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ABSTRACT, F u z z y  g ra m m a rs  a n d  f u z z y  l a n g u a g e s  i n  c o n n e c t i o n  
w i t h  f i n i t e  f u z z y  a c c e p t o r s  a r e  s t u d i e d .  L e t  A b e  a f i n i t e  

f u z z y  a c c e p t o r  and  R(A)  b e  t h e  s e t  o f  a l l  w o r d s  r e c o g n i z a b l e  
b y  A. I t  i s  p r o v e d  t h a t  f o r  e a c h  f u z z y  r e g u l a r  g ram m ar  g e -

Г

n e r a t i n g  t h e  l a n g u a g e  L( Gp )  t h e r e  e x i s t s  a  f i n i t e  f u z z y  a c ­
c e p t o r  A s u c h  t h a t  R ( A) = L ( G„ )  an d  v i c e  v e r s a .

Г

The m a i n  r e s u l t s  a r e  a b o u t  a l g o r i t h m i c a l  d e c i d a b i l i t y  o f  
е - e q u i v a l e n c e  a n d  e - r e d u c t i o n  by  i n p u t s .  I t  i s  shown t h a t  t h e  

r e l a t i o n  e - c l o s e n e s s  o f  m a t r i c e s  i s  i n v a r i a n t .  On t h i s  b a s e  
some p r o p e r t i e s  o f  t h e  e - e q u i v a l e n c e  a n d  e - r e d u c t i o n  a r e  o b ­
t a i n e d  a n d  t h e i r  a p p l i c a t i o n  i n  s y n t a c t i c  p a t t e r n  r e c o g n i t i o n  
a r e  d i s c u s s e d .

1 . e“ CLOSENESS OF MATRICES

I n  t h i s  s e c t i o n  e - c l o s e n e s s  f o r  m a t r i c e s  o v e r  a  b o u n d e d  
c h a i n  i s  d e f i n e d  a n d  s t u d i e d .  T h e s e  a l g e b r a i c  r e s u l t s  a r e  n e ­
c e s s a r y  f o r  t h e  e - e q u i v a l e n c e  and  e - r e d u c t i o n  b y  i n p u t  w o r d s  

w h i c h  i s  t h e  s u b j e c t  o f  s e c t i o n  3.  The a l g e b r a i c  t e r m i n o l o g y  
i s  a c c o r d i n g  t o  C33.

L e t  IL=(CO, 1 3 , » , л , 0 , 1 )  b e  a  b o u n d e d  c h a i n  C3D o v e r  t h e  o r d e ­
r e d  s e t  СО, Щ е ц  w i t h  l o w e r  a n d  u p p e r  b o u n d s  r e s p e c t i v e l y  О 
and  1 a n d  o p e r a t i o n s  ▼ an d  л .

L e t  A = ( a . . )  a n d  B = ( b . . )  b e  m a t r i c e s  o v e r  t h e  b o u n d e d  l j  mxn i j  nxp
c h a i n  IL w i t h  e l e m e n t s  a .  . , b .  . 6C0, 1H f o r  e a c h  i , j .  The m a t r i xl ]  l ]  '  ' J
C = A B = ( c . . )  i s  a  p r o d u c t  o f  A a n d  В i f  l j  mxp r
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n
с .  .= -  ( а . ,  лЬ . ) f o r  e a c h  a n d  e a c h  j = l , . . . , p  14 3

K3
I t  i s  e a s i l y  e s t a b l i s h e d  t h a t  t h e  m a t r i x  m u l t i p l i c a t i o n  i s  a s ­

s o c i a t i v e .  H a v i n g  i n  mind t h i s  p r o p e r t y  we s n a i l  o m i t  t h e  

b r e c k e t s  n e x t .
L e t  A = ( a . . )  a n d  B = ( b . . )  b e  m x n - m a t r i c e s  a n d  e e C 0 , 1 3  b e

i l
f i x e d .  We s a y  t h a t  t h e i S ro w  i n  A i s  г - c l o s e  t o  t h e  к t h ro w
i n  В i f  j a .  -b ,  |<_e h o l d s  f o r  e a c h  s ,  l < s < n ;  A a n d  В a r eIS  .K s
z - o l o s e  ( n o t a t i o n  d ( A , B ) < e )  i f  | a . . - b . . | <e h o l d s  f o r  e a c h  i ,

=  1 1 3  1 3  1 =
l £ i £ m  a n d  f o r  e a c h  j ,  l < j < n .

