the leading eigenvalue of the Leslie matrix. The corresponding leading eigenvalue 𝜆A (which is 142 
the dominant eigenvalue of 𝑳A) defines the long-term growth rate of the population. If 𝜆A, 𝜆B > 1, both 143 
populations grow and if 𝜆𝐴 > 𝜆𝐵, the relative frequency of phenotype B tends to zero. Indeed, according to the 144 
original Darwinian view, we need some degree of density-dependent selection to keep the total density of these 145 
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two phenotypes at the carrying capacity K (Garay et al. 2016). Now, by selection, the total density of the system 146 
reduces to K proportionally, i.e., 147 

 
𝑿(𝑡 + 1) =

𝐾

‖𝑳A𝑿(𝑡)‖ + ‖𝑳B𝑿(𝑡)‖
𝑳A𝑿(𝑡) 

(1) 

 

 
𝒀(𝑡 + 1) =

𝐾

‖𝑳A𝑿(𝑡)‖ + ‖𝑳B𝒀(𝑡)‖
𝑳B𝒀(𝑡) (2) 

 148 

where, ‖𝑿(𝑡)‖ = ∑ 𝑋𝑖(𝑡)𝑖 , denotes the sum of elements of the vector. 149 

Since our main focus is on how the symbionts modify their hosts’ survival rate and fecundity, we apply the 150 
uniformity conditions; namely, the density-dependent competition, the horizontal transmission, and the clearing 151 
are all independent of the host’s age to the new model. In addition, while we considered phenotypes of the same 152 
species in the former model, here we generalize it for the interactions between an obligate symbiont and its host, 153 
where symbionts can modify their hosts’ life history. Namely, parasites and pathogens decrease their hosts’ 154 
fecundity and/or survival rate, while mutualists increase that. Clearly, we face a coevolutionary problem since the 155 
obligate host-symbiont system has two interacting ‘species,’ represented here as infected and non-infected host 156 
populations. Since we are looking for an evolutionarily stable ecological state, following Maynard Smith and 157 
Price 1973, we also assume that the mutations (heritable changes in host strategies or characters) are rare enough. 158 
There are two consequences of this assumption. First, after a mutation appears in the system, there is enough time 159 
for natural selection to eliminate the least fit types. Second, we need to consider only the case when there is only 160 
a single mutant type in each population because the population reaches its stable rest point before the next mutation 161 
arises. The original verbal definition of the evolutionarily stable strategy (ESS) with a frequency-dependent 162 
interaction scheme is the following for a single species. If the overwhelming part of the population uses this 163 
strategy (or phenotype), then a rare mutant cannot invade the population (Maynard Smith and Price 1973). 164 
However, in the present study, we consider two species (host and symbiont) with ecological competition between 165 
infected and non-infected host populations; thus, the original one-species ESS definition cannot be directly 166 
applied. To create an ESS concept suitable for our present study, we apply the N-species evolutionary stability 167 
concept (Cressman et al. 2020; Cressman and Garay 2003a, b; Garay 2007). This concept belongs to the general 168 
theory of coevolution (that combines effects of ecology and evolution) based on arbitrary nonlinear fitness 169 
functions and a finite number of phenotypes. The primary view of this concept is the following: since mutations 170 
are rare enough, there is enough time for the resident system to reach the stable state by ecological selection, in 171 
other words, by ecological dynamics. Thus, each mutation appears in the ecologically stable state of the resident 172 
system. In other words, the time scale of mutation is much longer than the ecological time scale. Furthermore, 173 
mutations increase the dimension of the system since new types appear. Now the question arises whether any 174 
mutant can invade the resident system at its ecological rest point. Following the primary idea by Maynard Smith 175 
and Price 1973, we consider a resident ecological system to be evolutionary stable if rare mutants cannot invade 176 
the system according to ecological dynamics. In the next section, we utilize the Leslie model (Metcalf and Pavard 177 
2007) and introduce the strategy-dependent life history model. 178 

 179 

3. Strategy dependent discrete life history model 180 

The two populations considered in the Kin Demographic Selection Model (Garay et al. 2016) were independent, 181 
while in the present model, the infected and non-infected populations are not independent since the infected 182 
individuals can be cleared (getting rid of symbionts), and non-infected individuals may get infected through 183 
horizontal transmission. We consider that the infected host's life-history parameters (survival rate and fecundity) 184 
at a time are determined by the symbiont and the host together. Thus, we first generalize the former model to 185 
consider the connections between the infected and the non-infected populations. 186 

 187 

3.1 Life history model of the non-infected host 188 

For simplicity, we assume that the host’s lifespan is only three years. In the first year, juvenile hosts do not 189 
reproduce. 𝛼1, 𝛼2 > 1 denote the average fecundity of the host during the second and third years, respectively. 190 
Note that the Leslie model only follows individuals (females) that can produce offsprings. Further, 0 < 𝜔0 < 1 191 
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and 0 < 𝜔1 < 1 denote the average survival rate from juvenile to one-year-old host and from one-year-old to two-192 
year-old host, respectively. The 3-year-old hosts die after reproduction. Using these notations, the standard Leslie 193 
model for a non-infected host population is: 194 

 
𝑳NI ≔ (

0 𝛼1 𝛼2
𝜔0 0 0
0 𝜔1 0

) (3) 

   

The long-term growth rate of the non-infected population is given by the leading eigenvalue (𝜆NI) which is the 195 
unique, dominant, positive, and real solution of the following characteristic polynomial of the matrix 𝑳NI, 196 

 

 𝑃(𝑳NI) = 𝜆NI
3 − 𝛼1𝜔0𝜆NI − 𝛼2𝜔0𝜔1 = 0 (4) 

 

In our model, we consider a trade-off between host fecundities and survival rates (Garay et al. 2016). Let 𝑠 ∈197 
[0,1]  denote the host’s resource allocation strategy. Introducing strategy-dependent fecundity functions 198 
𝛼1(𝑠), 𝛼2(𝑠) ≫ 1, which decreases with increasing 𝑠 and strategy-dependent survival rates 𝜔0(𝑠), 𝜔1(𝑠): [0,1] →199 
(0,1), which increases with increasing 𝑠, we get the following strategy-dependent Leslie matrix for the non-200 
infected population, 201 

 

𝑳NI(𝑠) ≔ (

0 𝛼1(𝑠) 𝛼2(𝑠)
𝜔0(𝑠) 0 0

0 𝜔1(𝑠) 0
) 

 

 

(5) 

Example 1 Consider the simplest trade-off in the form of linear functions 𝛼𝑖(𝑠) = 𝛼1 − 75𝑠, for 𝑖 = 1,2 , 202 
𝜔0(𝑠) = 𝜔0 + 0.75𝑠 and 𝜔1(𝑠) = 𝜔1 + 0.65𝑠, we have: 203 

 

𝑳NI(𝑠) ≔ (

0 𝛼1 − 75𝑠 𝛼1 − 75𝑠
𝜔0 + 0.75𝑠 0 0

0 𝜔1 + 0.65𝑠 0
) 

 

(6) 

For simplicity, throughout this paper we fix the weights of this trade-off (i.e., 0.75, 0.65 and 75), where 0 < 𝜔0 +204 
0.75𝑠 < 1 and 0 < 𝜔1 + 0.65𝑠 < 1 for 𝑠 ∈ [0,1]. Now we look for  0 < 𝑠̅ < 1 which maximizes 𝜆NI(𝑠) (see 205 
Figure 1), when 𝛼1 = 100, 𝜔0 = 0.2, 𝜔1 = 0.3. The corresponding characteristic polynomial is, 206 

 𝑃(𝑳NI(𝑠)) = 𝜆NI
3 − (100 − 75𝑠)(0.2 + 0.75𝑠)𝜆NI
− (100 − 75𝑠)(0.2 + 0.75𝑠)(0.3 + 0.65𝑠) = 0 

 

(7) 

 207 

Fig. 1 Optimization of the long-term growth rate of the non-infected host population (𝜆NI(𝑠)) with respect to the host strategy (𝑠). The 208 
maximum value is at 𝑠̅ = 0.563 209 
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3.2 Life history model of the infected host 210 

Now we consider the symbiont-infected host population. The symbionts can modify the hosts’ fecundity and 211 
survival. This modification strategy is denoted by 𝜎 ∈ [0,1]. For a fixed 𝜎, the symbionts’ effect on the fecundity 212 
of their host is given by a function 𝑓𝑖(𝜎), where the index denotes different cohort (age class or developmental 213 
stage). Similarly, the function 𝑔𝑖(𝜎) gives the symbionts’ effect on their host’s survival rate. In the case when 214 
hosts have no alternative strategies (for fixed 𝑠), we get the following general model for the infected host lineage 215 
with vertically transmitted symbionts, 216 

 

𝑳I ≔ (

0 𝑓1(𝜎)𝛼1 𝑓2(𝜎)𝛼1
𝑔1(𝜎)𝜔0 0 0

0 𝑔2(𝜎)𝜔1 0

) 

 

  

(8) 

Note that a trade-off can be considered in this model when the functions f and g increase or decrease with respect 217 
to 𝜎 ∈ [0,1].  218 

Special case: Consider the case when the functions 𝑓 and 𝑔 are constants, i.e., let 𝑎1, 𝑎2 ∈ ℝ+ and 𝑏0, 𝑏1 ∈ ℝ+ 219 
such that 𝑓1(𝜎) = 𝑎1, 𝑓2(𝜎) = 𝑎2, 𝑔1(𝜎) = 𝑏0 and 𝑔2(𝜎) = 𝑏1 for each 𝜎 ∈ [0,1]. We get the following life-220 
history model for the infected hosts, 221 

 

𝑳I = (

0 𝑎1𝛼1 𝑎2𝛼1
𝑏0𝜔0 0 0

0 𝑏1𝜔1 0

) 

 

 

(9) 

For the consistency of this model, we need 0 < 𝑏𝑗𝜔𝑗 < 1 for 𝑗 = 0,1, since 𝑏𝑗𝜔𝑗 is the survival rate of j-th infected 222 

host age class. The following are the possible biological interpretations of positive parameters 𝑎𝑖  and 𝑏𝑗: 223 

1. If the symbiont is purely parasitic, i.e., decreases both survival and reproduction of its host species, we 224 
have 0 < 𝑎𝑖 < 1, 0 < 𝑏𝑗 < 1.  225 

2. If the symbiont is purely mutualistic, i.e., increases both host survival and fecundity, we have 𝑎𝑖 > 1 and 226 
𝜔𝑗 < 𝑏𝜔𝑗 < 1.  227 

3. Mixed case, i.e., when the infection increases host survival but reduces its fecundity or vice-versa. 228 

For simplicity, we assume that the vertical transmission is perfect. Let us now focus on the Leslie matrix 𝑳I with 229 
fixed parameters. Here the long-term growth rate of the infected host population (𝜆I) is given as the unique, 230 
dominant positive solution of the following characteristic polynomial of 𝑳I, 231 

