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Abstract

Recently, Kurtz (2007, 2014) obtained a general version of the Yamada—Watanabe
and Engelbert theorems relating existence and uniqueness of weak and strong solutions of
stochastic equations covering also the case of stochastic differential equations with jumps.
Following the original method of Yamada and Watanabe (1971), we give alternative proofs
for the following two statements: pathwise uniqueness implies uniqueness in the sense
of probability law, and weak existence together with pathwise uniqueness imply strong
existence for stochastic differential equations with jumps.

1 Introduction

In order to prove existence and pathwise uniqueness of a strong solution for stochastic differ-
ential equations, it is an important issue to clarify the connections between weak and strong
solutions. The first pioneering results are due to Yamada and Watanabe [28] for certain stochas-
tic differential equations driven by Wiener processes.

We investigate stochastic differential equations with jumps. Let U be a second-countable
locally compact Hausdorff space equipped with its Borel o-algebra B(U). Let m be a
o-finite Radon measure on (U, B(U)), meaning that the measure of compact sets is always
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finite. Let U, Uy € B(U) be disjoint subsets. Let d,7 € N. Let b: [0,00) x R? — R%
o:[0,00) x R — R>" f:[0,00) x REX U — RY and g : [0,00) x REx U — R? be
Borel measurable functions, where [0,00) x R? x U is equipped with its Borel o-algebra
B([0,00) x R x U) = B([0,00)) ® B(R?) @ B(U) (see, e.g., Dudley [7, Proposition 4.1.7]).
Consider a stochastic differential equation (SDE)

t t .
Xt:XO—l—/ O’(S,Xs)dws—l—/ f(s, Xs_,u) N(ds,du)
0 0 JUo
(1.1) . .
+/ b(s,Xs)ds+/ / g(s, Xs_,u) N(ds,du), t €0, 00),
0 0 JUx

where (W,);>0 is an r-dimensional standard Brownian motion, N(ds,du) is a Poisson random

measure on (0, 00) x U with intensity measure dsm(du), N(ds,du):= N(ds,du)—dsm(du),
and (X;);>0 is a suitable process with values in R?.

Yamada and Watanabe [28] proved that weak existence and pathwise uniqueness imply
uniqueness in the sense of probability law and strong existence for the SDE (ILI) with f =0
and g = 0. Engelbert [8] and Cherny [3] extended this result to a somewhat more general class
of equations and gave a converse in which the roles of existence and uniqueness are reversed, that
is, joint uniqueness in the sense of probability law (see, Engelbert [8 Definition 5]) and strong
existence imply pathwise uniqueness. The original Yamada—Watanabe result arises naturally
in the procedure of proving existence of solutions of a SDE; for a detailed discussion, see Kurtz
[16], pages 1-2].

Jacod [II] generalized the above mentioned result of Yamada and Watanabe for a SDE
driven by a semimartingale, where the coefficient may depend on the paths both of the solution
and of the driving process. The Yamada—Watanabe result has been generalized by Ondrejat [20]
and Rockner et al. [23] for stochastic evolution equations in infinite dimensions, and by Tappe
[25] for semilinear stochastic partial differential equations with path-dependent coefficients.

Recently, there has been a renewed interest in generalizations of the results of Yamada
and Watanabe [28]. Kurtz [15], [I6] continued the direction of Engelbert [§] and Jacod [I1].
He studied general stochastic models which relate stochastic inputs with stochastic outputs,
and obtained a general version of the Yamada-Watanabe and Engelbert theorems relating
existence and uniqueness of weak and strong solutions of stochastic models with the message
that the original results are not limited to SDEs driven by Wiener processes. In order to
derive the original Yamada—Watanabe results from this general theory, proofs of pathwise
uniqueness require appropriate adaptedness conditions, so two new notions, compatibility and
partial compatibility between inputs and outputs have been introduced. Due to Example 3.9 in
Kurtz [15] and Page 7 in Kurtz [16], the results are valid for SDEs driven by a Wiener process
and Poisson random measures.

Following the ideas of Yamada and Watanabe [2§8], we are going to give alternative proofs
for the following two statements:



1.1 Theorem. Pathwise uniqueness for the SDE (L)) implies uniqueness in the sense of prob-
ability law.

1.2 Theorem. Weak existence and pathwise uniqueness for the SDE ([ILTl) imply strong exis-
tence.

Note that Theorems [LI] and are generalizations of Proposition 1 and Corollary 1 in
Yamada and Watanabe [28] (we do not intend to deal with generalization of their Corollary
3). The definition of weak and strong solutions of the SDE (ILTl), pathwise uniqueness for the
SDE (ILT)) and uniqueness in the sense of probability law, and a detailed, precise formulation of
Theorem will be given in the paper. In the course of the proofs we developed a sequence of
lemmas discussing several kinds of measurability, see Lemmas[B.Iland[5.3] and we also presented
a key observation on the preservation of the joint distribution of the parts of the SDE (I.Tl),
see Lemmas and [A4]

Our alternative proofs show the power of the original method of Yamada and Watanabe
[28], these proofs can be followed step by step and every technical detail is transparent in the
paper. This raises a question whether Kurtz’s result could be proved via the walked-out path
by Yamada and Watanabe.

Note that Situ [24, Theorem 137] also considered the SDE (LT)) with R?\ {0} instead of
U and with ¢ =0, and proved Theorems [I.T] and under the resctrictive assumption

(1.2) / 7”””2 m(du) < oo.
re\o} 1+ [|lull?

This assumption was needed for introducing an auxiliary cadlag process in Lemma 139 in Situ
[24]. In fact, one can get rid of condition (L2 by using the space of point measures on R, x U
as the space of trajectories of Poisson point processes instead of the space of cadlag functions,
see the proofs of Theorems [Tl and [L2 We call the attention that in the literature the result
of Situ [24, Theorem 137] has been usually referred to without checking condition (LZ), see,
e.g., Li and Mytnik [I8] equation (3.1)], Dawson and Li [5, equation (2.9)], Déring and Barczy
[6l, equation (3.23)] and Li and Pu [19] equations (4.6) and (5.1)], but Theorem [[.2] covers these
situations as well.

We remark that Zhao [29] already adapted the original method of Yamada and Watanabe
for the SDE (1)) driven only by a compensated Poisson random measure, i.e., with o = 0
and g = 0, but for processes with values in a separable Hilbert space instead of R%valued
processes. Comparing with the results of the present paper, note that we explicitly stated and
proved in Theorem [[LT] that pathwise uniqueness for the SDE (L)) implies uniqueness in the
sense of probability law.



2 Preliminaries

Let Z,, N, R, R, and R,, denote the set of non-negative integers, positive integers, real
numbers, non-negative real numbers and positive real numbers, respectively. For z,y € R, we
will use the notations z Ay := min{z,y}. By || and |A]|, we denote the Euclidean
norm of a vector & € R? and the induced matrix norm of a matrix A € R?*?  respectively.
Throughout this paper, we make the conventions f; = f(a,b] and [ = f(am) for any
a,b € R with a <b. By C(R,,RY and D(R,,RY) we denote the set of continuous and
cadlag Rf-valued functions defined on R, equipped with a metric inducing the local uniform
topology (see, e.g., Jacod and Shiryaev [12] Section VI.1la]) and a metric inducing the so-
called Skorokhod topology (see, e.g., Jacod and Shiryaev [12 Theorem VI.1.14]), respectively.

Moreover, C(R;,R") and D(R,,R’) denote the corresponding Borel o-algebras on them.

Recall that U is a second-countable locally compact Hausdorff space. Note that U is
homeomorphic to a separable complete metric space, see, e.g., Kechris [I4], Theorem 5.3]. For
our later purposes, we recall the notion of the space of point measures on R, x U, of the
space of simple point measures on R, x U, and of the vague convergence. We follow Resnick
[21, Chapter 3] and Ikeda and Watanabe [10, Chapter I, Sections 8 and 9.

A point measure on R, x U is a measure m of the following form: let F C N and let
{(t;;u;) : i € F'} be a countable collection of (not necessarily distinct) points of R, x U, and

let
™= Z 5(%“2.)

i€F
assuming also that 7([0,¢] x B) < oo for all ¢ € R, and compact subsets B € B(U)
(i.e., m is a Radon measure meaning that the measure of compact sets is always finite, and
consequently, it is locally finite), where 6, ,,) denotes the Dirac measure concentrated on the
point (t;,u;). Thus

w([0,t] x B) = #{i € F: (t;,u;) € [0,t] x B}, teR,, BeBU).

A point function (or point pattern) p on U is a mapping p : D(p) — U, where the
domain D(p) is a countable subset of R, such that {s € D(p):s € (0,t], p(s) € B} is
finite for all t € Ry and compact subsets B € B(U). The counting measure N, on R, xU
corresponding to p is defined by

N,((0,t] x B) :=#{s € D(p) : s € (0,t], p(s) € B}, teR,,, BeBU).

Note that there is a (natural) bijection between the set of point functions on U and the set of
point measures m on Ry xU with n({t} xU) <1, t € Ry, and 7n({0} xU) = 0. Namely,
if p: D(p) — U is a point function, then the corresponding point measure is its counting
measure N, = 3, o) Oep(r))- Lhe set of all point measures on Ry x U will be denoted by
M (R, xU), and define a o-algebra M(R, x U) on it to be the smallest o-algebra containing
all sets of the form

{me M(Ry xU) :7([0,t] x B) € A} for te Ry, BeBU), AeB(]0,o0]).



Alternatively, M(Ry x U) is the smallest o-algebra making all the mappings M (R, x U) >
7= 7([0,t] x B) € [0,00], t € Ry, B € B(U), measurable.

Note that there is a (natural) bijection between the set of point processes (randomized
point functions) p defined on a probability space (€2, F,P) with values in the space of point
functions on U (in the sense of Ikeda and Watanabe [10, Chapter I, Definition 9.1]) and the
set of F/M(Ry x U)-measurable mappings p: Q — M(R, x U) with p(w)({t} xU) <1
forall we Q and t € Riy, and p(w)({0} xU) =0 for all w e Q (which are (special)
point processes in the sense of Resnick [21], page 124]).

A point process p on U is called a Poisson point process if its counting measure N, is a
Poisson random measure on R, x U (for the definition of Poisson random measure see, e.g.,
Ikeda and Watanabe [10, Chapter I, Definition 8.1]). A Poisson point process is stationary if
and only if its intensity measure is of the form dswv(du) for some measure v on (U, B(U)),
which is called its charateristic measure. If v is a Radon measure, then N,((0,t] x B) is
Poisson distributed with parameter tv(B) € Ry, hence {s € D(p):s e (0,t], p(s) € B} is
finite with probability one for all ¢t € R, and compact subsets B € B(U). Consequently,
a stationary Poisson point process with a Radon charateristic measure is a stationary Poisson
point process in the sense of Ikeda and Watanabe [10, Chapter I, Definition 9.1].

Next we recall vague convergence. Let C.(R. x U, R,) be the space of R, -valued contin-
uous functions defined on R, x U with compact support. For 7, m, € M(R. x U), n €N,
we say that m, converges vaguely to m as n — oo if

lim fdm, = / fdm
R+><U

n—00 R, xU

forall f e C.(Ry xU,R;). For a topology on M (R, x U) giving this notion of convergence,
see page 140 in Resnick [2I]. Recall that M(Ry x U) coincides with the Borel o-algebra
generated by the open sets with respect to the vague topology on M(R, x U), see, e.g.,
Resnick [21l Exercises 3.4.2(b) and 3.4.5].

In what follows we equip the spaces C'(R;,R?), D(R_,RY), ¢ €N, and M(R,. xU) with
some o-algebras that will be used later on. For each ¢ € N, let us equip C(R,,R) and
D(R,,RY) with the o-algebras

(R, RY) = ¢ (CR,RY)  and  DyR,,R) =g/ (DR,,RY), teR,,
respectively, where ¢, : D(R;, RY) — D(R,,R") is the mapping
(2.1) (pe(2))(s) == 2(t A\ s), z€ D(R,,RY, seRy,,

which stops the function z at t. It is easy to check that for all t+ € Ry, C;(R;,R") coincides
with the smallest o-algebra containing all the finite-dimensional cylinder sets of the form

{we CRLRY) : (w(ty),...,wt,)) € A}, neN, AcBRY™), t,...,t,€]0,1],



and then
(22) C(R-H RZ) = U( U Ct(R-H Ré)) ’
teR 4

see, e.g., Problem 2.4.2 in Karatzas and Shreve [I3]. Similarly, for all ¢ € R,, D,(R,,R")
coincides with the smallest o-algebra containing all the finite-dimensional cylinder sets of the
form

{y € DR, R : (y(t1),....y(t.) € A}, neN, AeBR™), t,...,t, €0,
and then

D(R,,RY) = a( U Dt(R+,RZ)>,

teR 4

hence D;(R,,R’) coincides with D?(R’) in Definition VI.1.1 in Jacod and Shiryaev [12].
Finally, let us equip M(R, x U) with the o-algebras M, (R, x U), t € Ry, being the
smallest o-algebra containing all sets of the form

{me M(Ry xU) :7([0,s] x B) e A} with s€[0,t], Be B(U), A€ B([0,]).

