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A DEDUCTIVE LANGUAGE FOR THE REPRESENTATION OF INCOMPLETE
KNOWLEDGE

HA HOANG HOP

Institute of Computer Science and Cybernetics
Hanoi - Vietnam

Abstract We give here a formal treament of the problem
of representing incomplete knowledge by a new approach in
which formal knowledge bases are described in terms of
abstract interactive operations between them and expert
svstems /ESs/. ile then setle up an original knowledge repre-
sentation language which allows the explicit representation
of nonmonotonicity in the framework of beliefs and knowledges.

The correctness of this language is proved.

l. Introduction Our formalisation of RL - the representation
language - is started with kcDermott and Doyle /1980/, Moore
/1983/, Levesque /1984/. Levesque 8 paper provides much
technical inspirations. We generalise Levesque s knowledge
representation language by two foundamental aspects: all
interactive operations are abstract instead of only as "Tell"
and "Ask", and beliefs are more explicitly represented by
means of simultaneous two algebraic operators K "It is known"
and L "It is believed". The first aspect allows a high level
of conceptual modeling, since with two operations "Tell" and
"Ask", formal knowledge bases would have the risk of colliding
to traditional databases in which well-formed formulae are
only considered in part; the second aspect enables a more
explicit representation of beliefs, as we explicitly specify
in RL the second algebraic operator L - we distinguish belief
and knowledge, this distinction seems to be essential when
dealing with the Generalised Closed-World Assumption /Reiter
-1978, Bossu and Siegel-1985, Przymusinska and Gelfond-1986/
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We give an approach to above problem by a new manner: turning
reasoning steps into so-called knowledge matrices and then
showing the correctness of RL.

We buil up RL on the basis of the following sets:
W KB, -F,. R

where

e« W is a non-empty set of possible worlds, 2

« KB is a set of preliminary knowledges about W. In the
following, KB is treated as an abstract knowledge base.

« F is the set of all formulae of FOL and all rmulae of
the form:

a0y ) qul\...I\an = 2 .or simpler quA.../\an: T

12/ qu/\...I\an ©® I or simpler qul\...I\an: g
where p, qi(i=1,...,n),r belong to FOL. K is quoted as
"it is known" and L is as "it is believed".

. R is a set of specific representations so that each r& R
transforms an arbitrary pair(w,d) where w¢ W and d ¢ F
into an element of

C= %.yes, no, unknown, known, believedqj

Definition 2.1.1. Axioms for FOL proof theory:

[aY/ -p> (q::o r) .

fa2f { sa%a 0.xhs {p = 9)s 0 . .
/a3/ (vg> ~mp)> (~Nad> e pP)D q .
/e4/ ¥x (p> q)> \¥xp> ¥xq).
/a5/ ¥xp > py -

Axiom of Equality:

/ae/ (i=1) A (i # j) for all distinct i, j
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P, q, r are formulae of FOL, x is free variable, t is closed
term and i, j are indexes.

Comment 2.1.2. Since KB is defined as preliminary knowledges
from W, it puts equivalence to that KB is incomplete,
With the algebraic operator K, we have Levesque s
query language in which a formula of the form Kp is
read as

The KB knows p /ak/

KB [ p

where || is a specified provability relation and p is any
formula of FOL possibly containing K’s.
The second algebraic operator L is as

The KB believes p /eb/

or
KB |l= p

where ﬂ: is a new form of provability /or query evaluation/
While the first query evaluation t- is understood as
usually, the second needs an exact semantics.

2.2. Semantics for RL

The language RL has all formation rules of FOL and
the following two rules:

If p € RL then Kp &€ RL /ak/
Tt% p €-RL' theti - ILp.c 'R /eb/

So, in F there is three kinds of formula:

AR R W
ALl BL B q)
7 U & 1) SR (p A a)
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/i/ will be true or false depending on the interpretation
of predicate symbols.

/ii/ will be true or false depending on KB and on what is
'known or unknown.

/iii/ will be true or false depending on KB and on what is
believed.

Semantics of RL will be depended on the set of possible
worlds W. We use here Kripke s interpretation. Kripke /1963/
uses the concept of possible worlds to create a formal
semantics for modal logic. Later, mathematical logicians,
e.8., Chang and Keisler /1973/, Kalish et al./1980/, equate
the concept of possible worlds with the model for a formal
language of FOL. In another development, linguists and
philosophical logicians,e.g., Cresswell /1973/, Rescher
/1975/, seem to regard possible worlds more broadly, as a
kind of Gestalt experiments, not limited by the vocabulary
of the language of FOL or any others. Our usage of possible
worlds here will be more on mathematical side,i.e., that a
possible world is an alternative model, but the philosophi-
cal side remains valid.