 𝑃(𝑳I) = 𝜆I
3 − 𝑎1𝛼1𝜔0𝑏0𝜆I − 𝑎2𝛼1𝑏0𝜔0𝑏1𝜔1 = 0 (10) 

After simple rearrangement, we obtain the following equation for the eigenvalues, 232 

 
1 =

𝑎1𝛼1𝜔0𝑏0

𝜆I
2 +

𝑎2𝛼1𝜔0𝑏0𝜔1𝑏1

𝜆I
3  

(11) 

Eq. 11 shows that the long-term growth rate is a strictly increasing function of parameters 𝑎1, 𝑎2, 𝑏0, 𝑏1. An 233 
obvious consequence of these monotonicities is that the symbionts can increase their own evolutionary success 234 
by increasing their host’s fecundity and survival parameters. 235 

Example 2 To demonstrate the possible effects of a symbiont species on its host species, we consider the following 236 
numerical example for the infected host population. Let us assume that the non-infected population has the 237 
following demographic parameters: 𝛼1 = 𝛼2 = 100, 𝜔0 = 0.2, and  𝜔1 = 0.3. The corresponding long-term 238 
growth rate of the non-infected population (i.e., the dominant eigenvalue of the Leslie matrix in Eq. 3) is 𝜆NI =239 
4.615. Consider the following Leslie matrix for the infected lineage, 240 

 
𝑳I ≔ (

0 100𝑎 100𝑎
0.2𝑏 0 0
0 0.3𝑏 0

) 
 

(12) 
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where, for simplicity, we assume that the effect on fecundities and survival rates are age-class independent, i.e., 241 
𝑎1 = 𝑎2 = 𝑎 and 𝑏0 = 𝑏1 = 𝑏. Figure 2 shows the curve of 𝑏(𝑎) function based on Eq. 11 that satisfies 𝜆I = 𝜆NI. 242 
Over this curve, where 𝜆I > 𝜆NI, the infected population dominates the non-infected population. 243 

 244 

Fig. 2 The curve denotes the parameter pairs 𝑎 and 𝑏 when the long-term growth rates of the two populations are the same (𝜆I = 𝜆NI). Over 245 
the curve, the long-term growth rate of the infected lineage is higher (𝜆I > 𝜆NI). Parameters are 𝛼1 = 100,𝜔0 = 0.2, 𝜔1 = 0.3, and we 246 
assumed age-class independent effect on fecundities and survival rates 247 

Now we give some numerical examples to demonstrate the symbiont’s effect on the long-term growth rate of the 248 
infected population. Assume 𝛼1 = 𝛼2 = 100, 𝜔0 = 0.2, and  𝜔1 = 0.3; thus the long-term growth rate of the non-249 
infected population is 𝜆NI = 4.615. 250 

1. Purely mutualistic: the symbionts increase the fecundity and survival rates of the hosts. For instance, if 251 
𝑎 = 2.5, 𝑏 = 1.5, then 𝜆I = 8.877. 252 

2. Purely parasitic: the symbionts decrease the fecundity and survival rates of the hosts. For instance, if 𝑎 =253 
0.5, 𝑏 = 0.5, then 𝜆I = 2.308. Our former model (Garay et al. 2016)  predicted the extinction of parasitic 254 
symbionts because of the lack of horizontal infections. 255 

3. Mixed strategy: the symbionts increase host survival but decreases host reproduction or vice-versa. This 256 
type of symbionts can either increase or decrease the long-term growth rate of the infected population. 257 
For instance, when the symbiont increases host reproduction but decreases host survival, i.e., 𝑎 =258 
2.5, 𝑏 = 0.5, 𝜆I = 5.073; the infected population has a higher growth rate (𝜆𝑁𝐼 < 𝜆𝐼). Contrarily, when 259 
the symbiont decreases host reproduction but increases host survival, i.e., 𝑎 = 0.5, 𝑏 = 1.5, 𝜆I = 4.081; 260 
the growth rate of the non-infected population is higher.  261 

 262 

3.3 Life history model of the infected host population with host and symbiont strategies 263 

Let us now focus on the hosts’ and their symbionts’ common effect on the survival and fecundity of the vertically 264 
infected host population. As we have already considered, the host has a trade-off between fecundity and survival 265 
(𝑠 ∈ [0,1])  and the symbionts can modify infected hosts’ fecundity and survival rates (𝜎 ∈ [0,1]). The generalized 266 
Leslie matrix corresponding to the model is, 267 

 

𝑳I(𝑠, 𝜎) ≔ (

0 𝑓1(𝜎)𝛼1(𝑠) 𝑓2(𝜎)𝛼1(𝑠)

𝑔1(𝜎)𝜔0(𝑠) 0 0

0 𝑔2(𝜎)𝜔1(𝑠) 0

) 

 

(13) 

   

Example 3 Consider two trade-offs in the Leslie matrix of the above infected population, 268 

1. Host trade-off between reproduction and survival (as in Example 1): let  𝛼𝑖(𝑠) = 𝛼1 − 75𝑠, 𝜔0(𝑠) =269 
𝜔0 + 0.75𝑠 and 𝜔1(𝑠) = 𝜔1 + 0.65𝑠.  270 
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2. Trade-off between the symbionts’ effects on host survival and fecundity: let 𝑓1(𝜎) = 𝑓2(𝜎) = 10𝜎 and 271 
𝑔1(𝜎) = 𝑔2(𝜎) = 1 − 𝜎. 272 

Now the Leslie matrix of the infected population is, 273 

 

𝑳I(𝑠, 𝜎) ≔ (

0 10𝜎(𝛼1 − 75𝑠) 10𝜎(𝛼1 − 75𝑠)

(1 − 𝜎)(𝜔0 + 0.75𝑠) 0 0

0 (1 − 𝜎)(𝜔1 + 0.65𝑠) 0
) 

 

 

(14) 

   

The long-term growth of the infected population and its optimization with respect to different values of 𝑠 and 𝜎 274 
are given in Figure 3. 275 

 276 

 277 

Fig. 3 a) Long-term growth rate of the infected population on 𝑠 − 𝜎 plane with maximum value 9.647 at (𝑠, 𝜎) = (0.544, 0.492); b) 278 
Maximization of the infected population’s long-term growth rate with respect to 𝑠 for 𝜎 = 0.492; c) Maximization of the infected population’s 279 
long-term growth rate with respect to 𝜎 for 𝑠 = 0.544 280 

 281 
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4. Competitive selection dynamics for the resident system 282 

Based on the above discrete model of vertical transmission in infected and non-infected populations, we can derive 283 
the “ecological” dynamics. We introduce selection dynamics for the resident system with interacting infected and 284 
non-infected populations. Infected and non-infected populations interact in three ways: 1) by horizontal 285 
transmission (when a non-infected individual becomes infected (Ebert 2013), 2) by clearing (when an infected 286 
individual becomes non-infected), and 3) competition between individuals of the two populations. Implementing 287 
the interactions in the structured model results in high-dimensional systems with limited analytical tractability 288 
(Castelletti and Barbarossa 2020; Tian et al. 2018). To avoid these difficulties, we assume continuous-time 289 
population dynamics with the Malthusian growth rates derived from the structured model. The dynamics becomes 290 
two-dimensional by considering the dynamics of the two populations' total densities. This simplification allows 291 
us to connect the dynamics of a structured population and the process of population regulation in a simple way, 292 
even though the high-dimensional model would yield more accurate predictions. To preserve analytical 293 
tractability, we set up a conceptual and qualitative model explaining the behaviour of the considered symbiotic 294 
systems without allowing quantitative validation. However, this makes it hard to use the standard invasibility plot 295 
method of adaptive dynamics theory (Dercole and Rinaldi 2008) when the matrix dimension is high. Therefore, 296 
we apply the coevolutionary ecological stability to find the evolutionarily stable resident system. 297 

First, let us shed light on how we introduce the Malthusian growth rate into the dynamical system. In the discrete 298 
model, consider the non-infected and infected populations with 𝜆NI and 𝜆I respectively as long-term growth rates. 299 
Suppose the interconnection between these populations is uniform, i.e., density-dependent competition, horizontal 300 
infection, and clearing are independent of host’s age. We can use the well-known asymptotic behaviour of the 301 
Leslie model (Caswell, 2001), i.e., for each fixed Leslie matrix (independently of the initial state of the 302 
population), the population reaches an equilibrium vector (which is proportional to the eigenvector of the Leslie 303 
matrix) after enough time. In this case, the whole population's growth rate is the Leslie matrix's unique leading 304 
eigenvalue at its eigenvector (stable age distribution). The discrete dynamics of the non-infected population is 305 
governed by the following equation: 𝒙NI(𝑡 + 1) = 𝑳NI𝒙NI(𝑡), where 𝒙NI(𝑡) is the population vector of the non-306 
infected population at time 𝑡 and 𝑳NI is the Leslie matrix corresponding to the non-infected population. Based on 307 
the asymptotic behaviour of the Leslie model, the long-term growth rate of the non-infected population, denoted 308 
by 𝜆NI (the leading eigenvalue of 𝑳NI) gives the population’s asymptotic growth rate. Similarly, we have the long-309 
term growth rate of the infected population (𝜆I). We invoke the known fact that the logarithm of the growth rate 310 
of a Leslie model (Caswell, 2001) can be interpreted as the Malthusian parameter (𝑟) of the corresponding 311 
continuous-time dynamics (𝑟 = ln 𝜆). Based on this, we can consider ln(𝜆NI) and ln(𝜆I) as the Malthusian growth 312 
rates of the non-infected and infected populations under our uniformity conditions.  313 

We denote 𝑥, 𝑦 ∈ ℝ+as the total population size of the non-infected and infected populations respectively, i.e., 314 
the total size of the population near to the stable asymptotic state of the respective Leslie matrices. Further, we 315 
denote the horizontal transmission rate by 𝛽 ∈ (0,1). For simplicity, we assume that the horizontal transmission 316 
rate does not depend on the individual’s age. Furthermore, at the state when there is x non-infected and y infected 317 
individuals (population densities), horizontal transmission produces 𝛽𝑥𝑦 infected individuals. We follow the basic 318 
SIR models for modelling horizontal transmission; thus, the transmission of infection is proportional to the 319 
densities of the “infected” and that of the “susceptible (non-infected)” individuals (Hethcote, 2000). However, we 320 
cannot use the SIR-type models directly since in the present model, the vertical and the horizontal transmission 321 
are independent events; the vertical one occurs along a lineage of descendants, while the horizontal one is realized 322 
across lineages during the non-reproductive period. Further, in our model, there is no acquired immunity or 323 
resistance, i.e., an individual can be cleared anadd then horizontally re-infected several times. For simplicity, we 324 
assume that clearing does not depend on individuals’ age, i.e., with 𝑐𝑟 ∈ (0,1) an infected host loses its symbiont 325 
and becomes non-infected. The uniformity assumptions are crucial and simplifies the model. We can also consider 326 
density-dependent competition between infected and non-infected populations for food or other resources, and we 327 
assume that both populations are equally effective in the context of this competition. Denote the density dependent 328 
competition rate by 𝛾 ∈ (0,1). Based on these assumptions, we get the following simplified dynamical system, 329 

