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In this paper, we introduce the notion of so-called 
M-minimal covers for relation scheme and prove some of 
its properties. Basing upon these properties, a necessary 
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an antikey for a relation scheme is established when the 
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§1. Definitions :
In this section we present some necessary definitions. 

Let S = < -П. , F У be a relation shheme and

ж а = ^  Kl f K2 *K3» • • • \  b e  t ] i e  s e ^ o f  k e y s

for S
Let us denote:

ГУЬ .
H -irf KI = i al*a2» • • •fapj ÊL S I

•M = 1 , 2 ,m j. is set of all indexes for keys.

Recall that ra•H01« a key for S if:
a) + II

b) 3 к» с к such that 1& - - Л  .
The subset к”1 C  SL is called an antikey for S if:

a) K $  к"1 ¥к 6 Жs
b), fx : (x x) =̂> Эк :

K Ç X.
Let be the set of all antikeys for S .

J
1.I We construct the set I. as follows:JV a .  é H : I . = [i j a . e K. , i ^ m j ̂ j < p .
It is obvious that:

a) I - cl M and I, |  о , V j pJ J
b) M = Ч.У I. = I 1,2,...,ml .

0 = 1  J L J
Thus I. is the set of all indexes for keys containing
ац . For any given a . £• H , the set I. is completely J J J
determined by a- .J

Le t i.- —■ ^I^,!^,***, Ip I о Le t vr •
The set J * is said to be a M-mininal cover if J f
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satisfies the following conditions:

■) M = O' I.

vy I. = M .
i ^ S C ' 3

b) 3 JV3 c JŸ ;

That means, if ß  Ç *3̂  is a M-minimal cover then for
all j T c  W  , we have ЧУ I. С M .

Ijtr3

If ß  *= '•3/^ only satisfies condition (a) , we say 
that J\f is a M-cover.

It is easy to see that is a M-cover and
contains at least one M-minimal cover.
1.2 ïïe can define the notion of M-minimal cover in 
an another way:

Given the set ZK.5 for a relation scheme 
S = ̂  jfL , F У , we can determine a matrix 
having p rows and m columns as follows:

1 if a. £ K.
J

о otherwise .
We call r^ , the i-th row of matrix DT£ (3\у) for every 
i ^ p , and then

c>C. . 
i j  =

У1Ь(Ц)
' rl

Î 2

1%

Let us define:

■i *  r .i <=> ^ i i  4  * 1jl for all 1 й m.
It is obvious that

ri é h
We say that
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л ъ
ОО ГМ

r i ,

is a submatrix of m f f ç )  and the meaning of the following 
notations are obvious:

М Ч  Ж ,
r i . 6

3
(к)

Ш

Сю

'С  ^

The row vector С [ j m  j = (l̂ , lp,...,lm j is called 
the characteristic vector of the submatrix Ш !К‘ Ж ( К )

Ск

i f  i .  e { o , x j and . = о /==> /  . o< . . = 0  ,

I i  tvf
U j i  Й .

If we remove any row r . from the matrix Ж  , thenJ
the remaining part is denoted by

A )
J n (K> -  Ц  i  .

The submatrix л Г ’ь лг<3$) is called a M-minimal 
cover if j t v  satisfies the following conditions:

a) 0(JTg°'’J -(1,1....l)

b) Ээтг'С (i,i..... i) . ■
If m  only satisfies condition ( a )  then it is called 
M-cover.

Let be given a relation scheme S = < л ,  p> and 
the set of all its keys . Then the matrix mix)D “

is completely determined , 3 7 U * s ) is a M-cover , 
ri Ф о and r i  <: C £  TJX CKS) J  =  ( l ,  1 , . . . ,  1  j  / V  i é  m,

Ж ( К )  contains at least one M-minimal cover sub
matrix.

In the followi ig , we will show that Б =<-a, ?> - 
has at least one an ikey j  QÏÏQtyO'i^  ( 0 -*j l ) 4 F .

a
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1.3 Example :

Let S = <Л., p> be a relation scheme

where

b e ].r V  Tf
3  =  l i ( 1  » l i ‘2  » u 3  » r

K*
l 

t—
1 II a l  » a 2 )

PA
Vj

Ô 11

a 2  » a 4 . a 5 )

K2 = [ a2 » G3 » a4 I ,

, h  = 1 a 4  * a 6 )  .

a) By definition 1.1 :

И = {1,2,3,4}

H = Ki  — »a 2 *^ з * a 4 ’ a 5 ’ а б1

Il =1 i]