Definition 2.2.1l. Kp is true in KB iff p is true in every
possible world of W.
Definition 2.2.2. Lp is true in KB iff p is true in every

possible world of W.

In agreement with McDermott /1982/ s argument, we need
two inference rules: modus ponens and necessitation. We come
to the axiom schemata for RL.

vefinition 2.2.3. Axiom Schemata for The Knowledge

Representation Language RL

. The axioms of FOL
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« Kp where p is an axiom of FOL
« Lp where p is an axiom of FOL
« K 00D a) 2 EEp o Ky)
. (Jo‘x) Kp == K(‘Vx)p
. L(p=> a)=> (ip = 1q)
» (¥x) 1p- 2" L (¥x)p
« P = Kp where p is pure.
/ a formula is pure when it is  known /

Definition 2.2.4. Nonotonic inference rules for RL

Vo Dy 9 =i /modus ponens/
e P + Kp /K-necessitation/
. P Lp /L-necessitation/

Comment 2.2.5. On the basis of the notion of possible
worlds, K and L are treated in an unified way: definitions
2.2.1 and 2.2.2 have pointed out this unification, thus

in the above definition, we may use | instead of |

and “: without confusions. The semantics for RL is both
sound and complete since RL is both sound and complete
with respect to Levesque /1984/ and Hop /1987/. Due to the
limited space, we do not quote the proofs here,

Theorem 2.2.6. RL is both sound and complete

In this section, we consider more concretely
what RL will be with abstract interactive oprations. We
define exactly interactive operations by terms of specific
representation, then gradually, the so-celled knowledge
matrix is constructed that serves for the proof of the
correctness of RL - this proof in turms, is strongly not only
supports for theorem 2.2.6, but opens new possibilities for
further investigations.
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3e.dle Definitions

Definition 3.1l.1. r € R is defined as follows:

r: KB X RL —» S&yes, no, known, unknown, believed}

so that

yes, if Kp true on k

no,: i’ K p thueton<k
r(k, p) = believed, if Lp true on k

known, if p is Pure

unknown, otherwise

Definition 3.1.2. The quantification of R:

Q(I‘(k,p)) % i O’Al’ A29 A3v L }
so that

1 B ¢ r(k,p) =yes
o 1t r(k,p) =no

Q (r) = A, if r(k,p) =believed
Ao At r(k,p) =known
Ay if r(k,p) =unknown

where OéA3 £ A2 P4 Al &

De{i_zln':t_{g_r_x__B_._l_._z. The classification of algebraic/modal
fgrmulae:

/i/ if p is formula, then so Kp, Lp.

/ii/ Classification listing for all formulae / with or

without algebraic/modal operators /



RGN 2o e

a ol %
(pAQ9 1) (p’ l) (q, l)
(pVa o) (P> 0) (3, ©)
(p>4a, 0) (o, 1) R
(s 1) (p, 1) {ay 1)

0 )

(mp” %0 ) (ps 0) (a
B Y E,
(pA q,O) (pt 0 ) (q’ O)
(p ¥ 4, 1 ) Lp’ i ) CQs 1 )
(P > q, 1 ) (p’ O ) (q, 1 )
o Lo
Kby Dy, <&
Lp, O Doy el
512 Tl
Kp, O By =0
Lp, 2! D, 1,

where o{\g(.” ﬁ) ) 64)B2n°(2, S are used to denote

signed formulae and their components of respective types.

This classification is a modification of Hop /1986/ for

temporal case, however, we give here only a classificatio,

which relates to classical quantification with two values

O and 1 - this treatment is enough for the matrix representa-
tion that we will present belows.
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Definition_3.1l.4. The formula tree for a signed modal

formula is e formation tree conteining additional information
as to the polarity of its atomic formulae.

Example_ 3.1.5. The formula tree for the formula

is

(x, i)) a,
(FD ’ O) a,

P

/L/\v 1) e (x, (I)) 89
LA’ 1> 84 L, 1) s (A 2 0) 8
q?’ 1) e (2 1) e () 0) &) Lr' 0)e,

the label at each node is index of the path in the tree,
which provides the following matrix representation of formulae

Definition 3.1.6. A path through a formula tree is a subset
of its formula tree. Denote these paths s and t, and 8 u
for path 8 with an occurence of the label u .