 𝑥̇ = 𝑥(ln( 𝜆NI) − 𝛾𝑥 − 𝛾𝑦) − 𝛽𝑥𝑦 + 𝑐𝑟𝑦 (15) 

 𝑦̇ = 𝑦(ln(𝜆I) − 𝛾𝑥 − 𝛾𝑦) + 𝛽𝑥𝑦 − 𝑐𝑟𝑦 (16) 

   

This set of differential equations is implicitly given (Varga et al., 2020) since the Malthusian growth rates ln (𝜆NI) 330 
and ln (𝜆I) are implicitly given by the eigenvalues of the two Leslie matrices of the non-infected and infected host 331 
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populations, respectively. However, our model is well-defined since there exist unique, positive, and dominant 332 
eigenvalues for both Leslie matrices (Caswell, 2001). 333 

Upon analytical investigation, the population size of infected individuals at the positive equilibrium, according to 334 
Eq. (16) is, 335 

 
𝑦∗ =

ln 𝜆I − (𝛾 − 𝛽)𝑥
∗ − 𝑐𝑟

𝛾
 

 

 

(17) 

The equilibrium population size 𝑥∗of the non-infected population is the solution of the following equation, 336 

  

𝛽2𝑥2 + [γ(ln 𝜆I − ln 𝜆NI) + 𝛽(ln 𝜆I − 2𝑐𝑟)]𝑥 + 𝑐𝑟(𝑐𝑟 − ln 𝜆I) = 0 

 

 

(18) 

Therefore, the sufficient conditions for the existence of positive fixed points of the resident system (15–16) are 337 
ln 𝜆I > 𝑐𝑟 and 𝛽 > 𝛾. Also, this unique interior fixed point is locally asymptotically stable if 𝛾 < 𝛽 < 3𝛾, and 𝑥∗ 338 
and 𝑦∗ are large (see SI (1) for proof). The locally asymptotically stable rest point (𝑥∗, 𝑦∗) of the resident system 339 
(15–16) is also globally asymptotically stable (in the sense of Lyapunov, see SI (1) for proof). Figure 4 shows the 340 
local dynamics of the resident system around (𝑥∗, 𝑦∗). 341 

 342 

Fig. 4 Phase portrait showing the trajectory of the non-infected (𝑥) and the infected (𝑦) population densities  for  𝜆NI = 6.303 (from 𝑳NI(𝑠) 343 
in Eq. (6) for 𝑠 = 0.544), 𝜆I = 9.647 (from 𝑳I(𝑠, 𝜎) in Eq. (14) for 𝑠 = 0.544 and 𝜎 = 0.492), 𝛽 = 0.15, 𝛾 = 0.1, and 𝑐𝑟 = 0.7. The phase 344 
diagram has a stable node at (𝑥∗, 𝑦∗) = (4.131, 17.732) 345 

 346 

5. Evolutionary stability of the obligate symbiont and the host 347 

We now look for the conditions for the evolutionarily stable ecological state and the uninvadability of rare mutant 348 
phenotypes into the resident system. Here we apply the N-species evolutionary stability concept of Cressman and 349 
Garay 2003a, b. We also implement an often-used simplifying assumption (Ferdy and Godelle 2005; Gandon et 350 
al. 2001), i.e., one host has only one symbiont type at a time. In other words, different pathogen types cannot 351 
coexist within the same host because different pathogen types displace each other. We are interested in when a 352 
rare mutant dies out, and the conditions for evolutionary stability when the possible mutant host is defined by its 353 
allocation strategy (𝑠 ∈ [0,1]) and the possible mutant symbiont is defined by its strategy (𝜎 ∈ [0,1]).  According 354 
to our assumption that the mutation is rare enough, we can consider a single mutant, which appears at the 355 
ecologically stable state (𝑥∗, 𝑦∗) of the resident system; thus, a mutation increases the dimension of the system. 356 
Note that the stable ecological state (𝑥∗, 𝑦∗) of the resident ecosystem is obtained when the host strategy is 𝑠∗ and 357 
the symbiont strategy is 𝜎∗. We may as well call the resident equilibrium densities (𝑥∗(𝑠∗, 𝜎∗), 𝑦∗(𝑠∗, 𝜎∗)).   358 
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Since one of our bio-mathematical aims is to investigate the relationship between the stability of coevolutionary 359 
dynamics and game theory (strict Nash equilibrium), we must assume that there is only one mutant at a time in 360 
the system according to the definition of Nash equilibrium. Thus, first, we have two cases; 1) when a mutation 361 
arises in the symbiont (when 𝜎 appears), and 2) when a mutation arises in the host (when 𝑠 appears). Finally, we 362 
also consider the very rare situation when a mutation arises in both the host and the symbiont species (when both 363 
s and 𝜎 appear at the same time). The Malthusian growth rate of the mutant-infected population will change in 364 
each case. Based on the condition for the mutant to go extinct, we get the required condition for resisting mutant 365 
invasion and evolutionary stability. Figure 5 shows the formation of new mutant systems with the introduction of 366 
mutant hosts and symbionts. 367 

 368 

Fig. 5 Schematic of mutants introduced into the resident system and the resulting mutant systems with infected and non-infected populations. 369 

 370 

5.1 Host-symbiont coevolutionary dynamics with mutant symbiont 371 

We first consider the case when a rare mutant arises in the symbiont. For the evolutionary stability of the resident 372 
system, we need the mutant to die out by ecological dynamics. Let 𝑧 denote the rare infected mutant population 373 
(mutation on the symbiont strategy, 𝜎 ≠ 𝜎∗) with long-term growth rate 𝜆I

M. 𝑥 and 𝑦 are as in the resident system. 374 
The coevolutionary dynamics of the system with the mutant phenotype of the symbiont is as follows, 375 

 𝑥̇ = 𝑥(ln 𝜆NI(𝑠
∗) − 𝛾𝑥 − 𝛾𝑦 − 𝛾𝑧) − 𝛽𝑥𝑦 − 𝛽𝑥𝑧 + 𝑐𝑟𝑦 + 𝑐𝑟𝑧 (21) 

 𝑦̇ = 𝑦(ln 𝜆I(𝑠
∗, 𝜎∗) − 𝛾𝑥 − 𝛾𝑦 − 𝛾𝑧) + 𝛽𝑥𝑦 − 𝑐𝑟𝑦 (22) 

 𝑧̇ = 𝑧(ln 𝜆I
M(𝑠∗, 𝜎) − 𝛾𝑥 − 𝛾𝑦 − 𝛾𝑧) + 𝛽𝑥𝑧 − 𝑐𝑟𝑧 (23) 

   
(𝑥∗(𝑠∗, 𝜎∗), 𝑦∗(𝑠∗, 𝜎∗), 0) is a positive equilibrium of the system (21) – (23). Sufficient conditions for the given 376 
mutant phenotype of the symbiont to die out (mutant cannot invade the stable resident system) are 𝛾 < 𝛽 < 2𝛾 377 
and 𝜆I

M(𝑠∗, 𝜎) < 𝜆I (𝑠
∗, 𝜎∗) (see SI (2) for proof). In mathematical terms, (𝑥∗, 𝑦∗, 0) is a locally asymptotically 378 

stable (l. a. s.) equilibrium of the coevolutionary dynamics (21) – (23) for the above conditions. The condition 379 
𝜆I
M(𝑠∗, 𝜎) < 𝜆I (𝑠

∗, 𝜎∗) is always true as 𝜆I (𝑠
∗, 𝜎∗) is the maximum possible value of 𝜆I . Figure 6 shows the local 380 

dynamics of the system (21) – (23) around (𝑥∗, 𝑦∗, 0). 381 

 382 
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Fig. 6 Phase portrait showing the trajectory of the non-infected (𝑥), infected (𝑦), and mutant-infected (𝑧) population densities for 𝜆NI =383 
6.303, 𝜆I = 9.647, 𝜆I

M = 3.547, 𝛽 = 0.15, 𝛾 = 0.1, and 𝑐𝑟 = 0.7. The phase diagram has a stable node at (𝑥∗, 𝑦∗, 0) =384 
(4.131, 17.732, 0) that does not allow invasion by the mutant phenotype of the symbiont. 385 

 386 

5.2 Host-symbiont coevolutionary dynamics with mutant host 387 

Now consider the case when a rare mutant arises in the host. Let 𝑥 denote the density of the non-infected 388 
population of resident hosts (strategy 𝑠∗) and 𝑥M denote the density of the non-infected population of mutant hosts 389 
(strategy 𝑠 ≠ 𝑠∗). We have only one resident symbiont with strategy 𝜎∗, which forms two types of infected 390 
populations. Let 𝑦 denote the density of the infected population with the resident host and 𝑧̂  denote the density 391 
of the infected population with the mutant host (strategy 𝑠 ≠ 𝑠∗). The long-term growth rate of the infected 392 

population with mutant host is 𝜆I
M̂. When a non-infected resident (𝑥) or mutant (𝑥M) encounters any infected 393 

populations (either 𝑦 or 𝑧̂), they get infected. The coevolutionary dynamics of the system with the free-living 394 
mutant host and infected population with mutant host added to the resident system is as follows, 395 

  

𝑥̇ = 𝑥(ln 𝜆NI(𝑠
∗) − 𝛾𝑥 − 𝛾𝑦 − 𝛾𝑧̂ − 𝛾𝑥M) − 𝛽𝑥𝑦 − 𝛽𝑥𝑧̂ + 𝑐𝑟𝑦 

 

(24) 

 𝑥Ṁ = 𝑥M(ln 𝜆NI
M (𝑠) − 𝛾𝑥 − 𝛾𝑦 − 𝛾𝑧̂ − 𝛾𝑥M) − 𝛽𝑥M𝑦 − 𝛽𝑥M𝑧̂ + 𝑐𝑟 𝑧̂ (25) 

 𝑦̇ = 𝑦(ln 𝜆I(𝑠
∗, 𝜎∗) − 𝛾𝑥 − 𝛾𝑦 − 𝛾𝑧̂ − 𝛾𝑥M) + 𝛽𝑥𝑦 + 𝛽𝑥𝑧̂ − 𝑐𝑟𝑦 (26) 

