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ON THE SOLIDITY OF PACKINGS OF INCONGRUENT CIRCLES 1.

A. HEPPES

Computer and Automation Institute
Hungarian Academy of Science

1. Introduction.

A packing of convex discs is said to be soli1d 1A
subset of the discs can be rearranged =
packing not congruent to the original one [113.

In the oresent paoer we shall prove a general theorem tn
contains sufficient conditions for the solidity of circle
packings in the Euciidean bplane.

2. Definitions.

l3- e a set of positive numbers.

Consider three disioint open circles of a radius R K

et " PRi= R et gl
1.7 o

(1=1,2,3). This triple as well as the triangle determined Dy
the centers of the circles will be called normal 1if none of
the segments connecting two centers intersects the third
circle, :

We say that a set of normal triangles generates a packing 1F

the triangles cover the plane without gaps and without

overlapping and the circle sectors of the i1individual normal

triangles fit together to from complete circles.

A positive weight wi(r ) will also be assiagned to all circles
L

of radius r (=1 25 oo et

Let O and p. denote the centers and the radii of a normal
J J

triple, respectively, and a)the angle of the trialgle at

vertex OJ(J=1’2’3)' The weighted density of the triple (in

the triangle) is defined by
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where A denotes the area of the triangle 010203.

For the =sake of simplicity the term density will be used
instead of weigthed density threoughout this paper.

A normal triangle will be calied tight (spanned) 1+ the
circles are mutually tangent (if one circle 1s tangent to the
nther two and to the opposite side) (Fig. 1r.

3. Preparations.
First we show the validity of the folliowing

oA 1. Lef thelsadil- . r and weights wir ) A=1V2, 35 be
L

.
given. We consider all normal! triples consisting of circles

the radii of which belong to the set R {rv...,rp} and we

claim that each triple of maximal density is either tight or
SpAanned.

oroot of LEMME 1 is ba
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ed on the following result of H4rs
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LEMMA 2. Let a, b, ¢, a4, 2, ¥ and A denote the sides, the

opposite angles and the area of a triangle. For given positive
weights u, v, anc w we consider the weightecd angle-density

e o, 305 I
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A
For fixed a, b, u, v and w the function 8(y») ' is  strictly
quasiconvex in (O, ), i.e. for any given interval O < ¥, Rl
¥ < m 9y attains its maximum only at one or both ends of

2
the i1nterval.

Proof of LEMMA 1.

fis the depsity in a large triangle 1s small, when looking +For
the densest arrangement 1t 1s enough to consider normal
triangles of restricted size. However, the set of normal
triangles of sidelength not greater than K 1is compact, thus
the existence of a triangle of maximal density follows easily.
Therefore, it is sufficient to show that a normal triangle
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that 1is neither tight nor spanned is not one of greatest
density.

We consider a normal triangle that is neither tight nor
spanned and distinguish two cases.

Case 1. No circle is tangent to the opposite side of the
triangle {(consequently it is nor spamnned) and there are two
circles, say the first and the second that are not tangent
(thus it is not tight either). Let us apply LEMMA 2 using the
weights

u = pz.w(p Weldn
v = pg.w(pz)/;, %
w = pa.w(pa)/E,

where o denotes the actual values of the radii (j=1,2,3). {(By
J

this choice the weighted angle—-density and the weighted

density of the circles coincide). The role of ' and s in
Lemma 2 will be plaied by those values of angle §p - the
angle opposite to side ¢ — for which the triangle stops being

normal, or, with other words, whare a further touching occurs
- (Fig. 2). According to LEMMA 2 the density can not attain its
maximum for an angle y lying strictly between i and v thus

the triangle in guestion is nor extremal.
Case 2. One circle, say the third one, iz tangent to the
opposite side O}% of the triangle (thus it 1is not tight s

however it does not touch both of the other circles, say the
first and the third are not tangent, {(theretore 1t 1s not
spanned). Let us reflect the triangle in straight 1line OJ%

and denote the mirror image of Og by 0; (Fig 3). Clearly, both

isosceles triangles 01030; and 02030; are normal, and, +for

the densities o , o , @ of the triangies O O0_O , Q0. 0%
o 1 2 4452 70 1 3 3

O 0 0" it holds
2 8 3

Ao A S SRR AIoY = (AL A )oE
. 1 4 252 o 1 2 o
where A denotes the area of OLOSO;(1=1,2). Consequentiy, g
L :
cannot be the maximum of ¢ except for 2 o o But, since
neither triangle is spanned and — according to our assumption

in Case 2 - 01090; is not tight.either it belongs to Case 1.
Hence neither this triangle nor 010209 can be of maximal

density.