Th eo rem  1 .  I f  A = ( a . )  , a n d  B = ( b . )  . a r e  e - c l o s e  t h e nI n x l  3  nxJ.
I ? ( a  . ) - 7 ( b  . ) I <e i s  v a l i d .
‘ d i d  3 ' =

P r o o f .  L e t  7 ( a . ) = a ,  a n d  ' T C b . ^ b  . T hen  
3 3 к 3  3 r

a, - e<b ,  <b <a  +e<a, +e ==> к =  k =  r =  r  =  к
а^-££Ь  £а^+ е =>
- e < b  -a ,  <e <=̂ => lb  - a ,  | < e ,  i . e ,=  r  k =  1 г  к 1 = 7 ( a . ) - 7 ( b . ) I<e 

3 3 3  3 '=
I n  p a r t i c u l a r ,  i f  | а ^ - а ^ | > 2 е  f o r  e a c h  ±фк t h e n  ~ ( а ^ ) = а ^

a n d  " ( ( b . ^ b ,  f o r  t h e  same i n d e x  к  b e c a u s e  
3 3 к
a . + 2 e£a,  < ^ > a . + £ £ a , - e  => b  . <a .  +£<.a, - e < b ,  a n d  h e n c e  b . < b ,  

f o r  e a c h  i ^ k .
t  tI t  i s  e a s y  t o  s e e  t h a t  T h . l  i s  v a l i d  f o r  A a n d  В a s  w e l l .

Theorem  2 .  I f  d ( A , B ) < e  a n d  d ( C , D ) £ e  t h e n  d( AC, BD) <=e h o l d s  

w h e n e v e r  t h e  p r o d u c t s  make s e n c e .

P r o o f .  A c c o r d i n g  t o  t h e  d e f i n i t i o n s  d ( AC, BD) £ e  <—> 

l k ( /4 ( a i K , ck j )  ) " k ( ( b i k , d k j  ) ) l=e f o r  e a c h  i , j .  We s h a l l  p r o v e  
t h e  l a s t  i n e q u a t i o n  f o r  a r b i t r a r y  i , j .  F o r  t h e  v e c t o r - m a t r i c e s

( v ± j ( k ) )  

(w± j ( k ) )
( ^ a i l , C l j h ~ ( a  

) ~ ( b

i 2

i 2

we o b t a i n  d (V ^  j  , W ^  ) <e b e c a u s e  I j  (k  ) -w^^ (k  ) |< e  f o r  e a c h  к 

a s  i t  i s  sh o w n  b y  t h e  f o l l o w i n g  p o i n t s :
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1 .  I f  v 1;j( k ) = - ( a l k , c k j ) . a i k  an d  w±j ( k ( b . k ^  . ) - b l k  t h e n  

I v x j  ( к ) *“wi  ̂ ( k ) | = | a i jc~bjLĵ  |^ e  b e c a u s e  d ( A , B ) < e ;

2 .  I f  v t j ( k ) - - ( a i k , o k j ) - c kj  an d  w±j  ( к ) - * ^ , « ^ . ,  l - d ^  t h e n  

I v ±j ( k ) - w i ; . ( k )  | = | c k j “dk j  I <e b e c a u s e  d ( C ,D ) < e  ;

3 .  I f  v i j ( k ) = - ( a i k , c k j )=ai k  an d  w± j ( k j - ' t b ^ , ^  l - d ^  t h e n

^ i k 6l"a i k - e / a i k +e:i C ck .6Ca i k  / 13 b e c a u s e  a ^ ^ c ^ . .  S i n c e

dk j ei"ck j _e  ' c k j  + e:] a n d  d k j e C 0 , a i k +e:i ( dk j = b i k = a i k +£  ̂ we o b t a i n  

dk j e  Cai k - e , a i k 4€] a n d  h e n c e  | v ± . ( k ) - w ± . ( k )  | = | a i k ~dk . |<e

4 .  I f  v i : j ( k ) = - ( a i k , c k j ) =ck j  a n d  w± j  ( k ) “ * ( b ±k , d k j  )=bk j  b y

a n a l o g y  w i t h  t h e  p r e v i o u s  c a s e  we o b t a i n  I v i j  ( k  ) - w ^ j  ( k ) |< e

S i n c e  I j ( k ) - w ^ j ( k ) | <e i s  v a l i d  f o r  e a c h  к  we h a v e  

d ^ i j ,Wi j ^ = £ * A c c o r d i n 9  t o  T h . l  t h e  i n e q u a t i o n

“ k wi j ( k H < £  i s  t r u e ,  i . e .  | ~(  ?(  a ± k , ck  j  ) ) - £ (  ~ ( b ±k , dk ) ) | <e 
i s  v a l i d .

к  V k ) -

T h e o re m  3 .  I f  d ( A , B ) ^ e  t h e n :

i )  d ( C A , C B ) < e ;  i i )  d  ( AT, ВТ ) <_e ; i i i )  d ( CAT, CBT) <e  
w h e n e v e r  t h e  p r o d u c t s  make  s e n c e .

The p r o o f  f o l l o w s  f r o m  T h . 2 .