 𝑧̇̂ = 𝑧̂ (ln 𝜆I
M̂(𝑠, 𝜎∗) − 𝛾𝑥 − 𝛾𝑦 − 𝛾𝑧̂ − 𝛾𝑥M) + 𝛽𝑥M𝑦 + 𝛽𝑥M𝑧̂ − 𝑐𝑟𝑧̂ (27) 

   

For the evolutionary stability of the resident system, we need the local stability of the positive equilibrium 396 
(𝑥∗, 0, 𝑦∗, 0) of (24) – (27). Sufficient conditions for a given mutant phenotype of the host to die out, or in other 397 

words, for (𝑥∗, 0, 𝑦∗, 0) to be l. a. s. are 𝜆NI
M (𝑠) < 𝜆NI(𝑠

∗)exp (𝑐𝑟
𝑦∗

𝑥∗
) and 𝜆I

M̂(𝑠, 𝜎∗) < 𝜆I(𝑠
∗, 𝜎∗)exp(𝛽𝑥∗) (see SI 398 

(3) for proof). 399 

 400 

5.3 Host-symbiont coevolutionary dynamics with both mutant host and mutant symbiont 401 

Mutations are infrequent; thus, the possibility of independent mutations in the host and in the symbiont strategies 402 
at the same time is extremely rare. However, if the densities of hosts and symbionts in the resident system is either 403 
extremely high, or not high enough but both species coexist for a very long time, then there is a possibility 404 
(extremely rare) for two independent mutations in the hosts and symbionts at the same time. Consequently, in 405 
biology the basic assumption of the Nash solution (only one player changes its strategy) does not necessarily hold. 406 
The verbal definition of evolutionary stability is as follows. Provided that mutations are rare enough, the resident 407 
strategy (𝑠∗, 𝜎∗) pair is evolutionary stable if coevolutionary dynamics pushes all other possible invading mutants 408 
into extinction. The ESS definition is based on the assumption that a single mutation is more probable to occur, 409 
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i.e., either (𝑠, 𝜎∗) or (𝑠∗, 𝜎) only. However, there is no biological reason to neglect the rare cases when mutations 410 
happen in both species at the same time.  411 

Below we consider the case when mutant phenotypes arise in both hosts and symbionts simultaneously. 𝑥, 𝑥M, 𝑦, 𝑧 412 
and 𝑧̂ are defined as in system (24) – (27). Let 𝑧̃ be the infected population with mutant host and mutant symbiont 413 

having long-term growth rate  𝜆I
M̃(𝑠, 𝜎). Consequently, we get the following six-dimensional coevolutionary 414 

dynamics, 415 

  

𝑥̇ = 𝑥(ln 𝜆NI(𝑠
∗) − 𝛾(𝑥 + 𝑦 + 𝑧 + 𝑥M + 𝑧̂ + 𝑧̃)) − 𝛽𝑥(𝑦 + 𝑧 + 𝑧̂ + 𝑧̃) + 𝑐𝑟(𝑦 + 𝑧) 

 

(28) 

 𝑥Ṁ = 𝑥M(ln 𝜆NI
M (𝑠) − 𝛾(𝑥 + 𝑦 + 𝑧 + 𝑥M + 𝑧̂ + 𝑧̃)) − 𝛽𝑥M(𝑦 + 𝑧 + 𝑧̂ + 𝑧̃) + 𝑐𝑟(𝑧̂ + 𝑧̃) (29) 

 𝑦̇ = 𝑦(ln 𝜆I(𝑠
∗, 𝜎∗) − 𝛾(𝑥 + 𝑦 + 𝑧 + 𝑥M + 𝑧̂ + 𝑧̃)) + 𝛽𝑥𝑦 + 𝛽𝑥𝑧̂ − 𝑐𝑟𝑦 (30) 

 𝑧̇ = 𝑧(ln 𝜆I
M(𝑠∗, 𝜎) − 𝛾(𝑥 + 𝑦 + 𝑧 + 𝑥M + 𝑧̂ + 𝑧̃)) + 𝛽𝑥𝑧 + 𝛽𝑥𝑧̃ − 𝑐𝑟𝑧 (31) 

 𝑧̇̂ = 𝑧̂ (ln 𝜆I
M̂(𝑠, 𝜎∗) − 𝛾(𝑥 + 𝑦 + 𝑧 + 𝑥M + 𝑧̂ + 𝑧̃)) + 𝛽𝑥M𝑦 + 𝛽𝑥M𝑧̂ − 𝑐𝑟𝑧̂ (32) 

 𝑧̇̃ = 𝑧̃ (ln 𝜆I
M̃(𝑠, 𝜎) − 𝛾(𝑥 + 𝑦 + 𝑧 + 𝑥M + 𝑧̂ + 𝑧̃)) + 𝛽𝑥M𝑧 + 𝛽𝑥M𝑧̃ − 𝑐𝑟 𝑧̃ 

(33) 

   

The equilibrium (𝑥∗, 0, 𝑦∗, 0, 0, 0) of the system (28) – (33) with mutations in both host and symbiont is stable if 416 
(see SI (4) for proof), 417 

1)  𝜆I
M(𝑠∗, 𝜎) < 𝜆I (𝑠

∗, 𝜎∗), 418 

2) 𝜆I
M̂(𝑠, 𝜎∗) < 𝜆I(𝑠

∗, 𝜎∗)exp(𝛽𝑥∗) 419 

3) 𝜆NI
M (𝑠) < 𝜆NI(𝑠

∗)exp (𝑐𝑟
𝑦∗

𝑥∗
), and  420 

4)  𝜆I
M̃(𝑠, 𝜎) < 𝜆I(𝑠

∗, 𝜎∗)exp(𝛽𝑥∗) 421 

 422 

It is worthwhile to note that the ecological aspects of the resident system (𝛽, 𝑐𝑟 , 𝑥
∗ and 𝑦∗) come up in the 423 

conditions for evolutionary stability. Conclusively, we observed that the long-term growth rates of the populations 424 
govern the conditions for the stability of the resident equilibrium in all the systems. This leads us to question 425 
whether our model can be interpreted from the game theory perspective. In the following section, we introduce 426 
plausible fitness definitions for both the species (host and symbiont) and try to compare the results of our 427 
coevolutionary analysis to that of ESS.   428 

 429 

6. Intuitive host fitness and Game-theoretic comparison 430 

From the evolutionary game theory perspective, there exists a game-theoretical conflict in our selection situation 431 
since the host and the symbiont together determine the infected population’s long-term growth rate. Therefore, 432 
we try to compare the Evolutionarily Stable Strategy (ESS) and the linear stability of the coevolutionary dynamics 433 
in our model. From a biological point of view, the strict Nash equilibrium (strict Nash implies ESS) means that 434 
neither mutant symbionts nor mutant hosts can invade the system (Maynard Smith and Price 1973). For this, we 435 
need to define the fitness functions of the players. This problem is intuitively clear for the obligate and vertically 436 
transmitted symbionts since their evolutionary success can be given by that of the infected populations. However, 437 
the same is not apparent for the hosts. Clearing and horizontal transmission create difficulty since the number of 438 
infected and non-infected descendants are dynamically determined in each population. However, we try to provide 439 
an intuitive fitness function for the host. Remember that the concept of Nash equilibrium is based on only one 440 
player changing its strategy, which means that the mutation (infrequent) occurs only in one of the two species at 441 
a time. 442 

We start from the formal definition of the strict Nash equilibrium for an asymmetric game. Consider two players 443 
(Host and Symbiont) with strategy sets 𝑠 ∈ [0,1] and 𝜎 ∈ [0,1] and payoff functions 𝜆H(𝑠, 𝜎) and 𝜆S(𝑠, 𝜎) 444 
respectively. Host’s allocation strategy is 𝑠 ∈ [0,1]. Host has a trade-off between reproduction and survival. 445 
Symbiont’s strategy is 𝜎 ∈ [0,1] and it is indicative of its effect on the survival and fecundity of the host. 446 

Payoff function of Symbiont: Since the symbiont is obligate, its evolutionary success (fitness) is the same as that 447 
of the infected population of our model. Thus, its payoff is the long-term growth of the infected population, i.e.,  448 
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 𝜆S(𝑠, 𝜎) = 𝜆I(𝑠, 𝜎) 
 

(34) 

Intuitive payoff function of Host: Using 𝜆I(𝑠
∗, 𝜎∗) and 𝜆NI(𝑠

∗) as Malthusian growth rates of each population in 449 
the resident system, we can calculate 𝑥∗ and 𝑦∗ (densities at the locally asymptotically stable rest point of the 450 
resident dynamics (15–16)). Since the mutation is rare, there is enough time for the dynamics (15–16) to reach its 451 

stable rest point (𝑥∗, 𝑦∗). Thus, at the resident equilibrium, a host is non-infected or infected with probability 
𝑥∗

𝑥∗+𝑦∗
 452 

or 
𝑦∗

𝑥∗+𝑦∗
, respectively. We define host’s payoff as, 453 

 
𝜆H(𝑠, 𝜎) ≔

𝑥∗(𝑠∗, 𝜎∗)

𝑥∗(𝑠∗, 𝜎∗) + 𝑦∗(𝑠∗, 𝜎∗)
𝜆NI(𝑠) +

𝑦∗(𝑠∗, 𝜎∗)

𝑥∗(𝑠∗, 𝜎∗) + 𝑦∗(𝑠∗, 𝜎∗)
𝜆I(𝑠, 𝜎) 

 

(34) 

where 𝜆NI(𝑠) and 𝜆I(𝑠, 𝜎) are the long-term growth rates of the non-infected and infected populations respectively, 454 
i.e., the dominant eigenvalue of the Leslie matrices 𝑳NI(𝑠) in Eq. (6) and 𝑳I(𝑠, 𝜎) in Eq. (14). Note that the payoffs 455 
are not independent. We observe that the host’s payoff function considers both infected and non-infected host 456 
lineages. Intuitively, in our model, the long-term growth rate determines the evolutionary success of different 457 
phenotypes. According to the mixed transmission mode, each individual host’s lineage will contain infected and 458 
non-infected descendants due to clearing and horizontal transmission. Hence, each host individual can alter 459 
between infected and non-infected stages throughout its life. Thus, each host’s payoff must consider the long-term 460 
growth rates of the infected and the non-infected lineages. The resident system’s rest point determines the ratio of 461 
the infected and non-infected descendants at the endpoint of evolution; therefore, we use this ratio to weigh the 462 
long-term growth rates of the infected and non-infected lineages. If all hosts are infected at the stable rest point of 463 
the resident dynamics, i.e., 𝑥∗ = 0, (say when 𝑐𝑟 = 0 and 𝛽 is large enough), then the payoff functions of both 464 
players are the same. If most hosts are non-infected (e.g., 𝑐𝑟 ≈ 1), then we are near to maximizing 𝜆NI(𝑠).  465 

The host’s best response function 𝛿H(𝜎) provides the best strategies (which maximize the respective payoff 466 
function) that the host must choose when the symbiont plays a given strategy 𝜎. In other words, 𝛿H(𝜎) is a set 467 
represented as, 468 

