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ON THE c - S E P A R A B L E  A N D  D O M I N A N T  S E T S  
OF V A R I A B L E S  FOR T H E  F U N C T I O N S

S. SHTRAKOV
27OO Blagoevgrad 

School of Education of Blagoevgrad 
Bulgaria

In this paper we investigate some properties of the c-sepa- 
rable and dominant sets which are introduced immediately. We 
use some notations and terminology from 11,2,33.

Let / be a function, R̂ , - the set of all essential
variables for f and S„ - the set of all separable sets of f.

De finition 1. A set M £ R^ is called c-separable for
f with respect to N = {x. , x „__,x. } s. R„, if for every4  ^2 fof the variables in N the sub-s-values c . , c . о .

г1 ^2 г8
function of f which is obtained with these values, depends
on all variables of M i.e. M^Rjx. -c. ,x- -a. ,....x• = c • )f г2 г23 г2 г2> V  га

When М is a c-separable set for f with respect to 
R \M, it is called c-separable for f. The set of all ^ s e p a 
rable sets for f with respect to N will be denoted by
#  ̂ •îf

Sf N and Sf - G S.Г, R f\K
Definition 2, A set M - {xii,Xio> ■ h J s  V is

called dominant set over the set N. N

exist m - values 
that

'i ->•» г о* ’ * * * г
c R for f, if there 

of the variables in M such
m

 ̂  ̂^f^Xi G i 3 Xi ~ °i 3 * * ’ 3 Xi ~ °i J ~ 01 1 2  2 m u m

and M is a minimal set with respect to this property,
When this equation is true and M is a dominant set

over N3 it is said that M dominates over N with the
values e. . c . ,....c • .г f г 3 3 г

1 Ц1; _
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The set of all dominant sets over N will be denoted by

LS,f and V /  = ixaERf l t3M> Xa6 Я л

The proofs of the next lemmas follow immediately from the 
Definitions 1 and 2,

Lemma 1. If M. £ S г & I, then U M . E S
гЕТ JI r*

Lemma 2. If M E S„ „ then for every N N1 N the* J 3 ™ 1 -Lset M belongs to S „ •
j у

Lemma 3. If M E  Ŝ , ^ then for every M M ̂ £ M the
*set Mj belongs to Ŝ ,

Lemma 4. Let M С R „ and N = {x . , x . .....x . } R -, If
' f •'i V  Иг f

there exist the values o. .a. such that-b J, «7.

M П R ~(x. 
f 3

1 a 2 " s
e . 3 -X. ~ ű . v, 3x. = о . ) = jô

1 J 2 112

then there is a subset N- of N such that N _ E1 1 M j f
Theorem 5. If M E L N E L „ and M 0 N = 0 then

NsJ PtJthere exists M, such that M -, £ M and M - E L.2 J 1 Pif
Proof. We can suppose without loss of generality that

M — { х - 3 х 3 . , , 3 x } and N — {x . tx  . 3 . . .  } x . },
1 6 m 1 г 2 s

Let о , ,с0...,.c and a. .a. .....a- be some values l3 23 3 m ^ г 3 г 3 3 г1 2  s
which M dominates over N and N dominates over P. If

f i “ / Cx 7 - c - j ,  x 9 - с,,, ■ • • > x m o mJ

then for every s-values a. , a. 3 . . . 3 a . of the variables in
г 1 г 2 г чN we obtain

f , - f~(x. - a . j x . = a ■ 3 ... j
-1 г 1 г 1 г 2 г 2

x .г Ч  J ’
Hence

f = f - (x . - о . jJ 1 J 1 г -, г 3 x . = о . j
1 " 1 г 2 г 2

x . = с . )г гs s

and by М П N - 0 it follows
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fi - f(xi-Oit iç0-c0J.,, >x c , X. -a» j X. - a. - c - JJ1 1 1 2 23 3 m m3 г- г 3 гп г J 3 г %1 1 2  2 S S
and P n Rfj  = 0. By Lemma 4 it follows that there is Mj
such that £ M and E L .

1 1 P*f
The condition M D N - 0 is essential which may be 

seen from the following example. Let
f - X0. X- + X„X X r + X 1x .X R(mod 3J

where X  .

i if ij - 0 
0 if Xj f 0

If M = {xj3x^}} N - {х1}хл} and P - {x^r,.} then M G L1j3 4 '33~5J ” - N,f
N E L „ but there isn't any set M, such that M , ^ M and

P»f 1 1 *
M n E L
1 V,f

Lemma 6. For every x , x E R. > the set {x } belongsJ a3 a f ' a  3
to L ix }_, f' a 3 ‘

Proof. For every value c of the variable x it holds■‘ a a
true {x } Л R r. (x - c J = 0, a j a a

But hasn't any nonempty proper subset and by
Theorem 5 it follows {x } E L r 'a b a),f

Theorem 7. If x E P„ and xn E Dr -, , thena f В{xaJXg} e Sy.
Proof. We can suppose without loss of generality that

M - {xOJ x 73x.,...}x } E Lf \2>3 33 43 3 m {æ i.fa 3 J
If x - x0 then the theorem is trivial. Now, let x f x„.a ß  a g
If we suppose that x^ E M then by Lemma 6 it follows
M 0 Lr It is a contradiction. Hence x 0 Я ,

{xa}if а
Let c 4, . . . }cmJ ет+1,.,.,сп be n-bvalues of the
variables in R„ \ (æ }. |P J - n. such that x E Rf„ andf а 1 /' 3 a J1

xa ^ R?23 where
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f 1 f ( r? ^ у У X . C,j...jX G J ^ I “1 — G -j . « « « X  — C )J 1 J 3 3* 4 43 3 m m* m+1 т+Г * n n
and

f2 fiXß cg* хз ° з> x4 °4зш,'зХт - Gm) •

This choice of cD, с е.3...,е , с ö is possiblep* 33 4 3 m m+1 n L
because x E R and M E L, i On the supposition thatOC 7" L J » Tj a » j
{xaj Xg} 0 sy we obtain - f^(x^ = o£) for every о

In particular when o' = о it follows x 6 Rf^(xa = ca)p p a l p p
i.e. x E Ä/ . This a contradiction. The theorem is proved.(X Z

Corollary. If xa € B {xe°r xe e D b a},/then
{xa, xg) e sy.

Theorem 8. If M E  L„ _ and there is a value a of
R j f /  athe variable x such that M Ф. R„(x = c J thena j~ f a a

x a e DN}f
Proof. Let M = lx - ,x n,, x }, If x E M  then thel3 23 3 m a

theorem is trivial. Now, let x £ M and c be a value of' a a
the variable x such that M П Rf- f M, where f- - / (x =o J,a  -L -L cx Uy
We can suppose without loss of generality that
x- 0 Let о-. о c be m ■к values of the variables1 J 1 l3 23 3 m
in M such that

N П Rf(x.j -öjj x 2  a2»"*»xm 0

Then for every m - values öJ_, of the variables
x„.x_. ,...x it holds truel3 2 3 m

N П Rf(xr e2- XS = °3- ■ '>œm ^ °!2 * eæ d  fj = V xJ

This equation implies
N П R „ (x - - a . x0 - on.. .. j x - c ) = 0 f a  a 2 2 m. m

By Lemma 4 there is a subset Mj of M ’ such that M  ̂ E

п,Г

where M ’ - {x x0J x„3.,,tx }.CL Z ó J71

Now, if xa 0 Mj then M 0 L This is a contradiction.
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Hence X E M , .  The theorem is proved.a 1
Corollary, For every essential variable of the function 

f, b a) e S* if and only if D {Xa)if = b a).
Theorem 9, For every N} N ^  R ~ the set D 7 . is а

T R  i  Jc-separable set for f.
#Proof. If N - 0 then obviously Dy / f e Now' let

N ?? 0 and we can suppose without loss of generality that
.ffy. — { X x 2 * з x' and D 22 n ~ {x ̂ , x ̂ 3 ,

Moreover, we suppose that there are n-p - values
о of the variables in R, \ D such that

J N  3 J

з x p }, p  <  n.

°p + l3 °p + 23 3 n
dN} f £  Rfj ' where

/  7 - Я Ч . = e x - о , ,.., .. x - a J .3 n n1 J p+1 p+13 p+2 p+23

Again, we can suppose without loss of generality that
xv 0 R f 2 and

' { X  J x . , x . , .. . . x . } E Lp V  V 3 гm
m-1 - values ° • 3 с j •

г2 г3 m
variables in M \ {x } it holds trueP

of the

N fl R J x . e . , x  . =  a ...... x . - c  . J 0  0 ,г 0 г, г 3 3 г г2 3 3 m m

Now, we suppose that there are the values o\ . o\ .... o'.г93 г 3 3 г
such that N П Rf0 - 0 wherep + 1 n 2

-  f ( x ^  -  c l  3  X j  =  c l  J.. . ,r. - c l  , x ^ + 1  -
г 2 г 3 г 3 г г р+1 р+13т т  ̂ ^

x - с ', 0... . . x  - с '  ) .р+2 р+23 1 n п

By Lemma 4 there is a subset M, of M ' such that M, 6 L„ „1 1 N3 f
wnere M ’ - {x . . x . ,. . . , x . 3 x_ x__ } . By M E L. X  . J  X  . ,

г  2 г 3 г p- m ^ By ~ V,/
which is a contradiction. Consequently,

/ ) 1for every m+n-p-^1 ^values a. , a. . .... a , a , a gr г, г 3 3 г 3 v + 1 v+2 ' i

we obtain M j ^ DN f

V г3 V > + Г Р + Г  " n
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of the variables in Cr A d  J  U (M\{x }J it holds true
J I F

,x. -a. ,x , - a , X , л - a x - a J/0.гт г p+1 p+1* p+2 p+23 3 n n

of the variables in M such that

N П RJx. =a. , x . --a. ,.
* г2 г2 гз

But fl = fl ( x
P “P

e "j
V

с". . o'!
г 2 г 3

J . .  . >aim

N П Rf(xp - g ",
P

x . - <
г2

and
N fl Rf (cp ■= o" JP-- xi Ъ2

г2 г
= g'! ,

3 гз m
?"'гm

о". .... ,x. =c". 3 x л  - c , ....... x - о )гл г г p+1 p+lJ J n n2 m m  ̂ K
0

This is a contradiction. The theorem is proved.
The author is indebted to K.N. Cimev for his kind 

encouragement and advice.
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A függvények változóinak c-szeparábilis. és domináns halmazairól.

S. SHTRAKOV 

Összefoglaló

A szerző bevezeti a c-szeparábilis és domináns halmazok fogalt 
mát és néhány ezen fogalmakat jellemző tételt bizonyít be.

Об с-сепарабельных и доминантных множествах переменных для
функций

С . Штраков 

Резюме

Автор дает определение с-сепарабельных и доминантных множеств 
и доказывает несколько теорем, которые характеризуют эти мно
жества.
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