2. FUZZY ACCEPTORS AND FUZZY GRAMMARS

We d e f i n e  a n d  s t u d y  f u z z y  a c c e p t o r s  an d  f u z z y  g ram m ars  b y  

a n a l o g y  w i t h  121 w h e r e  t h e  s t o c h a s t i c  a c c e p t o r s  a n d  s t o c h a s t i c  
g r a m m a r s  a r e  c o n s i d e r e d .  The t e r m i n o l o g y  f o r  a u t o m a t a  a n d  l a n ­
g u a g e  t h e o r i e s  i s  a c c o r d i n g  t o  C2D, C4 : , C5D.

A f u z z y  a u t o m a t o n  A C4D,C6:i  i s  a  q u i n t u p l e  A=(X,Q,Y,M,IL) 
w h e r e  :

( i )  X, Q, Y a r e  n o n e m p t y  s e t s  o f  i n p u t  l e t t e r s ,  s t a t e s  a n d  
o u t p u t  l e t t e r s  r e s p e c t i v e l y ;
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( i i )  М={М(x / y ) = ( m ^ j ( x / y ) ) / x 6 X ,y 6 Y ,пи^6110,1!]} i s  t h e  s e t  o f  

t h e  t r a n s i t i o n - o u t p u t  m a t r i c e s ,  t h e  s t e p - w i s e  b e h a v i o u r  o f  A;

( i i i )  b  = ( i s  t h e  b o u n d e d  c h a i n .

I f  X, Q, Y a r e  f i n i t e  t h e n  A i s  c a l l e d  f i n i t e  a u t o m a t o n .
The i n t e r p r e t a t i o n  o f  t h e  m e m b e r s h i p  d e g r e e s  m ^ ^ ( x / y ) S E 0 , 1 j  

i s  w e l l - k n o w n  C 4 l , C 6 1 :  e a c h  e l e m e n t  п и ^ ( х / у )  d e t e r m i n e s  t n e  
s t e p - w i s e  b e h a v i o u r  o f  A. I f  i n  s t e p  t  t h e  a u t o m a t o n  i s  i n  
s t a t e  a n d  r e c e i v e s  t h e  i n p u t  l e t t e r  x ,  i t  p u t s  o u t  t h e  o u t ­

p u t  l e t t e r  у i n  s t e p  t  a n d  r e a c h e s  t h e  s t a t e  q^ i n  t h e  n e x t  

s t e p  t + 1  w i t h  t h e  m e m b e r s h i p  d e g r e e  m . ; ( х / у ) e C 0 , i n .
A f i n i ' t e  f u z z y  a c c e p t o r  ( s h o r t l y  a c c e p t o r ) A = ( X , Q , q o ,F,M,IL) 

i s  a  f i n i t e  f u z z y  a u t o m a t o n  w i t h o u t  o u t p u t s  ( i . e .  | Y | = 1 ) ,  w i t h

f i x e d  i n i t i a l  s t a t e  q o GQ a n d  w i t h  a  s e t  F«Q o f  t h e  f i n a l  s t a ­

t e s  .
L e t  X* b e  t h e  f r e e  m o n o i d  g e n e r a t e d  b y  X w i t h  e6X* a s  u n i t  

e l e m e n t .  We e x t e n d  t h e  s t e p - w i s e  b e h a v i o u r  o f  t h e  a c c e p t o r  
A = ( X , Q , q o , F , M ^ )  t o  t h e  c o m p l e t e  b e h a v i o u r  o f  A f o r  kG U c o n ­

s e c u t i v e  s t e p s  a s  f o l l o w s :  s i n c e  t h e  e m p t y  w o rd  e  n e e d  no t i m e  

we d e f i n e  M ( e ) = I ,  w h e r e  I  s t a n d s  f o r  t h e  u n i t a r y  m a t r i x  o f  o r ­
d e r  I QI , t h e  c a r d i n a l i t y  o f  Q; i f  t h e  i n p u t  w o rd  uGX* i s  a 
l e t t e r  xGX t h e n  t h e  t r a n s i t i o n  m a t r i x  i s  M( u ) = M( x ) ;  i f  i n  k > l  

c o n s e c u t i v e  s t e p s  t h e  l e t t e r s  x ^ , . . . , x ^ 6 X  a r e  f e d  i n t o  A ( i . e .  
t h e  i n p u t  word i s  u = x ^ . . . x^GX*) t h e n  M( u ) = M ( x ^ ) . . . М( х ^ )  a n d  a n  a r ­

b i t r a r y  e l e m e n t  п к ^ ( и ) 1 п  M( u)  i s  i n t e r p r e t e d  a s  t h e  m e m b e r s h i p  

d e g r e e  f o r  t h e  s t a t e  q ^  a n d  t h e  i n p u t  w o r d  u i n  s t e p  t  u n d e r  
t e h  s t a t e  q^ i n  s t e p  t + k . We d e n o t e  b y  M* t h e  s e t  o f  a l l  t r a n ­
s i t i o n  m a t r i c e s  ( t h e  c o m p l e t e  b e h a v i o u r )  f o r  t h e  g i v e n  a c c e p t o r  

A:

M* = {M(u)  = (пи  ̂( u)  ) /uGX* } .

The  s e t  o f  a l l  w o r d s  uGX*, w h i c h  a r e  r e c o g n i z a b l e  b y  t h e  a c c e p t o r  

A i s  d e n o t e d  b y  R ( A ) :
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R( A) = {u /uG X*,  3mQj ( u ) > 0 ,  q^GF}.

We d e f i n e  t h e  n o t i o n  f u z z y  g ram m ar  b y  a n a l o g y  w i t h  L22 

w h e r e  s t o c h a s t i c  g ra m m a rs  a r e  d e f i n e d  an d  s t u d i e d .
A f u z z y  grammar  G = ( N , T , S , P  ) i s  s p e c i f i e d  b y  a  f i n i t e  s e t

Г Г

N o f  n o n t e r m i n a l  s y m b o l s ,  a  f i n i t e  s e t  T o f  t e r m i n a l  s y m b o l s ,  

d i s j o i n t  f r o m  N, an  e l e m e n t  SGN c a l l e d  t h e  s t a r t  s y m b o l  a n d  a  

f i n i t e  s e t  o f  f u z z y  p r o d u c t i o n s  

P i ia .  —Ы  b . . ,  i = l , . . . , k ,  j = l , . . . , n . ,  w h e r e  a . G( NUT ) * N( NUT ) * , l  до J l  l
b ^ j S ( N U T ) *  a n d  р ^ ^ 6 СО, 1 3  i s  t h e  m e b e r s h i p  d e g r e e  f o r  t h i s  p r o ­
d u c t i o n .  F o r  t h e  f u z z y  g ram m ar  Gp we s a y  t h a t  w d i r e c t l y  d e r i v e s  

Р ± ц
w '  ( n o t a t i o n  w — 4 w ' ) w i t h  t h e  m e m b e r s h i p  d e g r e e  p .  . i f f

p .  . 13
Cl a i C2 '  W, = c l ^ i j c 2 anc  ̂ a i — *  ;i-s  a  Pr ° d u c t i o n  i n  ; we s a y

t h a t  w d e r i v e s  w '  w i t h  m e m b e r s h i p  d e g r e e  p=~ p^ ( n o t a t i o n
p

w £  w ' ) i f  t h e r e  e x i s t s  a  s e q u e n c e  w. , . . . , w n+1 i n  (NUT)* s u c h

P it h a t  w=w^, w '=w n + ^ a n d Wj wj  + i  f ° r  T^ e  b i n a r y  r e l a ­

t i o n  —к -*• i s  t h e  r e f l e x i v e  a n d  t r a n s i t i v e  c l o s u r e  o f  -*■ .
The f u z z y  l a n g u a g e  L( Gp)  g e n e r a t e d  by  Gp i s  t h e  s e t  o f  a l l

t e r m i n a l  s t r i n g s  w h i c h  c a n  b e  d e r i v e d  f r o m  S :
p  к

L(G^)  = { ( u ,  p (  u )  ) / uGT*, S ^ 4  u ,  j = l , . . . , k ,  p ( u ) = ^ 1 р ^ > 0 ) .

The  n u m b e r  o f  t h e  d i f f e r e n t  w ay s  t o  o b t a i n  u f r o m  S i s  d e n o t e d  

b y  к .

E x a m p le  1 .  L e t  t h e  f u z z y  g ra m m a r  G = ( N , T , S , P  ) w i t h

w

N == { s 0 , s 1 # s 2 } , T = { a , b ) , s = s

S 9 Л  aSl s , aS .о 1 1 1

Sо ° a b s 2 s  9 Л  b i b s 2

S 1 a

s 2 ° h b

b e  g i v e n .  The  f u z z y  l a n g u a g e  L( Gp)  g e n e r a t e d  b y  Gp i s
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L( Gf )= { ( b 2 , 0 , 3 ) }  и  { ( a nb 2 , 0 , l ) / n > l } ü { ( a n , 0 , l ) / n > l } .

T h e  grammar G = ( N , T , S , P )  o b t a i n e d  f r o m  t h e  f u z z y  g ra m m a r  

G p = ( N , T , S , P F ) b y  f o r g e t t i n g  t h e  m e m b e r s h i p  d e g r e e s  i n  t h e  p r o ­

d u c t i o n s  i n  Pp i s  c a l l e d  a s s o c i a t e d  t o  G p . The f u z z y  g ram m ar  
Gp h a s  t y p e  0 , 1 , 2 , 3  i f  i t s  a s s o c i a t e d  g ra m m a r  G h a s  t y p e  0 , 1 , 2 , 3  

r e s p e c t i v e l y .

I n  t h i s  p a p e r  we e o n s i d e r  o n l y  t h e  f u z z y  g ra m m a rs  o f  t y p e  3 .
F o r  a  f u z z y  g r a m m a r  o f  t y p e  3 ( f i n i t e  s t a t e ,  r e g u l a r )  a l l  p r o -

I ? i i  p •
d u c t i o n s  i n  P„ a r e  a s  f o l l o w s :  S.  —=4 x S . o r  S. —4 y ,  w h e r eF l  s l  1

, S j G N , x , y € T .

T heo rem  4 .  L e t  G p = ( N , T , S , Pp ) b e  a  f u z z y  g ram m ar  o f  t y p e  3 .  
I f  A = ( X , Q , q o , F , M, I L)  i s  a n  a c c e p t o r  w i t h  X=T;. Q=N>J{e };  q Q=S;  
F = { S , E }  i f  t h e  p r o d u c t i o n  S ^  e  b e l o n g s  t o  P an d  F={E} o t h e r -

Г

w i s e  a n d  t h e  f o l l o w i n g  m e m b e r s h i p  d e g r e e s  f o r  e a c h  q ^ , q ^ e N ,  

q f GF,  xGT:

m. . ( x ) =p .  . >0 i f  q .  — x q . i s  a  p r o d u c t i o n  i n  P „ ;
1 p  D £

m. . ( x ) = p . >  О i f  q .  4  X i s  a  p r o d u c t i o n  i n  Р „ ;
1 ]  1 1  Г

mi j (x )=  0 o t h e r w i s e ,

t h e n  R( A) = L ( G„ ) .
Г

P r o o f .  L e t  z = ( z  ( i ) ) ,  i ^ i b e  t h e  v e c t o r - r o w  w i t h  e l e m e n t s  о  о l x  Q

The  p r o d u c t  z q . M ( u ) d e t e r m i n e s  t h e  b e h a v i o u r  o f  A u n d e r  t h e  i n ­

p u t  w ord  uGX* i f  t h e  i n i t i a l  s t a t e  i s  q Q6Q. L e t  г р = ( z p ( i ) ) j ^ j  

b e  t h e  c o l u m n - v e c t o r  w i t h  e l e m e n t s

Z p ( i )  =
j  1 i f  q±eF,

1 0
o t h e r w i s e .
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Then  z q . M( u ) . z f GCO, 13 g i v e s  t h e  m a x i m a l  m e m b e r s h i p  d e g r e e  f o r

t h e  i n p u t  w o r d  uGX* i f  t h e  b e g i n n i n g  s t a t e  i s  t h e  i n i t i a l  s t a t e

q Q6Q a n d  t h e  l a s t  s t a t e  b e l o n g s  t o  F .  O b v i o u s l y  uGLCG^,) <=>

z . M ( u ) . z „ > 0 < = > u G R (A ) . о F

T h e o re m  5 .  L e t  A = ( X ,Q ,q o ,F,M,JL) b e  a n  a c c e p t o r .  I f  
GF = ( N , T , S / PF ) i s  a  f u z z y  g ram m ar  w i t h  N=Q, T=X, S=qQ a n d  p r o ­
d u c t i o n s  i n  P „  h a v e  t h e  f o r m  q .  x q . i f  m. . ( x ) = p .  . > 0 ,  w here

q ^ , q ^ 6 Q  a n d  xGX, o r  q^  —i  x i f  m ^ ^ ( x ) = p ^ > 0  f o r  q^GQ, q ^ GF ,  

xGX, t h e n  G_ i s  a  g ram m ar  o f  t y p e  3 a n d  L ( G „ ) = R ( A ) .
Г Г

We may p r o v e  T h . 5  i n  c o m p l e t e  a n a l o g y  w i t h  T h . 4 .

E x a m p le  2 .  C o n s t r u c t  t h e  a c c e p t o r ,  c o r r e s p o n d i n g  t o  t h e  
f u z z y  g ram m ar  GF g i v e n  i n  E x a m p le  1 .

A c c o r d i n g  t o  T h . 4  we o b t a i n  X = { a , b } ,  Q=NU {E} = {Sq , , E} ,

q  =S , F = { E } .  The t r a n s i t i o n  m a t r i c e s  a r e :  о о

0 0 , 1 0 0 ' 0 0 0 ,
3  0  \

0

CMО

0 0 , 7 0 0 0 , 5 0

M( a )  = 0 0 0 0 M(b)  = 0 0 0 0
0 0 0 0 0 0 0 0

The d i r e c t  c o m p u t a t i o n f o r  M ( a 2 ) a n d  M ( b 2 ) i s :

0 0 0 0 , 1 0 0 0 0 , 3

0

ГМ0

0

смО 0 0 0 0 СЛ

M( a 2 ) = 0 0 0 0 M( b2 )= 0 0 0 0

\ °
0 0

°  i
0

l
0 0

0  /

By i n d u c t i o n we c a n p r o v e  t h a t

0 0 , 1 0 0 , i ' 0 0

o
'

0

0

CM0 0 0 , 2 0 0 0 0

M( an ) = 0 0 0 0 , n > l ;  M (an b 2 )= 0 0 0  0

0 0 0 0 0 0 0 0

П>1 .
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S i n c e  z =( . i  О О О) and  = (О О О 1) we c o m p u t e  о F

z . M C b ^ . z ^  = 0 , 3 ;  z . M ( a n ) . z _  = 0 , 1 ;  z^  .M( a n b 2 ) .  z = 0 , 1 .
O r  O r  О г