Note that

(2.3) MR, x U) = a< U MR x U)),

teRy

since the union of the generator system of the o-algebras M;(R, x U), t € R,, forms a
generator system of M(R, x U).

3 Notions of weak and strong solutions

If (Q,F,P) is a probability space, then, by P-null sets from a sub c-algebra H C F, we
mean the elements of the set

{ACQ:3dBe&®H suchthat AC B and P(B)=0 }.

3.1 Definition. Let n be a probability measure on (R B(RY)). A weak solution of the SDE
(LI) with initial distribution n s a tuple (Q,]—", (Fi)ier, . P, W, p, X), where

(D1) (Q, F, (Fi)ier, . P) s a filtered probability space satisfying the usual hypotheses (i.e.,
(Fi)ier, s right continuous and Fo contains all the P-null sets in F);

(D2) (Wy)ier, is an r-dimensional standard (Fy)ier, -Brownian motion;

6



(D3) p s a stationary (Fi)er, -Poisson point process on U with characteristic measure m;
(D4) (X¢)ter, is an R¥-valued (F;)ier, -adapted cadlag process such that

(a) the distribution of Xo is n,
() P (Jy (b, X )| + llor(s, X,)|P) ds < 00) =1, tE Ry,

(©) P (Jfy Ju I1f (5 X, w) [P dsm(du) < 00) =1, tER.,

(d) P (fot Jor (s, X sy u)|| N(ds, du) < oo) =1, t € Ry, where N(ds,du) is the

counting measure of p on R,, x U,

(e) equation (L) holds P-a.s., where N(ds,du):= N(ds,du) — dsm(du).

For the definitions of an (F}).cr, -Brownian motion and an (F;).ecr, -Poisson point process,
see, e.g., Ikeda and Watanabe [I0, Chapter I, Definition 7.2 and Chapter II, Definition 3.2].

In the next remark we point out that the integrals in the SDE (1)) are well-defined under
the conditions of Definition Bl and have cadlag modifications as functions of .

3.2 Remark. If conditions (D1), (D2) and (D4)(b) are satisfied, then (fga(s, X) dWs)tE]R+
is well-defined and has continuous sample paths almost surely, see, Tkeda and Watanabe [10],
Chapter II, Definition 1.9]. Indeed, (o(t, X}))ier, is (Fi)ier,-adapted (since X is (F;)ier, -
adapted and o is measurable), (o(t,X;))icr, is measurable (since X is measurable,
because it has right-continuous paths, see Karatzas and Shreve [I3, Remark 1.1.14], and o is

measurable), and P( [ [|o(s, X,)||?ds < c0) =1, t € R,.

Concerning conditions (D4)(c) and (d), note that the mappings R, x Uy x Q2 3 (s, u,w) —
f(s, X (w),u) € RY and Ry x Uy x Q 5 (s,u,w) = g(s, Xs_(w),u) € R? are (F;)er,-
predictable, see Lemma [A.1]

Hence condition (D4)(c) is satisfied if and only if the mapping Ry x Uy x Q 3 (s, u,w)
f(s, X4 (w),u) € R? is in the (multidimensional version of the) class Ff,’loc defined on page
62 in Tkeda and Watanabe [I0], i.e., if it is (F;)ier,-predictable and there exists a sequence
(Tw)nen of (Fi)icr, -stopping times such that 7, T oo almost surely as n — oo and

tATn
(3.1) E (/ | f (s, Xs,u)||2dsm(du)) < 00, teR,, neN.
0 Uop

Indeed, if (D4)(c) holds then (B.1]) is satisfied for
t
Tp 1= inf{tER+:/ ||f(s,Xs,u)H2dsm(du)27@}/\7@, n €N,
0 Uop

where 7, T oo almost surely as n — oo. On the other hand, (BIJ) implies

IP’(fOMT” Ju, 1 (s, X5, w) || ds m(du) < oo) =1 forall t € Ry and n € N, and hence

(D4)(c), because T, 1 oo almost surely as n — oo.
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Moreover, if conditions (D1), (D3) and (D4)(c) are satisfied, then the process

(/ [ s X <ds,du>)t€R+

is well-defined and has cadlag sample paths almost surely. Indeed, for each n € N,

(/mm f(s, X, u) N(ds,du)) _ (/t/ Lo, () f (s, Xy u) N(ds,du)) ,
0 Uo teRy 0 JUo teRy

see page 63 in lkeda and Watanabe [I0]. The integrand R, x Uy x Q > (s,u,w)
Lio.r,1(s) f(s, X - (w),u) € R? belongs to the (multidimensional version of the) class F de-
fined on page 62 in Ikeda and Watanabe [10], hence the process on the right hand side is a square
integrable (F);cr,-martingale, see page 63 in Ikeda and Watanabe [10]. By Theorem 1.3.13
in Karatzas and Shreve [13], this process has a cadlag modification. Here we point out that
for using this theorem, we need completeness and right continuity of the filtration (F;)icr, -
Further, we also obtain

tATh . t .
/ f(s, X,_,u) N(ds,du) == / f(s, Xs_,u) N(ds,du) as m — 00
0 Uy 0 Uo

for all t € Ry, since 7,1 oo almost surely as n — oc.

Recalling that the mapping Ry x Uy x Q 3 (s,u,w) — g(s, X (w),u) € RT is (F)ser, -
predictable, condition (D4)(d) is satisfied if and only if the mapping Ry x Uy x Q 3 (s, u,w) —
9(s, Xs—(w),u) € R? is in the (multidimensional version of the) class F,, defined on page 61
in Ikeda and Watanabe [10].

Further, if conditions (D1), (D3) and (D4)(d) are satisfied, then, by definition, the process

(/Ot /U1 g(s, Xy, u) N(ds,du))te]R+ = Z g(s, X o_, p(s)1u, (p(s))

s€(0,tjND(p) teR,

is well-defined and has cadlag sample paths, where D(p) is the domain of p (being a countable
subset of R, y). Indeed, for each w € Q, by definition, the mappings

Riotm Y g5 X (w),p(s) (@) Loy (p(s) (W),

s€(0,4ND(p) ()
Ryt Y gls, X (@), p(5) (@) Lo (p(s) (@)
s€(0,)ND(p)(w)

are right and left continuous, respectively. O

3.3 Remark. If m(U;) < oo, then condition (D4)(d) is satisfied automatically, since
then E(N((0,t] x Uy) = tm(U;) < oo implies P(N((0,t] x U;) < oo) = 1, and hence

Jo S Mg (s, Xy u) || N(ds, du) = 3= ganp 19(s: X ooy p()) |10, (p(s)) s a finite sum with
probability one. O



3.4 Remark. Note that if conditions (D1)—(D3) are satisfied, then W and p are automat-
ically independent according to Theorem 6.3 in Chapter II of Tkeda and Watanabe [10], since
the intensity measure dsm(du) of p is deterministic.

Moreover, if (Q,f, (Ft)ier, . P, W,p,X) is a weak solution of the SDE (I.1]), then Fy,
W and p are mutually independent, and hence Xy, W and p are mutually independent
as well. Indeed, the conditional joint charateristic function of W and the counting measure of
p with respect to Fy equals to the product of the (unconditional) charateristic functions of
W and the counting measure of p, see equation (6.12) in Chapter II of Ikeda and Watanabe
[10] applied with X = W and s =0, and then one can use Lemma 2.6.13 in Karatzas and
Shreve [13]. Since X, is measurable with respect to Fy due to (D4), we have the mutual
independence of X,, W and p.

The thinnings py and p; of p onto Uy and Uy are again stationary (F)scr, -Poisson point
processes on Uy and Uj, respectively, and their characteristic measures are the restrictions
m|y, and m|y, of m onto U, and Uj, respectively (this can be checked calculating their
conditional Laplace transforms, see Ikeda and Watanabe [10, page 44]).

Remark that for any weak solution of the SDE (ILT]), X, the Brownian motion W and
the stationary Poisson point processes pp, and p; are mutually independent according again
to Theorem 6.3 in Chapter II of Ikeda and Watanabe [10]. Indeed, one can argue as before
taking into account also that the intensity measures of p, and p; are deterministic, and
condition (6.11) of this theorem is satisfied, because py and p; live on disjoint subsets of U.
O

3.5 Definition. We say that pathwise uniqueness holds for the SDE (1)) if whenever

(Q,]:, (Fi)ier, . P, W, p, X) and (Q,]:, (Ft)ier, . P, W, p, X) are weak solutions of the SDE

(CI) such that P(Xg= Xo) =1, then P(X, =X, forall teR,)=1.

3.6 Remark. One may also consider the following more strict definition of pathwise unique-
ness. Namely, one could say that pathwise uniqueness holds for the SDE (1)) if whenever
(Q, F (Fo)ier,, P, W, p, X) and (Q, F, (j-:t)teRH P, W.p, /)Z) are weak solutions of the SDE
(LI) such that P(X, = 350) =1, then P(X, = X, forallt € R,) = 1. Note that in this
definition we require that W is an (F})icr,-Brownian motion and an (]?t)teR . -Brownian
motion as well, and since it is not necessarily true that W is an (o(F; U ﬁt))tem -Brownian
motion, it is not clear whether this more strict definition of pathwise uniqueness and the one
given in are equivalent. According to Ikeda and Watanabe [10, Chapter IV, Remark 1.3],
they are equivalent. We also point out that in our statements and proofs we use pathwise
uniqueness in the sense of Definition 3.5 and we do not use the above mentioned equivalence
of the two kinds of definitions. O

3.7 Definition. We say that uniqueness in the sense ofprobabilityvlaw holds for the SDE (L))
if whenever (Q, F, (Fi)er,, P, W, p, X) and (Q, F, (Fi)ier, , P, W D, X) are weak solutions
of the SDE (1) with the same initial distribution, i.e., P(Xo € B) = P(Xo € B) for all

B € B(RY), then P(X € C)=P(X € C) forall C € D(R,,R?).

9



Now we define strong solutions. Consider the following objects:

(E1) a probability space (9, F,P);

)

(E2) an r-dimensional standard Brownian motion (W)er, ;

(E3) a stationary Poisson point process p on U with characteristic measure m;
)

(E4) a random vector & with values in R¢, independent of W and p.

3.8 Remark. Note that if conditions (E1)—(E4) are satisfied, then &, W and p are
automatically mutually independent according to Remark 341 O

Provided that the objects (E1)-(E4) are given, let (F&"");cp, be the augmented filtration
generated by & W and p, ie., for each ¢t € R, ff’W’p is the o-field generated
by o(& Wy, s € [0,t]; p(s),s € (0,¢) N D(p)) and by the P-null sets from o(§; Wy, s €
Ry p(s),s € Ry N D(p)) (which is similar to the definition in Karatzas and Shreve [13] page
285]). One can check that

° (.Ff’W’p )icr, satisfies the usual hypotheses;
o (Wy)icr, is astandard (Eg’w’p)teR+—Brownian motion;

e p is a stationary (]-"f’ "P)ier,, -Poisson point process on U with characteristic measure m.

Indeed, by Remark B8, W is a standard (o(&; W, s € [0,t]; p(s),s € (0,t] N D(p)))icr, -
Brownian motion, and p is a stationary (o(& W, s € [0,t]; p(s),s € (0,t] N D(p)))icr, -
Poisson point process on U with characteristic measure m. Hence, by Theorems 6.4 and
6.5 in Chapter II in Ikeda and Watanabe [I0], (W ,p) has the strong Markov property with
respect to the filtration (o(&; W, s € [0,t]; p(s),s € (0,¢] N D(p)))ier,. Then Proposition
2.7.7 in Karatzas and Shreve [I3] yields that the augmented filtration (F&"?),cq, satisfies
the usual hypotheses. Moreover, the augmentation of o-fields does not disturb the definition
of a standard Wiener process and a stationary Poisson point process, hence (Wi)er, is a
standard (]-"f’W’p )ter, -Brownian motion, and p is a stationary (]-"f’W’p )ter, -Poisson point
process on U with characteristic measure m. For the standard Wiener process, see, e.g.,
Karatzas and Shreve [I3, Theorem 2.7.9]. The main point is to show that W; — W, is
independent of F&W# for all s,t € R, with s <t, and p(t) — p(s) is independent of
FEWP for all s,t € D(p) with s <t, detailed as follows (in order to shed some light what
is going on behind). Let s,t € R, with s <t, and F € F&W:». Then, by Problem 2.7.3 in
Karatzas and Shreve [13], there exists F € (& W, u € [0,s]; p(u),u € (0,s] N D(p)) such
that FAF is a P-null set from o(& W,u € Ry p(u),u € Ryy N D(p)), where FAF
denotes the symmetric difference of F and F. Using that

P(A) = P(B) + P(AN(Q\ B)) —P(Q\ A)NB), ABeF,
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we get for all K € B(R"),
P{W,-W,ec K}NF)

—P{W,—-W,e K}nF)
+PAW, - W, e K}nFN({W,-W,ZK}U(Q\F)))
—P({W, - W, ¢ K}U(Q\F))n{W,-W,e K}nF)

—PU{W,—W,e K}NEF)+P(W, - W,e K}nFn(Q\F))
—PUAW, - W, e K}n(Q\ F)NF)

—PU{W,—W,eK}nNF)=P(W,—W, e K)P(F)=P(W, - W, € K)P(F),

where the last but one step follows from the independence of W, — W, and F. A similar
argument shows the independence of p(t) — p(s) and F.