I 4  -  ( 2 , 3 , 4 ]

I2 = {1,2 ,3 ] 

I 5 = Í 3 ]

h  * H  

4  ■ Í4 ]
tJj, = {l1,I2,I3,I4,I5,I6 j la an 14-cover:

And

M =vy I ± = [1 ,2 ,3 ,4 ] 
i=l 1 ;

Jif s (l ij
1 l l l , J -4*

Л/’з = (i2 ,is]

^ 2  “ ( i s - h l

I
are M-minimal covers . 

b) By definition 1.2 : 

r 1 = [l,o,0 ,0 )
=

Го  — ( 1 j 1 1

1'5 = Co, 0 ,1 ,0 )
r3 =(o,l,0 ,0 ) 

r 6 = (o, 0 ,0 ,1 )

TTbCKJ .о

/rl\
(srÏ4

r 1 0 0 0 \ 
1 1 1 0 \ 
0 1 0 0 I
0 1 1 1

Vrs /

0 1—1 
.-1 0
0 0
0 0



a n d

c [ 7f t C K s) ]  = ( i ,  1 , 1 , 1 )

11ё ia ■  1
1 O O o\

^0 1 1 lj

1 1 1 o\

о [ Г Г Ь ^ ]  -  (1,1,1,1)

т п Р  4 чО 1 1 1/ c [ ï ï b ( 2 ) J  «  (l.l.l.l)

И£ И -
rl 1 1 0

V O O 0 1
c [ l T b i 3 4  = (I,i,i,i)

Í r l 1 O 0 0 ^

с ( Л 1 ( 4 ) ]  » (î,i,i,i)1!

%

Гс
0 1 0 0 
O 0 1 0

\  O O 0 1 t
a r e  Li » m i n i m a l  c o v e r s  i n  m a t r i x  r e p r e s e n t a t i o n .

§ 2 .  L e t

Э ( ОМ )
=  { m  M  i s  a  Ы - m i n i m a l  c o v e r ,  fc< b e  t h e

s e t  o f  a l l  11- m i n i m a l  c o v e r s .

T h e o r e m  2 . 1

&  r a p e )  b e  a n y  r o w .  T h e n  t h e r e  e x i s t s  a

№

L e t  r ±  c

M - m i n i m a l  c o v e r  уп 0 K S )  s u c h  t h a t  r ^  £

P r o ő f :

L e t b e  g i v e n  a n y  r o w  r ^ e  7 K( X S) .

l )  T h e c a s e  : C ( r ± 3 =  h , 1 , 1 , • • • , i ) t h e n  r ^

2) T h e c a s e  : o ( r ± ) ф ( i , 1 , 1 , . . » , • = - )

i ) I f m d ö  e 3 t h e n  £ rrtCKs)

i l ) I f m  ( K 5 )  ф 3 •  P r o m  с ( Р Т £ ( 2 К 5 ) ]  =

t h e r e  e x i s t s j  f  i  s u c h  t h a t  C ^ Г П э  ű ^ s ) -  Ь Л ]

( l , l , l , . . . , l ) I n  f a c t ,  s u p p o s e  t h e  c o n t r a r y ,  t h a t
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V j  M  : c [ m « s) . ir.j) Ф p  I X f • • • t x̂ •

On the other hand: 3T£ СК$) ^ 3 , c  c 3TS cots) J =

(l,l,...,l) , showing that c i m ,  № )  - У - ( ‘ , 1, • •
Because V  j f i , c [ ] R O O - Ц 1 ]  - f t 1 *^21 *0 *K )

Ф (l,l,...»l')1 there exists a column q̂  such that V
showing that c*. = 1 and = о for 

tq3
every t /= 3

Let ф j2 1 jk И  , к = 1,2 then q.
3l

Ф q. .
32

Were this false, and we have q. = q. .
32

Consequently  ̂  ̂ = 1  i.e in the^ 1 %  J24 j1
q. - th column there are two elements equal to 1.

J 1
Hence for the s j.bmatrix

УТЬ { % )  - ( r̂ j we have = 1 , a contradiction.
Thus, for all j € ^1,2,...,i-l,i+l,...,p1 we have
different columns q^,q2 ,• • • • • • »Qp such
that in each column there is only one element equal to 1.
It follows that the vector r^ has the q^-th component ;
equal to 1. Since C ^TT£,(Xs)- [гЛ] = (l»l»*«*»l)
then in the q^-th column there are at least two elements
equal to 1. Suppose ^  . = °< . , = ^ > i jfc i* .l q.
It follows that К С  К . We arrive tp a contradiction,

qi» qi
(by the definition of a key.j.

