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THRO UG HP UT O P T I M I Z A T I O N  OF MULT I S T A G E t Q U E U E I N G

* )
SYSTEM S W I T H  F I N I T E  I N T E R M E D I A T E  ST ORAGE

A D A M  W O L I S Z  + ')

1 . In trod u ction  •

M u ltistage Queueing Systems /MQS/, th a t i s  such systems where 

every demand has to  be served co n secu tiv e ly , in a predefined  ord er, 

by se v e r a l serv ers r e c e iv e  r e c e n t ly  a l o t  of a t te n t io n , being an 

important to o l  fo r  m odelling se v era l k inds of in d u s tr ia l  system s.

For example such stru ctu re  have production l in e s  [6 ]  and computer 

communication system s П12] .

I f  s e r v ic e  tim es at d if fe r e n t  s ta g es  are not constant and equal then
a

unavoidably some queues form between co n secu tiv e  se r v e r s .In  r e a l i t y  

t h i s  queues are not allowed to  exceed some fix ed  v a lu e s  because o f  

storage f a c i l i t y  c o n s t r a in t s .I f ,  upon com pletion o f a service^no p la ce  

i s  a v a ila b le  in a con secu tive  b u ffer  fo r  d ep o sit in g  the demand 

in v o lv ed , t h is  very demand may perhaps be lo s t ,a n d  abandon the system  

never to  return  aga in .

The paper has been presented a t VI th Conference on Operating 

System s, hold at V isegrad, Hungary, in February 1980.

P o lish  Academy of Sciences,D epartm ent o f Complex Automation System s 

44-100 G liw ic e ,Zwyciçstwa 2 1 ,Poland.



More freq u en tly  however, no lo s s e s  are perm itted and server which  

completed the " fa t a l” s e r v ic e  i s  used as an a d d it io n a l storage p lace  

being o f course unable to  p ro cess  other demands / t h e  b locking pheno

menon/.

In fa c t  d if fe r e n t  p o s s ib le  types o f  b lock ing  may occure, l ik e  

rep ea tin g  the s e r v ic e  of demand which couldn*t have been placed in 

the co n secu tiv e  b u ffer , or even fo rc in g  t h i s  demand to  return to  the 

very beginning o f the system  and have a l l  the so fa r  achieved se rv ie  

repeated  /  c f  Ц113 where a ls o  some eq u iva len ce r u le s  between d if fé r é  

ty p es of b lock in g  where d iscu ssed  and [313 / .

Numerous papers were concerned w ith  the a n a ly s is  of MQS.lt has 

to  be s tre ssed  th a t exact a n a ly t ic a l  t o o ls  g en er a lly  f a i l  when the  

number of co n secu tiv e  se r v e r s  exceeds th r e e , and even for sm aller  

system s only some sp e c ia l c a se s  /  or some sp e c ia l system f e a tu r e s /  

axe f u l ly  in v estig a ted .T h u s a great e f f o r t  i s  being done to ob ta in  

approximate so lu t io n s  e i th e r  by means o f s p e c ia l ly  developed methode 

l ik e  d if fu s io n  approxim ation / c f  [243 / ,  num erical methods /e g  [19] 

or s im u la tio n .

Other, eq u a lly  im portant area of resea rch  i s  op tim iza tion  of  

MQS o p era tio n a l fe a tu r e s , l i k e  throughput, serv ers u t i l i z a t io n ,  

queue length  e . t .c .F o r  th e se  stu d ie s  u su a lly  the fo llo w in g  way was 

chosen by numerous re sea rch ers: F irst th e  sp e c ia l ca ses  of two and 

th ree  stage system s were in v e s t ig a te d  /p r e fe r a b ly  a n a ly t ic a l ly /  and 

afterw ards, b asin g  on co n c lu s io n s  obtained there some h yp oth esis  of 

more general a p p l ic a b i l i t y  were form ulated.These in  turn were subjec 

to  v e r i f ic a t io n  u sin g - most freq u en tly  -  sim u lation  as the t o o l .

The purpose o f t h is  paper i s  to p resen t s ta te  o f the a r t in  the 

area o f throughput op tim iza tio n  in MQS w ith  the c la s s i c a l  type of 

b lock in g  mentioned above.In  author^ opinion there i s  a need fo r  such
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survey as in  a number o f papers se v era l op tim ization  r u le s  have been 

developed /u s u a lly  each fo r  some s p e c ia l  case^  being sometimes non- 

c o n s is te n t  or even co n tra d ic to ry .

In co n secu tiv e  s e c t io n s , a f te r  d ea lin g  w ith some gen era l properties 

in c lu d in g  the form al statem ent o f the op tim ization  problem and with  

the s p e c ia l  case of system s having con stant se rv ic e  tim es, o u t l in e s  

fo r  optim al ch o ice  o f each of the param eters in flu e n c in g  the through

put o f  MQS w ith  s in g le  serv ers a t every s ta g e  w i l l  be considered  in  

tu rn .T h is  w i l l  be fo llow ed  by co n s id er a tio n s  concerning the use o f  

m u ltiserv ers  at some s ta g e s , and some remarks about o p tim iza tio n  goa ls  

other than throughput m axim ization.The whole paper i s  completed by 

a s e t  o f f in a l  co n c lu s io n s .

The l i s t  o f r e fe r e n c e s  compiled in t h i s  paper, although n ot aimed 

as a com plete b ib lig ra p h y  in c lu d es , in  a u th o r 's  op in ion , the v a s t  ma

j o r i t y  o f papers concerned w ith op tim iza tio n  problems in  unpaced MQS 

/ i . e .  such where no ex tern a l syn ch ron ization  in  operation  of d if fe r e n t  

s ta g e s  e x is t s / .P a p e r s  d ea lin g  w ith  paced system s were mentioned only  

i f  th e re su lts  presented  there were in  stron g  connection w ith th e  inve

s t ig a te d  system , w h ile  papers covering the problems o f system a n a ly s is  

e x c lu s iv e ly , have been in te n t io n a lly  om itted .

As production l i n e s  are one of the common te c h n ic a l system s being 

modelled as MQS, i t  i s  worth m entioning, th a t a wide range of both  

a n a ly s is  and optimizatiorjlproblems connected w ith d esig n in g  of pro

duction  l in e s  was review ed by Buxey, S lack  and Wild C6] e s ta b lis h in g  

a lso  th e ir  connection  w ith  to p ic s  d iscu ssed  here.

I t  i s  hoped th at the u n ified  approach presented here w i l l  be of 

some help  in  d ir e c t in g  the fu ture resea rch , sim ultaneously  provid ing  

p r a c t ic ia n s  w ith  a s e t  of d ir e c t ly  a p p lica b le  op tim ization  r u le s .
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2 . Concepts and D e f in it io n s  •

Further ip t h i s  paper MQS o f the type presented  in  F ig , 1 

w i l l  be con sid ered .

Id e n tic a l demands o r ig in a tin g  from a source V 1 w ith  in te n s ity  X 0 

are to  be served co n se cu tiv e ly  on "M" sta g es  /ea ch  o f them co n s i

s t in g  of s e v e r a l, not n e c e s s a r ily  s im ila r  serv ice  f a c i l i t i e s /  in  

a s t r i c t  order.A  queue S.̂  w ith  Ni  p la ce s  i s  allow ed to  bu ild  up 

in  fron t of the i - t h  serv ice  stage.T he se rv ice  tim e of demands on

server Â  are i n d e p e n d e n t , id e n t ic a l ly  d is tr ib u ted  nonnegative
i  1random v a r ia b le s  bv, with a rb itra ry  d is tr ib u t io n  fu n ctio n s  B £(x ).

Let E (b j) denote the mean se r v ic e  time and J i t s  rec ip ro

I t  i s  assumed, that only one demand can be served by a server  

at any tim e.

S2 , . . .  , Sjj are of f i n i t e  s iz e  /KL со  , i  = 2 , 3 , . . .  M/? 

causing the b lo ck in g  phenomenon to  occure.

-  b locked. when i t  has completed a se r v ic e  but cannot pass on the  

demand to the n ex t stage, because the con secu tive  b u ffer  S^+-j i s  

f u l l*

-  id le  when i t  i s  n e ith er  busy nor b locked .

preceded by a b u ffer .In term ed ia te  b u ffers

Each server A? , 3 = 1 ,  2, . . .  n .;  i  = 1, 2,A J.

always in one o f th ree  p o ss ib le  s ta g es:

-  busy i f  i t  i s  serv in g  a demand^

• • • M-1 i s

We sh a ll assume th a t  the serv er  Â  may be id le  i f  and only i f  there  

are no demands w a itin g  for  s e r v ic e  in th e queue S^.



Let us now introduce some c la s s i f i c a t io n  o f MQS.

A MQS w i l l  be c a lle d  queueing l in e  i f  every stage  c o n s is t s  o f one 

serv er , e x c lu s iv e ly  /n^ » 1 ; i = 1 , 2 ,  . . . , M / .  Then b J(x ) w i l l  

be denoted b r ie f ly  B^(x) .

I f  a l l  se rv ers  in s ta l le d  a t any stage are id e n t ic a l  

/  Bj?(x) = B*(x) ;  j = 1, 2, . . .  , i  i  = 1, 2, . . .  M /  then th e

MQS i s  c a lle d  homogeneous ^otherwise i t  w i l l  be re ferred  to  as 

non-homogeneous .

I f  the jo in t  se rv ice  in te n s ity  of a l l  serv ers  in s ta l le d  at 

stage "i" , i=  1 , 2, . . .  , M i s  co n sta n t,

"i.

Z a Í = D , i  = 1 ,2 ,  . . .  M; (1)
j 4

then the system i s  ca lled  balanced , otherw ise i t  i s  unbalanced •

In order to  preserve a measure o f system unbalancing, we s h a l l  

fu rth er  assume that the fo llo w in g  holds:

,M n l ,

E [  ( E  f ± \ =*• m
I M  J = 1

Thus fo r  the balanced case
П;

H  / i  ■ i .
j =-i /

N atu ra lly  fo r  homogeneous, balanced system s ;
. -j *

M l * M l

M i  ‘ * 1 ^ 4

j -  * л , -

L = ^ 2 ,  ; M

тг-

( 2 )

ГЗ)

Comparing the se r v ic e  time d is tr ib u t io n  e f f e c t  on the system  

throughput we s h a l l  freq u en tly  u t i l i z e  the v a r ia b i l i t y  c o e ff ic ie n t^  

defined fo r  a s e r v ic e  time d is tr ib u t io n  В (x ) as
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and being a s u ita b le  measure fo r  the v a r ia b i l i t y  o f s e r v ic e  tim e. 

N a tu ra lly  C =0 fo r  the con stan t se r v ic e  time and C = 1 fo r  expo

n e n t ia l ly  d is tr ib u te d  s e r v ic e  tim e.

In some queueing l in e s  the tr a n sfe r  o f demands from a l l  servers  

to  con secu tive  b u ffe r s  ta k es  p lace sim u lta n eo u sly , being e x te r n a lly  

synchronized, no m atter i f  a l l  se rv ice  p ro cesses  where completed or 

n o t.T h is  occurs fo r  example in  automated tr a n sfe r  /  moving b e l t /  

production lin e s .S u c h  queueing l in e s  w i l l  be c a lle d  paced •

Thus in the paced system s a predetermined tim e quantum,

/c a l le d  c y c le /  i s  imposed fo r  every s e r v ic e .I n  the case o f con stan t  

s e r v ic e  times th e cy c le  should be equal to  the lo n g est  s e r v ic e  tim e. 

I f  se r v ic e  tim es are v a r ia b le  then the l in e  should be designed so 

as to  minimize th e p r o b a b ility  of one or more s ta t io n s  exceed ing  

the c y c le .

Methods fo r  d esign in g  paced queueing l in e s  were surveyed  

in  [6  3 ,  w hile th e case o f  v a r ia b le  s e r v ic e  tim es i s  trea ted  fo r  

example in [433 •

Further in  t h i s  paper we sh a ll be in te r e s te d  only in  the ca ses  

when no ex tern a l syn ch ron ization  /  no pacing e f f e c t /  in the flow  

o f demands through the system  i s  in troduced , c a lle d  unpaced system s.