3.9 Definition. Suppose that the objects (E1)—(E4) are given. A strong solution of the SDE
(1) on (Q,F,P) and with respect to the standard Brownian motion W, the stationary

Poisson point process p and initial value &, is an R¥-valued (ﬂg’w’p)teM-adapted cadlag
process (X)er, with P(Xo=§) =1 satisfying (D4)(b)—(d).

Clearly, if (X¢)ier, is a strong solution, then (Q, F, (.Ff’W’p)teRHIP’, W.p, X) is a weak
solution with initial distribution being the distribution of &.

4 Proof of Theorem [I.7]

Our presentation as follows is a generalization of the one given in Section 5.3.D in Karatzas
and Shreve [13].

Let us consider a weak solution (Q, F, (Fi)er,, P, W, p, X) of the SDE (1) with initial
distribution n on (RY B(RY)). Then P(X, € B) = n(B), B € B(R?). We put Y, :=
X, — X, for t € Ry, and we regard the solution X as consisting of four parts: X,, W,
p and Y. Let us consider the product space

(4.1) 0 : =R x C(Ry,R") x M(Ry x U) x D(R,,R%)
equipped with the Borel o-algebra
B(©) = BRY) ® C(R1,R") © M(Ry x U) @ D(Ry,RY),

see, e.g., Dudley [7, Proposition 4.1.7]. The quadruplet (X, W,p,Y ) induce the probability
measure P on (0,B(0)) according to the prescription

(4.2) P(A) :=P[(Xo,W,p,Y) € A, AeB(O).
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We denote by 6 = (x,w,m,y) ageneric element of ©. The marginal of P on the x-coordinate
of @ is the probability measure n on (R9 B(R?)), the marginal on the w-coordinate is
an r-dimensional Wiener measure Py, on (C(R4,R"),C(R;,R")), the marginal on the 7-
coordinate is the distribution Py, on (M(R;xU), M(R.xU)) of a stationary Poisson point
process p on U with characteristic measure m. Moreover, the distribution of the triplet
(z,w,m) under P is the product measure n x Pw,, X Py, because X, is Fp-measurable
and W, p and Fy are independent, see Remark 3.4l Furthermore, P(Y(,=0) = 1.

The product space © defined in (1)) is a complete, separable metric space, since R? is a
complete, separable metric space with the usual Euclidean metric, C'(R,,R") is a complete,
separable metric space with a metric inducing the local uniform topology (see, e.g., Jacod
and Shiryaev [12, Section VI.1a]), D(R,,R%) is a complete, separable metric space with a
metric inducing the so-called Skorokhod topology (see, e.g., Jacod and Shiryaev [12] Theorem
VI.1.14]), and the vague topology on the space M(R, x U) of all point measures on R, x U
is metrizable as a complete, separable metric space (see, e.g., Resnick |21, Proposition 3.17,
page 147]). Hence there exists a regular conditional probability for B(©) given (x,w,w), by
an application of Karatzas and Shreve [13, Chapter 5, Theorem 3.19] with the random variable
© 35 (z,w,m,y) — (x, w,m). We shall be interested in conditional probabilities of sets in B(O)
only of the form RY x C(R,,R") x M(R, x U) x F, where F € D(R,,R%). Consequently,
with a slight abuse of notation, there exists a function

(4.3) Q:R*x C(RL,R") x MR, x U) x D(R;,R%) — [0,1]

enjoying the following properties:

(R1) for each x € R, we C(R,,R") and 7€ M(R, x U), the set function D(R,,R?) >
F Q(z,w,n, F) is a probability measure on (D(R,,R%), D(R,,R%));

(R2) for each F € D(R,,R%), the mapping R? x C(R_,R") x M(Ry x U) > (x,w, ) >
Q(z,w,m, F) is B(RY) ®C(R;,R") ® M(Ry x U)/B([0, 1])-measurable;

(R3) for each G € B(R?) @ C(Ry,R") ® M(R. x U) and F € D(R,,R%), we have

P(GxF) = /GQ(w,w,w, F)n(dzx) Pw, . (dw) Py, (dr).

We can call Q(x,w,,-) as the regular conditional probability for D(R,,R?) given (x,w,).

Let us now consider two weak solutions (Q®, F), (-Ft(i))teR+,P(i), W(i),p(i),X(i)), i €
{1,2} of the SDE (1) with the same initial distribution n on (R? B(R?)), thus

POIX" e B =P? XY € B|=n(B), BeBR?.
According to (£.2), let

P(A) == BO(XP, WO 00 Y0) e 4], AeBO), ic{L2},
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and, as explained before, there exist functions
(4.4) Qi R x O(R,,R") x M(Ry x U) x D(R,,RY) —[0,1], i€ {1,2},

enjoying the properties (R1)—(R3).

First, we bring the two triplets (X® W® p@) i e {1,2}, together on the same,
canonical space, while preserving the joint distribution of the coordinates within each triplet.
Let Q:= 0 x D(R,,R%) equipped with the o-algebra F, which is the completion of the
product o-algebra B(©) ® D(R,,R?) by the collection N of null sets under the probability
measure

PLQ(A) I:/ (/ :[I-A(wkuﬂ-vy(l)vy@))
RIxC(Ry R X M(RyxU) \ J DRy R?)xD(R,R)

(4.5)
Q1(x,w, T, dy(l)) Qs (x, w, T, dy(2))> n(dzx) Pw, . (dw) Py, (dr)

for A€ B(©)®D(R,,R?), where we have denoted by (x,w,n,y™", y?) a generic element of
Q, and then we extend Py, to F. Especially, for all G € B(RY) @ C(Ry,R") @ M(R, x U)
and Fy, F, € D(R,,RY),

Pro(G x Fy x Fy) = / Or(@, w, 7, 1) Qala, w, 7, Fy) n(da) Py o (dw) P ().
G

In order to endow (£, F,IP15) with a filtration that satisfies the usual conditions, for each
t € Ry, we take G, := o(fsp : s € [0,t], B € B(U)), where the mapping f;p5 : Q@ —
R? x R x [0,00] x R x R? is defined by

fop(@w,myW, y@) i=(z,we, 7([0,s] x B),y", v, (z,w,myM,y?) € Q,

s

and put

Cvlf:: O'(gt UN), .E:: éﬂ_ = méﬂ_g, t€R+

e>0

We note that for each ¢t € Ry,
G =G = B[R @ C (R, R") @ My(Ry. x U) @ Dy(Ry, RY) ® Dy(Ry, RY),
where G, := a(ﬁ,B :s€[0,t], Be B(U)), and the mapping J/“;B :Q — Q s defined by
.f/;,B(wv w,m, y(l)v y(2)) ::(a;, (Wens)eer, » T[0,5]x B (y&l)te&, (y%)teRJ

for (z,w,n,yM,y?) € Q. Indeed, for all ¢t € Ry, by definition, the o-algebra G, coincides
with the o-algebra generated by the sets

Ey x{w e C(Ry,R") :w(s) € Eo} x {mwe M(Ry xU) : n([0,s] x B) € E3}
x {yV € DR, RY) : yV(s) € Eu} x {y® € D(Ry,RY) : y?(s) € E5}
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for s €[0,t], Be BU), E, € BR?Y), E, € BR"), Es € B([0,x]) and E,, E5 € B(R?).
Moreover, as in Problem 2.4.2 in Karatzas and Shreve [13], the o-algebra G; coincides with
the o-algebra generated by the sets

Ey x{w e C(R4,R") s (w(tia As),...,w(tin AS)) € Ea}
x {mre MRy x U) : (w([0,t21 A s] X By),...,m([0,tn, As] X By,)) € Es}
x {yM € DR, RY) : (yWD(ts1 As), ...,y P (tsn, As)) € By}
x {y® € DR, RY) : (yP(tyg A s), ...,y P (tan, As)) € Es}

for s €0,t], t;; € Ry, i€{1,2,3,4}, je€{l,...,n}, Bi,...,B,, € B(U), E; € B(R?),
Ey, € B(R™), E3 € B([0,00]"), E, € B(R¥") and Es € B(R™1). Since for any stochastic

process (£t>t€R+7
(4.6) g(&:te0,s]) =0((&yys---1&,)  ti€0,8],ie{l,....,n}, neN), s € Ry,

we get @:gt, teR,.

The m-coordinate process on () induces a point process p, on U with characteristic
measure m in a natural way, since, as it was recalled, there is a bijection between the set of
point functions on U and the set of point measures 7 on R, x U with #({0} x U) =0
and w({t} xU) <1, teRy, and

Pio ({(z,w,m,yD,y@) e Q:n({0} xU) =0, 7({t} xU) <1, t e Ryy }) = 1,

which follows from (AH) using that Py, is the distribution on (M (Ry x U), M(R; x U)) of
a stationary Poisson point process on U with characteristic measure m implying that

Pym({me M(Ry xU) :w({0} x U) =0, n({t} x U) <1, t e Ryy}) =1

Next we check that (Q, F, (F)ier,, P12, w, pr, (:C+y,fi))te[&+), i € {1,2}, are weak solutions
of the SDE ([LLI]) with the same initial distribution n. Using the definitions of P;, i € {1,2},
Py 5, (R1) and (R3) we get

(4.7)  Pyaw = (w,w,ﬁ,y(l),y(z)) eN: (:I;,w,ﬂ,y(")) €Al = P(i)[(X((]i), W(i),p(i), Y(i)) € A

forall A€ B(O) and i€ {1,2}. Indeed, with i =1, G € B(RY) @C(R_,R") ® M(R, x U)
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and F € D(R,,R%), by Fubini theorem,

]P)LQ[W = (wawaﬂ-ay(l)ay(z)) € Q: (a: w,m y ) G X F]

/ Q1(x,w, T, dy(l)) Qs(x,w, m, dy(2)) n(dzx) Pw . (dw) Py, (dr)
{weQ:(z,w,m,yM)eGx F}

_ /G Qr(@, w, 7, F) Qs(, w, 7, DR, RY)) n(dax) Py (duw) Py (dr)
= /GQl(ac,w,ﬁ,F)n(dac) Py . (dw) Py (dr) = Pi(G x F)

= BO[X(, W, 0, YY) € G x ).

So the distribution of (z +y®, w,p,) under Py, is the same as the distribution of (X +
YO W p0) = (XD WO p@) under PO, Due to the definition of a weak solution, under
PO, W is an r-dimensional standard (]-"t(i))teR . -Brownian motion, and p®¥ is a stationary
(ft(i))tem .-Poisson point process on U with characteristic measure m. Consequently, by
the definition of (G;)icr, (which is nothing else but the natural filtration corresponding to
the coordinate processes), under P, the w-coordinate process is an r-dimensional standard
(Gt)ier, -Brownian motion, the process p, is a stationary (Gi)er, -Poisson point process on U
with characteristic measure m, and (af:—l—yf))teR . I8 (Gi)ier, -adapted, 7 € {1, 2} Further,
the same is true if we replace the filtration (Gi)ier, by (Fi)icr,, see, Lemmal[A.5l Note also
that the filtration (F;);cr, satisfies the usual conditions. All in all, for each i € {1, 2}, the
tuple (0, F, (Fy)ier, , P12, w, pr, (T + ygi))tEM) satisfies (D1)—(D3).

Hence it remains to check that, for each ¢ € {1,2}, the tuple (Q, F, (Foier,, Pro, w, pr, (x+
yt(i))teR . ) satisfies (D4). For each i € {1,2}, let us apply Lemma[AZ with the following choices
(00, FO (FD) ez, , PO, WO_p®, X )

and

(Qa 'Fa (E)tER+aP1,27 W, Pr, (w + ygi))teR+)~

Since (Q(i),f(i), (]i(i))teRHP(i),W(i),p(i),X(i)) is a weak solution of the SDE (L)) with
initial distribution n, the tuple (Q(i),f(i), (]i(i))teRH PO W@ p), X(i)) satisfies (D1)—
(D4). Further, as it was explained before, the tuple (Q, F, (Fi)er,, Pr1o,w, pr, (x + yfi))teRJr)
satisfies (D1)—(D3), the process (x + yt(i))te[& is adapted to the filtration (F;)icr,, and the
distribution of (X® W p®) under P? is the same as the distribution of (a+y®, w,p,)
under P;5. Then Lemma[A.4] yields that the tuple (Q, F(Foiery , P12, w, D, (2 + yfi))teﬂh)
satisfies (D4)(a)—(d) and the distribution of

(X§’> _Xg>_/ b(s, X(Z)ds—/ o(s, XD)dw®
0

/ F(s, X9 w) NO(ds, du) — / / s, X" u (i)(ds,du))
Uo U1 teR4
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on (DR, RY, DR,,RY)) under P? is the same as the distribution of

<y§l>_ygl>_/ b(s,x +y )ds—/ o(s,@ +y.") dw,
0

/ f(s, @+ y”,u) Na(ds, du) — // s, 4y, )Nw(ds,du))
Uop Uy teRy

on (D(R.,RY), D(R,,R?%)) under P;,, where N,(ds,du) is the counting measure of p,
on Ry x U, and N,(ds,du) := Ny(ds,du) — dsm(du). Using also that for each i € {1,2},
the first process and the identically 0 process are indistinguishable (since the SDE (1) holds
P@_a.s. for (Xf’)teR+), we obtain that the tuple (Q,F, (F)wer,, P12, w, pr, (@ + yfi))teﬂh)
satisfies (D4), as desired. It is worth mentioning that this is the place where we use that the
filtration (F;)wcr, satisfies the usual conditions in order to ensure that the second process
above has a cadlag modification, see Remark B.2l The filtrations (G;)cr, and (QNt)teR . do
not necessarily satisfy the usual conditions, this is the reason for introducing the filtration

(-Ft)teRJr-

We have P1,2(w+y(()1) = :c—l—yé2)) =1, because, by (L7, IP)Lg(y(()i) =0)= P(i)(Ygi) =0) =1,
i € {1,2}. Since (Q,f, (Ft)er,, P1o, w, pr, (¢ + yfl))tEM), i € {1,2}, are weak solutions

of the SDE (ILT]) with the same initial distribution n, and Pjo(x + y(()) =x+ y(()2)) =1,

pathwise uniqueness implies Py o(x + y(l)

=x+ yt ) for all t € R,) =1, or equivalently,
(4.8) Py ow = (2, w,m,yD, y@) € Q: yM = y?] =1,
hence, applying (4.1),
P(l)[(X(()l), w pO YWy e Al = Py ylw = (z,w, 7,y y?) € Q: (z, w, m,yY) € A
=P sfw = (w,w,ﬁ,y(l),y(z)) cQ: (x,w,my?) e A
=PA[XP W p@ y?) e 4]

forall A€ B(©). Since X@ =X 4+Y® je{1,2}, and the mapping R? x D(R,,R%) 5
(xo,y) — xo +y € D(R,,R?Y) is continuous (see, e.g., Jacod and Shiryaev [12] Proposition
VI.1.23]), we have

POXD e A =PPX® c 4,  AeDR,,RY,

and then we obtain uniqueness in the sense of probability law. O

5 Precise formulation and proof of Theorem

Our first result is a counterpart of Lemma 1.1 in Chapter IV in Ikeda and Watanabe [10] for
stochastic differential equations with jumps, compare also with Situ [24], page 106, Fact A].
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5.1 Lemma. If (Q,]—", (Fi)ier, P, W, p, X) is a weak solution of the SDE ([ILTl) with initial
distribution n on (R B(RY)), then for every fited t € Ry and F € Dy(R,,RY), the

mapping
R x C(Ry,R") x M(Ry x U) 3 (x,w,7) = Q(x,w, T, F)

is B,/B([0,1])-measurable, where B, denotes the completion of B(RY)@C, (R, R™) @M, (R, X
U) by the null sets of n x Py, X Py, from B(RY) @ C(R,,R") @ M(R, x U).

Proof. Consider the regular conditional probability
Qi :RYx C(Ry,R") x M(Ry x U) x Dy(R;,RY) — [0,1]

for Dy(R,,RY) given (z,p(w),vy(r)), where, for each t € R, the stopped mapping
¢+ C(R,R") — C(R4,R") is defined in 2.1]), and ¢ : M(Ry x U) — MRy x U),
Py () == ﬂ[o,t}xw me MRy xU), ie., ¢(m) denotes the restriction of © onto [0,¢] x U.
The mapping @ enjoy properties analogous to (R1)—(R3). Namely,

(P/{vl) for each £ € R, w e C(Ry,R") and 7 € M(R, x U), the set function D;(R,,R?) >
F Qi(z,w,n,F) is a probability measure on (D(R,,R?), D;(R,,R%));

(R2) for each F € D,(R.,R%), the mapping R? x C(R.,R") x M(R, x U) > (x,w, ) —
Qi(x,w,m, F) is B(RY) ® C,(Ry,R") @ M (R, x U)/B(]0, 1])-measurable;

(R3) for every G € B(RY) @ C,(R,,R") @ M,(Ry x U) and F € D,(R,,R?),
P(Gx F) = / Qi(x, w, 7, ') n(de) Pw.,.(dw) Py m,(dr),
G
where the probability measure P is defined in (4.2).

In order to prove the statement, it suffices to check that
(5.1) Qz,w,m, F) = Qiz,w,m, F) for nx Pw, x Pyy-ae (x,wm).
Indeed, then (n x Pw., X Pym)(N)=0 for
N = {(w,w,ﬂ) e R x O(R,,R") x M(R, x U) : Q(a, w, , F) # Qt(w,w,ﬂ,F)}

€ BRY) @ CR,,R") @ MRy x U),

and what is more, N € B\t, since
B, = o (B(RY) ® C,(R.,R") @ M, (Ry x U)UN),

where

N = {A C R x O(R,,R") x M(R, x U) : 3B € BRY) ® C(R,,R") @ M(R; x U)

with AC B, (nx Py, x Pyn)(B) = 0},
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and N € N. Hence for all E € B([0,1)),
{(:c,w,w) € R x O(Ry,R") x M(Ry x U) : Q(z, w,m, F) € E} — A, U Ay,
where
Ay = {(:c,w,ﬂ) cRYx C(Ry,R") x M(Ry x U) : Q(z,w,, F) € E,
Qa,w,w, F) = Qilw,w,m, F) |
- {(a:,w,ﬂ) € R? x C(Ry,R") x M(R, x U) : Qyx, w, =, F) € E}
N {(w,w,ﬁ) € R x C(R,,R") x M(R, x U) : Q(,w, 7, F) = Qt(w,w,ﬁ,F)},
and
Ay = {(w,w,ﬂ) e R x O(Ry,R") x M(Ry x U) : Q(z,w, 7, F) € E,
Qa, w7, F) # Qilw,w,m, F) .
Here A, € gt, since, by (f’é), the set
{(:c,w,ﬂ) € R x O(Ry,R") x M(Ry x U) : Qi(,w, 7, F) € E}
is in B(RY) @ C(R,R") @ My(Ry x U) C By, and
{(a:,w,ﬂ) € R? x C(Ry,R") x M(R, x U) : Q(z,w, 7, F) = Qy(a, w, 7, F)}

=R? x C(R;,R") x M(Ry. x U)\ N € B,.

Further, Ay C N € B(RY) @ C(R;,R") ® M(R, xU) and (n x Py, X Py,)(N)=0 imply

Ay, e N C B,

Unfortunately, (1) does not follow from the comparison of (R3) with (R3), since still we
do not know weather the function (x,w,r)+ Q(z,w,n,F) is B(R)®C,(R4, R")@ M, (R, x

U)/B([0, 1])-measurable. In order to show (5.I), it suffices to check that (R3) is valid for every

G e BRY@C(R,L,R") @ M(R, x U). Indeed, then, by (R3),

/GQ(:C, w, 7, F)n(de) Pw . (dw) Py, (dr) = /GQt(w, w, 7, F)n(de) Pw . (dw) Py, (dr)

for all G € BRY) @ C(R.,R") @ M(R. x U) and F € D;(R,,R%), and hence, using also
that the function (x,w,7) — Qi(x,w,n, F) is BRY) @ C(R,,R") @ M(R, x U)/B([0,1])-

measurable, by the uniqueness part of the Radon-Nikodym theorem, we have (5.1]).
The class G of sets G satisfying (f{\é) is a Dynkin system, i.e.,

18



o R x C(R,R") x M(Ry xU) € G, since R x C(Ry,R") x M(Ry x U) € BRY) @
Ci(Ry,R") @ My(Ry x U) and one can apply (R3),

o if Gl,GQ €G and G; C GQ, then Gy \ G1 €g. Indeed,
P((G>\ Gh) x F) = P(Gy x F) — P(Gy x F)

= Qi(x, w, m, F)n(de) Pw ,(dw) Py, (dr)
Go

— Qi(x, w, 7, F)n(de) Pw ,(dw) Py, (dr)
Gy

B / Qt(w> w, T, F) n(dac) PWﬂ"(dw) PUvm(dﬂ-)'
G2\G1

o if (Gy)nen CG and Gy C Gy C -+, then |J~, G, € G. Indeed, by the continuity of
probability and dominated convergence theorem,

P ((D Gn) X F) :nli_g)loP(Gn x F)

= lim Qi(x, w, 7, F)n(dx) Pw ,(dw) Py, (dr)

n—oo Gn

= lim Qi(x,w, 7, F)1lg, (x, w, ) n(dx) Pw . (dw) Py,(dr)

=0 JRAx C(Ry,R7)x M(Ry xU)

B / Qu(zx, w, m, F)n(de) Pw ,(dw) Py, (dr).
Uy Gn

Consider the collection of sets of the form
(5.2) G =G x (¢, (G2) N3, 1(Gs)) x (¥ H(Ga) Ny 1 (Gs))

for G, € B(RY), G5,Gs € C(R_,R"), G4,G5 € M(R, x U), where, for each t € Ry, ¢
and 1, are defined earlier, ¢; : C(R;,R") — C(R,,R") denotes the increment mapping
(Ze(w))(s) = w(t+s) —w(t), we C(RLR), seRy, and ¢, : M(Ry x U) = M(R, x U)
denotes the increment mapping given by ¢y (7)([0,s] x B) := w([0,t + s] x B) — 7([0,] x B),
s € Ry, B € B(U). This collection of sets is closed under pairwise intersection and generates
the o-algebra B(RY) ® C(Ry,R") ® M(R, x U), since the collection of sets of the form
(0 1(Go) N @, 1 (Gy)) with Gy = {w € C(RL,R™) = (w(ty),...,w(t,)) € A} for n € N,
teRy, t1,...,t, €1[0,t], A€ B(R™), and G3=C(R.,R") generates C(R,,R") by (22,
and the collection of sets of the form (¢, (G4) N, 1 (Gs5)) with

Gy={me MRy xU) :7([0,t] x B) € A}

for t €e Ry, B e B(U), A€ B(]0,¢]), and G5 = M(Ry x U) generates M(R; x U)
by (Z3)). By the Dynkin system theorem (see, e.g., Karatzas and Shreve [I3, Theorem 2.1.3]),
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B(RY) @ C(R,,R") @ M(R, x U) C G provided that we prove (15;?’)) for G of the form (5.2)).
For such a G, by Fubini theorem, we have

/G Qi(x, w, 7, F') n(dx) Pw ,(dw) Py m(dr)

— / / ( Q(x,w, 7, F) n(d:c)) Py . (dw) | Pym(dm)
Py N (Ga)Ndy 1 (Gs) e 1 (G2)ng; H(Ga) G1

= Erw . xPym [ Qi(x, w, m, F) n(dw):ﬂ'aptl(Gz)ﬂ[ﬁt1(G3)(w):ﬂ'1/}t1(G4)ﬂlzt1(G5)(7T):|

G1

= EPW,T'XPU,M |:EPW,7“><PU,m [ Qt(:‘c7w7ﬂ-7F> n(d:‘c>
G1

X L1 () L) () L ) (7)1 ) (1) | G R © Mu(R X D)

— Epwmxpum[ ; Qi(x,w,m, F) n(da:)]lwgl(GQ)(w)1¢;1(G4)(7r)
1

<wafm»@f@ax@%@weﬂhR6®Mﬂ&xU»}

= EPW,TXPU,m [ o Qt(w, w, 7T, F) n(dw)lﬂogl(G2)(w)1w;1(G4) (7T)

< (P Pon) (571(Ga) x 7 Go))|

_ / Qu(@, w, 7, F) n(da) Py »(duw) Py (dr)
Gixp; H(G2)x¥; H(Ga)

X (P % Pun) (87(Ga) x 07(G5) )
= P[G1 x ¢; ' (G2) x ;" (Ga) X F] (Pw» X Pym) (@JI(G:%) X @Zt_l(Gs)> :

The fourth equality above follows from the C;(R;,R") ®@ M(R; x U)/B([0, 1])-measurability
of the function

CRy,R)x M(Ry xU) 3 (w, ) — Qi(x,w,m, F)n(dx),
G1

which is a consequence of (ﬁé) and Fubini theorem. The fifth equality above follows from
the independence of @ '(Gs) X 1 '(Gs) and Cy(R,,R") @ M, (R, x U) under the measure
Pw ., X Py, see, e.g., Ikeda and Watanabe [I0, Chapter 2, Theorems 6.4 and 6.5]. For the
last equality above we used (RVB) and

G x ;7 H(Gy) x b7 (Gy) x F € B(RY) @ C(R,,R™) @ My(R, x U) @ Dy(R,,RY).
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By (@.2),
(Pw . X Pym) (‘Zt_l(Gs) X Jfl(GQ) = Pl(z,w,my) € O : p(w) € G, Jt(ﬂ) € Gl
= P[3,(W) € Gs, ¥u(p) € G3),

P[Gl X gOt_l(Gg) X ¢;1(G4) X F] = ]P)[Xo € Gl, <,0t(W) c Gg, wt(p) c G4, Y € F]
Therefore, if G is of the form (5.2)), then

/G Qu(, w, 7, F) n(dm) Py (cdw) Pom(dr)

— P[X, € Gy, (W) € Gy, thy(p) € Gu, Y € F] P[3(W) € G, t(p) € G
=P[X, € Gy, (W) € Go, 5(W) € Gs, 1y(p) € Gu, ti(p) € G5, Y € F)
=P[(Xo,W,p)€G, Y € F

= P[G x F].

The second equality above follows from the independence of {Xo € G1, (W) € Ga, ¥u(p) €
Gy, Y € F} and {g(W) € Gs, ¥i(p) € G5} under the probability measure P. This
independence holds because

{XO € Gla@t(w) € G2a ,lvbt(p) € G4a Y € F}

(5.3) ={Xo € G1, pi(p:t(W)) € Ga, Ui((p)) € Gu, Y € F}
={X, € G, p(W) € 0, (Ga), tu(p) € ;' (Gh), Y € F} € F,

and {3,(W) € Gs, 4(p) € G5} is independent of F; under the probability measure P, see,
e.g., Ikeda and Watanabe [I0, Chapter II, Theorems 6.4 and 6.5]. The relationship (53] is valid
since ; 1(Go) € C(R,R"), ;1 (Gy) € My(Ry x U) and F € Dy(R,,R?), the mapping
Q35w (W(w)) is F/C(R.,R")-measurable, and the mapping Q 3> w — ¥ (p(w)) is
Fi/ Mi(Ry x U)-measurable, because the processes W and p are (F;)ier,-adapted. O

5.2 Remark. The filtration (gt)teR . defined in Lemma [5.I] is the augmentated filtration
generated by the coordinate processes on the canonical probability space (R? x C(R,,R") x
M(R, x U),B(R?) @ C(R,,R") @ M(R, x U),n x Py, x Py,,). This is the counterpart of
the augmentated filtration (F&"")cp, . O

The next lemma is a generalization of Corollary 1 in Yamada and Watanabe [28] (see also
Problem 5.3.22 in Karatzas and Shreve [13]) for stochastic differential equations with jumps.

5.3 Lemma. Let us suppose that pathwise uniqueness holds for the SDE (LIl). If
(Q(i),}"(i),(E(Z))teRHIP’(i),W(i),p(i),X(i)), i € {1,2}, are two weak solutions of the SDE
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@) with the same initial distribution n on (R B(R?)), then there exists a function
k:RYx C(Ry,R™) x M(Ry x U) = D(R,,RY) such that

(5.4) Qi(z,w,m, {k(x,w,m)}) =1, ie{l,2}

holds for n x Py . x Pym,-almost every (z,w,n) € RIx C(Ry,R") x M(Ry xU), where Q;,
i € {1,2}, is given in [@&4). This function k is B(RY)RC(Ry,R")@ M(R,. xU)/D(R,,R?)-
measurable, B;/Dy(R,,RY)-measurable for every fived t € Ry, and

(5.5) PORXY, WO p0) =y =1, ie{1,2}.

Proof. Fix (z,w,7) € R? x C(R,,R") x M(R; x U) and define the measure
Q12(z, w, 7, dyV dy?) := Qi (x, w, 7, dyM)Qy(x, w, 7, dy®) on the space S := D(R,,R?) x
D(R,,R%) equipped with the o-algebra S := D(R,,R?%) @ D(R,,R%). By ([@H) and Fubini
theorem,

(56) PLQ[G X B] = /;Ql’g(w, w, T, B) n(dw) PW,T(d’UJ) PU7m(d7T)

for all G € B(RY) ® C(R4,R") @ M(Ry x U) and B € §. With the choice G = R? x
CR4,RYXxM(R,LxU) and B = {(yM,y?) € §: yM = y@1 using that pathwise uniqueness
holds for the SDE (ILLTJ), relation (L.8) yields Py,[G x B] = 1. Since @Q2(x,w, 7, B) < 1
for all (z,w,7) € R? x C(R,,R") x M(R; x U), (B8) yields the existence of a set N €
BRY) @ C(R,,R") @ M(R. x U) with (nx Py, x Py,,)(N)=0 such that

Qua(@,w,m {(y",y®) e Sy =y®}) =1, (z,w,7) ¢ N.
Again, by Fubini theorem,

1= Ql,Q(w>wa , {(y(l)a y(2)) € S . y(l) - y(2)})

5.7
57) _ / Qs (@, w, 7, {y}) Qol@, w, 7, dy),  (w,w,7) & N,
D(R+7Rd)

which can occur only if for some yo € D(R,,RY), call it k(z,w, ), we have
(5.8) Qi(x,w,m, {k(x,w,m)}) =1, ie{l,2}, (z,w,m)¢&N.

Indeed, since for all (z,w,7,y) € RIXC(R,, R")x M(Ry xU)x D(R,,RY), Q(z,w, T, {y}) €
0,1], we have

Qa(x, w, m,{y € D(RL,RY) : Qy(x,w,m, {y}) =1}) = 1, (x,w,m) ¢ N.

Since for all (x,w,7) € RYx C(R,R") x M(R, xU), by (R1), the set function D(R,,R%) >
F i+ Qi(x,w,n, F) is a probability measure on (D(R,,R%), D(R,,R%)), i€ {1,2}, we get
the unique existence of k(x,w,w) for all (x,w,m) ¢ N satisfying (5.8). Then we have (5.4])
for k.
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For (x,w,7) ¢ N and any B € D(R,,R%), we have k(x,w,7) € B if and only if
Qi(z,w,m,B) =1, i€ {1,2}.

The aim of the following discussion is to show the B /D,(R.., RY)-measurability of & for
all teR,. Forall t€R, and B € D;(R,,R?), we have

k~Y(B) = {(z,w,7) € R x C(R4,R") x M(Ry x U) : k(x,w,7) € B} =: A; U A,
where
(59) A ={(z,w,7) R x C(R.,R") x M(R, x U) : k(z,w, ) € B, (x,w,x) € N}
and
Ay = {(z,w,7) € R x C(R.,R") x M(R;, x U) : k(z,w,7) € B, (z,w,7) ¢ N}

(5.10)
= {(z,w,7) € R x C(Ry,R") x M(Ry x U) : (z,w,7) ¢ N}NQy(-,-,-, B)({1})

for i € {1,2}. Lemma B implies Qi(-,-,-,B)"*({1}) € B;, i € {1,2}. Moreover, N € B,
(due to the definition of B\t, for more details, see the proof of Lemma [E.]), hence A, € [3;
Using that Ay C N, (nx Pw X Py,n)(N) =0 and the definition of the augmented o-algebra
gt (see Lemma [5.7]), we obtain A; € gt Hence E‘I(B) =A UA, € l§t, as desired.

The aim of the following discussion is to show that ks

nx PW,'r XPU,m

B(RY) @ C(Ry,R") @ M(R, x U) /D(R,, R%)-measurable,

”XPW,TXPU,m

where B(RY) @ C(Ry,R") @ M(R, x U) denotes the completion of B(R?Y) @
C(Ry,R") @M (R, xU) with respect to the measure nx Py . x Py,,. Forall B € D(R,,R?),
we have k~!(B) = AU Ay, where A; and A, are defined in (59) and (GI0). Property
(R2) implies Q;(-,-,-, B)"}({1}) € B(RY) @ C(R;,R") @ M(R, x U), i € {1,2}. Moreover,
by definition of completion (see, e.g., Definition 2.7.2 in Karatzas and Shreve [13]),

nXx PW,'r XPU7m

N € BRY) @ C(R,, R @ MR, x U) ,

hence

nXx PW,'r XPU,m

Using that A; C N, (n x Pw, X Py,)(N) =0, by definition of completion, we obtain

TLXPWV,,« XPU,m

A1 € BRY) @ C(R,, R @ M(R, x U)

TLXPWJ‘ XPU,m

Hence %‘I(B) =AUA € BRY) @C(R,,R") @ M(R, x U) , as desired.
Next we check (B3 for k. For i € {1,2}, by @), @3), (R1) and (5.8),
POR(XS WO p0) =¥ D) =Py (w = (2w, 7.y, y?) € Q: k(z,w, ) =y )

/ Qi@ w, m, {k(@, w,m)}) n(da) Pw,,(dw) Pyn(dr) = 1,
RixC(R4,R™)x M (R4 xU)
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as desired.

It remains to check that one can choose a version of k which is B(R?) ® C(R;,R") ®
M(R, x U)/D(R,,R%)-measurable, B /Di(]RJF,Rd)—measurable for every fixed t € Ry, and
(E4) and (B.3) remain hold for k. Since k is

B(R?) @ C(Ry,R") @ M(Ry x U) nXPW'TXPU’m/D(RJF, R%)-measurable,

there exists a function k : R? x C(R,,R") x M(R, x U) — D(R,,R?) which is B(R?) ®
C(Ry,R") @ M(R, x U)/D(R,, R%)-measurable and

(n % P % Pog) ({(@,0,7) € RY x C(RY,R") x M(Ry x U) : (@, w,7) # k(w,w,m)}) =0
see, e.g., Cohn [, Proposition 2.2.5]. First we check that k is B,/D,(R,, R%)-measurable for
every fixed t € R.. Forall t € R, and B € D;(R;,R%), we have
FHB) = (kBN {k =k U (R (B) N {k £ k})
= (FNB) N {k =k U ET(B) N {k £ k}),

where k~'(B) € B, (since k is B,/Dy(Ry,R%)-measurable), {k # k} € B, (due to the
definition of completion, since (n x Py, X PU,m)(E £ k) =0), {k==k} e B, (since B
is a o-algebra), and k™ (B) N {k # k} € B, (due to the definition of completion, since
Y (B)N{k #k} C {k#k}). Hence k~'(B) € B,.

Next we check (54) for k. Using that (54) holds for k and (n x Py, % PU,m)(% #k)=0,

we have

(n X PW,r X PU7m)(H1 U Hg)
= (n X PW,r X PU,m)((Hl U Hg) N {k’ = 7{;}) + (n X PWJ» X PU7m)((H1 U Hg) N {k’ 7’é E})

< (n X Py, X Pyp)(Hy U Hy) + (n X Py X Pup)(k#k)=0+0=0,
where

H; = {(z,w,7) € R x C(R},R") x M(Ry x U) : Q;(w,w,, {k(z,w,)}) £ 1},
H

{
{(z,w,7) € RY x C(R4,R") x M(Ry x U) : Qi(x,w,, {k(x,w,n)}) # 1}
for i € {1,2}. This implies (5.4]) for k.
Finally, we check (5.3]) for k. First observe that IP’LQ(E =k) =1, since, by (5.6,
Pro(k =k) =1—Pia(k # k)

=1— [  Qia(z,w,m, DRy, RY), DRy, RY)) n(dz) Py, (dw) Py, (dr)
(k#k}

=1— [  Qi(z,w,m, DRy, RM))Qs(z, w, 7, D(R;,R?) n(dzx) Pw, ,(dw) Py, (dn)
{k#k}

—1—(nX Py, X Pum)(k#£k) =1-0=1,
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where we used (R1) as well. Then, by ([@LT) and (£3), for ¢ € {1,2}, we obtain

POR(XS WD pD) = YOy =Py, (w = (z, 0,7,y y?) € Q: k(x,w,7) = y©)

—Pua (= (@ m,y,5®) € 0 ke, w, ) = ) 1 (7 = 1Y)
~Pra (w0 = (@ 0. m g y®) € 0 e, w,m) = ) 0 (F = 1)
=Ps(w= (z,w,7,yV,y?) € Q: k(z,w,7) = y(i))
=POR(XY WO p0) =Y ) =1,

where, for the last equality, we applied that (5.5]) holds for k. O

5.4 Remark. Note that the function k£ in Lemma [b.3 and the n x Py, X Py ,,-null set on
which (4] does not hold depend on the two weak solutions in question. a

Applying Lemma for weak solutions (Q@, F®), (-/Tt(i))teR+, PO WO p) X(i)) =
(Q, F, (Ft)ier, , P, W, p, X), i € {1,2}, of the SDE ([ILT]) with the same initial distribution n
on (R? B(R?)), we obtain the following corollary.