A path through a formula tree is called atomic iff for
every node k in s, either

/a/ k is a label by an atomic formula, or

/b/ k is a v in the classification tables.

The atomic paths through an quantified formula is detected
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by wringting components of an O -type side by side and the
components of p—type one above the other to form a nested
matrix.

Example 3,l.7. The matrix representation of the formula in

example 3.1.5:

Wl Sy | A (—pAq—)——- (—-Lr-) A A A

one of four atomic paths is a dotted line in the figure.
With o € R, a pair k,p is transformed into an

value in the set {O, 3 Al’ A2, A3 f. It in turn, is

transformed by quantification Q into one of the categories

in classification tables, and at last, comes into the form

of matrix representation above. We have the following defi-

nition.

Definition_3.1.8. Through r, Q and matrix representation,
we obtain matrix l‘xijll qxm forming by elements: 0, 1,
Al’ A2, AB’ where q is cardinality /if any/ of p in RL
and m is cardinality of KB /if any/. Thus, in the simplest
case, KB can be represented as a matrix, and in general, it
can be represented as matrices. We call this matrix /or ma-
trices/ knowledge matrix /or matrices /.

We obtain the Theorem belows which points out the
existence of specific representation for every interactive
operation between KB and expert systems. This theorem actually
shows the correctness of every operation between KB and their

abstract expert systems.

Theorem_3.1l.9. For every r &R, there exists two other
specific representations Tys Tp & R so that r = Ty 0 To,
where "o" is a consequent application of Ty and r2,i.e., a

matrix multiply, and
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€3 (k’p) = “kij“ g Xrmesa r2(“kij” qQ X m) =”xij“qu
S éfto, i Al’ Az, AB}‘.

Proof. Let r3 be a specific representation that

transforms “xlJ qur to a quaniified matrix llle“ i

/ this situation is realistic since we can put xlJ = ylJ

% 5 €40, ik yand vl /2 3T x e{Al,A 20 A 3}

Thus by rBl we denote the reverse representatlon from
“yij“ w2 50 gl g s s

if

Put ry = T 0 T3 T,= rg we have
T rs 6. Pat =20 B it T SO
1 2 k| 3 3 5 ,
The Theorem is proved,
4. Conclusion. With RL, we can resolve the following

problems:

. The interaction between an abstract expert system with

an incomplete knowledge base by non-monotonic manner,

. Formal semantics, a Kripke semantics-based consideration

is explicitly investigated,

. For the first time, we propose the matrix representation
for the problem of constructing up an knowledge representation
language, this treatment shows that even with extended power
provided by RL, knowledge of an incomplete knowledge base is
still representable at symbol level, and even at number level
by means of two modal operators in the framework of matrix
representation. This means that whenever we want to have the
"preturns" to traditional databases, it will be quite possible.
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Recently almost all contributions to the field
of knowledge representation are deductive, i.e., are based
on various deductive reasoning models, It means that the
logical lattice of deduction models are supposed closed. The
closure property is presented inTheorem 3.1.9. Closures are
abstractly and generally investigated by Khang /1978/, thus
it seems to enable an unified approach to pattern recognition
and knowledge representation simultaneously.
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A DEDUCTIVE LANGUAGE FOR THE REPRESENTATION OF Il.COMPLETE
KNOWLEDCE

Ha Hoang Hop

Summarz

In the paper a formal treatment of the problem of
representing incomplete knowledge is given. By this a
new approach to formal knowledge bases is described
in terms of abstract interactive operations between
them and expert systems (ES). An original knowledge
representation language is introduced, that allows

the explicite representation of non-monotonicity in
the framework of beliefs and knowledges. In the paper

the correctness of this language is also proved.
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EGY DEDUKTIV NYELV A NEM TELJES TUDAS REPREZENTALASARA

Ha Hoang Hop

Osszefoglald

A cikk a nem teljes tudas reprezentdlasanak egy uj formalis
targyalasat adja. Ez a targyalas a formalis tudasbazisok és
a szakértd rendszerek kozotti absztrakt interaktiv leképezé-
sén alapszik. A szerzd bevezet egy eredeti tudas-reprezenta-
16 nyelvet, amely a "nem-monotonitasnak" egy explicii repre-
zentalasat is lehetCvé teszi, éspedig a tudas illetve véle-
mény fogalmak keretében. A szerzd a nyelv korrektségét is

bizonyitja.
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