The o t h e r  w o r d s  f r o m  Xй a r e  n o t  a c c e p t a b l e  s i n c e  zq . M( u ) . z F =0.  
Hence  t h i s  a c c e p t o r  r e c o g n i z e s  e x a c t l y  t h e  f u z z y  l a n g u a g e  

L( ) f r o m  E x a m p l e  1 .
Г

3,  ^-EQUIVALENCE AND e_REDUCTION

The c l a s s i c a l  p r o b l e m s  f o r  p u r e  e q u i v a l e n c e ,  r e d u c t i o n  and  

m i n i m i z a t i o n  a r e  c o m p l e t e l y  s t u d i e d  f o r  d e t e r m i n i s t i c  a n d  n o n -  

d e t e r m i n i s t i c  a u t o m a t a  C53.  L a t t e r  t h e y  w e re  t r e a t e d  o n  t h e  

l i n e s  o f  t h e i r  a n a l o g u e s  f o r  s t o c h a s t i c  C5□ a n d  f u z z y  143,1:63 
a u t o m a t a .

S i n c e  t h e  n a t u r e  o f  s t o c h a s t i c  a n d  f u z z y  a u t o m a t a  i s  t h a t  

t h e y  c a n  b e  t h o u g h t  o f  a s  a p p r o x i m a t e  m o d e l s  o f  i n c o m p l e t e l y  

u n d e r s t o o d  s y s t e m s  t h e  i d e a  o f  a p p r o x i m a t e  e q u i v a l e n c e  by  
( s t o c h a s t i c ,  r e s p .  f u z z y )  b e h a v i o u r s  i s  w e l l  m o t i v a t e d .

We s h a l l  d e f i n e  and  s t u d y  t h e  a p p r o x i m a t e  e q u i v a l e n c e  and  
a p p r o x i m a t e  r e d u c t i o n  by  i n p u t s  b a s e d  on t h e  e - d i s t a n c e  o f  t h e  
b e h a v i o u r  m a t r i c e s  f o r  f u z z y  a c c e p t o r s .  The m a i n  r e s u l t s  c o n ­

c e r n  t h e  a l g o r i t h m i c a l  d e c i d a b i l i t y  o f  t h e  a b o v e  p r o b l e m s .
The t e r m i n o l o g y  on a u t o m a t a  t h e o r y  i s  a c c o r d i n g  t o  C53.
L e t  A= ( X, Q , q Q , F , MД . ) b e  a n  a c c e p t o r .  The i n p u t  w o r d s  

u ,v 6 X *  a r e  c a l l e d  z - e q u i v a l e n t  i f f  d ( M ( u ) , M t v ) ) 5 e  ( n o t a t i o n  

u ~ v).

T h e o re m  6 .  L e t  A=(X,Q/q ,F ,M,IL) b e  an  a c c e p t o r ,  x , x ' S X  be
# ® £

i n p u t  l e t t e r s  a n d  u ,v 6 X  b e  i n p u t  w o r d s .  I f  x  ~ x '  t h e n :
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i )  u x v  f  u x ' v ;

i i )  XV t  x ' v ;

i i i )  ux  t  u x ' .

P r o o f .  x  £ x '  <̂ => d(M( x )  ,M( x '  ) )<e  . ( i )  f o l l o w s  from  T h .3  

( i i i ) ,  ( i i )  f o l l o w s  from  T h .3 ( i i ) ; ( i i i  ) f o l l o w s  from T h . 3 ( 1 )
Hence e - e q u i v a l e n c e  by i n p u t  l e t t e r s  i m p l i e s  e - e q u i v a l e n c e  

by in p u t  w o r d s ,  d i s t i n g u i s h e d  o n l y  b y  e - e q u i v a l e n t  l e t t e r s  
( s t a n d i n g  i n  t h e  m i d d l e ,  i n  t h e  b e g i n n i n g  or i n  t h e  en d  o f  th e  
w o r d s ) .

The r e l a t i o n  e - e q u i v a l e n c e  by  i n p u t s  i s  n o t  an e q u i v a l e n c e  
r e l a t i o n .  B u t  we ca n  d e f i n e  an e - p a r t i t i o n  on X, r e s p .  on X*.

The s e t  C x ^ 3 = {x /x e x  and x f  x^} d e f i n e s  an e - c l a s s  w i t h  
c e n t e r  x ^ . The e - c l a s s e s  (С х^З)^  a r e  c a l l e d  an e - p a r t i t i o n  
o f  X i f f :  Сх^ЗГ) EXj 3 = 0  f o r  i £ j  and У сх^З=Х . A c c o r d in g  t o  T h . 6  

t h e  e - p a r t i t i o n  on X in d u c e s  an e - p a r t i t i o n  on X*. N o te  t h a t  
Cx^3^űXj3 => d (M (x ^ ) ,M (х ^ ) ) >e .

Theorem 7 .  F or  e a c h  a c c e p t o r  A = (X ,Q ,q o ,F,M,3L) t h e  f o l l o w i n g  
p r o b le m s  a r e  a l g o r i t h m i c a l l y  d e c i d a b l e :

i )  w h e th e r  x t  x '  f o r  e a c h  x , x ' e X ;
i i )  c o n s t r u c i n g  an e - p a r t i t i o n  on X ( r e s p .  on X * ) .

P r o o f ,  i )  F o r  e a c h  x , x ' 6 X we ca n  com pute  w h e th e r  d ( M ( x ) ,  
M ( x ' ) ) < e  . The a l g o r i t h m  i s  f i n i t e  b e c a u s e  A i s  a f i n i t e  a c ­
c e p t o r .  i i )  We can  c o n s t r u c t  an e - p a r t i t i o n  on X u s i n g  t h e  
f o l l o w i n g  a l g o r i t h m :

1 .  E n te r  X ,M ,e .
2 .  For t h e  e l e m e n e t  x .S X  w i t h  t h e  s m a l e s t  in d e x  form  t h e

0
e - c l a s s  C x^3={x/x6X  and x ~ x ^ } .

3 . P r i n t  C x .3 .l
4 . X = X -  Cx± 3 .

5 .  I f  X^0 go  t o  S t e p  2 .
6 . End.
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L e t  A = (X ,Q ,q  ,F,M,IL) and A '= (X ,Q '  ,q ^ ,F '  ,M' ДО b e  a c c e p t o r s
• » 0w i t h  t h e  same Х Д .  A and A' a r e  z - e q u i v a l e n t  by i n p u t s  (A « A ' )  

i f  f o r  e a ch  x 6 X t h e r e  e x i s t s  an  e - e q u i v a l e n t  x ' 6 X' ( i . e .  

d ( M ( x ) , M ' ( x ' ) ) <z  ) and v i c e  v e r s a .  A' i s  i n  z - r e d u o e d  form by  
i n p u t s  i f  x '  £ x" => x '= x"  f o r  e a c h  x ' , x " e x ' . A' i s  an z - r e d u a t  
o f  A i f  A E A' a n d  A' i s  i n  e - r e d u c e d  form .

Theorem 8 . L e t  A t  A ' . F o r  e a c h  i n p u t  word u6 X* t h e r e  

e x i s t s  an e - e q u i v a l e n t  i n p u t  w ord u ' 6 X '* and v i c e  v e r s a .

P r o o f .  I f  u = e  o r  uGX t h e  p r o o f  i s  t r i v i a l .  F o r  u = x . x . 6 X
e e ^t h e  e - e q u i v a l e n t  word i s  u = x ' x " 6 X '* i f  x^ «. x '  and x^ » x" 

b e c a u s e

x^ £ x '  d(M( x^) ,M' ( x '  ) )<se ,

х^ £ x" “ > d(M( х^ ) ,M' ( x" ) )<:e

and a c c o r d in g  t o  T h.2  d(M( x^ ) ,M' ( x '  ) )<e and d(M( x^ ) ,M' ( x? )<£=*> 

d(M( x.. х^ ) ,M' ( x '  x" ) )<e . The r e s t  o f  t h e  p r o o f  f o l l o w s  by i n ­
d u c t i o n  on t h e  l e n g h t  o f  t h e  w ord s  and h a v in g  i n  mind t h a t  

A £ A' .

C o r o l l a r y .  I f  A' i s  an e - r e d u c t  o f  A th e n  A and A' h ave  

e - e q u i v a l e n t  b d n a v io u r s .

Theorem 9 .  I t  i s  a l g o r i t h m i c a l l y  d e c i d a b l e  t o  f i n d  an e - r e ­
d u c t  fo r  e a c h  a c c e p t o r  A = (X / Q ,q Q, F , M ^ )  .

P r o o f .  A c c o r d i n g  t o  T h . 7  we ca n  f i n d  an e - p a r t i t i o n  X o f  
X, where X i s  t h e  s e t  o f  t h e  c e n t e r s  o f  th e  e - c l a s s e s .  The 
d i f f e r e n t  s y m b o l s  i n  Xr a r e  n o t  e - e q u i v a l e n t  b y  c o n s t r u c t i o n .  

The a c c e p t o r  Ar =( Xr ,Q ,q 0  ,F  ,Mr Д  ) w i t h  Mr ={M (x)/xG X r } i s  an 

e - r e d u c t  o f  A .



6 5

4, APPLICATIONS IN SYNTACTIC PATTERN RECOGNITION

We s h a l l  s e k t c h  some a p p l i c a t i o n s  o f  t h e s e  r e s u l t s  i n  
s y n t a c t i c  p a t t e r n  r e c o g n i t i o n .  T h is  i s  an open  p r o b le m  CID.

L e t  W= { ( w , p ( w ) ) /p C vO ecO /lH } b e  a c l a s s  o f  im a g e s  and  
p(w ) i s  t h e  m em b ersh ip  d e g r e e  f o r  t h e  im age w. I f  e a c h  w i s  

a s t r i n g  we ca n  c o n s i d e r  W a s  a f u z z y  la n g u a g e  L( ) .  The s e t  
o f  th e  f e a t u r e s  P , w ic h  c h a r a c t e r i z e s  e a c h  s t r i n g  o f  W, d e ­
t e r m in e s  a f i n i t e  s e t  T o f  t h e  t e r m i n a l s  f o r  t h e  f u z z y  gram­
mar Gp, r e s p e c t i v e l y  t h e  s e t  X o f  t h e  i n p u t  l e t t e r s  f o r  t h e  
r e c o g n i z i n g  a c c e p t o r  A w i t h  R( A)=L(GT;, ) .

Г

L e t  a s u i t a b l e  c r i t e r i o n  w i t h  a n u m b e r ic a l  v a l u a t i o n  

ебС О Д ] be  c h o o s e n ,  i . e .  e c h a r a c t e r i z e s  t h e  s i m i l a r i t y  m ea su re  
o f  t h e  f e a t u r e s  i n  W. I f  t h e  i n p u t  l e t t e r s  x , x ' 6 X a r e  e - e q u i ­
v a l e n t ,  t h e n  w =u xv and w '= u x 'v  a r e  e - e q u i v a l e n t . B u t we can  

a s s i g n  t o  e a c h  x6 X a f e a t u r e  p 6 P and v i c e  v e r s a ,  i . e .  X=P; 
c o n s e c u e n t l y  t h e  f e a t u r e  p 6 P i s  a c a r r i e r  o f  an e - e q u i v a l e n t  
i n f o r m a t i o n  i n  c o m p a r iso n  w i t h  p ,GP. Hence we ca n  c o n s i d e r  

Px , a s  an i n e s s e n t i a l  f e a t u r e  f o r  t h e  g iv e n  r e c o g n i z i n g  p r o b ­
lem  o r  we c a n  i n t e r p r è t e  p , a s  an e - d i s t o r e d  im age  o f  p . 
H avin g  i n  m ind T h .7  we can  c o n s t r u c t  an e - p a r t i t i o n  o f  t h e  s e t  
o f  t h e  f e a t u r e s  P ( r e s p .  o f  W). The e l e m e n t s  o f  t h e  e - c l a s s  
a r e  e - e q u i v a l e n t  (an d  e - d i s t o r e d )  i n  co m p a r iso n  w i t h  th e  c e n ­
t e r  p . I t  f o l l o w s  t h a t  p can  b e  s e l e c t  a s  an e s s e n t i a l  f e a -  
t u r e  ( s a m p le )  f o r  t h e  r e c o g n i z i n g  p r o b le m .  But t h e  c h o i s e  o f  
t h e  e s s e n t i a l  f e a t u r e s  i s  a l g o r i t h m i c a l l y  d e c i d a b l e  ( T h .9 )  
b e c a u s e  i t  i s  e q u i v a l e n t  t o  t h e  c o n s t r u c t i n g  o f  t h e  e - r e d u c t  
Ar  f o r  A. W ith  t h e  same n o t i o n s ,  i f  Ar i s  an e - r e d u c t  o f  A, 
t h e n  A r e c o g n i z e s  im a g e s ,  w h ich  a r e  e - d i s t o r e d  i n  c o m p a r iso n  

w it h  th e  im a g e s  a c c e p t a b l e  by A .
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Fuzzy automaták és  fuzzy graimatikák 

K.G. P e e v a

Ö s s z e f o g l a l ó

L eg y en  A eg y  v é g e s  f u z z y  a k c e p t o r  é s  R (A) az A á l t a l  

f e l i s m e r h e t ő  s z a v a k  h a lm a z a .  A s z e r z ő  b e b i z o n y í t j a ,  hogy  
m in d en  f u z z y  s z a b á l y o s  Gp g ra m m a tik á h o z ,  am ely  g e n e r á l j a  
az L(Gp) n y e l v e t ,  l é t e z i k  e g y  A v é g e s  f u z z y  a k c e p t o r  úgy  
h o g y  R(A) = L( Gp ) ,  é s  v i c e  v e r s a .

Расплывчатые / f u z z y /  грамматики и множества

К. Г .  Пеева  

Р е з ю м е

Пусть А е с т ь  конечный акцептор и R(A)  е ст ь  множество
в с е х  с л о в ,  распознанны х акцептором А. Д о к а зы в а ет ся , что для
в с е х  регулярных грамматик G_ ненерирующих язык L(G„) , с у -F F
щ ест в у ет  конечный расплывчатый акцептор т ак ой , ч т о  R(А ) —L( G _ )

Г

и н а о б о р о т .
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