We have proved that there exists j Ф i such that

с [ ж ( 0 У -  Ц ] )  = (i,i. . . x)
How, let us consider the submatrix

С  Ж  Ws)

a) If m &>e 3

т с<> =

С-0then r^ e  УТ&



112

b) If JT& £ *3 and because C [ Ж (%  (i,i....i)
then there exists j, ф i such that C [тпь',! - h- U  =

•*- 0 ]_ -1

{?• »!»•••» l} . Since the matrix mils) has p rows and 
p < + oo , it follows that there exists к > о such that

3TîCK£) 5 х Л  ■■■ ) лг*Ь í
and Т П ^ ф  3  , 0 = (l,l....l) oils k-1

(А) Г-1
jr> e 3

The theorem 2.1 is completely proved.
Prom Theorem 2.1 , we have the following corollary. 
Corollary 2.1:

r i  6- 3 7 5

Any M-cover has a M-minimal cover.
I .

Definition: „ .
Ck) '4 \

JTX^ = xi0 be a Ivl-minimal coverLet
V f* . /

H determined

( o r  ......... i j ) .

Then the set Q = ) a. , a. ,...,a. ( £
(Ю 1 2 ' k>by the matrix Я Г  ( or ) is called a representative

set of the set of all keys.
Theorem 2.2:

Let S = <̂ _П_ , Р/> be a relation scheme and 7K-0s
the set of all its keys. Let Q Çz H , and let £= 3^

be the set determined by Q (or the-matrix УТ& *~  JTZCXS) .  

Then the set У  is a М-minimal cover if and only if 
the set Q satisfies following conditions:

a) V К 6 7C3 =v> 3a é Q such that a £ К

b) V  Q» C  Q — > 3 K 6ÏC such that \f a 6 Q*
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Proof :

Suppose that J \ f  s  3 M is a M-minimal cover. Y/e need
prove that the set Q satisfies both conditions (a) and

( b )  .

Since M = \ J  1̂  then for all i 6 M therea)

exists 1. 6 jV such that <3 i 6 1. <*=> for all К e %

there exists a 6 Q such that a €■ К .
b) Let Q’ be any proper subset of Q . The set Q’

determines ^  С . Then there exists j 6 M and

j i  U  I, . Equivalently, there exists E suchI -y 1  S
1.6:  JV5

that 1for every a -6 Q* : а ф К .
beConversely , let Q V a set that satisfies both conditions

(a) and (M . We have to prove that the set é 
determined by the set Q is a M-minimal cover.

i) It is clear that M ̂  U I • • We must prove that

M я  \ J
h

i.e for all i e M then i 6 V_/ 1ц *

Since for all К 6 , there exists a 6- Q such that
a 6 К fpr all i ê Ы , there exists I. e JV suchJ

JV°that i 6 I, <=ф "" for all i e M , there exists I. <t J J
such that i £■ I. •

, I3 t #
iij Let be any proper subset of j f  . The

set J\f is determined by the set Q’. It is obvious that Q*
is a proper subset of Q . Hence by condition (b) there 
exists К 6 X  such that for all а в Q* , a 4 КS

there exists i €• Ы such that for all I . t j f  , i ф I. .
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This shows that M JD I.- «

Theorem 2.2 is cpmpletely proved.
Theorem 2.3:

Let S =^,fL, p) be a relation scheme and X, W  
the set of all of its keys. Let Q be any subset of H.
Then the set K""̂ = -0- - q is an antikey for S if and 
only if the set determined by the set Q jis a
Ы-miniinal cover •s
Proof Î

The only if part: Let K~^ be any antikey for S .
We show that the set i f  determined by the set 
Q = S L - is a M-mininal cover, i.e we must prove
that the set Q satisfies the following conditions:

a) Por all К £ :К3 there exists a e Q such
that a 6 К

b) Por any Q’ c  Q , there exists К €• ‘M  such 
that for all a é Q’ then а ф  К .

Now let us show the condition' (a) :
Since K“1 is an antikey for S , for every К ,s
К ф. K"1* _Л. - Q . Then there exists a £ Q such 
that а €г К .

We remain to prove the condition (b) . Let Q* be any 
proper subset of Q . Since Q» c  Q then _Q_ - Q c  

- Q ’ , i.e Z-SX- Q* is an extension for 
K^^SX - Q . By the definition for antikey, there exists 
K é such that К £ X=_Q- - Q’ , i.e for all aeQ’ ,
а ф X .