5.5 Corollary. If pathwise uniqueness holds for the SDE (IL1]) and (Q, F (Fi)ier, , P, W, p, X)
is a weak solution of the SDE (L)) with initial distribution n on (R B(R?)), then there exists
a function k: RIxC(Ry,R")x M(R, xU) — D(R,R?) such that Q(x,w,, {k(x,w,7)}) =
1 holds for nx Py . X Pyn,-almost every (xz,w,n) € RIx C(R,,R") x M(Ry xU), where Q
is given in [@3). This function k is B(RY)@C(R,,R")@ M(R, xU)/D(R,, RY)-measurable,
B,/D,(R.., RY)-measurable for every fived t € Ry, and P(k(Xo,W,p)=Y) = 1.

Next we give the precise formulation of Theorem

5.6 Theorem. Let us suppose that pathwise uniqueness holds for the SDE (1)) and there exists
a weak solution (', F', (F))er,. ., P, W',p', X") of the SDE (L)) with initial distribution n'.
Then there exists a function h : R x C(R.,R") x M(Ry x U) — D(R,,R?) which is

~

B(RY) @ C(R,,R") @ M(R, x U)/D(R,, RY)-measurable, B;/Di(R,,R?)-measurable for every
fired t € R, and

(5.11) X' =n(Xy, W' p) P’ -almost surely.

Moreover, if objects (E1)—(E4) are given such that the distribution of € is n', then the process
X =1h(W,p)

is a strong solution of the SDE ([ILTl) with initial value §&.

Proof. Let W' (x,w,n):=x + kK (z,w,m) for z € RY we C(R,R"), 7€ MR, xU),
where £’ is as in Corollary 5.5l By Corollary [5.5] for the function &', the desired measurability
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properties hold. Using Corollary 5.5 and X' = X +Y’, we have
P’ (X/ = h/(XE)a W/>p,)) =P (X/O +Y' = X6 + k,(X/m W/ap/))
=P (Y' =K (X, W' p)) =1,
implying (5.1T]).

Note that, for & W and p as described in (E1)-(E4), the triplets (X, W', p/) and
(&, W,p) induce the same probability measure n' x Py, X Py, on the measurable space

(Rd x O(R.,R") x M(R; x U), B(RY) ® C(R;,R") @ M(R, x U))

with respect to the probability measure P and P, respectively, where P denotes the
probability measure appears in (E1), since X, W', p’ are P-independent and & W, p are
P-independent, see Remarks [3.4] and

Observe also that the mappings

(5.12) QoW = (X)), WiHw))ier, » Npny) € R x O(Ry,R™) x M(Ry x U)
and
(5.13) Q3w (EW), (Wi(w)ier, s Npw)) € R* x O(R,,R") x M(Ry x U)

are F'/B(RY) @ C(R;,R") ® M(R, x U)-measurable and
o6, W, seR, p(s),s € R, N D(p)/BRY) @CR,,R") @ M(R, x U)-measurable,
respectively. Further, they are F//B(R?) ® C;(Ry,R") ® M, (R x U)-measurable and
(&, W, 5€[0,t],p(s),s € (0,t] N D(p))/B(RY) @ C,(R;,R") @ M, (R, x U)-measurable

for all ¢ € Ry, respectively. Indeed, since X, and £ are JF'/B(R?)-measurable and
o(€)/B(R%)-measurable, respectively, by [Z2) and (Z3J), it is enough to check that for all
teRy, neN, A € BR™), ti,...,t, €[0,t], s€0,t], BeB(U), Ay e B(]0,00)),

{w' e (W, (W),.... W, (W) e Al} e F,

{w €0 (Wi (w),.... W, (w) e Al} € o(W,,s €R,),

{W € Ny (0.5 x B) € A} € F,

{w €0 Ny ([0,5] x B) € Ag} € o(p(s), s € Ry N D(p)).
These relations hold since W3, i€ {1,...,n}, and Wy, iec{l,...,n}, are F'/B(R")-
measurable and o(W, s € R,)/B(R")-measurable, and p' and p are F'/M(R; x U)-

measurable and o(p(s), s € Ry; N D(p))/ M(R; x U)-measurable, respectively. Similarly, one
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can argue that the functions in question are F;/B(R?) ®C,(R4, R") ® M, (R, x U)-measurable
and o(&, W, s € [0,t],p(s),s € (0,t] N D(p))/B(RY) @ C;(Ry,R") @ M(R, x U)-measurable
for all t € Ry, respectively.

Next, we check that the process X is adapted to the augmented filtration (]-"f’W’p )ier, -

First, note that the process X is adapted to (ff’w’p)teR+ if and only if ¢,(X) is
FEWP ID,(R,, RY)-measurable for all ¢ € Ry, where ¢, is given in (ZI)). Indeed,

(X)ier, is (F&"P)icr, -adapted = o(X,) c FEWP forall t e R,
—  o(X,:se[0,t]) c FEWP forall teR,

= (X)) is FEW7PD,(R,, RY)-measurable for all ¢ € Ry,

where the last equivalence can be checked as follows. Since D;(R,,RY) coincides with the
smallest o-algebra containing the finite-dimensional cylinder sets of the form

{y € DR+, RY : (y(t1),...,ytn)) €A},  neN, AeBR™), t,....t, €[0,1],
it is enough to check that (X, :s € [0,1]) € F&"? forall t € Ry is equivalent with
{weQ: (X)), (e X)), (w)) € A} € FEWT
forall n e N, A€ B(R"™), t,...,t, €[0,t],t € R, which readily follows from

{weQ: ((pe( X)) (W), (0e( X)), (W) € A} ={w € 2t (X¢, (), -+, Xy, (w)) € A}
Since (X)) = @0l o (&, W,p), t € Ry, the mapping ¢, is Dy(Ry,R?)/Dy(Ry, RY)-
measurable for all ¢t € Ry, &' is B;/Di(R,,R?)-measurable for all ¢ € R, it remains to
check that the mapping (5I3) is F&"W?/B,-measurable for all ¢ € R,. Recall that

B, = a(B(Rd) ® C(R4, R") @ My(Ry x U) uN), teR,,
FEWr — a(a(ﬁ, W, s €[0,t],p(s),s € (0,t] N D(p)) UNg’W’p), te Ry,
where
N = {A CR? x O(R,,R") x M(R, x U) :3B € B(RY) © C(R,,R") @ M(R, x U)
with A C B, (n' x Py, X Pyp)(B) = 0},
and

NEWD {A CQ:3ABco(é,W,,s Ry, p(s),s € Ry N D(p))

with A ¢ B, P(B) = 0}.

27



Since a generator system of B(RY)®C,(R;, R")®@ M, (R xU) together with N is a generator
system of B;, and we have already checked that the mapping (5.13)) is

o€, W, seR., p(s),s € Ry N D(p))/BRY) @ C(Ry,R") @ M(R, x U)-measurable,

it remains to verify that (&, W,p) '(A) € F#"* forall Ae N and t € R.. We show that
(&, W, p)"HA) e N6W» forall Ae N, implying (&, W,p)"*(A) € FSW forall t e Ry,
as desired. If A € N, then there exists B € B(R?) ® C(R,,R") ® M(R, x U) such that
ACB and (n' X Pw, x Py,,)(B)=0. Hence

(&.W.,p) " (A) C (& W,p) ' (B) €o(§, W, s € Ry, p(s),s € Ry N D(p))
and
P((¢&,W,p) ' (B)) =P((¢, W,p) € B) = (n' X Pw, X Pym)(B) =0,

where, for the last but one equality, we used that the distribution of (&, W ,p) under P is
n' x Py . X Py, (as it was explained at the beginning of the proof). By definition, this means

that (&, W,p)~Y(A) e N&WP,

Next we check that (X)er, satisfies the SDE (LI P-almost surely. Since &' is
B(RY) @ C(R,,R") @ M(R, x U)/D(R,,R%)-measurable, and the triplets (X, W' p') and
(&, W ,p) induce the same probability measure n’ x Py, X Py, on the measurable space

(Rd « O(R.,R") x M(R; x U), B(RY) ® C(R;,R") @ M(R, x U))

with respect to the probability measure P’ and P, respectively, the triplets (X', W’ p) and
(X, W ,p) induce the same probability measure on the measurable space

(D(R+,Rd) x C(R+,R") x M(R; x U), D(R+,RY) @ C(Ry,R") @ M(R; x U))

with respect to the probability measure P’ and PP, respectively. Let us apply Lemma [A4]
with the following choices

(Q(l)v ‘F(l)v (‘Ft(l))tGRJr ) P(l)v W(l)vp(1)7 X(l)) = (9/7 f/7 (‘F;‘,/)tER+ ) Plu W/7 p/7 X,)
and
(9(2)7 ‘F(2)7 (‘E(z))tGRJrv ]P)(2)7 W(2) ) p(2)7 X(2)) = (Q7 f? (E&W’p>t€R+ ) ]P)v W7 b, X) .

Since  (V, F', (F)er, . P, W', p/,X') is a weak solution of the SDE ([I) with ini-
tial distribution 7/, the tuple (Q(l),f(l),(]:t(l))teRHP(l),W(l),p(l),X(l)) satisfies (D1),
(D2), (D3) and (D4)(b)—(e). Further, as it was explained before Definition 3.9, the tuple
(Q(2),f(2),(]—"t(z))teRHIP’(z),W(2),p(2),X(2)) satisfies (D1), (D2) and (D3), and we have al-
ready checked that X is adapted to the augmented filtration (.Ff’w’p )icr, . Then Lemma
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[A 4l yields that the tuple (Q(z), F@, (ft(2))teR+, PA w® @), X(2)) satisfies (D4)(b)—(d) and
the distribution of

(X’ X! - /tb(s X’)ds—/t o (s, X') AW’

/ £(5, X" u) N'(ds, du) — // (s, X'_,u) N'(ds, du))
Uo U1 teRy

on (D(R,,R%) D(R.,R%)) under P’ is the same as the distribution of

t t
(Xt—XO—/ b(s, X,) ds—/ o(s, X,) AW,
0 0

_/0 Uof(s,Xs_,u)N(ds,du)—/O /Ulg(s,Xs_,u)N(ds,du))t€R+

on (D(R.,RY), DR, ,RY)) under P, where N'(ds,du) and N(ds,du) is the counting
measure of p and p on R, x U, respectively, and N'(ds,du) := N'(ds,du) — dsm(du)
and N(ds,du) := N(ds,du) — dsm(du). Using that the first process and the identically 0
process are indistinguishable (since the SDE () holds P'-a.s. for (X})er,), we obtain that
the SDE (LI]) holds P-a.s. for (X;)icr, as well, ie., (D4)(e) holds.

Finally, we show that P(X, = &) = 1. Since, as it was checked that the distribution of
X' and X coincide, especially, the distribution of X[ and X coincide, and consequently,
the distribution of X, and & coincide (both are equal to n’). Using Corollary for
(Q,]:, (ff’W’p)teR+,IP’, W.p, X) (which is especially a weak solution of the SDE (LI with
initial distribution n’) we get

P(Xo = ﬁ) = P(f + k/(év va)(] = 5) = IP’(k’(ﬁ, va)O = 0) = P(k/(f, va)O = Yo) =1,

as desired.

Summarizing, (X;)icr, is a strong solution of the SDE ([LT]) with initial value &. O

A Appendix

Let (0, F,(Fi)wer,,P) be a filtered probability space. First we recall the notion of (F;)icr, -
predictability, see, e.g., Ikeda and Watanabe [10, Chapter II, Definition 3.3]. The predictable
o-algebra P on R, x Q x U is given by

P:=och:R. xQxU—R|h(t,--) is F,®B(U)/B(R)-measurable for all ¢t € Ry,

h(-,w,u) is left continuous for all (w,u) € Q x U).

A function H : Ry xQx U — R? is called (F;)er, -predictable if it is P/B(R?)-measurable.

29



A.1 Lemma. Let (,F,(F)wer,,P) be a filtered probability space. Let (X,)ier, be an
(Fi)ier, -adapted cadlag process with values in RY.

(i) If w:RY— R is a continuous function, then for each T € R, and B € B(U), the
function h(t,w,u) == w(X;—(w))Lpn(t)ls(u), (twu) € Ry xQxU, is (Fi)wer. -
predictable.

(i) If TeR,, AcBRY) isan open set and B € B(U), then

{t,w,u) e Ry x QA xU:t€0,T], Xy_(w) € A, ue B} € P.

(iii) If f: R xRIxU — R? is B(R,)®B(RY)@B(U)/B(R?Y)-measurable, then the function
H(t,w,u) = f(t, X;—(w),u), (t,w,u) e Ry xQxU, is (Fi)wer, -predictable.

Proof. (i) The function h is (F;)er, -predictable, since it belongs to the generator system of
P. Indeed, for each t € Ry, the mapping Q x U 3 (w,u) — h(t,w,u) is F, @ B(U)/B(R)-
measurable, because X, is F,/B(R%)-measurable and F, C F; for all s <, and hence
X, = limg X, is Fi/B(R?)-measurable, and w is B(R?)/B(R)-measurable. Moreover,
for each (w,u) € Q x U, the function Ry >t +— h(t,w,u) is left continuous, because the
functions Ry >t +— L(t) and Ry 5t +— X, (w) are left continuous and w is continuous.

(ii) Consider the function w4 : R — R, given by wa(x) := oz, R\ A), = € RY,
where o denotes the Euclidean distance of & and R?\ A. Then w, is continuous and
A=wi'(Riy). Put ha(t,w,u) :=wa(X—(w)Lpn()Llp(u), (t,w,u) € Ry xQxU. Then,
by (i), we obtain

{twu) eR. xQxU:te€0,T], X;_(w) € A, u e B}
={(t,w,u) e Ry x QA x U :t€[0,T], wa(X—(w)) € Ryy, u e B}
={(t,w,u) e Ry x QXU : ha(t,w,u) e Ry} € P.

(ili) We have H = fo G, where G(t,w,u) = (t, X, (w),u), (t,w,u) € Ry x Q x U,
thus it suffices to show that G is P/B(R;) ® B(R?) ® B(U)-measurable. The o-algebra
B(R,) ® B(R?) @ B(U) is generated by the sets [0,7] x A x B with T € R,, open sets
A€ B(R? and B e B(U), hence it suffices to show that

{t,w,u) e Ry x QA xU:te0,T], X;_(w) € A, ue B} €P.

This holds by (ii). O
Note that using Lemma [A.]] one can relax Assumption 6.2.8 in Applebaum [I].

The next lemma plays a similar role as Lemma 139 in Situ [24].

A.2 Lemma. Let (Q®, F®, (-Ft(i))teR+,P(i), W(i),p(i),X(i)), i€ {1,2}, be tuples satisfying
(D1), (D2), (D3) and (D4)(b)(d). Suppose that (WD pM XU and (WP p@ X))
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have the same distribution on C(R,_,R") x M(Ry x U) x D(R,,R%). Then

t t
(XS’,/ b(s,X(l)ds/ o(s, XMy awW,
0

(A.1) t
/ F(s, XM ) NO(ds, du) // (s, X u) NO(ds, du))
0 JUo Ur teRy
and
t t
(Xﬁ”,/b( X(2)ds/ o(s, Xy aw®?,
(A.2)

/ st(2 ) N®(ds, du) / / sX u) N®(ds, du))
Uo Ur teR4

have the same distribution on (D(R,,R%))°, where, for each i € {1,2}, N@(ds,du) is the
counting measure of p® on R, x U, and N9 (ds,du):= NO(ds,du) — dsm(du).

Proof. By Remark B.2] the above processes have cadlag modifications. According to Lemma
VI1.3.19 in Jacod and Shiryaev [12], it suffices to show that the finite dimensional distributions
of the above processes coincide.

By Proposition 1.4.44 in Jacod and Shiryaev [12], for each ¢ € {1,2} and ¢t € R,,
LA — [b(s, X")ds and Iz(ln L — [To(s, XD dW) as n — oo, where

|_ntJ ‘ [nt] E—1 .
Zb( Xy ) 2=y o <T X() (W“ W(,CL)

k=1 "

[(i)

ln

Let Uy; € B(U), j € N, be such that they are disjoint, m(U;;) < oo, j € N, and
U, = U;‘;l Uy; (such a sequence exists since m is o-finite, see, e.g., Cohn [4 page 9]).
Then for each i € {1,2} and t € Ry, I?Ezl ) = [y Jo, 9(s X9 w) NO(ds, du) as n — oo
P®-almost surely, where

n

19 (1) Z / / u) NO(ds, du) = 3 9(s, X2 p (5)),

I=1 se(04nD )

where p@ denotes the thinning of p® onto Uy, see, e.g., Ikeda and Watanabe [10, page
62]. Since m(U ;) < oo, by Remark B3 the set (0,¢] N D(pgl)J) is finite P®-almost surely

forall t € Ry and i€ {1 2} j € N, and hence one can order the set D(p(i)-) according to

magnitude, say 0 < Cljl < (1]2 <---, 7€N, ie{l,2}. Namely, v
(A.3) gw_mf{t cR, : NO(0,1] x Uy;) = ¢}, (eN, jeN, ie{l1,2}
on the event
ﬁ{weﬁ 1](w)((o,k] ><U17j)<oo}, jEeN, ie{l,2},
k=1 ’
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having P®-probability 1, where we used that the point measure corresponding to the point
(4)

1,5 \W
in the form

function p;’%(w) is its counting measure N o ) S Section 2l Then we can write Iéi( t)

)’

]éln Z Zg( 1,]757 () » P1 j(g1]£)>]]-(0,t}(<—1(3,£)7 te R—l—u n e N7 (&S {17 2}7

C()

where 2, 9(C1(2'ev X(ZZ) ,p1 ](Cl M)> Lo (gw) is a finite sum P%¥-almost surely Further-

more, by Remark- for i€ {1,2} and t e Ry, [ 4n ) — fo fU Ju) NO(ds, du)
as n — oo P@-almost surely, where

Lizn / / [0, (l)] Xgﬁ? U) N(Z) (dS, dU)

¢
7\ .= inf {t€R+ :/ 1£(s, XD, w)||?dsm(du) > }/\n, neN, ie{l,2},
0 JUo

with

satisfying 7" 1 oo P@_almost surely as n — oo. Let Upj € B(U), j €N, be such that
they are disjoint, m(Up ;) < oo, j €N, and Uy = U;‘;l Up; (such a sequence exists since m
is o-finite, see, e.g., Cohn [4, page 9]). Then, by pages 47 and 63 in Ikeda and Watanabe [10],

forall teR;, i€ {1,2} and n €N, L&?L]() o I4n() as j — 0o, where

19 1) / / o0 (Lo (90705 X)) T, ()0, () (5, X L) NO (s, du)

- /0 /U 105 (f(s,XSE,u))1[0’T£i>](s)f(s,X§il,u)N(i)(ds,du).
0,5

By page 62 in Ikeda and Watanabe [10], for all t € Ry, i € {1,2}, n € N, and j € N,
I @) = 1892 (¢) — 100 (1), where

4,n,7 4,n,7 4,n,7

19500 = [ [ 1000 (565 X20) 1061 X0 ) Nl ),
0,5

g

Similarly as for the integrals fot Ju, 9(s, X% w) N®(ds,du) and fot b(s, XD)ds, there exist
sequences of random variables (Igzl’zx(t))geN and (Iif3;7§7e(t))g€N such that ]AEZZLC;Z(t) P, L&%‘;(t)
and I(00 (1) =5 10

Iiz’fljvé(t) — Iﬂ(jn’vﬂ(t kN fo on f(s,Xgiz,u) N®(ds,du) as ¢ — oo, then j — oo, and,

»J

]]'(_JJ <f(87 Xgllv U)) ]]'[O’Téi)](s)f(sa ng, ’LL) m(dU)) ds.

(t) as ¢ — oo, respectively. Then, for all t € Ry and i € {1,2},
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finally, n — oo. Using part (vi) of Theorem 2.7 in van der Vaart [20], we get for all K € N,
t1,...,tx € Ry and 1 € {1,2},

i i i i i),a i),b
(380 100D, T80 ), T 1), 105 (8) = 1607, (1))

IP() @) Uk . Uk . .
2 (x [ xOas, [ ols X0 aw),
0

tr ) ) tr ) -
| [ ot X2 NO@san, [ [ 5 X0 0 KOs dw)
o Ju o Ju, ke{l,..K}

as £, j,n — oo. Since (WO p0 XMWy and (WP p®@ XP) have the same distribution,
the random vectors

(380 0 0), T, TSR, 105 (1) = TE0% (1))

and
2 2 2 2 2),b
(382, 12000, L0, T2k, T3 (1) = 120 (1))

have the same distribution for all ¢,7,n € N, as well. Indeed, the random vectors
above can be considered as some appropriate measurable function of (W(l), pM, X (1)) and
(W(z), p? X (2)), respectively. For this, it is enough to verify that each coordinate of the above
random vectors can be considered as some appropriate measurable function of (W(l) pWM, X (1))
and (WP p@® X)) respectively, hence we fix ke {1,...,K}.

e First observe, that Xﬁjj is a D(R,,R%)/B(R?)-measurable function of X namely,
X = Uo(XD), where W, : D(Ry,RY) — R? is given by Wo(y) == y(t), y €
D(R,,RY).

e Next, ]}ZZL(tk) is a D(R,,RY)/B(R%)-measurable function of X as well, namely,
Il“n(tk) = U (XD), where U; : D(R,,RY) — R? is given by Uy(y) :=
LS (L y (A1), y € D(R.RY).

e In a similar way, I\ () is a D(R.,R?Y) x C(R.,R")/B(R%)-measurable function of

,n

(XD, W), namely, 1)) (t) = Uo(XD, W), where W5 : D(Ry,RY) x C(R;,R") —

R? is given by Wy(y,w) := ,E:fJ o (Bl y(E) (w(f) —w (L)), y € DRy, RY),
w € C(R+,Rr).

e Now we show that Ié%(tk) isa D(R,RY) @ M(R, x U)/B(RY)-measurable function
of (X® p®).  As a first step, we show that for each j,¢ € N there exist functions
Q0 M(Ry xU) - Ry and Z;,: M(Ry x U) = U such that ®;, is M(R; x
U)/B(R;)-measurable, Z;, is M(Ry x U)/B(U)-measurable, and (cl(f;z,plj(gw))
(‘Pj,e(NpSfi»)’Ej,e(Npﬁf})) holds P"-almost surely. Then it will follow that I?Ezl(tk) =
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Uy(XD p@) where W5 : DR, RY) x M(R, x U) — R? given by

=> >y ((I)j,ﬁ(ﬂ-)v Y(Pje(m)—), EM(”)) L0, (®je())

j=1 (=1
for (y,m) € D(R,RY) x M(R, xU) is D(Ry,RY) @ M(R, X U)/B(]Rd) measurable. To
prove the existence of ®,, and =, first we verify that (CI(Z; /- p1 ](Cl J.¢)) is measurable

with respect to the o-algebra U(Np@-)) N Q@ having the form
1,5 §

(A.4) 0<{w e )i Ny ) (0.1] x B) = k} )t eR,, BeBU,), ke N).
We have
{weal): (¢ (w), P ()¢ (w))) € (0,8 x B}

-N U{w € Qs Ny (0, (k = Dt/n] x Uy) < €= 1,

(A.5) n=1k=1
Py o (B =1)t/n, kt/n] x B) > 1,

Ny (0, Kt /] x U ) > e}

for ¢t € Ryy, j,l €N, B e B(lUy), i€ {12} Indeed, on the one hand, if
w € anj is such that Ql(lj)g(w) € (0,t] and pg)J( )(Qlﬂ(w)) € B, then for each
n € N, there exists a unique k € {1,...,n} with Clﬂ( w) € ((k—1)t/n,kt/n], and

hence Np(i>(w)((0, (k—=1t/n] xUy;) < -1, N () (((k—=1)t/n,kt/n] x B) > 1 and
1,5 1,5

N (w)(((), kt/n] x Uy ;) > €. On the other hand,
1,5
{wel): () g0 ={we: No (0.1 xU;)<t-1}
c L_J“Dl{w € Q)+ Nygo (0. kt/n] X Uyy) < €= 1},
and
{weal): ¢ ,(w) € (0.4, phw)(¢),(w)) ¢ B}

C U m ({W € ng,; : Npgf}(w)((o, (k‘ — 1)t/n] X Ul,j) > g}
n=1k=1 '

U {w € Q% : Npgzz(w)((o, k:t/n] X U17j) </l — 1})

For the second inclusion, for each w € Q) let us choose n(w) € N such that

1,50

1 1
n(w) > max < - 7 - ) :
¢ yw) = ¢ (@) ¢ (@) = ¢ ()

34



If we Q@ is such that Cl(lj)g(w) € '(O,t] and p@( )(¢ lﬂ( w)) ¢ B, then there

exists a unique k* € {1,...,n} with Cl(zj)g(w) € ((k*—=1)t/n,k*t/n], and hence we have

Npgi)(w)((o, kt/n]xU, ;) < (-1 for ke {1,... k*—1}, Npgi)_(w)(((l@*—l)t/n, k*t/n]x B) =
5] )

0, and Np(i)‘(w)((O, (k—1t/n] x Uy ) =€ for ke{k*+1,...,n}.