This completes the proof of LEMMA 1.
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Remark. Applying the same reflection we used in the discussion
of Case 2 it is easy to see that whenever the maximal density
is attained by a spanned triangie there is at least one tight
triangle of the <ame density. Consequently, to find the
ma=imal density for =z given set of radii ﬁt R and weights
wip) it is enough to compare the densities +or the

| S [I:]-r ﬁ] tight triangles.

4. The THEOREM.

The oroofs of the solidity of certain packings can be based on
the following general

THEOREM. A packing of circles of radius L s Foyenesly is solid

15
{i) The packing can he decomposed 1nto tight triangles.
The actual tynes of triangles used in this
decompositicon will be called tile triangles.

(1i) Positive weights wir * can be assignad to the circles
L
of radius +. (i=1,2,....k? in such a way that all tile
L
triangies have e2qgual weighted density while the density
in any other tight triangle is smzaller.

{1i1} The uniaon U cof an arbitrary finite set of trianglies of
the decomposition can be filled (without gaps and
without overlapping) by tile trianagles generating a
packing only in one way — according to the original
cattern.

To orenare the proo+ of the THEIREM Qe refrase a result  of
Fejes Toath and Molndr [3]1:

LEMMA Z. Any saturated packing1 of circles of radius 2 p > O
—an be decomposed into normal triangles — even so that each
segment connecting the centers gf tangent circles is a side of
a triancle of the decomposition™.

%
“A packing of circles of radius p s called saturated if there
s no room  lett tor a further circle of radius P without

overlapping.

“This formulation of the result is rather a corollary of their
method than the exact citing of a statement un the paper.
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Proof of the THEOREM. Lat""P Be a  sacking for “‘which stH
assumptions are valid, S an arbitrary finite set of circles
P and S* a r=arrangement of these circles that “Logether wi
the rest P - S of the packing forms & new packing P’. we
shall show that P and P* are congruent, i.e. the packing is
solid.

e
T 1D

H

et U be the wunion oOf «a #inite’ sat . of  triapglies ot al=
decomposition that covers S and S* a2z well. Now we define a
weighted packing problem <or U. #e consider all sets of
circles of radius Fook  ge s gly that compl=stely iie in U and,
together with P - S, form a packing and maximize the density
of these packings within U, when =11 circies of radius r are

taken with weight w(r ) defined in assumption (ii).

d

Iy
)

Clearly, the original set S p
since U can be decomposad 1o
the density. The contribution o2f S =;
density in U , thue the extremalit: of
packing implies that P* is saturated. Then -
can be decomposed into normai triangles in such a way that the
boundary of U (consisting of segments each connecting the
centers of a pair ot touching circles) is not ‘Ycrossed” by
teiano:Bsat evg.a ' s the uwunieon: jef  a Srnite’ setslot i thease
triangles.
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From the equality of the contributions mentiorsd above it also
follows that each triangle of this second decomposition of U
also maxzimize the density. By LEMMA 1 each of these friangles
is either tight or spanned. In fact none of them 1s spann=d,
because spanned triangles could occure in P’ only in
symmetrical pairs implying the existence of touching gcairs of
circles the centers of which are not connected by a side of
triangle. But, thiz would contradict the basic property of the

-

zecond decomposition guaranteed by LEMMA .

Conseguently, all triangles of the second cecomposition must
be tile triangles.These triangles +ill U and generate a
packing, thus - according to assumption (i11* - the second
decomposition coincides with the first one.

This completes the proof of the THEOREM.
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ON THE SOLIDITY OF PACKINGS OF INCONGRUENT
CITRELES I,

A. Heppes

Summarx

A packing of convex discs is said to be solid if no finite
subset of the discs can be rearranged so as to obtain a
packing not congruent to the original one [1l1].

In the paper a general theorem is proved that contains
sufficient conditions for the solidity of circle packings
in the Euclidean plane.



INKONGRUENS KITOLTESEK SZOLIDITASAROL I.

Heppes Aladar

Csszefoglald

A sik konvex lemezekkel vald kitdltését szolidnak nevezzik,
ha a lemezek barmely véges részhalmaza csak ugy rendezhetd
at, hogy az uj kitdltés az eredetivel egybevagd lesz [11].

A cikkben a szerz0 a szoliditasnak egy elégséges feltételét

adja meg.



	Heppes, A.: On the solidity of packings of incongruent cicrles I�����������������������������������������������������������������������
	Oldalszámok������������������
	27���������
	28���������
	29���������
	30���������
	31���������
	32���������
	33���������
	34���������


