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In this paper we introduce and investigate strongly domina
ting and regular dominating sets of variables for the functions. 

DEFINITION 1.Г21. A function f C x ± ....x̂ J> is said to depend
on the variable x 1 <. г < n if there exist n-1 constants

’ ci. -l ’ ci +i c for the variables х л n 1 , X , X ....... XL-l l+l n

•X i - l " C L - i ’X f i" C i+i .,X  = C  ) n n
R( denotes the set of all

such that the function /Cxi*cl,. 
assumes at least two different values, 
the variables on which / depends.

DEFINITION 2.[2]. A set И , H Я R{ is called separable for / 
with respect to the set N * < х  , . . . , x l ? я  R{ if there exist l con
stants c ,...,c such that l i  я Ä, _ v S f denotes1 L J К. Л. ̂  J I , IN

the set of all the separable sets for / with respect to the set N.
When l i is separable for / with respect to R( \ i 1 then H is 

called separable for /. Sf denotes the set of all the separable 
sets for /.

DEFINITION 3.111. A set l i ,  И Я R( is called c-separable for / 
with respect to the set N »fx ....,xLl я  R ( iff for every l con
stants с , , l i  Я S, -j holds true. S* denotes
the set of all the c-separable sets for / with respect to the set N.

When H is c-separable for f  with respect to R{ \11 then П is 
called c-separable for /.

DEFINITION 4. 111. A set l i < x .....x У я  R. is called domina-1 TY\ 1

Ю  if there exist m constants cl ’ting of N , N c R{ , U 1 ~  
such that C*> N n 5= 0 and l i is minimal with1 1  m m
respect to this property.When N satisfies C<0 then it is called 
a—dominating of N , ( .H  Ю .

a-M N denotes that l i is not dominating of N for f  and
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t i N denotes that M is not a—dominating of N for /.
DEFINITION 5. [33. A set P » fx1,...,x > R{ is called strongly 

dominating of Q , Q Я R{ , ( .P Q) if for / there exists an p-
•Ф ф *tuple P = , cp.> such that P is dominating of Q with P and

vViCx ,Q*0 Where Xi’Q Q \R f C x t

The set C is called active zone of x in Q., Q V
that P is not strongly dominating of Q for /. 

When P 2̂ + Q and for any i , j  , 1< i , j < p

Q denotes

C rx C = 0  v'xi , xj ,Q
the set P is called regular dominating of Q for / СP r  d Q) •

Q denotes that P is not regular dominating of Q for f .

We now present an example to illustrate these definitions. 
EXAMPLE 1. Let. f  = x x +x x +x x_+x,x x +x x Cmod 2 ) ,I S  2 Б 3 ö 3 Ö 6  4 6

fx^.x > and Q » íx,,x,,x,,x 1 . It is obviousD G 1 2  3 4- that P 9  d Q

with P =C0,0) and CX5 ’Q fxt,x2,x3  ̂, Cx Q® Since6 ’
С С л 30 it follows that P
x b ’ĝ  xo’Q

r  d o.
THEOREM 1. If P s  d Q then for every x. <=P , C <z t i ,L , У

where if =x и, Cx |Q .
X J *X JJ l

PROOF. Obviously P — * Q. Without loss of generality assume
that P * fx.... x ) ,  Q -  i x  _ , . . . , x  > ,  p  < q  <. n . Now supposel p p + 1 q
that the theorem is false and let for example

c* t.«=c*2.«P--u c *.-<» • •**> •ЖConsequently there exist s—1 constsnts c ,...,ca such that
Ä/Cx2=c*... xa-c*r 0

This implies
Q ^ * * ,= 0« n nf C x„ =c , . . . , x »c J)J 2 2 ’ ' p p

for every p-s constants c * . .. ,c* for the variables from the set.9 + 1 О
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PMTQ Cl fx^ -So we have PVCx^Sl^Q and P—1* Q . A contradiction. The 
theorem is proved.

COROLLARY 1. If P Q then for every x ,x eP , x ?<xJ V V J
CX .Q2 CX . ,Q‘V J

COROLLARY 2. If P 1̂* Q then for every x eP, С *0.L y Q
THEOREM 2.If P 1̂* Q then CardCPJ) 2S C a rd C Q ) .

This theorem follows by Theorem 1.
P <̂ 1» Q denotes that P 2iL* Q and Q 1̂* P.
PROPOSITION 3.1f PAl*Q then C a r d C P )  » CardCQJ).
THEOREM 4. If P 2l* Q and C a rd C P )  m C a rd C Q ) then P il* Q 

and Q -1* Q.
PROOF .By P Q, C a rd C P )  =  C a rd C Q )  and Theorem 1 it follows

that there exist C a r d C P ) different active zones in Q which con
tain at least one variable belonging to only one active zone. Hence 
for every x. eP it is true C a rd C C  )  * 1. This implies P Ll* Q.L > У

ТГ rtANow suppose that Q —1+ Q . Obviously Q — * Q and there 
exists a subset Q1 of Q for which <^-1* 0- Without loss of gene
rality assume that P = < x ± , . . . , x  ) ,  Q = fxp+1,...,x2p>, 2 p  < n  

and Cx Q=<x + i-* for г=1,2,...,р. Let x +te Q\Q± for some t< p.
Consequently Cx ^  Qt=0. As in Theorem 1 it follows that

p\<xt>^l*0 and P—1*Q .This contradiction completes the proof of 
the theorem.

COROLLARY. If P̂ l* P then Pl-!*P.
In Cl] the s-system of a family 0 of sets is introduced as 

follows:A set E=<xi,...,xt> is called s—system of ft=<P1,...,Pn>, 
P * Q  if Z n P^*0 , i=l,2,...,n and for every j< * there exists 
Pke ft such that Pfc n Z=<x^>.

THEOREM 5. Let P̂ 1*Q. The following two conditions are 
equivalent:



124

CO C a rd C P )  я  C a rd C Q )

Ci. i ) Q is an s—system of the family <CX Q|xl«P >.i. '
PROOF. C i. i. )==>C i. ) . Sinse Q is an s-system of <C |x. <=P >» Q  V.

it follows that for every x̂  <=Q there exists x̂ «=P such that 
C r\ Ö = <x >.By the definition of C it follows that

X ^  , Q  J у 4

Cx Q. Consequently Cx Q = <x̂ >. So every x̂  eQ is an active
zone of some x^eP. By Corollary 1 of Theorem 1 it follows that

C a r d C P )  =  C a rd C Q ) .

CO==>CiO. Sinse C a r d C P ) » C a rd C Q ) then as in the proof of
Theorem 4 it follows that C a rd C C x  )  =1 for every x^eP. So, anyi. ’

is an active zone of some x̂ eP. Hence Q is an s—system of the 
family <CX Q|x^eP >.

It is easy to prove that Q is unique s-system of the family 
<Cx , J x i * P >•L

COROLLARY. If P̂ -l* Q and Q is an s-system of the family
CCX Q|xveP > then Q -2 *Q .i. ’

EXAMPLE 2. Let / = x x + x x x x  Cmod 2 ) ,  P *C x  x  ) ,1 4 2 3 4 C 4-0

Q = C x t , x _ , x  )  and Р*=СО,0). It is easy to see that p£-̂ +Q, Pli* Q1 2  о

but P-1»P and Q-l+Q.
THEOREM 6. If P=CxA , . . . ,xp>£ R{ and P-l* P then Pi^P.
PROOF. Let x̂  be an arbitrary variable from P. Obviously Cx^> 

is dominating of < x ^ > for any constant .Hence x ^e Cx p, Cx p**0

and P £ xuep Cx , p-X. 1
>9 dOn the other hand Cx p£ P. So, we obtain P— >P with anyI i. ’

P*=Yc*,.. . , and by Corollary of Theorem 4 it follows that P t - l+ p .  

COROLLARY. If P-^>P then for each subset Pt of P it is true
P ^ P f

THEOREM 7. If P Î—t Q and P n  Q =  0 then each non-empty subset P ±
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of P is separable for / with respect to P\P1.
PROOF. Let P * ix4....xpl, P fxt....xfl>, s 5 p and

P*■ fc*,...,cp-> be an p-tuple with which P is strongly dominating 
of Q for f .

Suppose the theorem is false i.e. P «f S, . Then for anyl f,p\p t J

p-s tuple <Tca +1,. . . , cp  ̂it is true
X —c ..........., x  - c  J>* 0 *J 3 + 1 3 + 1  p p

P t\Rj

Hence

P — P \R rs -  * * 02 1 /Cx * C  ....... X =C J>J 3 + 1  9 + 1  P P
Let X <=P . Ve haveV 2

X içi Rf C x - C *  ......X =C*J>J 3 + 1  9 + 1 ’ ’ p p
and

This implies
С Л Ä,, * * .«0.X , Q n fC X ^ =c  ̂ X =c ^I. J 9 + 1  9 + 1 ’ p p

C S , LI cX L ,Q к=э + 1 X k ,Q
This contradicts to Theorem 1.Consequently Pt<= Sf pxp .The theorem
is proved.

COROLLARY 1. If /»iá* Q and P n Q = 0 then for any subset P
of P the set CQNC u C p is separable for / with respect

x k € P 4 P i x k ’Q  1
to P\Pr

COROLLARY 2. If P ^ Q, P4, P2<= P and Pl0 P2=0 then P ^ ,  p
THEOREM 8. Let P»fxj 

Ö=RfNCr u P), where Г» Rf and
...... . X )Я Rt and P*«fc* ... ,c*J> . If
1 ’ p  f i p

/  « /C x  * c ....,x - c  .>J l J l l p pp P
then T <a Sf Q.

PROOF. Suppose the theorem is false. Then there exist q cons
tants СЧ ,. . . ,ĉ  for the variables in Q such that T  <z. R( , where 

1 i 1 q 2l
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/=/<Гх =с 2 li li ,х. —с 9. 
q q

Without, loss of generality assume that x <s T \ R . .Obviously
Г f 2

Q n  R{ =0 . Consequently for every q constants <f , , cf it
l 1 i q

is true
/.*/.Cx *d. ,...,x *d J>.

1 1  q q
This implies that

i. =o ). ». ». q ql l
Now x « R, shows that x «g R. . Remember that T = R.r  f 2 Г f 4 t t

have x « Г. A contradiction. The theorem is proved.
Thus we

COROLLARY 1. If P ^ Q  then Q \Cx. .Q t ,C andx , Ql.

C X. , Q €  S f ,M ’ W h e r e  П = Q N C X t , Q  f ° r а П У
COROLLARY 2. If pLií+ Q then for every x , x eP, iw * j it is true

Xj.Q- f ,CX. . Q
THEOREM 9. If P ^ -> Q then P?A+QVP.

PROOF. Obviously P— *Q*Jp. Then for each variable x^eP there 
exists an active zone of x in Q such that C s Q . Thus we haveL , Q
<x >-L Cx Q. By Corollary 2 of Theorem 7 it follows that

C x .M = < \ > u  c x  ,0 a n d  x  C x  ,m  -  »■ * h e r e  "  =  F U  0-

The theorem is proved.
THEOREM 10. If P2±>0 and P n Q =0 then for every x. eP and

for every x e C there exists at least one m-set П , C a rd C M )= mJ X t , Q
which is separable for f  and x̂  , x̂  e M.

This theorem follows by Theorem 4.10 Cl] and Theorem 6.1 С6]. 
COROLLARY 1. If P̂ ä* Q then each variable x. eP forms a separa

ble pair with each variable x eC .J у ̂
Denote by őCx^,!) the number of all the separable pairs which 

are formed between x̂  and the variables from the set L q R( and by
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óCP,Q) the number of all the separable pairs from P X Q.

COROLLARY 2. If P ^ ->  Q then for any x̂  <=Q
<5(x , РУ> C a rd C (C x Q|x eCx Q& x^Pl.

COROLLARY 3. If Pil* Q then
<5C P , Q)> Z C ard C C 9.X eP *4’QL

COROLLARY 4. If P L±>Q then
<5C P,Q)> CardCQJ).
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STRONGLY DOMINATING SETS OF VARIABLES 

Iv. Mirtchev, SI. Shtrakov

Suimnary

The paper studies strongly dominating and regular 
dominating sets of variables of functions. It is a 
continuation of the research of the authors and K. Chimev. 
If is proved that if P strongly dominates Q for f, then 
all subsets c p are separable for f with respect 
to P\P1 .
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A VÁLTOZÓK ERŐSEN DOMINÁLÓ HALMAZAI 

ív. Mirtchev, SÍ. Shtrakov

Összefoglaló

A cikk a függvények változóinak un. erősen domináló és 
regulárisán domináló halmazaival foglalkozik /a pontos 
definiciók a cikkben megtalálhatók/. Ez folytatása a 
szerzők illetve K. Csimev korábbi kutatásainak. Be van 
bizonyitva, hogy ha P erősen dominálja Q-t /egy f függ
vényre nézve/ akkor minden P^ c. P sz f-nek a PXP^re 
nézve vett szeparábilis részhalmaza.
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