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ON THE DENSITY OF TRANSLATES OF A DOMAIN
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Let « be a domain in  the  Euclidean plane.  We s h a l l  denote th e  d e n s i t y  
of  the densest  packing o f  t r a n s l a t e s  o f  w by d(w) and the d e n s i t y  of  the  
densest  l a t t i c e  packing of  t r a n s l a t e s  of  w by d’ iw).

It  has been shown ( Ш ,  1 2 1 ,  E33) that i f  w i s  convex then 

dCw) = d ' (w ) .  (1)

In a recent paper L. Fejes  Tóth C43 s ta r te d  an i n t e r e s t i n g  f i e l d  of  
research  try in g  t o  extend the  v a l i d i t y  o f  (1) t o  more general domains. He 
has proved that i f  w i s  the union of  two i n t e r s e c t i n g  equal c i r c l e s  than 
equation (1)  i s  s t i l l  v a l i d .  The range of  v a l i d i t y  of  t h i s  property  has 
been curbed by a co n s tru c t io n  of  A. Bezdek and G. Kertész С5]. They have 
constructed  a domain c o n s i s t i n g  of  5 convex domains that can be arranged t o  
have higher d en s i ty  i f  you do not require  the packing to  be l a t t i c e l i k e .  
Fejes  Tôth’ s  conjec tu re  C13 i s  that t h i s  can not be done with a domain that  
i s  the union of  two convex domains with a point in commmon. The analoguous  
quest ion  has been r a i se d  for s tar l i k e  domains as  w e l l .

In the present paper we are going to  g iv e  a con s tru ct ion  for a domain u 
with th e  fo l lowing  p ro p er t ie s :

( i )  u i s  the union o f  three convex domains
(i  i ) u i s  s tar  I ike>
( i i i )  d(u) > d ’ (u)» i . e .  the densest  packing of  u 

i s  not I a t t i c e l i k e .

To descr ibe  the  domain u and t o  show i t s  p r o p e r t i e s  we shal I use the  
2-dimensional coordinate  system. In what fo l low s  A(x) wil l  denote the area 
of X, and th e  sum o f  a domain and a vector  denotes  th e  t r a n s l a t e  of  the  
domain by that vector .The th ree  conponents that we use to  constru ct  our 
domain u are two rhombs R1 and R2 and a hexagon H. We d e f in e  them by 
l i s t i n g  th e ir  corners as fo l low s  ( F i g . l )  :

R1 ( Si —a ) » ( a,  1—a ) ,  (—1+a» 2—a) i  (—1+a» 1—a)
R2 ( a ,  a)I ( a i —1+a)» ( - 1+a»- 2+a)» (—1+a»—1+a)
H (0,  0 ) ,  <1, 1) ,  (1+L, 1 ) ,  (2+L, 0 ) ,  ( 1+L»- 1 ) » ( 1 , - 1 )

Here L denotes  a s u f f i c i e n t l y  large and a > 0 denotes  a s u f f i c i e n t l y  
smalI number.

This work was supported by the National Scientific Research Fund 
No. 1066/1985



94

The union u o f  RI, R2 and H i s  c l e a r l y  s tar  I ike  with resp ec t  t o  any 
point  of  the t r i a n g l e  ( 0 , 0 ) ,  ( a , a ) ,  ( - a , - a )  thus  u shares  p r o p e r t ie s  ( i )  and
(i i ) .

Consider now t h e  t r a n s l a t e  ul  = u + ( 1 , 2 )  and the union v of  u and u l .  
On the one hand u and ul have no in te r i o r  point  in common» on the other hand 
the v ec tor s  (0,  4)  and (L+3, 2)  d e f in e  a l a t t i c e l i k e  arrangement of  v that  
i s  a packing ( F i g . 2 ) .  Thus we have a packing of  t r a n s l a t e s  o f  u of  d en s i ty

A(u)/(2*L+6).

Although we are  convinced that  the bes t  l a t t i c e  packing i s  generated by 
the vec tors  (1,  2 )  and (L + 3-a , - l+ a )  (F ig .3 )  we need not prove that  to  reach 
our g o a l . AI I we are  l e f t  to  show i s  that any Ia t t i c e -p a c k in g  of  u has a 
smaller d e n s i ty  than A (u) / (2*L+6) .

Let us c o n s id er  a l a t t i c e - p a c k i n g  of  u. F i r s t  we d e f in e  the ' s i d e  
s t r i p '  and the  'neck' of u. The s id e  s t r i p  of  u i s  a rhomb of area b*(L+l) 
given by i t s  corners:  (0» 1)» (L+l,  1)» (L+i-b,  1+b), (~b, 1+b), and the
neck i s  a t r i a n g l e  given again by i t s  corners  (a, a)» (a+b,a+b),  (a» a+b); 
where b i s  a s u f f i c i e n t l y  small but p o s i t i v e  number.

We d i s t i n g u i s h  two c a s e s .  F i r s t  we assume that in th e  l a t t i c e -p a c k in g  
th e  hexagonal p a r t s  of the neighbouring domains are not c l o s e  t o  each other ,  
more p r e c i s e l y ,  we assume that  the s id e  s t r i p  of  u does not contain  a point  
of the hexagonal part of  a t r a n s l a t e .  Then -  cons ider ing  that  no more than 
a s i n g l e  rhombic part of the whole packing can have a point  in common with 
the s id e  s t r i p  o f  u, and th at  th e  area of  that  common part i s  c e r t a i n l y  
smaller than b, t o  each t r a n s l a t e  there belongs  an uncovered part of  area > 
b*L. Since  A(u) = 2*L+4-2*a*a, t o  any p re f ixe d  a and b L can be chosen so  
that  A(u)+b*L > 2$L+6.

In the o ther  case the s i d e s  of  c e r t a i n  p a ir s  of  hexagons are c l o s e ,  
than b. Of th e  l o g i c a l l y  symmetric two subcases  we assume that the rhombic 
part of a t r a n s l a t e  u2 uf u e n t e r s  the neck t r i a n g l e  of  u Then u2 = u + 
( 1 + t l ,  2+t2) ,  where 0 <= t l  <= t 2  < b. The domains u and u2 d e f in e  a s t r i p e  
of the  l a t t i c e - p a c k i n g ,  and t h e  whole l a t t i c e  i s  def ined  by two neighbouring  
s t r i p e s .  S in c e  the c l o s e s t  p o s i t i o n  of  two such s t r i p e s  i s  def ined  by the  
t r a n s la t io n  (L+3-a- t2 ,  - l + t 2 ) ,  th e  area of  the  fundamental domain o f  the  
l a t t i c e  of  th e  densest  such l a t t i c e  packing i s  2*L+7 +(L+3)*t2 -2#(a+t2)  
- < t 2 - t l )  - t l * t 2 .  For s u ta b ly  chosen a and b t h i s  area i s  > 2*L+6.5,  and 
t h i s  i s  what we wanted to  show.
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Плотность трансляций одной области 

А. Хеппеш 

Резюме

Статья изучает выполнения плоскости трансляциями данной об- 
листи, так что две области не имеют совместные внутренние точ
ки. Исследуя одну проблему Л. Фейеш Тот-a, автор конструктивным 
образом доказывает, что: а/ существует область /связное объеди
нение трех выпуклых областей/ такая, что трансляция дающая мак
симальную плотность не решеточная, и б/ существует звездочная 
область с такими же свойствами.

EGY TARTOMÁNY ELTOLÁSAINAK SŰRŰSÉGÉRŐL

Heppes А.

Összefoglaló

A szerző Fejes Tóth László által felvetett proolémákat vizs
gálva konstrukció utján bizonyltja, hogy a/ létezik olyan 
tartomány a sikon, amelyen 3 konvex tartomány /összefüggő/ 
egyesítése és amelynek legsűrűbb átfedés nélküli elrendezése 
nem rácsszerü, b/ létezik olyan csillagszerű tartomány a 
sikon, amelynek legsűrűbb átfedés nélküli elrendezése nem 
rácsszerü.
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