The if part: Suppose Q £ H satisfies both condition 
(a) and (b) . Let us show K~^ = S I  - Q is
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an antikey for S , i.e v/e raust prove that
»

<*) Por all к e (Xr, , x 4 к“1
LJ

•/p*) Por any X £ X L is an extension o f  X'r -1

( Г  С X ) , there exists X 6 such that К £ X .
Now v/e prove

cs) Assume the contrary that there exists X e  rK.i' k

such that К £  X-"*" = X L  - Q , i.e for all a 6 Q then
а ф К . This contradicts to the condition (a) .
Thus for all X £ "X s then X ф  X*"̂  holds.

0 Let X be a subset of XL. such that X*"̂  С X,
i.e X"1 = XL - Q С X . It follows that there exists
a 6 X and a 6 Q • Consider Q’ = Q - ja| d Q . By the
condition (b) there exists К e 7<0 such that for alls
a* 6 Q* then а’ <ф X . That means

К C X L -  Q’ = (XL - Q)vyia] C a] = X , i.e
X С X . Thus, for all extension X of X"\ there exists 
X 6 ‘ÎK s such that X £ X •

The proof is complete.
Prom Theorem 2.3 the following corollaries are obvious. 
Corollary 2.2;

Let S =<jQ_, P̂ ) be a relation scheme and ^
the set of all of its keys. Then any antikey X for S 
has the following form:

г- 1X — J T L —  ̂a • , â  , a. ,.. •, a •
1 Г . 2  1 3 x

Where Q lax- »ai0»ai_> * • • >a±. ] £. 3 i
' I  ^ 2  ^ 3  J"k'

is a representative
set of the set '"ЗХ, .s
Corollary 2.3:

Let S = <XL, P̂ > be a relation scheme, 0̂ ., be

+/ i.e. a supersev oi л,-l
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the set of all keys for S  , Л „ b e  the set of all ofо
its antikeys, and 3  be the set of all 11-minimal covers.

Then 131 - 1
Where 131 is the cardinality of 3 and

Theorem
\% л
2.4:

1 is the cardinality of 3 4  _ •s

Let S = < S L , F  У be a relation scheme and be-
ithe set of all keys for S . The set of all represen
tative sets for 34- will be denoted by Q,s

Then H  =  \ y  K ±  =  \J  Qj_
Ki é ̂ 5  Qi6 ßy

Proof ;
It is obvious that \^ J C H •

Q± S (Ö,
We have to prove that

Q± .H ç  v_y
Q± e (Ц

By Theorem 2.1 , for any row r^ 6 УГ& (ÎÇ) , there exists. .

a K-niinimal cover ^ s )  such that r^ 6 TfZ^> .
This is equivalent -to say that, for all a- é H thereJ
exists a Ы-minjmal cover X  C Cf/Ч such that I. t - t f  .

J

Let Qj. be the representative set which determines j f .  

Obviously 6 Q̂. , i.e aj 6 \ J  Qp 1 showing that
Qî -£,

H Ç  \ J  . The proof is complete,
Q:

Definition ;
д ± е<Р,

Let S =^П, p)> be a relation scheme. Let us denote

= - Q .  -  H
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-a, - X I  - a'

1—1
Рч = F -  G *

and r*»
°1 - < А - > л '

In ' СзЗ HO THUAIT and LO VAU БАО proved that the set of all 
keys for S = <XI, F> is the same as the set of all leejts
for >1 -<Ä,  . Px> . i.e X = K 3 = ^ s •
Thus the set of all Ы-minimal covers cn _Q. is the 
same аз the set of all Li-minimal covers on -Л. .

Let us investigate this problem in more detail.'
Y/e have the following theorem:
Theorem 2,5:

is an antikey for 5 s <Д, F y  then
л,Х ~  „  о  У П  т ,  N

а) If
-1 KsL

Vis-c*4 = к

b) If ТГ-1
°1

X“ 1Ks

is an antikey for S-̂ - then

Proof :
à) Let be given K~ an antikey for S = <hl}/  * s

- 1  ■*We must show that K„ G is an antikey foro

S-  ̂ = ^  -^ - i  ? f  •

i) Since IÇ1 £ J\, ?for all К 0 СУ \, then
-,-l
^sК i  K„- . It follows that ±  ТГ-1_ n*L ^  -

ii) Lot X be a subset of S i ^  such that

K"1 - G*C X . Since S i = jD. - G = H andЛ

К £ S i A , V H € *K s , we have К О G*= J# .
It is easy to see that К”1 С X \J G* and 3 К € ЗС,, *

5 s

К X \ J  G . Consequently , К С X .
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Thus, for X £ which is an extension of К-1 - G ,
there exists К (r ZK. such that К £  X . 

Combined Ci) with (ii) we concluded that

;1К 1 = К 1 - G * is an antikey for S, = C sx s
b) Suppose that K~ is an antikey for S1 = , F^').

We prove that К 1 = К 1 4^ g " is an antikey for S = { - 0 . ,  f )
S 1

’1
,-lls

-A . rrj-'
i) Since К 6 X  ( *  is the set of all antikeys

for S^) ,we have К ф К- 1 V k  e  К  .

Since К С V J  IG = H , we have К Л  G = ф .
к±е К

It follows that К ф. К * ̂  \̂ / G , V - k ç J C  .
1

. _т 4ii) Let be given any X S: SI. such that K \J G С  X
1

It follows that К  ̂С X . Since К ^ 6- , there
S1 S 1 $1

exists К e X  such that К с X .
Thus for any X S Si which is an extension of К ^ , theres
exists К e X  such that К X .
The Theorem is completely proved.

In this paper we do not present the algorithm to 
determine the set of all M-minimal covers for any relation 
scheme S =<-/!, F^ also as the algorithm to recognize

whether a given set Х&~П is or is not a ^representative set
of 7 K

In other words, we have not proposed an algorithm to find 
all the antikeyá of a relation scheme.

They will be presented in a subsequent paper.
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We c l o s e  o u r  p a p e r  w i t h  a n  e x a m p l e .

2 . 1  E x a m p l e  :

L e t  S — . F У b e  a  r e l a t i o n  s c h e m e  a n d  %  b e
s

t h e  s e t  o f  a l l  k e y s  f o r  S .

W h e r e  , a-^, a 2 / , a ^  , a ^  , a.^ ^

^  = 1к1/к2 ,к3 ,к4 1

K1 { a i » a 2 1 К2 = \.а 2 ' а

K3 = { a 2 ' a 4 ' a 5 1 К4 = 1 а 4 ' а

и
II я II

4 ,
t h e n \ У  Ki = t  a i  ' а 2 ' а 3 '

i=l

*= S L  -  H = { a o , a 7 ] .

T he Qi s e t s  o f  УС The a n t i k e y s  f o r  S n The a n t i k e y s  f o r  S

Q1 = 1•a l ' a 4 Í к"1 ~ l a 2 , a 3 , a 5 , a 6^ ^
■1_ j

[ a o ' a 2 ' a 3 ' a 5 ' a 6 ' a

Q2 - { . a 2 , a 6 \ к'1 — ( a ^ ' a ^ i ^ ^  » a ^ |  К x = ii a o ' a l ' a 3 ' a 4 . ' a 5 ' a

Q3 -  i[a 2 ' a 4 Î K - 1 — 1 a ^ / a ^ / 3 g , 3 g |  К 4 a o ' a l ' a 3 ' a 5 ' a 6 , a

q 4
= { a ! / а з r a5 / a e i K_1 ’  { a 2 ' a 4  ̂ K" M a o '  a 2 ' a 4 ' a 7 1
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Связь между M-минимальными покрытиями и анти-ключами в
реляционных схемах

Пхам Тхе Куе 

Резюме

В статье определяется понятие M-минимального покрытия ре
ляционной схемы и доказаны его основные свойства. На основе 
этих свойств доказаны необходимые и достаточные условия того, 
чтобы ХС£2 было множество анти-ключей /множество ключей предпо
лагается знакомым/.

KAPCSOLAT AZ M-MINIMÁLIS LEFEDÉSEK ÉS AZ ANTI-KULCSOK KÖZÖTT
A RELÁCIÓS SÉMÁBAN

Pham The Que

Összefoglaló

A szerző bevezeti a relációs séma M-minimális lefedésének 
fogalmát és megvizsgálja néhány tulajdonságát. Vizsgála
tainak eredményeképpen szükséges és elégséges feltételt ad 
arra, hogy az X C  fi az anti-kulcsok halmaza legyen 
(amennyiben a kulcsok halmazát ismerjük).


	Pham The Que: Kapcsolat az M-minimális lefedések és az anti-kulcsok között a relációs sémában����������������������������������������������������������������������������������������������������
	Oldalszámok������������������
	105����������
	106����������
	107����������
	108����������
	109����������
	110����������
	111����������
	112����������
	113����������
	114����������
	115����������
	116����������
	117����������
	118����������
	119����������
	120����������
	121����������


