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ON THE DENSITY OF TRANSLATES OF A DOMAIN
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Let w be a domain in the Euclidean plane. We shall denote the density
of the densest packing of translates of w by d(w) and the density of the
densest lattice packing of transiates of w by d’(w).

It has been shown ([11, [2], [31) that if w is convex then
diw) = d’ (w). (1)

In a recent paper L. Fejes Toth [4] started an interesting field of
research trying to extend the validity of (1) to more general domains. He
has proved that if w is the union of two intersecting equal circles than
equation (1) is still valid. The range of validity of this property has
been curbed by a construction of A. Bezdek and G. Kertész [S]. They have
constructed a domain consisting of 5 convex domains that can be arranged to
have higher density if you do not require the packing to be latticelike.
Fejes Tdth’s conjecture [11 is that this can not be done with a domain that
is the union of two convex domains with a point in commmon. The analoguous
question has been raised for starlike domains as well.

In the present paper we are going to give a construction for a domain u
with the following properties:

(i) u is the union of three convex domains

(ii) u is starlike,

(ii1i) du) > d’(ud, i.e. the densest packing of u
is not latticelike.

To describe the domain u and to show its properties we shall use the
2-dimensional coordinate system. In what follows A(x) will denote the area
of xy and the sum of a domain and a vector denotes the translate of the
domain by that vector.The three conponents that we use to construct our
domain u are two rhombs R1 and R2Z and a hexagon H. We define them by
listing their corners as fol lows (Fig.1) :

R1 ( ay —-a)y ( ay 1-a)y (-1+a, 2-a), (-1+a, 1-a)
R2 (a, a), ( ay—-1+a), (—1+a,-2+a), (-1+a,-1+a)
H (0, 0)y, (1, 1), C(1+4L, 1), (2+4L, O)y C(1+L,-1), (1,-1)

Here L denotes a sufficiently large and a > O denotes a sufficiently
small number.
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The union u of Rl, RZ and H is clearly starlike‘with respect to any

point of the triangle (0,0), (aya), (-a,—-a) thus u shares properties (i) and
Gldas

Consider now the translate ul = u + (1,2) and the union v of u and ul.
On the one hand u and ul have no interior point in common, on the other hand
the vectors (0, 4) and (L+3, 2) define a latticelike arrangement of v that
is a packing (Fig.2). Thus we have a packing of translates of u of density

ACu) /(2¥L+6) .

Although we are convinced that the best lattice packing is generated by
the vectors (1, 2) and (L+3-a,-1+a) (Fig.3) we need not prove that to reach
our goal.All we are left to show is that any lattice-packing of u has a
smal ler density than A(u)/(2X¥L+6).,

- Let us consider a lattice-packing of u. First we define the ’'side
strip’ and the "neck’ of u. The side strip of u is a rhomb of area bX¥(L+1)
given by its corners: (0, 1), (L+1, 1), (L+1-b, 1+b), (-b, 1+b), and the
neck is a triangle given again by its corners (a, al), (at+b,at+b), (a, a+b);
where b is a sufficiently small but positive number.

We distinguish two cases. First we assume that in the lattice-packing
the hexagonal parts of the neighbouring domains are not close to each other,
more precisely, we assume that the side strip of u does not contain a point
of the hexagonal part of a translate. Then - considering that no more than
a single rhombic part of the whole packing can have a point in common with
the side strip of u, and that the area of that common part is certainly
smal ler than b, to each translate there belongs an uncovered part of area >
b¥L. Since Alu) = 2¥L+4-2%a%a, to any prefixed a and b L can be chosen so
that A(u)+b%L > 2%L+6.

In the other case the sides of certain pairs of hexagons are close:
than b. Of the logically symmetric two subcases we assume that the rhombic
part of a translate u2 uf u enters the neck triangle of u Then u2 = u +
(1+t1, 2+t2), where 0 <{= t1 <= t2 < b. The domains u and u2 define a stripe
of the lattice—packing, and the whole lattice is defined by two neighbouring
stripes. Since the closest position of two such stripes is defined by the
translation (L+3-a-t2, -1+t2), the area of the fundamental domain of the
lattice of the densest such lattice packing is 2%L+7 +(L+3)%t2 -2¥(a+t2)
-(t2-t1) -t1¥t2. For sutably chosen a and b this area is > 2¥L+6.5, and
this is what we wanted to show.
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[IZIOTHOCTh TPAHCJIALKMN OOHOH O6JlacTH

A. Xermnmnem

Peswome

CraTesa Hsyuaeréunonaeﬂnﬁ TMJIOCKOCTH TPAHCJALUSIMH IaHHOM 06—
JIMICTH, TaK 4YTO OBe oO6JlaCTH He HMMEeWNT COBMECTHHE BHYTPEHHUHEe TOou-
ku. Hccnemys omHy mnpobisiemy Jl. deiiemr ToT-a, aBTOP KOHCTPYKTHBHEM
o6pa3oM HOOKa3HBaeT, YTO: a/ cymecTByeT o6JjlacTh /CBs3HOe oO6bemu-—
HeHHe TpexX BHNYKJHX obljlacTei/ Takas, 4YTO TPaHCHAUUA Lawlas MakK-—
CHMaJIbHYIH0 NJIOTHOCTh He pemeTouHass, W 6/ cymecTByeT 3Be3louHas

06JIaCTh C TaKHMH X€& CBOMCTBaMH.

EGY TARTOMANY ELTOLASAINAK SURUSEGEROL

Heppes A.

Osszefoglald

A szerzO Fejes TOth Laszldo altal felvetett proolémakat vizs-
gidlva konstrukcid utjan bizonyitja, hogy a/ létezik olyan
tartomany a sikon, amelyen 3 konvex tartomany /&sszefiiggd/
egyesitése és amelynek legsiliriibb atfedés nélkiili elrendezése
nem racsszerii, b/ létezik olyan csillagszerii tartomany a
sikon, amelynek legsiiriibb atfedés nélkiili elrendezése nem
racsszerii-
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