𝛿H(𝜎) = {𝑠 ∈ [0,1] | 𝜆H(𝑠, 𝜎) > 𝜆H(𝑠
′, 𝜎) ∀ 𝑠′ ∈ [0,1], 𝑠 ≠ 𝑠′} 469 

Similarly, 470 

𝛿S(𝑠) = {𝜎 ∈ [0,1] | 𝜆S(𝑠, 𝜎) > 𝜆S(𝑠, 𝜎
′)  ∀ 𝜎′ ∈ [0,1], 𝜎 ≠ 𝜎′} 471 

 472 

Fig.7 The payoff function of the host and the symbiont, respectively, on s - 𝜎 plane. Observe that the payoff functions 𝜆H(𝑠, 𝜎) and 𝜆S(𝑠, 𝜎) 473 
are continuous and strictly concave-down functions with a maximum at a single point. Analyzing the plots, the best response function of host 474 
𝛿H(𝜎) maps to a singleton set with element 𝑠∗ = 0.544 and the best response function of symbiont 𝛿𝑆(𝑠) maps to a singleton set with element 475 
𝜎∗ = 0.492. Therefore, the strict Nash equilibrium is (𝑠∗, 𝜎∗) = (0.544, 0.492). 476 
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 477 

A strict Nash equilibrium is a strategy pair (𝑠∗, 𝜎∗) such that 𝑠∗ ∈ 𝛿H(𝜎
∗) and 𝜎∗ ∈ 𝛿S(𝑠

∗), where 𝑠∗ and 𝜎∗ are 478 
the best strategies of the host and the symbiont respectively (see Figure 7). Equivalently in our model, a strategy 479 
pair (𝑠∗, 𝜎∗) is an ESS (strict Nash equilibrium) if for all 𝑠 ≠ 𝑠∗ and 𝜎 ≠ 𝜎∗, we have 𝜆S

M(𝑠∗, 𝜎) < 𝜆S(𝑠
∗, 𝜎∗) and  480 

𝜆H
M̂(𝑠, 𝜎∗) < 𝜆H(𝑠

∗, 𝜎∗), we could arrive at the following inequalities,  481 

𝜆I
M(𝑠∗, 𝜎) < 𝜆I(𝑠

∗, 𝜎∗) 482 

𝑥∗

𝑥∗ + 𝑦∗
𝜆NI
M (𝑠) +

𝑦∗

𝑥∗ + 𝑦∗
𝜆I
M̂(𝑠, 𝜎∗) <

𝑥∗

𝑥∗ + 𝑦∗
𝜆NI(𝑠

∗) +
𝑦∗

𝑥∗ + 𝑦∗
𝜆I(𝑠

∗, 𝜎∗) 483 

Thus, in our model, game theoretic analysis based on the intuitive host fitness function gives coarser conditions 484 
compared to the following conditions for stability from our coevolutionary dynamical model, 485 

𝜆NI
M (𝑠) < 𝜆NIexp (𝑐𝑟

𝑦∗

𝑥∗
) and 𝜆I

M̂(𝑠, 𝜎∗) < 𝜆I(𝑠
∗, 𝜎∗)exp(𝛽𝑥∗) 486 

Note that the definition of strict Nash equilibrium of the above game is strictly based on our uniform simplifying 487 
assumptions (i.e., clearing, horizontal transmission, and competition between the infected and non-infected 488 
resident/mutant populations are independent of the strategies), and there is only one mutant at a time. To define 489 
an evolutionary game, we must give the average fitness of different phenotypes belonging to different species. 490 
However, that is not obvious in our above model for the hosts since each individual can switch from infected to 491 
non-infected and vice-versa during its life. Our main observation is that ecological coevolutionary dynamics 492 
requires more stringent conditions than the game-theoretical method. However, this conjecture needs more studies 493 
in more general selection situations when our uniformity conditions are not satisfied. 494 

 495 

7. Discussion, interpretation, and biological examples 496 

In this manuscript, we introduced a combination of the Leslie demography model (vertical transmission) and 497 
competitive selection dynamics (horizontal transmission with clearing) to explore the long-term growth rate of 498 
symbiont-infected hosts against non-infected hosts. An unusual feature of the model is that the appearance of two 499 
mutants (mutant host and mutant symbiont) in the coevolutionary system increased its dimensionality to six. Then 500 
we applied a game-theoretical approach to the same model as an alternative method. From a purely methodological 501 
point of view, we observed that the game-theoretical approach yields coarser results than the analysis of 502 
coevolutionary dynamics for two reasons. First, the strict Nash definition allows only one mutant phenotype at a 503 
time, either in the host or in the symbiont. Second, coevolutionary dynamics performs better even if it is limited 504 
to one mutant type as. we were able to obtain more stringent and precise conditions for the uninvadability of 505 
mutants. From a biological point of view, our model yields both trivial and non-trivial connotations. Evolutionary 506 
theory predicts that uniparentally and vertically transmitted parasites must be harmless to their hosts (Fine 1975; 507 
Yamamura 1993; Lipsitch et al. 1995). Thus, obligate symbiosis with vertical transmission will likely end up as 508 
mutualism. Accordingly, a symbiont species may not develop or maintain a parasitic way of life (i.e., may not 509 
decrease host fitness) in a uniparental system unless capable of horizontal transmission (Garay et al. 2016). This 510 
means parasites that utilize only the parent-offspring (vertical) transmission routes may not survive because the 511 
non-infected lineages outcompete the infected ones since it has a better long-term growth rate. Presuming that the 512 
bodily contacts between parents and offsprings are usually more direct and more long-lasting than between other 513 
conspecifics - thus more proper for symbiont transmission - this means that mutualism is supposed to be an archaic 514 
form of symbiosis. Parasitism is likely to be a derived way of life that can emerge only after the symbiont has 515 
already evolved the more advanced ways of horizontal transmission. Alternatively, the parasitic way of life may 516 
evolve from a sapronotic life strategy (Kuris et al. 2014). 517 

We observed that the evolutionary success of an obligate symbiont and its host depends on at least three factors; 518 
1) the symbiont’s effect on the host’s life history, 2) the rate of clearing of infection, and 3) the frequency and 519 
mode of transmission. The connection between obligate symbionts’ effects on hosts’ life history and their 520 
transmission mode is well explored in both theoretical and empirical studies (Bibian et al. 2016; Brown and Akçay 521 
2019; Chung et al. 2015; Clayton et al. 2015; Ebert 2013; Ewald 1987; Gandon et al. 2008; Rudgers et al. 2012). 522 
In the standard models, these effects are on host survival and fecundity (Ferdy and Godelle 2005). Further, the 523 
trade-offs between host survival and fecundity have been shown theoretically to determine the persistence of 524 
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symbioses (Bibian et al. 2016; Chung et al. 2015; Rudgers et al. 2012; Yule et al. 2013). Note that the symbionts’ 525 
effects on the hosts’ life history can be more complex, particularly in hosts having a long and complex life cycle 526 
with different developmental stages.  527 

During the coevolutionary process, not only the symbiont strategy but also the host strategy can modify the 528 
infected hosts’ life-history parameters. To get an insight, we strictly focused on how the two partners’ strategies 529 
together modify the infected population’s life-history traits. For this purpose, we applied simplifying assumptions. 530 
Hence, our conceptual model was strictly based on uniformity conditions (i.e., clearing, transmission mode, and 531 
competitive ability are independent of host and symbiont strategies). These assumptions ensure the following 532 
advantages:  533 

1. They radically decrease the dimension of the dynamical system (Hancock et al., 2011) or the integral 534 
projection model’s dimension (Chung et al., 2015; Yule et al., 2013). For instance, if the host has three 535 
developmental stages (say with different horizontal transmission rates), we get a six-dimensional resident 536 
system. Further, if obligate mutant symbionts and mutant hosts are introduced, we have nine-and twelve-537 
dimensional coevolutionary dynamics, respectively. 538 

2. The main novelty of our present conceptual model is that it gives an insight into cases when the host has 539 
several developmental stages, and the symbiont can manipulate the survival and fecundity of the different 540 
stages in different ways.  541 

3. They separate the density-dependent phenomena (like competition and horizontal transmission) from the 542 
host-symbiont interaction within the host body.  543 
 544 

Our model also provides a close insight into the complexity of the concept of virulence. Classical textbook wisdom 545 
says that virulence is the infection-induced reduction of host survival and/or reproductive success (Anderson and 546 
May 1978). However, our model shows that symbionts’ effect on host longevity and reproduction may be 547 
different, even opposite, and their net effects may often be counterintuitive. To exemplify the potential complexity 548 
of host-symbiont interactions, below we list eight categories based on the infections’ effects on host longevity and 549 
reproduction success, with biological examples: 550 

1. Survival-reducers: the Japanese subgroup of Human T-cell lymphotropic virus type 1 (HTLV-I) can 551 
serve as an example of this category. It is often transmitted from mother to child through breastfeeding 552 
and is frequently associated with a highly lethal disease, the adult T-cell leukaemia. However, since the 553 
onset of the disease is about sixty years (Murphy et al. 1989), we can reasonably assume that it reduces 554 
only host longevity without affecting its reproductive success. 555 

2. Fecundity-reducers: cytoplasmic incompatibility induced by Wolbachia infections in insects (Sinkins 556 
2004) nicely exemplify this category. Note that reduced host fecundity may either result from pathogenic 557 
effects or, alternatively, as a damage limitation strategy of the host (Hurd 2001). 558 

3. Survival-and-fecundity-reducers: several well-known parasites and pathogens reduce host longevity 559 
and reproductive success in parallel. 560 

4. Survival-increasers: imagine a hypothetical symbiont that increases host longevity without affecting 561 
lifetime reproductive success. We could not find examples of such organisms in the literature.   562 

5. Fecundity-increasers: Wolbachia infections which increase male fertility in the beetle in Tribolium 563 
confusum (Wade and Chang 1995). Another intracellular parasitic bacterium, the so-called Cytophaga-564 
Like Organism (CLO), increases female fertility without influencing the mortality of the infected host, 565 
the predatory mite Metaseiulus occidentalis (Weeks and Stouthamer 2004).  566 

6. Survival-and-fecundity-increasers: Several well-known mutualists belong to this category. 567 
7. Survival-increaser-and-fecundity-reducer: The larvae of several helminths (like Cestodes, 568 

Trematodes, and Acanthocephalans) destruct host gonads (a phenomenon called ‘parasitic castration’) 569 
apparently to increase host body size (‘parasitic gigantism’) and also survival (Berec and Maxin 2012). 570 
Fungal endophytes decrease fecundity and increase survival for the grass Poa alsodes (Chung et al. 2015). 571 
Larvae of the rat tapeworm Hymenolepis diminuta also increases the survival of the intermediate host 572 
(the mealworm beetle Tenebrio molitor) at the expense of reducing its fecundity (Hurd et al. 2001). 573 

8. Survival-reducer-and-fecundity-increaser: fungal endophytes increase fecundity in the grass Agrostis 574 
hyemalis at the expense of reducing its survival (Yule et al. 2013). Toxoplasma gondii, a widespread 575 
human infection, may cause flu-like illness and various neuropsychiatric symptoms. On the other hand, 576 
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infections make patients sexually more attractive. Since they have more sexual partners, their 577 
reproductive success may increase (Borráz-León et al. 2022) 578 

 579 

Evidently, the idea that symbionts may affect host lifespan and fecundity differently is not new (Brown and Akçay 580 
2019). Therefore, we aimed to develop a model that enables us to handle the complexity of host-symbiont 581 
interactions. For this purpose, we have generalized our former Kin Demographic Selection Model (Garay et al. 582 
2016; Garay et al. 2018; Garay et al. 2018) where we only considered mutant and resident lineages that competed 583 
with each other. Contrarily, here we have focused on two interacting species with uniform interaction patterns and 584 
horizontal infection routes between infected and non-infected lineages. The novelty of this general model is that 585 
horizontal infection connects the resident and mutant infected lineages. This opens future avenues to build more 586 
complex models with other features like evolving or strategy-dependent horizontal transmission or clearing or 587 
models with symbionts that increase host competitive abilities. In this sense, we incorporate different aspects of 588 
ecology to study resistance to mutant invasion and evolutionary stability. 589 

 590 
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SUPPLEMENTARY INFORMATION 749 

 750 

SI (1) Stability of the Resident System 751 

We first conduct the stability analysis of the equilibrium points corresponding to the following set of differential 752 
equations (15) – (16) in the main text, 753 

 𝑥̇ = 𝑥(ln( 𝜆NI) − 𝛾𝑥 − 𝛾𝑦) − 𝛽𝑥𝑦 + 𝑐𝑟𝑦 (15) 

 𝑦̇ = 𝑦(ln(𝜆I) − 𝛾𝑥 − 𝛾𝑦) + 𝛽𝑥𝑦 − 𝑐𝑟𝑦 (16) 

 

The equilibrium population size of the infected population, 754 

𝑦∗ =
ln 𝜆I − (𝛾 − 𝛽)𝑥

∗ − 𝑐𝑟
𝛾

 755 

The equilibrium population size 𝑥∗of the non-infected population is the solution of the following equation, 756 

𝛽2𝑥2 + (γ(ln 𝜆I − ln 𝜆NI) + 𝛽(ln 𝜆I − 2𝑐𝑟))𝑥 + 𝑐𝑟(𝑐𝑟 − ln 𝜆I) = 0 757 

The roots are positive real if ln 𝜆I > 𝑐𝑟 , i.e., the Malthusian growth rate of the infected population is larger than 758 
the clearing rate. This relation also guarantees that there is at least one positive 𝑥∗. Also, 𝑦∗ is positive if 𝛽 > 𝛾. 759 
Therefore, the sufficient conditions for the existence of positive rest points of (15) – (16) are ln 𝜆I > 𝑐𝑟 and 𝛽 >760 
𝛾. 761 

Theorem 1  The rest point (𝑥∗, 𝑦∗) of the resident system (15) – (16) is locally asymptotically stable for 𝑙𝑛 𝜆𝐼 >762 
𝑐𝑟, 𝛾 < 𝛽 < 3𝛾, large 𝑥∗ and large 𝑦∗. 763 

 Proof: Consider the fixed point of the above dynamics in the positive quadrant, i.e., (𝑥∗, 𝑦∗) ∈ ℝ+
2 . The Jacobian 764 

matrix at this fixed point is, 765 

𝐽(𝑥∗,𝑦∗) = (
ln 𝜆NI − 2𝛾𝑥

∗ − (𝛽 + 𝛾)𝑦∗ 𝑐𝑟 − (𝛽 + 𝛾)𝑥
∗

(𝛽 − 𝛾)𝑦∗ ln 𝜆I − (𝛾 − 𝛽)𝑥
∗ − 2𝛾𝑦∗ − 𝑐𝑟

) 766 

The local stability of the rest point (𝑥∗, 𝑦∗) is implied by the following two inequalities: tr 𝐽(𝑥∗,𝑦∗) < 0 and 767 

det 𝐽(𝑥∗,𝑦∗) > 0. The trace is negative if ln 𝜆NI + ln 𝜆I − 𝑐𝑟 − (3𝛾 − 𝛽)𝑥
∗ − (3𝛾 + 𝛽)𝑦∗ < 0. Large equilibrium 768 

densities 𝑥∗, 𝑦∗ and 𝛽 < 3𝛾 make the negativity possible. The large 𝑥∗ and 𝑦∗ also help to satisfy the positivity 769 
condition of the determinant by making 𝐽11, 𝐽12 and 𝐽22 negative, while 𝐽21 is positive because of 𝛽 > 𝛾. This 770 

implies a  (
− −
+ −) sign pattern resulting in a positive determinant. To sum up, the following conditions make the 771 

existence and locally stability of the positive equilibrium (𝑥∗, 𝑦∗) possible, 772 

ln 𝜆I > 𝑐𝑟, 𝛾 < 𝛽 < 3𝛾, large 𝑥∗ and large 𝑦∗ 773 

In other words, (𝑥∗, 𝑦∗) is a stable (locally asymptotically) node for the above conditions. 774 

 775 

Global stability of the Resident system 776 

Theorem 2  The locally asymptotically stable rest point (𝑥∗, 𝑦∗) of the resident system (15) – (16) is also globally 777 
asymptotically stable.   778 

Proof:  779 

Consider the resident system, 780 

 𝑥̇ = 𝑥(ln( 𝜆NI) − 𝛾𝑥 − 𝛾𝑦) − 𝛽𝑥𝑦 + 𝑐𝑟𝑦 (15) 

 𝑦̇ = 𝑦(ln(𝜆I) − 𝛾𝑥 − 𝛾𝑦) + 𝛽𝑥𝑦 − 𝑐𝑟𝑦 (16) 
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Let (𝑥∗, 𝑦∗) be the unique interior equilibrium of the dynamical system. The conditions for the existence of the 781 
locally asymptotically stable unique interior equilibrium (as mentioned in the previous section) of the resident 782 
system are, 783 

1) ln 𝜆I > 𝑐𝑟, 784 
2) 𝛾 < 𝛽 < 3𝛾, and 785 
3) large 𝑥∗ and large 𝑦∗ 786 

We now use the Lyapunov direct method to conduct global stability analysis. Consider the following Lyapunov 787 
function, 788 

𝑉(𝑥, 𝑦) = (𝑥 − 𝑥∗ln
𝑥

𝑥∗
− 𝑥∗) + (𝑥 − 𝑦∗ln

𝑦

𝑦∗
− 𝑦∗) 789 

The candidate Lyapunov function is radially unbounded as the function is increasing for 𝑥 > 𝑥∗, 𝑦 > 𝑦∗. 790 

Also, 𝑉(𝑥∗, 𝑦∗) = 0 and 𝑉(𝑥, 𝑦) > 0 for (𝑥, 𝑦) ≠ (𝑥∗, 𝑦∗). Time derivative of the Lyapunov function is, 791 

𝑉̇(𝑥, 𝑦) =
𝑥 − 𝑥∗

𝑥
𝑥̇ +

𝑦 − 𝑦∗

𝑦
𝑦̇ 792 

For asymptotic stability, we need to prove that 𝑉̇(𝑥, 𝑦) < 0. Let 𝑉̇(𝑥, 𝑦) = 𝑓(𝑥, 𝑦), hence 𝑓(𝑥∗, 𝑦∗) = 0. 793 

𝑓(𝑥, 𝑦) =
𝑥 − 𝑥∗

𝑥
𝑥̇ +

𝑦 − 𝑦∗

𝑦
𝑦̇ 794 

 𝑓(𝑥, 𝑦) = (𝑥 − 𝑥∗) (ln( 𝜆NI) − 𝛾𝑦 − 𝛾𝑥 − 𝛽𝑦 +
𝑐𝑟𝑦

𝑥
) + (𝑦 − 𝑦∗)(ln(𝜆I) − 𝑐𝑟 − 𝛾𝑦 − 𝛾𝑥 + 𝛽𝑥)  795 

Differentiating 𝑓(𝑥, 𝑦) w.r.t 𝑥 and 𝑦, 796 

𝑓𝑥(𝑥, 𝑦) = ln( 𝜆NI) − 2𝛾𝑦 − 2𝛾𝑥 + 𝛾𝑥
∗ + 𝛾𝑦∗ − 𝛽𝑦∗ +

𝑐𝑟𝑥
∗𝑦

𝑥2
 797 

𝑓𝑦(𝑥, 𝑦) = ln( 𝜆I) − 2𝛾𝑦 − 2𝛾𝑥 + 𝛾𝑥
∗ + 𝛽𝑥∗ + 𝛾𝑦∗ −

𝑐𝑟𝑥
∗

𝑥
 798 

𝑓𝑥(𝑥
∗, 𝑦∗) = ln( 𝜆NI) − 𝛾𝑥

∗ − 𝛾𝑦∗ − 𝛽𝑦∗ +
𝑐𝑟𝑦

∗

𝑥∗
= 0    (From Eq. 15) 799 

𝑓𝑦(𝑥
∗, 𝑦∗) = ln( 𝜆I) − 𝛾𝑥

∗ + 𝛽𝑥∗ − 𝛾𝑦∗ − 𝑐𝑟 = 0    (From Eq. 16) 800 

(𝑥∗, 𝑦∗) is the unique interior equilibrium point of the dynamics (15) – (16) and is also the unique critical point of 801 
𝑓(𝑥, 𝑦) for 𝑥 and 𝑦 > 0. The Hessian matrix corresponding to 𝑓(𝑥, 𝑦) at (𝑥∗, 𝑦∗) is, 802 

𝐻𝑓(𝑥
∗, 𝑦∗) = (

𝑓𝑥𝑥(𝑥
∗, 𝑦∗) 𝑓𝑥𝑦(𝑥

∗, 𝑦∗)

𝑓𝑦𝑥(𝑥
∗, 𝑦∗) 𝑓𝑦𝑦(𝑥

∗, 𝑦∗)
) = (

−2𝛾 −
2𝑦∗𝑐𝑟
(𝑥∗)2

−2𝛾 +
𝑐𝑟
𝑥∗

−2𝛾 +
𝑐𝑟
𝑥∗

−2𝛾

) 803 

We see that 𝐻𝑓(𝑥
∗, 𝑦∗) is negative definite (all eigenvalues are negative) if 𝑐𝑟 < 4𝛾(𝑥