An important fea tu re  o f  any queueing system i s  i t s  throughput 

/fr e q u e n tly  c a lle d  production r a te /  d efin ed  as the mean number 

o f demands le a v in g  the system  in a tim e u n it /co m p letly  served /.

We sh a ll be s p e c ia l ly  in terested  in  the maximal throughput 

/  ca p a c ity / which a g iven  system may a ch iev e .

The MQS’i s  c a lle d  open i f  the b u ffer  preceding the f i r s t

s e r v ic e  stage i s  u n lim ited , /N^ = c?o /, and the input stream of demanc

i s  a renewal stream
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Oja the other hajad i f  the ijaput stream i s  such» th a t the 

queue i s  never empty, then the system i s  c a lle d  sa tu ra ted . 

C erta in ly  fo r  saturated  system s both the maximal queue s iz e  

and the d e ta ile d  c h a r a c te r is t ic s  of the input stream are of no 

im portance.

Two MQS : an open one and a saturated  one are c a lle d  correspon

ding i f  they are id e n t ic a l ,  up to  the s p e c if ic a t io n  o f the input 

stream .

Let us con sid er some MQS. I f  we d efin e  another system  in which  

the order o f se r v ic e  i s  rev ersed , that means every demand p asses  

through the system beginning w ith  stage M and ending at stage 1 , 

b u ffer  s iz e s  being ex a c tly  p reserved , then such two system s are 

ca lled  dual system s •

F in a lly  we sh a ll  in troduce the concept o f sa turated  system  

accum ulation 9 being equal to  the maximal number o f demands which 

are allowed in  the system sim u lta n eo u sly .

System accum ulation V i s  g iven  by the fo llo w in g  form ula

i s  the t o t a l  number of storage p la c e s  / t o t a l  b u ffer  s i z e /  a v a ila b le  

in the system .

I t  i s  ev id en t that dual system s have equal accum ulation.

M

( 6 )

where M
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3 . General copвid e r a t i opa •

In t h is  s e c t io n  we s h a l l  present some theorems and remarks 

concerning some la rg e  c la s s e s  of MQS.

Lavenberg [2 8 j  proved /  as a s p e c ia l  case o f  more gen era l 

dependences d iscu ssed  in  h is  paper/ an im portant connection between 

the throughputs o f  corresponding open and saturated  m u ltista g e  sy s te

I f  only a l l  s e r v ic e  s ta t io n s  in  a MQS have Coxian se rv ic e  tim e d is t r
*)

b u tion s and a l l  in term ed ia te  b u ffers are f i n i t e ,  then throughput 

o f the saturated  system T i s  equal to  the maximal throughput 

/c a p a c ity /  V o f a corresponding open system .

More p r e c is e ly , the throughput T o f th e open system  can be d efined  

as fo llo w s:

if

T , if  X  > T $

where denotes / c f  F ig .1 /  the in te n s ity  o f demands a r r iv a l in

the open system . Thus V » T .s

A d d itio n a lly  in the case when Д > Tg , the sta tio n a ry  d is tr ib u t io n  о 

the number of demands w a itin g  in  the queue doesn#t e x i s t ,  contr

ry to  the case when Л ^  Tfl.

Thus in order to  f in d  the cap acity  o f m u ltista g e  queueing sy s te  

i t  i s  necessary to  in v e s t ig a te  the proper saturated  ca se .

Coxian d is tr ib u t io n  means any d is tr ib u t io n  having a r a t io n a l Laplace 

transform  of the d is tr ib u t io n  fu n c tio n .In  fa c t  i t  i s  p o s s ib le  to  

approximate any d is tr ib u t io n  fun ction  f a i r ly  w e ll with a Coxian 

d is tr ib u t io n , thu s the c o n str a in ts  are not r e s tr ic t iv e .T h e  case of 

constant se r v ic e  tim es, however a lso  p o s s ib le  to  approach as a lim i

t in g  case of Erlangian d is tr ib u t io n , w i l l  be fu r th er  in t h i s  paper 

trea ted  se p e r a te ly .



133 -

Let us n o tic e  that w ithout lo s s  of g e n e r a lity  i t  i s  enough to  

con sid er MQS w ithout in term ed ia te  b u ffe r s . ( [ 2 ]  , [ 3 1 ] ) .

I t  i s  q u ite  ev id en t, th a t any b u ffer  of s iz e  N can be replaced  by 

К se r v e r s , each having a n u ll  se r v ic e  time /  B(x) а Ц (х) ,

"Q (x) being the H eaviside fu n c t io n / .T h is property s im p lif ie s  

many p ro o fs .

I t  i s  a lso  worth s t r e s s in g ,  that the ca p a c ity  o f a MQS i s  

almost independent of the s e r v ic e  d is c ip l in e s  a p p lied .In  f a c t ,  as lon g  

as no server  A? , j = 1, 2 , . . .  , n i ; i  -  1 , 2, . . .  M may remain 

id le  i f  the queue S  ̂ i s  not empty, and the s e r v ic e  i s  o f nonprem pti- 

ve type, a l l  queueing d is c ip l in e s  /  p o ss ib ly  not id e n t ic a l  at d if f e r e n t  

s ta g e s /  y ie ld  equal system  c a p a c ity .

Another important r e s u lt  o f  qu ite gen era l a p p lic a b il i t y  i s  th e  

so c a lle d  r e v e r s ib i l i t y  property fo r  saturated  MQS w ith  f i n i t e  

in term ed iate b u ffe r s .

ïamazaki and Sakasegawa [54Ü demonstrated th a t the cap acity  of 

a queueing l in e  w ith gen eral s e r v ic e  time d is tr ib u t io n  i s  in v a ria n t  

for r e v e r sa l ordering o f the servers.T h at means, dual system s have 

equal ca p a c ity .

The r e v e r s ib i l i t y  property i s  important fo r  the throughput o p t i

m ization co n sid era tio n s as i t  makes us expect op tim iza tio n  r u le s  

c a ll in g  fo r  queueing l in e  s tr u c tu r e s  being in  some sense "symmetric". 

This fea tu r e  w i l l  become more m eaningfu ll in  fu r th er  s e c t io n s .

R ecently  independent p roofs o f the r e v e r s ib i l i t y  property were 

given in  С13Л and C32J •

Kawashima [22 ] gen era lized  t h i s  property, s ta t in g  that a lso  both th e  

î i s t r ib u t io n s  o f se r v ic e  com pletion tim es fo r  every customer and th e  

aumber o f s e r v ic e  com pletions in  the time in te r v a l /0  , t  /  are 

Invariant fo r  reordering the se rv er s  r e v e r se ly .
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Yamazaki, Sakasegawa and Kawashima Ц55Л proved, th a t the r e v e r s ib i l i t y  

property holds a ls o  fo r  the case  when, at some stages^ th ere  are in s ta 

l le d  homogeneous m u lt ise r v e r s , having however con stan t se rv ice  tim es  

/n o t ic e  that t h i s  i s  not a queueing l in e  any m ore/.

W olisz Q523 v e r i f ie d ,  that t h i s  property h olds a lso  fo r  tw o-stage  

homogeneous system s w ith  a rb itra ry  numbers o f exp on en tia l serv ers  

at each s ta g e .

The occurence of b lock in g  phenomenon cau ses a decrease o f system  

throughput in  comparison w ith  system s w ithout such e f f e c t .

In fa c t  Muth C31J pointed o u t, that the ca p a c ity  of any queueing  

l in e  w ith f i n i t e  in term ed iate b u ffe rs  has two bounds:

-  The upper bound

= Min / i i  , ( 7 )

L * 4iZt- ■ ■ M

being equal to  the se r v ic e  in te n s ity  o f the s lo w est serv er .

The throughput of a queueing l in e  would tend to  t h i s  value i f  a l l  

queues were allowed to  b u ild  up without any r e s t r ic t io n s .

This i s  a d ir e c t  r e s u lt  from Sachs [44Ц theorems concerning the  

• e r g o d ic ity  o f tandem queueing system s.

-  The lower bound V”

y ~ = _______i________ ( 8 )
L £Cmax (Ь4,Ьг>. ■■ b J

I t  i s  easy to  see th a t in  the case o f constant se r v ic e

tim es ;

In h is  paper Muth compared a ls o  the v a lu es  of th e d iffe r e n c e  

v£ -  V" fo r  var iou s queueing l in e s .



135

The cap acity  of a MQS may be, g en er a lly  speaking, in flu en ced  by the  

number o f s ta g e s  as w e ll as fo llo w in g  parameters d escr ib in g  in d iv i 

dual s ta g es:
c

- s e r v ic e  in t e n s ity ,

- s e r v ic e  time d is t r ib u t io n ,

-b u ffe r  s iz e  a l lo c a t io n  to  the s ta g e s ,

-se r v e r s  r e l i a b i l i t y ,

-number o f serv ers  in s ta lle d  at the s t a g e ,

-homogenity o f se rv er s  in s ta l le d  at one s ta g e .

N otice the common assum ption, th a t a server  may break-down only when 

se r v ic e  i s  in progress.T hus assuming th a t the preempted by some break

down se r v ic e  i s  resumed a f te r  re p a ir in g  o f the proper server  we can 

under some sim ple a d d itio n a l assum ptions, tr e a t  the breakdown p rocess  

togeth er w ith the se r v ic e  p ro ce ss , d escr ib in g  them j o in t ly  w ith a 

modified se r v ic e  duration  d is tr ib u t io n  function .T hus i f  we sh a ll  

further assume, th a t  some se r v ic e  time d is tr ib u t io n s  are id e n t ic a l  

that w i l l  mean id e n t ic i t y  o f both the r e a l se r v ic e  and break-down 

p ro cesses .

A MQS i s  d efin ed  by sp e c ify in g  the parameters of a l l  s ta g es  which 

are -  g en era lly  speaking -  e n t ir e ly  d if fe r e n t  fo r  in d iv id u a l s ta g e s .  

Let us p o in t out th a t two main ty p es of op tim ization  problems are 

u sually  form ulated: 

a / the improvement problem

Given an M sta g e  system, in crea se  i t s  cap acity  through m odifying  

the parameters o f some s ta g e s .

U sually  i t  i s  demanded to  p o in t out which p o ss ib le  m o d ifica tio n  

/  in  the con text o f rea l p rocess being m odelled / would be most 

p r o f ita b le  in  term s of throughput in c r e a se .
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Ъ/ the rearrangement problem

Given an M sta g e  system arrange a l l  the f a c i l i t i e s  so as to  

maximize i t s  throughput.T h is problem can be solved  through one 

of th e  fo llo w in g  a c t io n s:

-  d if fe r e n t  d iv id in g  o f p rocessin g  among s ta g e s , thu s in flu e n c in g  

th e mean s e r v ic e  tim es o f the s ta g es  involved  /  l ik e  fo r  example 

in  the case o f  two-stand r o l l in g  m i l l s / ,

—'Changing the sequence o f s ta g es  /  t h i s  i s  perm itted in  some 

p rocesses l ik e  fo r  example equipment m a in ten a n ce ,testin g  

or tu n in g /,

-  d if fe r e n t  a l lo c a t io n  o f b u ffers  to  in d iv id u a l s ta g e s  w ith  regard  

to  the fixed  t o t a l  b u ffer  s iz e  Z.

I t  was demonstrated / f o r  example using approximate c a lc u la t io n s  in  

Cl911 and sim u la tio n  in  [4 1 3 /th a t MQS cap acity  d ecreases g en er a lly  

w ith th e increase o f  number o f s ta g es .F u rth er  an attempt i s  done to  

p resen t o u tlin e s  f o r  op tim ization  in  both o f the above p rec ised  

c o n tex ts  with r e sp e c t  to  parameters o f in d iv id u a l s ta g e s .

4 . MQS w ith con stan t se r v ic e  tim es •

We s h a l l  s ta rt our co n sid era tio n s  on throughput op tim iza tion  in  MQS 

w ith  th e  sp ec ia l type of system s,having  con stant se r v ic e  tim es.