Since the set on right hand side of ([A.9) is in the o-algebra given in ([A4]) and {(0,¢]x B :
teR,, Be B(UM)} is a generator system of B(R;)® B(U ), we readily get that the
random variable (gl oDl ](gl J¢)) is measurable with respect to the o-algebra given in
(A.4). Let us apply Theorem 4.2.8 in Dudley [7] with the following choices:

o X =0, Y .= MR, xU),
o T: Q) — MRy x U), T(w) =N w e QY

@)’ L

o 00 SR, XU, f(w)= <qﬂ<>mx>@ﬂ<»xw69%

Then there exist functions @;,: M(Ry x U) - Ry and Z;,: M(Ry x U) = U such
that ®;, is M(]R+ x U)/B(Ry)-measurable, Z;, is M(Ry x U)/B(U)-measurable,
and (¢{Y (¢ ) = ( @;(N,). Z5(N,0)) holds on Q. Since PO(QY) =1, we

have (Cljg,pu(cljz)) ( ]Z(Np(i).),Ejj(Np(i).)) P@_almost surely, as desired.
1.j 1.J

In what follows we provide an alternative argument for verifying that gl(fj’.vé isan M(R, x

U)/B(R)-measurable function of p® with the advantage that the measurable function
in question shows up explicitly. We have (1 g =inf{t € Ry, 1 [Ay,;(t)| > 1/2}, where
wﬁ%—MNmﬂﬂm)deMO—wMOyd )= NO({t}xUy,) for t € R,,.
Further, §1]é+1 = inf{t € (Cl(f;x,oo) |Ay; ()] > 1/2} for all ¢ € N. Consider the
mappings Vs, : D(R.,R) = Ry, ¢ €N, defined by V3,(y) :=inf{t € Ry : |Ay(t)| >
1/2} and VU5.1q(y) :=1inf{t € (U3,(y),00) : |Ay(t)| > 1/2}, y € D(R{,R), £ € N. By
Proposition VI.2.7 in Jacod and Shiryaev [12], the mappings Vs, ¢ € N, are continuous
at each point y € D(R,,R) such that |Ay(t)| # 1/2 for all ¢t € R,. Moreover, we
have (), = Uy, (Wy;(p")), where the mappings Wy, : M(Ry x U) — D(Ry,R),
Jj € N, are given by W,;(m) := (7((0,t] x U1;))eer,, ™€ MRy x U). Observe,
that for each 7 € M(Ry x U), we have |AW,;(m)(t)] # 1/2 for all t € Ry (since
|AW, ;(7)(t)| € Z+ for all t € Ry), hence, it remains to check that the mappings ¥, ;,
j €N, are M(R; x U)/D(R;,R)-measurable. This follows from {7 € M(R. x U) :
(m((0,t] x Ui j))eettr,.try € B} € MRy x U) forall L € N, t,...,t, € Ry and
B € RL, which is a consequence of the definition of M(R, x U).

Finally, we verify that Iy} ,(t,) — I\)" (t:) is a DRy, RY) © M(Ry x U)/B(R?)-
measurable function of (X® p®). Based on the findings for Il(ZZL(tk) and Iéz(tk), it
is enough to check that

(A6) (CO]# (g ) ) ng'] - O-(X(Z 7p0]) N QO] - U(X() ) N 982]7
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where Céf;’z and Q((]Z; can be defined similarly as Cl(lj)g and Q(()Z)J for all i € {1,2}
and j,¢ € N, respectively (replacing in the definitions U ; and pgz)j by Up; and p(()l;)j,
respectively). Note that

{weal): ) w) e 0.4, P ) € B, 7O (w) € 0,71}

= M U{w €0l : Ny (0, (k= 1)t/n] x Uyy) < £ - 1,

n=1k=1

{w €l Ny (k= 1)t/n,kt/n] x B) > 1,

{w € Q(()Z’)J : Np&(w)((o, kt/n] X U()J') Z 6}

[weaf) /K/Hst“ )| dsm(du) > n}

for t € Ry, T €Ry, jl €N, Be By, i€ {12} Similarly, as it was
explained in case of I,(f)l (t), one can approximate fOT Ju, 1 (s, X9 w)|2dsm(du) by
D(R,,R%)/B(R, )-measurable functions of X which yields (A0).

Hence we obtain the statement. O

A.3 Remark. In case of f =0 and g =0, the statement of Lemma [A.2] basically follows
by Exercise (5.16) in Chapter IV in Revuz and Yor [22], see also Lemma 12.4.5 in Weizsdcker
and Winkler [27]. O

Next we formulate a corollary of Lemma [A.2]

A.4 Lemma. Let (Q(l),f(l),(ft(l))teR+,P(l),W( ),p( ),X(l)) be a tuple satisfying (D1),
(D2), (D3) and (D4)(b)—(d) and let (Q®, FO (FP)en, , PO, W p@ X®) be another
tuple satisfying (D1), (D2), (D3) such that (Xﬁz))teﬂh is an Re-valued (F”)ier, -adapted
cadlag process. Suppose that (W pM XY and (W@ p@ X@)  have the same dis-
tribution on C(Ry,R") x M(Ry x U) x D(Ry,R%).  Then (D4)(b)-(d) hold for the tuple
(Q(2),f(2),(]—"t(z))teR+,IP’(2),W(2),p(2),X(2)) as well, and the processes (AJl) and (A2) have
the same distribution on (D(R,,R%))>.

Proof. First we check that P® (fo 1b(s, XP)||ds < oo) =1 forall t € R,. Since b

is B(Ry) ® B(RY) @ B(U)/B(R?)-measurable and X and X® have the same law, the
processes  (b(s, XM))ser, and (b(s, X'?))ser, have the same law as well. Since the map-
ping D(R,,RY) > f (fo ds)telR+ € D(R,.,R%) is continuous (see, e.g., Ethier and
Kurtz [9, Chapter III, Section 11, Exercise 26|, or Barczy et al. [2 Proof of Lemma B.3]),
and consequently D(R,,R?)/D(R,, R%)-measurable, the processes (fo 1b(s, X )| ds)

+

and (fo 1b(s, X)|| ds) have the same distribution with respect to P and P®),
teR

36



respectively. Since PW (fo 1b(s, X M) ||ds<oo) = 1 for all t € Ry, this yields
(fo 1b(s, X ds < oo) =1 forall t € Ry, as desired.

Similarly, one can check that P®) (f(f (s, X@)|?ds < oo) =1 forall teR,, and

t
P> (/ 1£(s, XP )? dsm(du)<oo) =1, teR,.
0 Uop
It remains to check that
t
2) ) (2 _
. 9 S— 9 - ) +
(A7) P (/ lg(s, X w)|| N (ds du)<oo> I, teR
0o Ju

where N®)(ds,du) is the counting measure of p® on R, x U. Recall that, in the proof of
Lemma[A2, U, ; € B(U), j €N, have been chosen such that they are disjoint, m(U ;) < oo,
J € N,' and Ul = ;2 U1;. Further, the set D(pgl)J) is ordered according to magnitude as
0< Clzjl < Cllﬂ <.+, j€EN, i€{1,2}, see (A3). Then for each i€ {1,2} and t € R,
K9(t) = fo Jo g (s, XY )| NO(ds,du) as n — oo PD-almost surely, where

0 Z// lg(s, X u)|| NO(ds, du) Z Yo llgls, X P

s€(04nD (")
where p@ denotes the thinning of p onto Uy ;. Since (p, XW) and (p®, X@) have
the same distribution with respect to P and P®| respectively, KT(LI)(t) and Kr(?)(t) have
the same distribution with respect to P and P®, respectively for all n € N and t € R,
(which can be checked in the same Way as in the proof of Lemma [A.2] by replacing g with
lg|l). Consequently, fo Jo, lg(s X 0| NO(ds, du) and fo Jo g (s, X% w)| N®(ds, du)

have the same distribution with respect to P®  and IP’( ). respectively for all ¢ € Ry. Since

t
B ([ [ ot X0 ¥Os, ) <o0) <1 te Ry,
0 Uy

we have (AT7). All in all, the tuple (Q®,F® (F2 )teR+,IP’(2),W(z),p@),X@)) satisfies
(D4)(b)—(d), and then Lemma [A2] yields that the processes (A and (A2)) have the same
distribution on (D(R,,R%))®. O

The next lemma corresponds to Fact B on page 107 in Situ [24].

A.5 Lemma. Let us consider the filtered probability space (Q,f, (]-"t)te&,IP’l,g) given in the
proof of Theorem [L1. The process Q> (x,w, 7y, y@) = w, € R", t € Ry, is an r-
dimensional standard (F;)ier, -Brownian motion, and the process 3 (z,w,m,yM, y@) —
Ny Jogxv € M(Ry x U), t € Ry, is a stationary (F;)ier, -Poisson point process on U with
characteristic measure m under the measure P .
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Proof. Using that the w-coordinate process is an 7-dimensional standard (G;);er, -Brownian
motion under PPy o, for the first statement, it is enough to prove the independence of w; — w,
and F, for every s,t € R, with s <. For this, it is sufficient to show

(A.8) Ep, ,(e!®ww)1y) = e W2 p (@), yeR, GeG, 0<s<L

Indeed, if A € G,, then there exists some G € G, such that AAG = (A\G)U(G\A) e N
and consequently Py 2(AAG) =0. Then,

Ep, , (€@ 4) = Ep, , (@™ 1 4rg) = Ep, , (¥ 1)
— o= (t=9)lyl*/2 P, »(G) = e~ (t=9)llyl?/2 P, 5(A), Ae é’s, 0<s<t
Moreover, if A € F;, then A € §s+€ for all € > 0, and hence
Ep, ,(el@0rwesed] ) = e t79IWIP2 P o(A), A€ F, 0<s<t, &>0.

By dominated convergence theorem, using that w has continuous sample paths [P ;-almost
surely, we get

Ep, , (/@™ 1) = ™0~ MwIF/2 P o(A), AeF,, 0<s<t,
ie.,
Ep, , [ei(y,wt—ws> ]:S] — e—(t—8)||y||2/2’ 0<s<t.

Thus, in the light of Lemma 2.6.13 of Karatzas and Shreve [13], we get the independence of
—ws and Fy for every s,t € R, with s <t.

Using that w; —w; is independent of G, under P,,, we obtain

E]P’Lz [ei<y7wrws>1G} = E]P’l,z [EPLz [ei<y7wrws>]lG } gs” = E]P’Lz []10 E]Pﬁ,z [ei<y’wt_ws>

Gi]

IE]P’12 [II'G EP12 [ e H = IE]Pﬁ,z |:]].Ge_(t_s)”y”2/2:| = e—(t—s)||y||2/2 IP)1 2(G)

)

for all y € R” and G € G;, hence we conclude ([A.8) and then the first statement.

Using that the process p. is a stationary (Gi)ier -Poisson point process on U with
characteristic measure m, as it was explained in the proof of the first statement, for the
second statement, it is enough to show that for every s, € R, with s <t, every n € N,
every disjoint subsets By,...,B, € B(U) and Aq,..., A\, € Ry,

Ep, , [e— S0 A Now (.81 By) G] — I T Y -mB) P (@), G eg..

Using that N, ((s,t] x Bj), j €{1,...,n}, areindependent of each other and from Gy under
P12, we get

Ep, , [e—z 125 Npr (58] % B;) ]lc} Ep, , [Epu [ = 3271 A Now (58] % Bj) ‘QSH
= Ep, , []10 Ep, , [e_ 25=1 2 Npr ((5,2] X Bj) ‘ gSH =Ep,, []1G Ep, , [e_ i /\ij,r((s,t]xBj)”

=Ep,, [11(; o(t=5) z;;ﬂe”j—l)m(Bj)] = et=) Zjnale I -0m(B) P (@)
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for all G € G,. The last but one equality above is a consequence that N, ((s,t] x B;) is

a Poisson distributed random variable with parameter (¢t —s)m(B;), j € {1,...,n}, under
P; 5. Hence we conclude the second statement as well. O
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