∗ + 𝑦∗). Since 𝑥∗, 𝑦∗ are 804 

large this is possible. Therefore, the unique critical point (𝑥∗, 𝑦∗) is a maximum point of 𝑓(𝑥, 𝑦). 805 

Thus, for any (𝑥, 𝑦) ≠ (𝑥∗, 𝑦∗),   𝑓(𝑥, 𝑦) < 𝑓(𝑥∗, 𝑦∗). Since 𝑓(𝑥∗, 𝑦∗) = 0, we can conclude, 806 

𝑓(𝑥, 𝑦)  < 0 ⇒ 𝑉̇(𝑥, 𝑦) < 0 807 

Therefore, by Lyapunov stability criterion, (𝑥∗, 𝑦∗) is globally asymptotically stable. 808 
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 809 

Fig. SI 1.1 The time derivative of the Lyapunov function, 𝑉̇(𝑥, 𝑦) = 𝑓(𝑥, 𝑦) attains maximum value at (𝑥∗, 𝑦∗) = (4.131, 17.732) (blue 810 
point) for  𝜆NI = 6.303, 𝜆I = 9.647, 𝛽 = 0.15, 𝛾 = 0.1, and 𝑐𝑟 = 0.7. Since 𝑉̇(𝑥∗, 𝑦∗) = 0, 𝑉̇(𝑥, 𝑦) < 0 for all (𝑥, 𝑦) ≠ (𝑥∗, 𝑦∗) 811 

SI (2) Stability analysis of host-symbiont coevolutionary dynamics with mutant symbiont 812 

Consider the following coevolutionary dynamics of the system (21) – (23) with the mutant phenotype of the 813 
symbiont, where 𝑧 denote the infected population with mutant symbiont (strategy 𝜎 ≠ 𝜎∗) with long-term growth 814 
rate 𝜆I

M, and 𝑥 and 𝑦 are as in the resident system, 815 

 𝑥̇ = 𝑥(ln 𝜆NI(𝑠) − 𝛾𝑥 − 𝛾𝑦 − 𝛾𝑧) − 𝛽𝑥𝑦 − 𝛽𝑥𝑧 + 𝑐𝑟𝑦 + 𝑐𝑟𝑧 (21) 

 𝑦̇ = 𝑦(ln 𝜆I(𝑠
∗, 𝜎∗) − 𝛾𝑥 − 𝛾𝑦 − 𝛾𝑧) + 𝛽𝑥𝑦 − 𝑐𝑟𝑦 (22) 

 𝑧̇ = 𝑧(ln 𝜆I
M(𝑠∗, 𝜎) − 𝛾𝑥 − 𝛾𝑦 − 𝛾𝑧) + 𝛽𝑥𝑧 − 𝑐𝑟𝑧 (23) 

 816 

Theorem 3 If for a given rare infected mutant population with mutant symbiont, we have 𝜆𝐼
𝑀(𝑠∗, 𝜎) < 𝜆𝐼 (𝑠

∗, 𝜎∗), 817 
then this mutant phenotype cannot invade the resident system.  818 

Proof: For the condition when mutants die out in this case, i.e., (𝑥∗, 𝑦∗, 0) is locally asymptotically stable, we 819 
investigate the Jacobian matrix of the dynamics (21) – (23) at (𝑥∗, 𝑦∗, 0), which reads as, 820 

𝐽(𝑥∗,𝑦∗,0) = (

ln 𝜆NI − 2𝛾𝑥
∗ − (𝛽 + 𝛾)𝑦∗ 𝑐𝑟 − (𝛽 + 𝛾)𝑥

∗ 𝑐𝑟 − (𝛽 + 𝛾)𝑥
∗

(𝛽 − 𝛾)𝑦∗ ln 𝜆I − (𝛾 − 𝛽)𝑥
∗ − 2𝛾𝑦∗ − 𝑐𝑟 −𝛾𝑦∗

0 0 ln(𝜆I
M) − 𝛾𝑦∗ − (𝛾 − 𝛽)𝑥∗ − 𝑐𝑟

) 821 

Recall from the stability analysis of the resident system (16) – (17), we have ln 𝜆I > 𝑐𝑟 and 3𝛾 > 𝛽 > 𝛾, for the 822 
existence of ( 𝑥∗, 𝑦∗).  823 

According to Routh Hurwitz criterion (the necessary and sufficient conditions for the linear stability of the 824 
system), the conditions for the local asymptotic stability of the equilibrium point are, 825 

1) tr 𝐽(𝑥∗,𝑦∗,0) < 0 ,  826 

2) det 𝐽(𝑥∗,𝑦∗,0) < 0, 827 

3) W = det (
𝐽11 𝐽12
𝐽21 𝐽22

) + det (
𝐽11 𝐽13
0 𝐽33

) + det (
𝐽22 𝐽23
0 𝐽33

) > 0 828 

4) tr 𝐽(𝑥∗,𝑦∗,0) ∗ 𝑊 < det 𝐽(𝑥∗,𝑦∗,0) 829 

The trace is negative if ln 𝜆NI + ln 𝜆I + ln 𝜆I
M − 2𝑐𝑟 − (4𝛾 − 2𝛽)𝑥

∗ − (4𝛾 + 𝛽)𝑦∗ < 0. Large equilibrium 830 
densities (𝑥∗, 𝑦∗) and 𝛽 < 2𝛾 make the negativity possible. The conditions ln 𝜆I > 𝑐𝑟 , 𝛾 < 𝛽 < 3𝛾, large 𝑥∗ and 831 

large 𝑦∗ make the det (
𝐽11 𝐽12
𝐽21 𝐽22

) positive as stated in the stability analysis of the resident system. Therefore, 832 

det 𝐽(𝑥∗,𝑦∗,0) < 0 if 𝐽33 < 0, i.e.,  833 
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ln (𝜆I
M(𝑠∗, 𝜎)) − 𝛾𝑦∗ − (𝛾 − 𝛽)𝑥∗ − 𝑐𝑟 < 0 834 

Also, W = det (
𝐽11 𝐽12
𝐽21 𝐽22

) + det (
𝐽11 𝐽13
0 𝐽33

) + det (
𝐽22 𝐽23
0 𝐽33

) > 0 if 𝐽33 < 0. 835 

tr 𝐽(𝑥∗,𝑦∗,0) < 0 , det 𝐽(𝑥∗,𝑦∗,0) < 0, W > 0 and tr 𝐽(𝑥∗,𝑦∗,0) ∗ 𝑊 < det 𝐽(𝑥∗,𝑦∗,0) for 𝛾 < 𝛽 < 2𝛾 , large 𝑥∗, large 𝑦∗ 836 

and ln 𝜆I
M − 𝛾𝑦∗ − (𝛾 − 𝛽)𝑥∗ − 𝑐𝑟  < 0. 837 

Sufficient conditions for a given mutant symbiont to die out are large equilibrium densities (𝑥∗, 𝑦∗), 𝛾 < 𝛽 < 2𝛾,838 
ln 𝜆I

M(𝑠∗, 𝜎) − 𝛾𝑦∗ − (𝛾 − 𝛽)𝑥∗ − 𝑐𝑟 < 0 (or equivalently 𝜆I
M(𝑠∗, 𝜎) < 𝜆I (𝑠

∗, 𝜎∗), see below). 839 

Reinterpreting the stability condition, 840 

ln 𝜆I
M(𝑠∗, 𝜎) − 𝛾𝑦∗(𝑠∗, 𝜎∗) − (𝛾 − 𝛽)𝑥∗(𝑠∗, 𝜎∗) − 𝑐𝑟 < 0. 841 

where 𝜆I
M(𝑠∗, 𝜎) is the dominant eigenvalue of the Leslie matrix corresponding to the infected lineage at (𝑠∗, 𝜎). 842 

Moreover (𝑥∗(𝑠∗, 𝜎∗), 𝑦∗(𝑠∗, 𝜎∗)) is the rest point of the resident two-dimensional ecological dynamics (15) – 843 
(16). 844 

From the rest point of the resident ecosystem (15) – (16), we have, 845 

𝑦∗ =
ln 𝜆I(𝑠

∗, 𝜎∗) − (𝛾 − 𝛽)𝑥∗(𝑠∗, 𝜎∗) − 𝑐𝑟
𝛾

 846 

Thus, for the evolutionary stability of the strategy pair (𝑠∗, 𝜎∗) for all strategy pair (𝑠, 𝜎) ≠ (𝑠∗, 𝜎∗) we need, 847 

ln 𝜆I
M(𝑠∗, 𝜎) − 𝛾

ln 𝜆I(𝑠
∗, 𝜎∗) − (𝛾 − 𝛽)𝑥∗(𝑠∗, 𝜎∗) − 𝑐𝑟

𝛾
− (𝛾 − 𝛽)𝑥∗(𝑠∗, 𝜎∗) − 𝑐𝑟 < 0. 848 

After some elementary algebra we get,  849 

ln 𝜆I
M(𝑠∗, 𝜎) − ln 𝜆I(𝑠

∗, 𝜎∗) < 0 850 

Since the function ln is strictly monotone, (𝑠∗, 𝜎∗) is evolutionary stable, if for other strategy pair (𝑠, 𝜎) ≠ (𝑠∗, 𝜎∗) 851 
we have, 852 

𝜆I
M(𝑠∗, 𝜎) <  𝜆I(𝑠

∗, 𝜎∗) 853 

 854 

SI (3) Stability analysis of host-symbiont coevolutionary dynamics with mutant host 855 

Consider the coevolutionary dynamics with infected population having mutant hosts. The coevolutionary 856 
dynamics of this four-dimensional system is as follows, 857 

  

𝑥̇ = 𝑥(ln 𝜆NI(𝑠
∗) − 𝛾𝑥 − 𝛾𝑦 − 𝛾𝑧̂ − 𝛾𝑥M) − 𝛽𝑥𝑦 − 𝛽𝑥𝑧̂ + 𝑐𝑟𝑦 

 

(24) 

 𝑥𝑀̇ = 𝑥𝑀(ln 𝜆NI
M (𝑠) − 𝛾𝑥 − 𝛾𝑦 − 𝛾𝑧̂ − 𝛾𝑥𝑀) − 𝛽𝑥M𝑦 − 𝛽𝑥M𝑧̂ + 𝑐𝑟 𝑧̂ (25) 

 𝑦̇ = 𝑦(ln 𝜆I(𝑠
∗, 𝜎∗) − 𝛾𝑥 − 𝛾𝑦 − 𝛾𝑧̂ − 𝛾𝑥M) + 𝛽𝑥𝑦 + 𝛽𝑥𝑧̂ − 𝑐𝑟𝑦 (26) 

 𝑧̇̂ = 𝑧̂ (ln 𝜆I
M̂(𝑠, 𝜎∗) − 𝛾𝑥 − 𝛾𝑦 − 𝛾𝑧̂ − 𝛾𝑥M) + 𝛽𝑥M𝑦 + 𝛽𝑥M𝑧̂ − 𝑐𝑟𝑧̂ (27) 

 858 

Theorem 4 If for a given rare infected mutant population with mutant host, 𝜆𝑁𝐼
𝑀 (𝑠) < 𝜆𝑁𝐼(𝑠

∗)𝑒𝑥𝑝 (𝑐𝑟
𝑦∗

𝑥∗
) and 859 

𝜆𝐼
𝑀̂(𝑠, 𝜎∗) < 𝜆𝐼(𝑠

∗, 𝜎∗)𝑒𝑥𝑝(𝛽𝑥∗), then this mutant cannot invade the stable resident system. In mathematical 860 
terms, (𝑥∗, 0, 𝑦∗, 0) is a l.a.s. fixed point of the coevolutionary dynamics (24)-(27). 861 

Proof: We investigate the Jacobian matrix of dynamics (24) – (27) at (𝑥∗, 0, 𝑦∗, 0), which reads as, 862 
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𝐽(𝑥∗,0,𝑦∗,0) =

(

 
 

ln 𝜆NI − 2𝛾𝑥
∗ − (𝛽 + 𝛾)𝑦∗ −𝛾𝑥∗ 𝑐𝑟 − (𝛽 + 𝛾)𝑥

∗ −(𝛽 + 𝛾)𝑥∗

0 ln 𝜆NI
M − (𝛽 + 𝛾)𝑦∗ − 𝛾𝑥∗ 0 𝑐𝑟

(𝛽 − 𝛾)𝑦∗ −𝛾𝑦∗ ln 𝜆I − (𝛾 − 𝛽)𝑥
∗ − 2𝛾𝑦∗ − 𝑐𝑟 −𝛾𝑦∗ + 𝛽𝑥∗

0 𝛽𝑦∗ 0 ln 𝜆I
M̂ − 𝛾𝑦∗ − 𝛾𝑥∗ − 𝑐𝑟)

 
 

 863 

The eigenvalues of 𝐽(𝑥∗,0,𝑦∗,0) are: 864 

1

2
(𝐽11 + 𝐽33 − √𝐽11

2 + 4𝐽13𝐽31 − 2𝐽11𝐽33 + 𝐽33
2), 865 

1

2
(𝐽11 + 𝐽33 + √𝐽11

2 + 4𝐽13𝐽31 − 2𝐽11𝐽33 + 𝐽33
2), 866 

1

2
(𝐽22 + 𝐽44 − √𝐽22

2 + 4𝐽24𝐽42 − 2𝐽22𝐽44 + 𝐽44
2), 867 

1

2
(𝐽22 + 𝐽44 + √𝐽22

2 + 4𝐽24𝐽42 − 2𝐽22𝐽44 + 𝐽44
2) 868 

All the eigenvalues are negative if 𝐽11, 𝐽22, 𝐽33, 𝐽44 are negative and the following inequalities hold 𝐽13𝐽31 < 𝐽11𝐽33, 869 
and 𝐽24𝐽42 < 𝐽22𝐽44. From the stability of the resident system (15) – (16) and comparing the elements of the 870 
Jacobian matrices, we can observe that 𝐽11, 𝐽33 < 0 and 𝐽13𝐽31 < 𝐽11𝐽33. Also, for sufficiently large 𝑥∗, 𝑦∗, as in 871 
the resident system, 𝐽24𝐽42 < 𝐽22𝐽44. 872 

𝐽22 < 0 ⇒ ln 𝜆NI
M < (𝛽 + 𝛾)𝑦∗ + 𝛾𝑥∗ = ln 𝜆NI + 𝑐𝑟

𝑦∗

𝑥∗
 873 

⇒
𝜆NI
M

𝜆NI
< exp (𝑐𝑟

𝑦∗

𝑥∗
) 874 

𝐽44 < 0 ⇒ ln 𝜆I
M̂ < 𝛾𝑦∗ + 𝛾𝑥∗ + 𝑐𝑟 = ln 𝜆I +  𝛽𝑥

∗ 875 

⇒
𝜆I
M̂

𝜆I
< exp (𝛽𝑥∗) 876 

The rest point (𝑥∗, 0, 𝑦∗, 0) is locally asymptotically stable if 𝜆NI
M (𝑠) < 𝜆NI(𝑠

∗)exp (𝑐𝑟
𝑦∗

𝑥∗
) and 𝜆I

M̂(𝑠, 𝜎∗) <877 

𝜆I(𝑠
∗, 𝜎∗)exp(𝛽𝑥∗). 878 

 879 

SI (4) Stability analysis of host-symbiont coevolutionary dynamics with mutant host and mutant symbiont 880 

Consider the following six-dimensional coevolutionary dynamics for the case when mutant phenotypes are 881 
introduced in both the host and the symbiont populations, 882 

  

𝑥̇ = 𝑥(ln 𝜆NI(𝑠
∗) − 𝛾(𝑥 + 𝑦 + 𝑧 + 𝑥M + 𝑧̂ + 𝑧̃)) − 𝛽𝑥(𝑦 + 𝑧 + 𝑧̂ + 𝑧̃) + 𝑐𝑟(𝑦 + 𝑧) 

 

(28) 

 𝑥Ṁ = 𝑥M(ln 𝜆NI
M (𝑠) − 𝛾(𝑥 + 𝑦 + 𝑧 + 𝑥M + 𝑧̂ + 𝑧̃)) − 𝛽𝑥M(𝑦 + 𝑧 + 𝑧̂ + 𝑧̃) + 𝑐𝑟(𝑧̂ + 𝑧̃) (29) 

 𝑦̇ = 𝑦(ln 𝜆I(𝑠
∗, 𝜎∗) − 𝛾(𝑥 + 𝑦 + 𝑧 + 𝑥M + 𝑧̂ + 𝑧̃)) + 𝛽𝑥𝑦 + 𝛽𝑥𝑧̂ − 𝑐𝑟𝑦 (30) 

 𝑧̇ = 𝑧(ln 𝜆I
M(𝑠∗, 𝜎) − 𝛾(𝑥 + 𝑦 + 𝑧 + 𝑥M + 𝑧̂ + 𝑧̃)) + 𝛽𝑥𝑧 + 𝛽𝑥𝑧̃ − 𝑐𝑟𝑧 (31) 

 𝑧̇̂ = 𝑧̂ (ln 𝜆I
M̂(𝑠, 𝜎∗) − 𝛾(𝑥 + 𝑦 + 𝑧 + 𝑥M + 𝑧̂ + 𝑧̃)) + 𝛽𝑥M𝑦 + 𝛽𝑥M𝑧̂ − 𝑐𝑟𝑧̂ (32) 

 𝑧̇̃ = 𝑧̃ (ln 𝜆I
M̃(𝑠, 𝜎) − 𝛾(𝑥 + 𝑦 + 𝑧 + 𝑥M + 𝑧̂ + 𝑧̃)) + 𝛽𝑥M𝑧 + 𝛽𝑥M𝑧̃ − 𝑐𝑟 𝑧̃ 

(33) 

   

Theorem 5 The rest point (𝑥∗, 0, 𝑦∗, 0, 0, 0) of the system (28) – (33) with both mutant hosts and mutant symbionts 883 

is stable if  𝜆𝐼
𝑀̃(𝑠, 𝜎) < 𝜆𝐼(𝑠

∗, 𝜎∗)𝑒𝑥𝑝(𝛽𝑥∗), 𝜆𝑁𝐼
𝑀 (𝑠) < 𝜆𝑁𝐼(𝑠

∗)𝑒𝑥𝑝 (𝑐𝑟
𝑦∗

𝑥∗
), 𝜆𝐼

𝑀̂(𝑠, 𝜎∗) < 𝜆𝐼(𝑠
∗, 𝜎∗)𝑒𝑥𝑝(𝛽𝑥∗), and 884 

𝜆𝐼
𝑀(𝑠∗, 𝜎) <  𝜆𝐼(𝑠

∗, 𝜎∗). 885 

Proof: We investigate the Jacobian matrix of dynamics (28) – (33) at (𝑥∗, 0, 𝑦∗, 0, 0), 886 
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(

 
 
 
 

ln 𝜆NI − 2𝛾𝑥
∗ − (𝛽 + 𝛾)𝑦∗ −𝛾𝑥∗ 𝑐𝑟 − (𝛽 + 𝛾)𝑥

∗ 𝑐𝑟 − (𝛽 + 𝛾)𝑥
∗ −(𝛽 + 𝛾)𝑥∗ −(𝛽 + 𝛾)𝑥∗

0 ln(𝜆NI
M ) − (𝛽 + 𝛾)𝑦∗ − 𝛾𝑥∗ 0 0 𝑐𝑟 𝑐𝑟

(𝛽 − 𝛾)𝑦∗ −𝛾𝑦∗ ln 𝜆I − (𝛾 − 𝛽)𝑥
∗ − 2𝛾𝑦∗ − 𝑐𝑟 −𝛾𝑦∗ −𝛾𝑦∗ + 𝛽𝑥∗ −𝛾𝑦∗

0 0 0 ln(𝜆I
M) − (𝛾 − 𝛽)𝑥∗ − 𝑐𝑟 0 −𝛽𝑥∗

0 𝛽𝑦∗ 0 0 ln(𝜆I
M̂) − 𝛾𝑦∗ − 𝛾𝑥∗ − 𝑐𝑟 0

0 0 0 0 0 ln(𝜆I
M̃) − 𝛾𝑦∗ − 𝛾𝑥∗ − 𝑐𝑟)

 
 
 
 

 887 

The corresponding characteristic polynomial is (if 𝜇 is an eigenvalue), 888 

(ln 𝜆I
M̃ − 𝛾(𝑦∗ + 𝑥∗) − 𝑐𝑟 − 𝜇) ∗ (ln 𝜆I

M − 𝛾(𝑦∗ + 𝑥∗) + 𝛽𝑥∗ − 𝑐𝑟 − 𝜇) ∗ det(𝐽(𝑥∗,0,𝑦∗,0) − 𝜇𝐼) = 0 889 

The system with both mutant hosts and mutant symbionts is stable at (𝑥∗, 0, 𝑦∗, 0, 0) for the following conditions, 890 

 𝜆I
M̃(𝑠, 𝜎) < 𝜆I(𝑠

∗, 𝜎∗)exp(𝛽𝑥∗), 𝜆I
M(𝑠∗, 𝜎) <  𝜆I(𝑠

∗, 𝜎∗),  𝜆NI
M (𝑠) < 𝜆NI(𝑠

∗)exp (𝑐𝑟
𝑦

𝑥∗
), and 𝜆I

M̂(𝑠, 𝜎∗) <891 

𝜆I(𝑠
∗, 𝜎∗)exp(𝛽𝑥∗). 892 
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