Such systems have been considered in  papers [ 9 ]  , [163 , [2 7 ] , 

[31] ,  [493 •

As the Lavenberg theorem mentioned in the previous s e c t io n  does not 

d ir e c t ly  apply to  t h i s  c a s e ,th e  open system s have to  be co n sid ered .

I t  has been proved, th a t fo r  any open system of homogeneous type 

w ith i - t h  stage c o n s is t in g  of n ^ p a r a l le l  channels, each having the  

same constant s e r v ic e  time = c x » n e ith e r  the sujourn tim e of
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demands nor the stream of demands le a v in g  the system depend on the  

sequence of s ta g es  and the cap acity  o f  in term ed iate queues.T his r e 

s u lt  remains v a lid  a lso  fo r  arb itrary  input stream s, and in  the case  

o f in term ed iate queues allow ed to b u ild  up to  in f in i t y  [49Л .

Friedman П16] has introduced the concept of dominance дassuming 

th a t stage  к dominates sta g e  p i f  no demand ever w a its  at s ta g e  p 

i f  i t  i s  preceded by sta g e  к •

He proved a lso  that such property h olds i f  and only i f  c p $  К c k , 

where К ■ [n /п,Л /g r e a t e s t  in teg er  n o ta t io n / .p к

For example when one stage dom inates a l l  other, then th e

only w a itin g  in  the system  occurs b efore t h is  very s ta g e , which can 

be e a s i ly  demonstrated through proper rearrangem ent.

Using t h i s  concept Friedman su ggested , w h ile 'S u zu k i and Kawashima П49j 

developed fu rth er , a method fo r  reducing a m u lti-s ta g e  system to  an 

eq u iv a len t system w ith  sm aller  number o f  s ta g e s , sometimes even to  

one s ta g e  succeded by a »/D/Ьо system .A s the s t a b i l i t y  co n d itio n  

o f th e eq u iva len t G/D/n system can be e a s i ly  e s ta b lish e d , i t  i s  

p o s s ib le  in  such s p e c ia l  c a s e s ,t o  compare using the presented above 

m ethodology, the changes of the o r ig in a l sy stem 's cap acity  fo r  

d if f e r e n t  parameters of in d iv id u a l s ta g e s , ev en tu a lly  chosing th e b est  

on e.T h is method i s  however o f stron g ly  r e s t r ic te d  u se .

G enerally v a lid  r e s u l t s  may be found on t h is  b a s is  only fo r  que

ueing lines.M uth  C31] pointed  ou t, that the cap acity  of such l in e  T 

i s  g iven  by (7), (  8)
T =  [ m a x  ••• c M ) ]  ( 9 )

E vid en tly  the maximal ca p a c ity  i s  ach ieved , independently from the  

b u ffe r  s i z e ,  fo r  the balanced ca se .

The problem of u n r e lia b le  servers le a d s  in  fa c t  to  con sid era

t io n  o f system s having v a r ia b le  se rv ic e  tim es,and as such w i l l  be 

d iscu ssed  in  fu rth er  s e c t io n s .
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5. Unbalancing of queueing l in e s  .

Let us assume a M stage queueing l in e  w ith s e r v ic e  time d i s t r i -  

b u tion s B .(x) , i  s  1, 2, . . .  ,M.

According to ( 2 ) we s h a ll  assume that

a /  The case of id e n t ic a l  s e r v ic e  time d is tr ib u t io n s .

We sh a ll  tem porarily  co n stra in  o u rse lv es to  the case  of id e n t ic a l  

/up to  the mean v a lu e /  se rv ic e  tim e d is tr ib u tio n s .T h u s  the only para

meter which w il l  be changed are the se r v ic e  time in t e n s i t i e s  , 

however w ith re sp e c t  to  (10) .A lso  the s iz e  of in term ed iate  b u ffers  i s  

assumed to  be f ix e d  and equal fo r  a l l  s ta g es;  IL =11, i  = 2 , 3 , . . .» M .

For the case o f tw o-stage system s, the r e v e r s ib i l i t y  property 

lea d s to  a co n clu sio n  that th e balanced case i s  op tim al.

F ig . 2 presen ts system  cap acity  versu s i t s  unbalancing in  the case  

of exp on en tia l s e r v ic e  time d is tr ib u t io n s  /  data taken from [18Ц / .  

K otice that lo s s e s  due to unbalancing in crease  ra p id ly  w ith  the in cr e 

ase of in term ed iate buffer s i z e  И .Thus proper system balancing becomes 

more c r u c ia l fo r  b igger  v a lu es  o f N.

H i l l ie r  and B oling  Q18J in v e s t ig a te d  a lso  the case o f M = 3, 4 ;  

again fo r  exp on en tia l se r v ic e  time d is tr ib u tio n s .T h ey  proved that the  

balanced case i s  not optimal any lon ger , and suggested  the e x is te n c e  

of so ca lled  "bowl phenomenon", asking fo r  higher s e r v ic e  in te n s ity  

being assigned to  middle s t a t io n s .

The optim al so lu t io n  i s  "symmetric" /  Bfb^) = E(b^) fo r  M=3 ;

E (b.j) = E(b^) , E (bg) = E(b^) fo r  M=4 /  as i t  should have been

expected due to  th e  r e v e r s ib i l i t y  property.Proper unbalancing not 

n e c e s s e r ily  very p r e c is e , le a d s  to  some g a in , w hile inproper unbalan-*

M
( 1 0 )

where e . • [  [  x (*} J
0
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cing lea d s  to  s ig n if ic a n t  losses.S om e remarkable data are given  

in Table 1.

I t  i s  worth n o t ic in g  that applying E(bg) = 1.15 fo r  the case M=3,N=»0̂  

lead s to  the ca p a city  equal to  98.7% of the balanced c a se .

As p r e v io u s ly ,th e  system s e n s i t iv i t y  to  inproper balancing  

in crea se s  w ith the in crease  of N.

P atterson  Q35] analysed th ree  stage system s by means of num erical 

methods ob ta in in g  s im ila r  r e su lts .H e  suggested  however, that fo r  Ni> 3 

the optim al arrangement should be such, where the quick s ta t io n s  sepa

rate  the slow ones.He suggested a lso , that the gain  obtained from such  

a procedure should decrease w ith  the decrease of se r v ic e  time v a r ia b i

l i t y .

A s im u la tio n a l study of queueing l in e s  with M = 3, 4 , 12jN>0was 

presented by El-Rayah C413 who compared the above g iven  s t r a te g ie s  

with the balanced c a se .In  fa c t  he te s ted  a lso  a th ird  s tra teg y  o f  

a ssig n in g  to  the con secu tive  s ta t io n s  low - medium- h igh  se r v ic e  tim es, 

r e sp e c t iv e ly  .Such stra teg y  was suggested  by Davis 11143,, fo r  a system  

with lo s s e s  /w ith o u t b lock ing/, and i t  was improbable th a t i t  w i l l  be 

adequate fo r  the considered ca se .T h is  s tra teg y  i s  however a lso  sugge

sted  sometimes as reason ab le .

Experiments w ith  exp on en tia l s e r v ic e  time f u l ly  confirmed th e “bowl
u *■)

phenomenon hypothesis.F urtherm ore, a lso  fo r  normal and lognormal 

se rv ice  time d is tr ib u t io n s  the bow l-type arrangement o f mean se r v ic e  

tim es was found to  be the b est one, lead in g  always to  improvement over 

the balanced ca se .

As fo r  the case M=12 one could su ggest v ar iou s p o s s i b i l i t i e s  of d e f i-_  

ning the bowl -  type arrangement, some o f them have been t e s te d .

The arrangement w ith  two middle s ta g es  having the sm a lle st  se rv ice  

tim e, which in creased  stepw ise w ith  equal quantum up to  the lo n g est
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v a lu es /sy m m etr ic a lly / or the ends,was found b e tte r  than those where 

bowl'1 was formed from groups o f 3-4 se rv er s  having equal se r v ic e  

in te n s ity  in every group.T his arrangement applied  fo r  the exp on en tia l 

se r v ic e  time d is tr ib u t io n s  leads/to the so lu t io n  given  in  Table 2 •

The bowl-type unbalancing i s  always e f f i c i e n t . l t  was dem onstrate 

that both the p o s s ib le  gain from proper unbalancing, and the imbalance 

i t s e l f ,  in crease w ith  : g rea ter  v a r ia b i l i t y  in  operation  tim es, sm aller  

in te r s ta g e  queueing cap acity  and la rg er  number of s ta g e s  in  the l i n e .  

The gain  in  ca p a c ity , p o ss ib le  to  ach ieve due to  unbalancing i s  never  

h igh . The p o ss ib le  gain  for<M=12 /which perhaps could be a l i t t l e  b it  

improved chosing n o n - id e n t ic a l quanta w h ile  unbalancing the system / 

i s  only m arginally h igher then that fo r  M=4.

The unbalancing method suggested  by P atterson  i s  very u n r e lia b le ,  

and le a d s  freq u en tly  to system  cap acity  low er then the balanced ca se .

The low-medium-high arrangement was d e f in i t e ly  found to f a i l  

g e n e r a lly , and was s ig n if ic a n t ly  worse /a s  a r u le /  than the balanced  

ca se .

The study o f El-Rayah, based on s o l id  s t a t i s t i c a l  methods, shows 

however how one should be cau tiou s in  a s s e s s in g  the r e s u lt s  o f simu

lation .M ean v a lu es o f cap acity  fo r  dual system s were u su a lly  d if fe r e n t  

but th e d ifferen ce  was a ssessed  to be s t a t i s t i c a l l y  in s ig n if ic a n t  -  

a co rrec t r e su lt  in  view o f th e r e v e r s ib i l i t y  p rop erty .C uriou sly  

enough fo r  the th r e e  stage system /p .6 6  o f L41] /  the author s t a t e s  

"It was a lso  v e r i f ie d  that a low-medium-high arrangement i s  su p erior  

to  a high-medium-low arrangement in  terms of expected output rate"  

which i s  obviously wrong!.

•*)
N atu ra lly  here and furtheron  the tru n cta ted  normal d is tr ib u t io n  

i s  considered , (  p  * 5 ) .
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Ъ/ The case of d if f e r e n t  se r v ic e  tim e d is tr ib u t io n s .

Rao Q 39D presented  a methodology fo r  e s ta b lis h in g  the ca p a c ity  

of tw o-stage l i n e s  w ith exp on en tia l s e r v ic e  time d is tr ib u t io n  at one 

of the stages,an d  gen eral se r v ic e  time d is tr ib u t io n  a t the other sta g e , 

c a l l in g  fo r  so lu t io n  o f a system of l in e a r  equations which order was 

dependent on the b u ffer  s iz e  K.

C a lcu la tio n s fo r  Erlang and normal d is tr ib u t io n  w ith  v a r ia b i l i t y  

c o e f f ic ie n t  G < 1  lead to  the con clu sion  th a t system cap acity  i s  

optim ized i f  the server  having g rea ter  v a r ia b i l i t y  i s  assigned  s l i g h t ly  

higher speed.Both the gain and optim al imbalance in crea se  with in crea se  

of the d iffe r e n c e  in  v a r ia b i l i t y  c o e f f ic ie n t s  and decrease s ig n if ic a n 

t ly  fo r  larger  v a lu es  of E.

'Sim ilar system s have been considered  by Wolisz [ 52] where c lo sed  

form exp ression s fo r  system ca p a city  have been given.T he e a r l ie r  r e 

s u l t s  fo r  G < 1 have been confirm ed, but su rp r is in g ly  q u ite  d if fe r e n t  

ob servation s appeared fo r  C> 1, in v e s t ig a te d  with second -  order 

hyperexponential d is tr ib u tio n .T h e  optim al cap acity  was in  th is  case  

obtained fo r  s l i g h t ly  quicker exp on en tia l se rv er , which however t h i s  

time was the one having sm aller v a r ia b i l i t y  c o e f f ic ie n t .A ls o  the in c r e 

ase o f N led  i n i t i a l l y  to the in crea se  of ga in  /and u n b alan cin g /, 

and only fu rth er  in crea se  of N reduced t h is  e f f e c t s .

Sample r e s u lt s  are p lo tted  in  P ig  3*

Typical optim al unbalancing in  the tw o-stage l in e  l i e s  in the  

range E(b^) = 0 .9 2  -0 .9 6  lea d in g  to  a gain o f 0 .2  -  0 .3  % over the  

balanced case .

Rao С40Д in v e s t ig a te d  a lso  a n a ly t ic a l ly  the case o f M=3 w ithout 

in term ediate b u ffe r s , assuming a l l  p o s s ib le  com binations o f exp on en tia l 

and d e term in is t ic  se r v ic e  time d is t r ib u t io n s .
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Table 3 co n ta in s  the r e s u l t s  of optim al unbalancing /n o t ic e  

the ex is te n c e  of dual sy stem s/, Rao introduced the term " v a r ia b ility  

imbalance" c a l l in g  fo r  a ss ig n in g  sh orter se r v ic e  tim es to  the more 

v a r ia b le  s ta tio n s .T h e  " V a r ia b ility  imbalance" e f f e c t  may e ith e r  

co in c id e  /e g  p a ttern  f /  or co n tra d ic t  / c f  pattern  с /  w ith the "bowl 

phenomenon".

I t  was su ggested  that the stren gth  o f the v a r ia b i l i t y  imbalance 

e f f e c t  depends on the d iffe r e n c e  in  v a r ia b i l i t ie s .R a o  v e r if ie d  th a t  

i f  a server w ith uniform s e r v ic e  time d is tr ib u t io n  and v a r ia b i l i t y  

c o e f f ic ie n t  equal to  0 .5  i s  lo ca ted  between two ex p o n en tia l serv ers  

then the balanced case becomes optim al.

Concluding we can e s ta b lis h  the e x is te n c e  of both the "bowl 

phenomenon" and th e  " v a r ia b ility  im b a lan ce" ,e ffec t o f  the la t e r  being  

c le a r  fo r  С < 1 , w hile the case of d > 1 needs fu r th er  resea rch .

J o in t e f f e c t  o f th e  two phenomena given  above can be s ig n if ic a n t  

/ c f  the 6.79% ga in  in  p a ttern s d ,e , f  o f Table 3 / .

6 . The e f fe c t  o f se r v ic e  time d is tr ib u t io n  op sy s tem ca p a city  •

The ir r e g u la r ity  of s e r v ic e  time i s  caused by two main reason s;

-  the in avoid ab le s to c h a s t ic  d if fe r e n c e s  among demands as w e ll as 

s to c h a s t ic  d istu rb an ces in  the se r v ic e  process.T hose lead u su a lly  

to  sm all changes of s e r v ic e  time -  ly in g  in the range o f v a r ia b i l i t  

c o e f f ic ie n t s  l e s s  than u n ity  /  or more freq u en tly  l e s s  than 0 .5 ,

as fo r  example a value of C = 0 .27  was found ty p ic a l  fo r  th e pro

duction l in e s  by Slack C 47J .V alues o f C  approaching one are repor*- 

ted in some d ata  transm ission  a p p lic a t io n s / .

— break-down o f  the server.Such  s itu a t io n s  occure r a r e ly , but i t  

takes u su a lly  a mean re p a ir  period se v era l tim es longer than mean 

serv ice  tim e to  resume serv er  s o p erá tion.Thus th e r e s u lt in g  jo in t
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Che e f f e c t s  of th ose  two reason s fo r  s e r v ic e  ir r e g u la r ity  are u su a lly  

studied se p e ra te ly  ; e ith e r  p e r fe c t ly  r e l ia b le  se rv er s  are assumed 

эг the se r v ic e  tim es are assumed to  be co n sta n t, w h ile  in  random 

periods break-downs of random duration are assumed.

In queueing system s fo r  the sake o f s im p lic i ty ,  th ere  i s  a strong  

trend to  ch a ra c ter ize  the random v a r ia b le s  in vo lved , only w ith two 

f i r s t  s to c h a s t ic  moments.Let us f i r s t  a s s e s s  what error does such  

a ttitu d e  in troduce in  the case o f MQS.

a / The e f f e c t  o f ign orin g  se r v ic e  time d is tr ib u t io n  h igher moments.

P ig  4, based on data from [3 8 3  compares iystem  ca p a city  fo r  

M=2,K=0 versu s C fo r  d if fe r e n t  /E rlang and norm al/ s e r v ic e  tim e 

d is tr ib u t io n s  a t both s ta g e s , su g g estin g  th a t the d if fe r e n c e s  are of 

q u a n tita tiv e  type on ly , and in crea se  w ith  the in crea se  o f £ •
.

Rao C393 dem onstrated, that t h is  e f f e c t  becomes even more v i s i b l e  when 

q uite d if fe r e n t  types of d is tr ib u t io n s  are compared, l ik e  Erlang and 

uniform d is tr ib u t io n s  w ith id e n t ic a l  v a lu es  of C ,He provided a lso  

examples th a t i f ,  in  a tw o-stage system one of the s ta g e s  has some 

fixed  d is t r ib u t io n , then w ith  the in crea se  o f i t s  v a r ia b i l i t y  c o e f f i 

c ien t  the in flu e n c e  of higher moments at th e other s ta g e  w i l l  be 

g rea ter .T h is  in flu e n c e  becomes stron ger in  the case of sm all In te r 

mediate b u ffer  /T able 4 / .

Anderson and Moodie [1 3  used in a sim u lation  study of m u lti

stage  balanced l in e s  aiming at op tim iza tio n  of b u ffer  s iz e  from the  

point of view o f some complex c r ite r io n  / c f  se c tio n  9 /  both the expo

n e n tia l and asrm al se r v ic e  time d is t r ib u t io n s , f in d in g  the r e s u l t s  

q u a li ta t iv e ly  id e n t ic a l  and q u a n tita t iv e ly  s im ila r , however d if f e r e n t .

Such co n c lu sio n s were a lso  presented by El Rayah C411 who used 

both normal and lognormal d is tr ib u t io n s  in  h is  sim u la tion  s tu d ie s  of  

unbalanced queueing l in e s  w ith M=3»4*
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Thus we c o n c lu d e ,  t h a t  f o r  1 no example o f  q u a l i t a t i v e  d i f f e r e n c e  

^ o p t i m i z a t i o n  r u l e s  due t o  th e  h ig h e r  moments are known, w h i l e  c o n d i 

t i o n s  when the q u a n t i t a t i v e  d i f f e r e n c e s  can be e x p ected  t o  be sm a l l  

where l i s t e d  a b o v e . I n  p r a c t i c a l  c a s e s 3f o r  s i m u l a t i o n a l  s t u d i e s  where  

t h e  c h o i c e  o f  d i s t r i b u t i o n  f u n c t i o n s  i s  u n r e s t r i c t e d ^ s o m e  a f f o r d  i s  

made t o  p r e ser v e  t h e  shape o f  t h i s  f u n c t i o n ,  u s in g  f o r  e x a m p le . p o s i 

t i v e l y  skewed W e ib u l l  d i s t r i b u t i o n s ,  eg [ 1 0 ]  , [4 7 3  •

b /  The i n f l u e n c e  o f  s e r v i c e  t ime v a r i a b i l i t y  on system  c a p a c i t y .

From F ig .  2 ,3 ,4  and T a b le s  3 ,4  i t  i s  e v i d e n t ,  t h a t  sys tem  capacii  

d e c r e a s e s  w ith  t h e  i n c r e a s e  o f  s e r v i c e  t im e  v a r i a b i l i t y  c o e f f i c i e n t  at  

any s t a g e . T h i s  l o s s  becomes however s i g n i f i c a n t l y  s m a l l e r  when l a r g e r  

b u f f e r s  are a p p l i e d . S im i la r  c o n c l u s i o n  was a ch iev ed  by B arten  C24 3 

f o r  a s im u la t io n  stu dy  o f  s i x - s t a g e  s y s t e m s  w ith  normal s e r v i c e  t ime  

d i s t r i b u t i o n s ,  who s t r e s s e d  s p e c i a l l y  th e  b e n e f i c i a l  r o l e  o f  b u f f e r s  ij 

c a n c e l i n g  the bad i n f l u e n c e  o f  s e r v i c e  t im e  v a r i a b i l i t y . D a t a  s u p p o r t i v  

t h i s  property  can be found a l s o  in  a s i m u l a t i o n  s tu d y  w i t h  W eib u l l  

ty p e  d i s t r i b u t i o n s  [ 1 0 3  •

On the o t h e r  hand i t  has been observed  t h a t  a s i m i l a r  e f f e c t  i s  

v i s i b l e  in queu e in g  l i n e s  w i t h  c o n s t a n t  s e r v i c e  t im e s  and u n r e l i a b l e  

s e r v e r s . S t u d i e s  o f  such sy s tem s  where r e p o r t e d  [73,[33] »[343 f o r  

paced queueing l i n e s .  B u za c o t t  [193 dem onstra ted  however t h e i r  d i r e c t  

a p p l i c a b i l i t y  f o r  th e  unpaced c a se  as  w e l l . H e  i n v e s t i g a t e d  a n a l y t i c a l l y  

a balanced  t w o - s t a g e  system w ith  H  ̂ 0 and e x p o n e n t i a l  s e r v i c e  t i m e s ,  

in  which s t o c h a s t i c  breakdowns o f  random d u r a t io n  o c c u r e d .

I t  was p o i n t e d  out t h a t  th e  d e c r e a s e  o f  system c a p a c i t y  in  compa

r i s o n  w ith  the f u l l y  r e l i a b l e  -  c o n s t a n t  s e r v i c e  t ime c a s e 5 can be very  

p r e c i s e l y  approximated by a sum o f  l o s s e s  due to  e i t h e r  s e r v i c e  t ime  

v a r i a b i l i t y  i t s e l f  or n o n p e r fe c t  r e l i a b i l i t y .

Such superposit io/i was expected  t o  hold a l s o  f o r  l a r g e r  s y s t e m s .
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/  Arrangement of balanced queueing l in e s  due to  se r v ic e  tim e 

v a r ia b i l i t y .

Some data on a balaneed th r e e -s ta g e  queueing l in e  w ith  d if fe r e n t  

rdering o f serv ers  having unequal v a r ia b i l i t y  c o e f f ic ie n t s  are g iven  

s a r e s u lt  of a sim u lation  study by Smith and Brumbaugh [ 4 6 •  

hey suggested  that a llo c a t io n  o f a s ta t io n  w ith h ig h est v a r ia b i l i t y  

n the middle of the l in e  led to  the worst r e s u l t s ,a s  everage c a lc u -  

ated over d if fe r e n t  b u ffer  a llo c a t io n  p atterns.T he data presented  

n Table 1 o f [ 4 6 ] / in  terms o f means o n ly / v io la te  however s i g n i f i -  

an tly  the r e v e r s ib i l i t y  property, thus i t  i s  not p o s s ib le  to  draw 

sin g  them any more d e ta iled  co n c lu s io n s .

Systems w ith Li=4,10 and d if fe r e n t  v a lu es  of К have been sim ulated  

у C arnall and Wild [10] .S e r v ic e  tim es where assumed to  be e ith e r  

onstant or v a r ia b le , described by the p o s i t iv e ly  skewed W eibull type  

is t r ib u t io n .I n  every experiment i t  was essumed that v a r ia b le  s ta t io n s  

re id e n t ic a l .

I t  was found th a t fo r  M=4, and two v a r ia b le  s ta t io n s  s ig n if ic a n t ly  

igher cap acity  has a system w ith  v a r ia b le  s ta t io n s  lo c a te d  at the  

nds of the l i n e ,  in  comparison w ith the case of th e ir  lo c a t io n  at the  

id d le . The gain from such s tra teg y  in cr ea se s  w ith the in crea se  of 

a r ia b i l i t y  c o e f f ic ie n t  and d ecreases w ith  the in crea se  o f b u ffer  s iseK . 

or example in  the case Ca 0.5» №*1 the gain  approaches 4% .

Experiments w ith  M=10 lead a lso  to  a con clusion  th a t lo c a t in g  

a r ia b le  s ta t io n s  at the ends i s  j u s t i f i e d ,  r e s u lt in g  in  a 1.33% gain
t

ver a random sequencing of s ta g e s , and 3% gain  over a l lo c a t io n  of 

a r ia b le  s ta g e s  in  the middle of the l i n e .

Thus the authors suggested the e x is te n c e  of som ething l ik e  the  

bowl phenomenon" concerning the se r v ic e  tim e v a r ia b i l i t y  fo r  balanced

in es
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An exten sive  sim u lation  study w ith  norm ally d is tr ib u te d  se r v ic e  

tim es and no in term ed ia te  storage was reported  by El-Rayah Ц42Ц •

.For M=3 the bad e f f e c t  of a l lo c a t in g  h ig h e st  v a r ia b i l i t y  to  the  

middle s ta tio n  was confirmed .A lso  fo r  l/t=4 the above g iven  su g g estio n s  

were v e r if ie d  to be tru e.F u rth er  the author demonstrated that t h i s  

queueing l in e  w ith  equal mean se r v ic e  tim es and "unbalanced” 

v a r ia b i l i t y  c o e f f ic ie n t s  / th e  sum of them over a l l  serv ers  being  

c o n s ta n t / may y ie ld  higher ca p a city  then a l in e  w ith id e n t ic a l  serv ers . 

I t  was demonstrated fo r  t h is  ca se , and a ls o  fo r  M=12 th a t something 

l ik e  the "bowl phenomenon" e x i s t s  a lso  fo r  the se r v ic e  tim e v a r ia b il ity  

In the in v estig a ted  range of £ < 0 . 3  i t  was found th at in crea sin g  of 

some servers v a r ia b i l i t y  c o e f f ic ie n t ,  and decreasing  i t s  mean se r v ic e  

tim e y ie ld  h igh ly  s im ila r  r e s u lt s .F o r  examplë i f  4 out o f 12 serv ers  

had (1=0.15, w hile other had £ =0.3 then lo c a t in g  the servwrs w ith  

sm aller  v a r ia b i l i t y  in the middle of the l in e ,  in stead  o f lo c a t in g  ther 

/  in  one group/ e i th e r  at tho beginning or at the end of the system  

/b o th  of these c a s e s  being e q u iv a le n t / led  t o a v  improvement in cap acity  

of over 2 .5 $ .

7 . The e f fe c t  of in term ed iate b u ffers  on system cap acity  .

In previous s e c t io n s  i t  was se v e r a l tim es m entioned, that the  

in term ediate b u ffe r s  may in crea se  or d ecrease the above d iscu ssed  

effects.R ow  we s h a l l  d iscu ss  d ir e c t ly  the in flu en ce  of in term ed iate  

b u ffe r s  on system ca p a c ity .

In sectio n  3 i t  was mentioned th a t in term ed iate b u ffe rs  e lim in a te  

/  to  some e x te n t /  the b lock ing  and id le n e s s  of in d iv id u a l s ta g e s .

Thus i t  i s  c le a r  th a t both the preceding and co n secu tiv e  b u ffer  s iz e  

in flu en ce  the op eration  of any s ta g e .
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'urthermore as  i t  y i e l d s  from ( 7 )  t h a t  f o r  th e  u n l im i t e d  i n t e r m e d i a t e  

m f f e r s  a lways  t h e  balanced  system  y i e l d s  t h e  maximal thro u g h p u t ,  we 

o n c lu d e  / c f  C7J , [31J /  t h a t  b u f f e r s  cannot reduce  t h a t  p o r t io n  o f  

iro d u ct io n  l i n e  i n e f f i c i e n c y  which i s  caused by unequal  mean s e r v i c e  

imes a t  d i f f e r e n t  s t a t i o n s .

B u z a c o t t  [ 8 ]  p o i n t s  o u t ,  t h a t  i f  due t o  lo n g  term imbalance  

letween s t a g e s  a b u f f e r  i s  permanently  f u l l  /  or perm anently  em p ty /  

,t i s  s e r v i n g  no u s e f u l l  pu rp o se .T h u s  th e  magnitude o f  queue l e n g t h  

a r i a t i o n s  may s e r v e  as  a measure o f  th e  b u f f e r  e f f e c t i v n e s s .

!hese remarks are  c o n s i s t e n t  w i t h  r e s u l t s  c i t e d  in  s e c t i o n  5, where  

‘or l a r g e  enough b u f f e r  s i z e s  t h e  ba lan ced  c a se  was dem onstrated t o  

>e o p t i m a l .

C e r t a i n l y  a s  i t  i s  v i s i b l e  from th e  p r e v io u s  s e c t  i o n , b u f f e r s  may 

l i g n i f i c a n t l y  d e c r e a s e  the  bad r e s u l t s  o f  s e r v i c e  t im e  i r r e g u l a r i t i e s .

U s in g  th e  upper bound v £  g iv e n  by (7 )  , one can s u g g e s t ,  t h a t  

;he r a t i o  /  v £  i s  some measure o f  b u f f e r  e f f i c i e n c y . L e t  us n o t i c e  

;hat in  a l l  the  f i g u r e s  and t a b l e s  p r e s e n t e d  so f a r  = 1.

P ig ,  2 g i v e s  a good example o f  b u f f e r  s i z e  N i n f l u e n c e  on sy s tem  

: a p a c i t y . T h i s  i n f l u e n c e  can be p r e s e n te d  in  a s im p le ,  a n a l y t i c a l  form ,  

lunt l20j  found t h a t  f o r  a t w o - s t a g e  b a la n ced  system w i t h  e x p o n e n t i a l  

serv ic e  t i m e s  and Е(Ъ^) = 1 ;  i = 1 , 2  system  c a p a c i t y  can be e x p r e s s e d  

)y a s im p le  form ula

V= N »2  
H +3 * ( 1 1 )

?hus a dd ing  an a d d i t i o n a l  w a i t i n g  p l a c e  t o  a b u f f e r  o f  s i z e  N l e a d s  

;o a r e l a t i v e  g a in  o f  E ,

N 2 * 6 N + 8

Values o f  both V and E f o r  d i f f e r e n t  N are  p r in t e d  in  T ab le  5.

( 1 2 )

[t i s  e v i d e n t  t h a t  i n c r e a s i n g  th e  b u f f e r  s i z e  by one l e a d s  always t o  

зоте g a in  b e in g  however s i g n i f i c a n t  f o r  small '  N and o n l y  marginal  f o r
ЖТ
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Thus Hunt concluded t h a t  u s i n g  b u f f e r s  o f  s i z e  l a r g e r  than 5 

d o e s n ^ t ,  g e n e r a l ly ,  p a y .

S i m i l a r  c o n c l u s i o n s  can be drown f o r  unbalanced t w o - s t a g e  queueing  

l i n e s  w i t h  n o n e x p o n e n t ia l  s e r v e r s  from P i g  3 ,  and f o r  t h r e e - s t a g e  

e x p o n e n t i a l  l i n e s  from Table 1 .

B a r ten  C43 s i m u l a t e d  s y s t e m s  w ith  normál s e r v i c e  t im e  d i s t r i b u 

t i o n s *  Ы=4|6,10 and d i f f e r e n t  v a l u e s  o f  v a r i a b i l i t y  c o e f f i c i e n t ,  de

m o n s t r a t i n g  that  t h e  above g i v e n  remarks rem ain g e n e r a l l y  t r u e .

T h is  was a l s o  conf irm ed  by S l a c k  and Wild [4 8 3  f o r  M = 5 ,1 0 ,1 5 .

Evidently^ how ever? injorder t o  a c h ie v e  some predeterm ined  system  

c a p a c i t y ,  the  b u f f e r  s i z e s  a p p l i e d  should  be l a r g e r ,  i f  s e r v i c e  t im e  

v a r i a b i l i t y  i n c r e a s e s  / c f  Table  4 / .

Tne s i t u a t i o n  ch a n g e s  s i g n i f i c a n t l y  when s e r v e r s  break-downs are  

in c lu d e d  i n t o  c o n s i d e r a t i o n .

In t h i s  c a s e r a s  p o i n t e d  out by B u za c o t t  Г 7 3 , th e  minimal s i z e  o f  b u f f e r  

should  be equal t o  t h e  mean number o f  s e r v i c e s  completed dur ing  th e  

mean r e p a i r  t im e ,  w h i l e  2 -3  t i m e s  l a r g e r  b u f f e r s  seem t o  be t h e r e a s o -  

n a b l e  c h o ice .T h e  t y p i c a l  b u f f e r  s i z e  would be r a t h e r  3 0 -5 0  t h i s  t i m e .

The problem o f  a l l o c a t i n g  t h e  proper  j o i n t  b u f f e r  s i z e  Z t o  

a q u eu e in g  l i n e  and d i v i d i n g  i t  inbetween d i f f e r e n t  s t a g e s  o b ta in ed  

a l o t  o f  a t t e n t i o n ,  e g .  [ 1 5 ] ,  [ 1 7 ] ,  [ 2 3 ] ,  [ 2 5 ] ,  [ 2 6 ] ,  [29]  . 

U n f o r t u n a t e ly  enough the  m a j o r i t y  o f  r e s e a r c h  was dev o ted  t o  paced  

qu eu e in g  l i n e s  and t h u s  the  o b ta in ed  r e s u l t s  are  n o t  o f  d i r e c t  use  

in  our c a s e .L e t  us  p r e s e n t  an example o f  t h e  d i f f e r e n c e s .

Por paced l i n e s  i t  i s  s t r e s s e d  /  [ 1 5 ] ,  [29] /  t h a t  the  u n r e l i a b l e  

s t a g e s  / i n  other  words : s t a g e s  w i t h  h ig h  v a r i a b i l i t y /  l o c a t e d  a t  th e  

end o f  t h e  l i n e  a s k  f o r  more s i g n i f i c a n t  i n c r e a s e  o f  b u f f e r  s i z e  in  

order  t o  a c h iev e  p r o p e r  sys tem  c a p a c i t y ,  than  i d e n t i c a l  s t a g e s  p o s i 

t i o n e d  in  fro n t  o f  t h e  l i n e . T h i s  i s  o b v i o u s l y  in  d i sa g re em e n t  w i t h  

t h e  r e v e r s i b i l i t y  p r o p e r t y . A l s o  the  s u g g e s t i o n  /  [151  /  t h a t  th e



149 -

ä i v i s i o n  o f  t o t a l  b u f f e r  s i z e  Z among d i f f e r e n t  l o c a t i o n s  in  t h e  l i n e  

i o e s n * t  depend on t h e  v a l u e  o f  Z i s  n o t  a p p l i c a b l e  f o r  th e  unpaced case.

An e x t e n s i v e  s tu d y  o f  b u f f e r  a l l o c a t i o n  problems has  been p r e s e n 

ted by El-Rayah C 4 2 l .  The c a se  o f  b a lan ced  queueing  l i n e s  w i t h  Ms=3,4 

das been s i m u l a t e d ,  assuming i d e n t i c a l  v a r i a b i l i t y  c o e f f i c i e n t s  o f  a l l  

s e r v e r s .T h e  o b j e c t i v e  o f  exper im ent  was t o  v e r i f y ,  sh ou ld  th e  in t e r m e 

d i a t e  queues have i d e n t i c a l  maximal s i z e s ,  or  should t h e y  be u n e q u a l ,  

p r e s e r v in g  d u r in g  th e  experim ent  th e  c o n d i t i o n
M

^  Z = c o n s t .
i=Z

I t  was v e r i f i e d ,  t h a t  f o r  Z,^ M - ^)4 indeed  equal  b u f f e r s  y i e l d  th e  

aaximal system c a p a c i t y ,  a s  what could have been a n t i c i p a t e d  -  e v e r y  

attempt t o  d e c r e a s e  any o f  the  b u f f e r s  s i g n i f i c a n t l y  h a n d ic a p p es  the  

3 ta g e s  i n v o l v e d .

Por l a r g e r  v a l u e s  o f  Z i t  occured t h a t  t h e  equal  a ss ig n m en t  l e a d s  

to a lm o st  o p t im a l  r e s u l t s ;  sometimes o n ly  a s s i g n i n g  l a r g e r  b u f f e r s  

to m idd le  s t a g e s  y i e l d s  some -  a lm ost  n e g l i g i b l e  -  g a i n .

Thus i t  o c c u r s  t h a t  i n c r e a s i n g  the  b u f f e r  s i z e  a t  some s t a t i o n s  

Leads t o  s i m i l a r ,  but c o n s i d e r a b l y  s m a l l e r ,  e f f e c t  a s  i n c r e a s i n g  t h e  

3 e rv ers  sp ee d .

T h is  e f f e c t  b e in g  sm a l l  enough does  h a r d l y  lead  t o  "unbalancing"  

ju eu e in g  l i n e s  w i t h  i d e n t i c a l  s e r v e r s  in  t h e  s e n s e  o f  b u f f e r  c a p a c i t i e s ,  

Lt may however be q u i t e  v a l u a b le  when d i f f e r e n t  s e r v e r s  are  i n v o l v e d .

Smith and Brumbaugh C46] c o n c lu d ed ,  t h a t  s e r v i c e  t im e  v a r i a b i l i t y  

ïhould be c o n s id e r e d  when a l l o c a t i n g  b u f f e r  s i z e s . They s t a t e d  t h a t  

r e l a t i v e l y  g r e a t e r  b u f f e r s  should be a l l o c a t e d  around more v a r i a b l e  

s t a g e s ,  w h i l e  p o s s i b l e  b e n e f i t s  from proper  a l l o c a t i o n  a r e  s m a l l e r  than  

Losses in curred  i f  th e  arrangement i s  im p r o p e r .D e p a r tu r es  from e q u a l  

s u f f e r  a l l o c a t i o n  were found t o  have g r a t e r  impact when th e  t o t a l  

s u f f e r  s i z e  Z was s m a l l .
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8 .  The e f f e c t  o f  i n t r o d u c i n g  p a r a l l e l  s e r v e r s  .

In s e c t i o n s  5 - 7  on ly  the  c a s e  o f  queueing  l i n e s  was d i s c u s s e d .

L et  us now c o n s i d e r  t h e  e f f e c t  o f  i n t r o d u c i n g  m u l t i s e r v e r s  a t  some 

s t a g e s .

Wild and S l a c k  Ц511 in  a s i m u l a t i o n  s tu dy  compared th e  o p e r a t io n  

o f  two queueing l i n e s  w ith  th e  c a s e  o f  a MQS having  two s e r v e r s  a t  

each  s t a g e  and t h e  same b u f f e r  s i z e  per  s e r v e r . l t  was found t h a t  the  

second system i s  a lw a y s  more e f f e c t i v e ,  t h e  g a in  b e i n g  h ig h  in  th e  

c a s e  o f  l a r g e  number o f  s t a g e s ,  low b u f f e r  s i z e , a n d  h i g h  s e r v i c e  t ime  

v a r i a b i l i t y ,  and c o m p a r a t iv e ly  lo w e r  o t h e r w i s e .

A s y s t e m a t i c  a n a l y t i c a l  s t u d y  o f  homogeneous t w o - s t a g e  queueing  

sy s te m s  w i th  e x p o n e n t i a l  m u l t i s e r v e r e  a t  b o th  s t a g e s  was p u b l i sh e d  

by W olisz  C5 3 H .

a /  Two-stage s y s t e m s  : the b a la n c e d  c a s e .

Por th e  b a la n c e d  case  / a s  d e f i n e d  by e q u a l i t y  ( 3 )  /  th e  in f l u e n c e  

o f  b u f f e r  s i z e  К and number o f  s e r v e r s  n  ̂ =n2 = К on^ystem c a p a c i t y  

was i n v e s t i g a t e d . A s  p r e sen ted  i n  F i g . 5 t h e  i n f l u e n c e  o f  i n t e r m e d i a t e  

b u f f e r  s i z e  i s  s i m i l a r  as infthe queueing  l i n e s . l t  i s  worth s t r e s s i n g ,  

t h a t  system c a p a c i t y  i n c r e a s e s  w i t h  th e  i n c r e a s e  o f  t h e  p a r a l l e l  

s e r v e r s  number K, a s  the  a d d i t i o n a l  s e r v e r s  a c t  a l s o  a s  a d d i t i o n a l  

b u f f e r s . T h u s  in  t h e  ca se  when t h e  b u f f e r  c a p a c i t y  i s  s t r o n g l y  l i m i t e d ,  

a p p ly in g  o f  many s lo w  s e r v e r s  a t  every  s t a g e  pays b e t t e r  then  u s in g  

a few quick o n e s .

A lso  ano th er  experiment was r e p o r t e d  t h e r e .T h e  t o t a l  system  

accu m u la t ion  L was assumed t o  be c o n s t a n t ,  i t  could  however be d i f f e 

r e n t l y  devided be tw een  s e r v e r s  and b u f f e r  w i th  r e s p e c t  t o  an e q u a l i t y

2 К + N = L
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R e s u l t s  f o r  L ^  10 are  p l o t t e d  in  F i g . 6 showing t h a t  i t  i s  e v i d e n t l y  

b e t t e r  t o  have a s  l a r g e  b u f f e r  a s  p o s s i b l e . F u r t h e r m o r e  a system w i t h  

l a r g e r  a c cu m u la t io n  can have a lo w er  c a p a c i t y  than a n o t h e r  sys tem  

having  s m a l l e r  a c c u m u la t io n ,  but  dev ided  so  as t o  f a v o r  b u f f e r s  s i z e  

on expence o f  t h e  nuinber o f  s e r v e r s  /  c a s e s  K=4,R=2 and K=2,N=4 compa

r e d ,  may s e r v e  a s  e x a m p le / .

Thus t h e  f o l l o w i n g  r u l e  sh ou ld  be a p p l i e d ï 

I f  p o s s i b l e  a queu e in g  l i n e  w i t h  l a r g e  b u f f e r s  should  be used .

I f  t h e r e  i s  no p o s s i b i l i t y  o f  i n t r o d u c i n g  b u f f e r s  /  or t h e i r  s i z e  i s  

s e v e r l y  l i m i t e d /  th en  th e  use  o f  s low m u l t i s e r v e r s  i n s t e a d  o f  qu ick  

s i n g l e - s e r v e r s  r e s u l t s  in  c a p a c i t y  i n c r e a s e .

F ig  7 d e m o n s tr a te s  t h a t  sy s tem s  h a v in g  th e  equal  number o f  s e r v e r s  

at  both s t a g e s  / b u f f e r  s i z e  b e i n g  c o n s t a n t /  are  a lw ays  most e f f i c i e n t .

A comparison o f  a MQS and s e v e r a l  q u eu e in g  l i n e s  a s  p r e se n te d  

in  F ig  8 was done r e s u l t i n g  in  an exper im en t  s i m i l a r  t o  t h a t  r e p o r t e d  

in  Q513 .The r e s u l t s  are  p r e s e n te d  in  Table  6 .

The c o n c l u s i o n s  o f [ 5 U  have been f u l l y  su pp o rted .T h us  t h e  system  from 

F ig  8b was a lw ays  b e t t e r

Ъ/ Two-stage  sy s tem s  -  the  unbalanced c a s e

Let us denote  f o r  the  sake o f  s i m p l i c i t y

A j  = ° V A « *  ; Ajr = " V A :T

According  t o  (2)  f o l l o w i n g  e q u a t io n  i s  t o  be r e s p e c t e d

System c a p a c i t y  f o r  n  ̂ =n  ̂ = K, N = 0 i s  p l o t t e d  in  f i g  9 ,  showing  

t h a t  in  t h i s  c a s e  t h e  balanced  system  i s  a lw a y s  o p t im a l .  L o sses  due 

t o  u n b a la n c in g  i n c r e a s e  w i th  t h e  i n c r e a s e  o f  K .
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I f  however the number o f  s e r v e r s  a t  bo th  s t a g e s  i s  u n e q u a l ,  then p ro 

p er  unbalancing  i . e .  a s s i g n i n g  h ig h e r  s e r v i c e  i n t e n s i t y  t o  th e  s t a g e  

h a v in g  l a r g e r  number o f  s e r v e r s  l e a d s  t o  i n c r e a s e  o f  sy s tem  c a p a c i t y .

Examples a d v o c a t i n g  t h i s  s ta te m e n t  a r e  p l o t t e d  in  P i g  10 ,  where  

a c o n s t a n t  d i f f e r e n c e  in  numbers o f  s e r v e r s  n.j -  n 2 = 2 was assumed.

B oth  the  g a in  o v e r  b a lan ced  c a se  anà o p t im a l  u n b a la n c in g  d e c r e a s e  

w it h  i n c r e a s e  of e i t h e r  b u f f e r  s i z e  К or sy s tem  a c cu m u la t io n  L, and 

i n c r e a s e  w ith  i n c r e a s e  o f  th e  d i f f e r e n c e  n.j -  n2 .

However i t  was dem onstrated  t h a t  a l t h o u g h  f o r  n-j Ф n 2 ал o p t i m a l l y  

unbalanced system h a s  h ig h e r  c a p a c i t y  than a ba lanced  one ,  i t  i s  

worse  than a balanced„;case  where the  i d e n t i c a l  t o t a l  number o f  s e r v e r s  

n 1 + П2 wou-^ e q u a l l y  d ev id ed  between t h e  e t a g e s . T h e  l o s s  i s  h ig h e r  

f o r  s m a l l  n.j + n 2 and sm al l  H.

Thus to o p t i m i z e  the  c a p a c i t y  o f  su ch  sys tem s one sh o u ld  t r y  t o  

app ly  equa l  numbers o f  s e r v e r s  a t  both  s t a g e s  and b a l a n c e  t h e  sy s te m ,  

o n ly  i f  t h i s  i s  i m p o s s i b l e ,  t h e  l o s s  r e s u l t i n g  from t h e  unequal  numbers 

o f  s e r v e r s  may be m inim ized by proper  u n b a la n c in g .

9 .  Remarks on o t h e r  o p t i m i z a t i o n  c r i t e r i a  •

Throughout t h i s  paper we were concerned  w ith  a un ique  o p t i m i z a t i o n  

g o a l  : system c a p a c i t y  m a x im iz a t io n . I n  t h i s  s e c t i o n  we s h a l l  mention  

b r i e f l y  other  c h a r a c t e r i s t i c s  which are  a l s o  f r e q u e n t l y  c o n s id e r e d  

as im portant  d e s i g n  f a c t o r s .

The most commonly used c h a r a c t e r i s t i c s  are:

-  The expected number o f  demands in  th e  sys tem

-  The i d l e  time o f  i n d i v i d u a l  s t a g e s

-  The mean in -  s y s t e m  time / s u j o u r n  t i m e /  o f  demands.

I t  sh o u ld  be m en t ioned  t h a t  t h o s e  c h a r a c t e r i s t i c s  a re  o f  s i g n i f i c a n t  

i n t e r e s t  both f o r  open and s a t u r a t e d  s y s t e m s ,  as  w e l l  a s  f o r  sy s tem s  

w it h  i n f i n i t e  i n t e r m e d i a t e  qu eu es .
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I t  has been proved /  f o r  example [4 2 ]  * [ 4 6 ]  /  t h a t  opt im al  system  

param eters  chosen f o r  d i f f e r e n t  o f  t h i s  c h a r a c t e r i s t i c s  do n o t  c o i n 

c i d e . A l s o  the  s e n s i t i v i t y  o f  t h i s  f a c t o r s  on param eter  changes i s  

q u i t e  d i f f e r e n t .

Por example f o r  e queueing  l i n e  w ith  M=3,Z=8 ch ang in g  the  b u f f e r  

a l l o c a t i o n  p a t t e r n  from =3,  =5 'to = >̂ K3 i n c r e a s e s  t h e

e x p e c ted  number o f  u n i t s  in  sys tem  from 6 . 3  up t o  7 . 6  not  i n f l u e n c i n g  

the  system  c a p a c i t y  a t  a l l  -  s y s te m s  b e in g  du a l  [4 2 ]  .

The b u f f e r  a l l o c a t i o n  from sm a l l  to  l a r g e  a lo n g  th e  l i n e  was 

a d v o c a ted } as  d e c r e a s i n g  s i g n i f i c a n t l y  the  e x p e c ted  number of  u n i t s  

in  s y s t e m , w i t h  on ly  marginal  l o s s  o f  c a p a c i t y  f o r  l a r g e r  M as  w e l l .

Optimal s e q u en c in g  of  open t w o - s t a g e  q u eu e in g  l i n e s  m inim izing the  

delay was studied  a n a ly t ic a lly  by Tembe and W olff [5 0 ]  fo r  i n f i n i t e ,  

and by Kawashima [2 2 ]  fo r  f i n i t e  in term ed iate queues.

S im u la t io n  s t u d i e s  o f  q u eu e in g  l i n e s  w i t h  i n f i n i t e  i n t e r m e d i a t e  

queues t o g e t h e r  w i th  o p t i m i z a t i o n  o u t l i n e s  were r e p o r t e d  f o r  M=2 in  

[ 3 0 ]  and [ 4 5 ]  w h i l e  l i n e s  w i t h  M=4 and M=20 were s t u d i e d  in[21][30]  

r e s p e c t i v e l y .

Complex o p t i m i z a t i o n  c r i t e r i a  are o f t e n  used f o r  d e te r m in in g  th e  

proper  b u f f e r  s i z e  [ 5 ] ,  [ 1 ] ,  [ 2 3 ]  .

I t  i s  s u g g e s t e d  t h a t  b u f f e r  s i z e  should be chosen  w i th  regard to  

f o l l o w i n g  f a c t o r s :

-  c o s t s  o f  s e r v e r s  i d l e  time

-  c o s t s  o f  d e c r e a s i n g  sys tem s throughput due t o  l i m i t e d  s t o r a g e

-  c o s t s  o f  h o ld in g  th e  in v e n t o r y  o f  demands in  system

-  c o s t  o f  s t o r a g e  space

C lo s e r  d i s c u s s i o n  o f  t h e s e  problems e x c e e d s  however the  scope

of  t h i s  paper
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10.  C o n c lu s io n s  .

In view o f  th e  s t a t e s m e n t s  p r e se n te d  above ,som e g e n e r a l  c o n c l u 

s i o n s  can be made.

Let us in t r o d u c e  i n f o r m a l l y  t h e  concept  o f  i n d i v i d u a l  s t a g e  e f f i c i e n c y  

d e s c r i b e d  as  f o l l o w i n g s  i f  t h e  e f f i c i e n c y  o f  any s t a g e  i n c r e a s e s ,  

w h i l e  o th e r  s t a g e s  remain unchanged, then  th e  c a p a c i t y  o f  th e  whole  

sys tem  w i l l  be i n c r e a s e d . l e  s h a l l  a l s o  assume t h a t  th e  e f f i c i e n c y  o f  

i d e n t i c a l  s t a g e s  i s  e q u a l .

The rev iew ed  in t h i s  paper  r e s u l t s  d e m o n s tr a te d ,  th a t  the  

e f f i c i e n c y  o f  i n d i v i d u a l  s t a g e s  may be in c r e a s e d  by:

-  d e c r e a s i n g  s e r v i c e  t ime /  i . e .  i n c r e a s i n g  s e r v i c e  i n t e n s i t y / ,

-  r e d u c in g  s e r v i c e  v a r i a b i l i t y  ,

-  improving s e r v e r s  r e l i a b i l i t y ,

-  i n c r e a s i n g  th e  s i z e  o f  b u f f e r  b e l o n g i n g  t o  t h i s  s t a g e  ,

-  r e p l a c i n g  a s i n g l e  s e r v e r  w i t h  a m u l t i s e r v e r  w i t h  i d e n t i c a l  

s e r v i c e  i n t e n s i t y .

G e n e r a l ly  queueing  l i n e  a c h i e v e  the  maximal th ro u g h p u t ,  when th e  

s t a g e s  e f f i c i e n c y  i s  u n eq u a l ,  most e f f i c i e n t  s t a g e s  b e in g  l o c a t e d  

in  t h e  middle  o f  the  l i n e ,  and l e s s  e f f i c i e n t  b e in g  g r a d u a l ly  moved 

in  t h e  d i r e c t i o n  o f  i t s  e n d s . T h i s  can b e , e s s e n t i a l l y , o b ta in ed  by 

chang in g  any o f  the  above l i s t e d  p a r a m ete rs ,  however w ith  q u i t e  

d i f f e r e n t  s e n s i t i v i t y *  Gome i l l u s t r a t i v e  d a ta  were g iv e n  in  p r e v io u s  

chapter» .

I t  should be s t r o n g l y  s t r e s s e d ,  t h a t  the  v a l u e  o f  r e s u l t s  r ev iew  

here  l i e s  by f a r  more in  t h e i r  q u a l i t a t i v e  than q u a n t i t a t i v e  p a r t .

In p r a c t i c e  n e i t h e r  b b t a i n i n g  s t r i c t l y  eq u a l  nor  o p t im a l ly  unequal  

s t a g e  param eters  i s  p o s s i b l e  w ith  h ig h  p r e c i s i o n .

The most im portant  t h i n g  i s  t o  know, in  which d i r e c t i o n  should  th e  

u n e v o id a b le  d i s c r e p e n c e s  from the  i d e a l  c a s e  be p e r m i t t e d ,  in  order  t

a p r i  n u n  1 П Я Я Й Я .
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N o t i c e  t h a t  in  a l l  the  o p t i m i z a t i o n  o u t l i n e s ,  a s  a r u l e  th e  

p o s s i b l e  g a in  from o b s e r v in g  the  o p t i m i z a t i o n  p a t t e r n  was s i g n i f i c a n t l y  

s m a l l e r  than the  l o s s  caused by a wrong d e c i s i o n  , a l t h o u g h  sometimes  

the  g a in  i t s e l f  was a l s o  worth app ro a ch in g  •

In t h i s  s e n s e  th e  e x a c t  knowledge o f  s e r v i c e  t ime d i s t r i b u t i o n  i s  not  

e s s e n t i a l ,  a s  lo n g  a s  t h e i r  v a r i a b i l i t y  c o e f f i c i e n t  d o e s  n o t  exceed  

u n i t y . A l l  the  r e s u l t s  remain q u a l i t a t i v e l y ,  s i m i l a r  in  t h i s  c a s e ,  

and q u a n t i t a t i v e  d i s c r e p e n c e s  a r e , u s u a l l y ,  s m a l l .

The c a se  o f  C> 1 r e c e i v e d  v e ry  few a t t e n t i o n  so  f a r .

T h is  o c c u r s  i f  t h e  breakdown p r o c e s s  i s  t r e a t e d  j o i n t l y  w i th  t h e  service 

A lso  in  th e  c a se  i f  a t  some s t a g e s  one o f  s e v e r a l  n o n - i d e n t i c a l  

s e r v e r s  i s  used a l t e r n a t i v e l y  f o r  a g i v e n  demand /  b e c a u se  o f  i t s  

s p e c i a l ,  i n d i v i d u a l  f e a t u r e s /  such s i t u a t i o n  o c c u r s ,  l e a d i n g  f o r  

example t o  h y p e r e x p o n e n t i a l  s e r v i c e  t ime d i s t r i b u t i o n .

Such s i t u a t i o n s  are  n o t  uncommon w h i l e  m o d e l l i n g  p r o d u c t io n  s y s t e m s .

As some i r r e g u l a r i t i e s  have been n o t i c e d  / c f .  s e c t i o n  5 /  f o r O I  

t h i s  a r ea  needs  f u r t h e r  r e s e a r c h .

S i m i l a r l y  f u r t h e r  r e s e a r c h  i s  needed in  order  t o  v e r i f y  t o  what 

e x t e n t  th e  r e s u l t s  o f  i n t r o d u c i n g  p a r a l l e l  s e r v e r s  d i s c u s s e d  in  . 

s e c t i o n  8 may be g e n e r a l i z e d  f o r  th e  system  w i th  l a r g e r  number o f  

s t a g e s .

I t  i s  e s s e n t i a l  w h i l e  u s in g  o p t i m i z a t i o n  r u l e s  s u g g e s t e d  in  

some pap ers  t o  make s u r e ,  t h a t  the  models  are  q u i t e  i d e n t i c a l  in  

th e  r e f e r r e d  r e p o r t  and in  th e  a p p l i c a t i o n  c o n s i d e r e d .

M isu n d ers ta n d in g s  caused by some r u l e s  s u g g e s t e d  f o r  paced s y s t e m s  

in  a p p l i c a t i o n  t o  th e  unpaced c a se  where mentioned e a r l i e r .

S i m i l a r l y  th e  D av is  Q14H c o n j e c t u r e  about u n b a la n c in g  p a t t e r n  i s  f r e 

q u en t ly  c i t e d  w i th o u t  n o t i c i n g  t h a t  i t  was o r g i n a l l y  fo rm u la te d  f o r  

a system  w i t h  l o s s e s  / e g  [1 0 J  /  !

Seemingly  s m a l l  d i f f e r e n c e s  in  the  i n v e s t i g a t e d  m odels  l e a d  some

t im e s  t o  Quite  different oritimizat.i nn rulen.
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Ae i t  was i l l u s t r a t e d  by f i g u r e s  and t a b l e s  t h e  g a i n  in  c a p a c i t y  

o b ta in e d  through sy s te m  o p t i m i z a t i o n  i s  sometimes s m a l l .

Thus th e r e  i s  an e s s e n t i a l  d i f f i c u l t y  in  o p t i m i z a t i o n  s t u d i e s  f o r  

sy s te m s  where no e x a c t  a n a l y t i c a l  r e s u l t s  are a v a i l a b l e  /  t h e  erro r  

in tr o d u ce d  by a pp rox im ate  methods may deform th e  c o n c l u s i o n s  o b t a i n e d /

Using  s i m u l a t i o n , a  g r ea t  a f f o r d  must be done t o  v e r i f y  the  s t a t i 

s t i c a l  s i g n i f i c a n c e  o f  the  o b ta in e d  r e s u l t s ,  e rr o n e o u s  s t a t e s m e n t s  

b e i n g  by f a r  not  uncommon.

In t h i s  paper f i g u r e s  and t a b l e s  were c o n s t r u c t e d  m ain ly  f o r  

t h e  models i n v e s t i g a t e d  by use o f  a n a l y t i c a l  t o o l s ,  t o  avo id  qu ot ing  

some mean v a l u e s ,  b e i n g  m e a n in g le s s  w i t h o u t  c i t i n g  a l s o  the  back in g  

them s t a t i s t i c a l  r e a s o n i n g .

F i n a l l y  i t  h a s  t o  be s t r e s s e d  t h a t  f a c t o r s  o t h e r  than system  

c a p a c i t y  g e n e r a l l y  r e a c t  d i f f e r e n t l y  t o  th e  o p t i m i z a t i o n  r u l e s  pre 

s e n te d  here .H owever  th e  in fo r m a t io n  about e f f e c t s  o f  i n d i v i d u a l  s t a g e s  

parameter  changes on system c a p a c i t y  rem ains  im portant  a l s o  i f  o ther  

o p t i m i z a t i o n  g o a l s  are  chosen ,  making i t  p o s s i b l e  t o  d e c id e  on 

a r e a so n a b le  p o l i c y  f o r  the o c c u r in g  t r e d e o f f s .
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F i g .  1. A m u l t i s t a g e  q u e u e i n g  s y s t e m

Xo ~ t h e  i n t e n s i t y  o f  d ema nd s  a r r i v a l s
n £ -  t h e  n u m b e r  o f  s e r v e r s  i n s t a l l e d  a t  i - t h

s t a g e

A^ -  j - t h  s e r v e r  b e l o n g i n g  t o  i - t h  s t a g e

S^ -  b u f f e r  f o r  demands  w a i t i n g  t o  be s e r v e d
a t  i - t h  s t a g e

N£ -  t h e  s i z e  o f  b u f f e r

У £ -  s e r v i c e  i n t e n s i t y  o f  s e r v e r  A'l
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F i g .  2. C a p a c i t y  o f  a t w o - s t a g e  u n b a l a n c e d  q u e u e i n g  
l i n e  w i t h  e x p o n e n t i a l  s e r v e r s .  D a t a  t a k e n  f r o m  

C1 8  ] .
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F i g .  3. C a p a c i t y  o f  a t w o - s t a g e , u n b a l a n c e d  q u e u e i n g  l i n e .
E x p o n e n t i a l  s e r v i c e  t i m e  was a s s u m e d  a t  t h e  f i r s t  
s t a g e , w h i l e  e i t h e r  r e g u l a r  ( c a s e  a )  o r  h y p e r e x p o n e n 
t i a l  ( c a s e  b )  d i s t r i b u t i o n  w i t h  C -  / 3  i s  a p p l i e d  

a t  t h e  s e c o n d  s t a g e .  Da t a  t a k e n  f r o m  Г 5 2□.
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i d e n t i c a l  s e r v i c e  t i m e  d i s t r i b u t i o n  a t  b o t h  s t a g e s .  

N -  0.  Da ta  t a k e n  f r o m  [ 3 8 7 .
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F i g .  6. C o m p a r i s o n  o f  s y s t e m  c a p a c i t y  i n  t h e  c a s e  o f
c o n s t a n t  s y s t e m  a c c u m u l a t i o n  L and  d i f f e r e n t  
b u f f e r  s i z e  N as  w e l l  a s  n u m b e r  o f  s e r v e r s  
K3 L -  2K + N. Data t a k e n  f r o m  C 5 3□-
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F i g .  7. C o m p a r i s o n  o f  s y s t e m  c a p a c i t y  i n  t h e  c a s e  o f  c o n s t a n t  
b u f f e r  s i z e  N an d  d i f f e r e n t  number  o f  s e r v e r s  a t  

i n d i v i d u a l  s t a g e s ,  n^  f  n ^ ,  n 2 + n 2 ~ c o n s ^- 
D a t a  t a k e n  f r o m  C 5 3 H-
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F i g .  8. Two s y s t e m s  b e i n g  c o m p a r e d  C53□

a)  К q u e u e i n g  l i n e s ,  e a c h  w i t h  i n t e r m e d i a t e  

b u f f e r  o f  s i z e  N^

b )  h o m o g e n e o u s  t w o - s t a g e  q u e u e i n g  s y s t e m  w i t h  

b u f f e r  s i z e  N^ = к Na
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F i g .  9.  The c a p a c i t y  o f  a t w o - s t a g e  u n b a l a n c e d  h o m o g e n e o u s  

s y s t e m  [ 5 ЗЗ h a v i n g  e q u a l  n u m b e r  o f  s e r v e r s  a t  b o t h  
s t a g e s .  N -  0.
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10 .  The c a p a c i t y  o f  a t w o - s t a g e  u n b a l a n c e d  q u e u e i n g  

s y s t e m  C 5 3 H w i t h  d i f f e r e n t  n u m b e r  o f  s e r v e r s  a t  
i n d i v i d u a l  s t a g e s .
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M«3 M=4

оH K=2 N=4 H=0

Dptimal unbalancing

В (ъ 2)
0 .8 2

/ 0 . 8 3 /

0 .92 0.94 0.86

Throughput in cr ea se  

jver the balanced 

;ase [ % ]

100.5

/ 1 0 0 . 5 4 /

100.4 100.3 100.9

lange of unbalancing  

jreserving maximal 

gain -0.1%

0 .7 4 -0 .9 2 0 .8 6 -0 .9 6 0 .9 2 - 0 .9 8 0 .8 2 -0 .9 2

Jnbalancing / i n  pro

per d irec t io n  p res er 

ving the throughput 

3f the balanced case

0 .66 0.82 0 .88 0.72

Table 1 .The capacity o f  unbalanced three and fo u r -  stage  

queueing l in e s .B a s e d  upon data from ß8 3 , data  

in  parenthes is  taken from [413
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Optimal unbalancing
E (b-j) =* 1 .1  E(b^= 1 .06  E^b^a 1.02  

e O ^ - 0 .9 8  ECb5)= 0 .9*  E(bg)= 0.9

Unbalancing / i n  proper/  

d ire c t io n  preserv ing  the  

throughput of  the balan

ced case

ECb^ » 1 .2  EÜd̂ »  1 .1 2  EÍb^ = 1.04  

E(b4)= 0 .9 6  Е(Ъ5) = 0 . 8 8  Е (b )̂ « 0 .80

Throughput in crease  over 

the balanced case [ % ] 1 %

Table 2 .  Some d a t a  c h a r a c t e r i z i n g  th e  c a p a c i t y  o f  an unbalanced  

queueing  l i n e  w ith  M=12, K=0, a c co r d in g  t o  [4 'll •

An e q u a l i t y  E (b.) = E f b ^ . ^ )  h o l d s .
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The pattern  

considered

C apacity of 

balanced case

Gain from 

unbalancing

Optimal 

B (b,)

unbalancing  

J (b 2) E(b3)

a /  E E D 0.6160 102.80 1.00 0.73 1.27

b / D E E 0.6160 102.80 1.27 0.73 1.00

с /  E D E 0.6167 100.35 0.945 1.110 0.945

d / E D D 0.7311 106.79
<

0.62 1.19 1.19

e /  D D E 0.7311 106.79 1.19 1.19 0.62

f / H D 0.7311 106.79 1.19 0 . 6 2 1.19

g / D Í D 1 Ko

h / E B E 0.5641 100.5 1.09 0 .82 1.09

Table 3. Optimal unbalancing of th r ee - s ta g e  système with

d i f f e r e n t  s e r v ic e  time d i s t r ib u t io n s  /based on [403 / .  

The l a s t  pattern  u t i l i z e s  data from DtëJ 

E stands for  exponentia l  and D for  d e te r m in is t ic

s e r v i c e  time d is t r ib u t io n *



S e r v i c e  t im e  d i s t r i b u t i o n  a t  t h e  second  s t a g e

c?

Uniform E r lan g

£

оий
м

ои•r~

о

C . , -1 ,  К=0 C.,-1,  U=1 С1=0,  N=0 с п=1, К=0 С1» 1 , Н-1

0 . 0 0 1 . 0 0 .7 3 1 0 6 0 .8 2 3 6 6 1 . 0 0 .7 3 1 0 6 0 . 8 2 3 6 6

0.10 0 . 9 5 8 5 0 0 .7 3 0 0 8 0 . 8 2 2 6 3 0 . 9 1 6 7 0 0 .7 3 0 0 8 0 . 8 2 2 6 3

0 . 2 0 0 . 9 2 0 3 0 0 .7 2 7 1 2 0 . 8 1 9 5 4 0 .9 2 6 3 3 0 .7 2721 0 . 8 1 9 6 0

0 . 3 0 0 . 8 8 5 0 3 0 . 7 2 2 2 0 0 .8 1 4 4 3 0 . 8 9 3 7 2 0 .7 2 2 6 2 0 .8 1 4 7 1

0 . 4 0 0 . 8 5 2 3 7 0 .7 1 5 3 0 0 . 8 0 7 3 0 0 . 8 6 5 3 0 0 . 7 1 6 3 5 0 . 8 0 7 7 3

0 . 5 0 0 . 8 2 2 0 3 0 .7 0 6 4 0 0 . 7 9 8 2 4 0 .8 3 6 5 5 0 .7 0 9 4 2 0 .8 0 0 2 9

Zab le  4 .  C a p a c i t y  o f  a t w o - s t a g e ,  b a l a n c e d  q u e u e in g  l i n e  w i t h  e i t h e r  r e g u l a r  /С., = 0 /

or e x p o n e n t i a l  /C^ = 1 /  s e r v i c e  t im e  d i s t r i b u t i o n s  a t  t h e  f i r s t  s t a g e  and two 

d i f f e r e n t  s e r v i c e  t im e  d i s t r i b u t i o n s  w i t h  v a r i a b i l i t y  c o e f f i c i e n  C2 a t  t h e  

second a t e g e .  Data t a k e n  from L39] .
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К 0 1 2 3 4 5 6 7 8 9 10

V 0,66 0.75 0 .8 0.833 0.857 0.876 0.889 0.9 0.909 0.917 *0.924

(tin 1 2 . 5 6.66 4.17 2.86 2 .08 1.59 1.25 1.01 0.834 0 .7 0.595

3 * >

Table 5. Values of V and E versus N fo r  the two-stage system with exponentia l  servers .

Í___ I
N = 0 a H » 1 a

N = 2 a

К queueing l i n e s 0.6667 0.7500 0.8000

M ult istage Queueing 

Systems with  

m u lt iserv ers

К = 2 0.7500 0.8333 0.8750

К = 3 0.7900 0.8714 0.9072

К -  4 0.8161 0.8940 0.9256

00

Table 6. Comparison of the capacity  achieved by a MQS and corresponding  

se t  of  queueing l in e s .D a t a  taken from £ 5 3 ]  .
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összefoglalás

Véges tárolókapacitású többlépcsős sorbanállási modellek átbocsátóképességének

optimalizálása

A többlépcsős sorbanállási modellek mostanában nagy figyelemnek örvendenek, mert 
jól használhatók számos ipari rendszer modellezésére. Ha a különböző lépcsők kiszolgálási 
ideje eltérő, akkor közöttük sorok jöhetnek létre és a sorok hossza a gyakorlatban korlá
tozott. A sorhossz túllépése az igény elvesztését eredményezi. Ezt a jelenséget ’ blokkolva- 
sással” kerülik el.

Sok cikk foglalkozott már a többlépcsős rendszerekkel, de még nem állnak rendelke
zésre egzakt analitikus eszközök arra az esetre, ha a kiszolgálók száma háromnál több, és 
kisebb rendszerekben is csak egyes speciális eseteket vizsgáltak részletesen. A cikk célja 
az átbocsátóképesség-optimalizálás jelenlegi helyzetének bemutatása. A feladat formális 
felállítása után a cikk felvázolja az átbocsátóképességet befolyásoló egyes paraméterek opti
mális kiválasztását.

Р Е З Ю М Е

Об оп ти м и зац и и  п р о п у ск н о й  с п о с о б н о с т и  м ногоф азны х с и с т е м  

м а с с о в о г о  о б сл уж и в ан и я  с  кон еч н ой  о ч е р е д ь ю  в о т д ел ь н ы х  ф а з а х

М ногофазны е си стем ы  м а с с о в о г о  обсл уж и в ан и я  имею т больш ое

з н а ч е н и е , так  как их хорош о можно и с п о л ь з о в а т ь  д л я  м о д е л и р о в а -
<

ния различны х промышленных с и с т е м . Н есм отря  на т о ,  ч т о  вним а

ние р я д а  м а тем а т и к о в  о б р а т и л о с ь  на проблем ы  с и с т е м , в н а с т о я 

щ ее время н ет  точны х а н а л и т и ч е ск и х  с р е д с т в  для  и с с л е д о в а н и я  

с и с т е м , в которы х ч и с л о  обслуживаю щ их п р и б о р о в  больш е т р е х .

Для с и с т е м , в которы х э т о  ч и сл о  н е больш е т р е х ,  т о л ь к о  ч астн ы е  

сл у ч а и  р а ссм а т р и в а ю т ся  п о д р о б н о .

Целью д а н н о й  р аботы  я в л я е т с я  п о к а з  д о ст и ж ен и й  в о б л а с т и  

оп ти м и зац и и  п р о п у ск н о й  с п о с о б н о с т и . П осл е п о ст а н о в к и  за д а ч и  в 

с т а т ь е  п о д р о б н о  и зу ч а ю т с я  осн ов н ы е п а р а м етр ы , от  которы х з а в и 

с и т  п р о п у ск н а я  с п о с о б н о с т ь  с и с т е м .
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